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Exchange amplitudes for electron-hydrogen scattering in the Glauber approximation*
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An exact closed form expression for the Glauber-Bonham-Ochkur exchange amplitudes for electron-hydrogen
scattering is derived. The results are applied to the elastic scattering from the ground state of the hydrogen
atom, where a closed-form expression was also derived for the total exchange cross section. Investigation of
the inclusion of exchange in the differential cross section for total electron scattering is also presented. It is
shown t»t exchange effects are quite important and that their inclusion, rather than the inclusion of
angle effect or the inclusion of the full eikonal effects, does tend to make the Glauber prediction in much
better agreement with the experiment.

I. INTRODUCTION

During recent years, many calculations of the
electron-hydrogen scattering cross sections have
been performed in the different Glauber approxima-
tions. ' ' However, the easiest of these approxi-
mations, and the one most commonly used for
other scattering processes, is the "restricted
Glauber" approximation (RG) where the electron
trajectory during the collision is taken to be a
straight-line path perpendicular to the final mo-
mentum- transfer vector. Few calculations in the
restricted Glauber approximation considered the
effect of exchange on the final results of the cal-
culation. Byron and Joachain' have employed the
Glauber approximation to calculate the exchange
amplitude for the transtion 1'$-2'S of the helium
atom. Although their results were an encouraging
improvement over first-order exchange theories,
they employed a time-consuming Monte Carlo in-
tegration technique to compute the six-dimensional
integrals. Tenney and Yates' and Madan' approxi-
mated the exchange integral in the Bonham-
Ochkur"" approximation in which the amplitude is
expanded in inverse powers of the initial or final
velocity at fixed momentum transfer and only the
first term is kept. For the 1s —1s and 1s —2s
transitions of hydrogen, Madan' analytically re-
duced the resulting three-dimensional integral to
one dimension and integrated the last form nu-

merically. We concentrate in the present paper
on the evaluation in closed form of the Glauber-
Bonham-Ochkur exchange amplitude for all elec-
tron-hydrogen scattering processes.

Other than the inclusion of exchange, some at-
tempts have been made within the Glauber eikonal
approach to improve on the restricted straight-
line approximation. The first attempt was to
calculate the Glauber amplitude for a straight-
line trajectory, but without the additional as-

sumption that the momentum transfer was perpen-
dicular to that trajectory. ' This approach is called
the "unrestricted Glauber" approximation. A
second attempt at improvement was to consider
a classical non- straight-line trajectory in the
calculation of the Qlauber amplitude. ' This ap-
proach is called the "restricted Qlauber angle"
approximation. The term "restricted" is used
since the momentum-transfer vector was still
considered perpendicular to the final trajectory.
A third attempt was to correct the Glauber-
approximation treatment of small-angular-mo-
mentum contributions. ' Another attempt was to
include second-order potentials in the calculation
of the Glauber phase. '"'"

II. EXCHANGE AMPLITUDE

The Glauber-Bonham-Ochkur exchange amplitude
for the rearrangement process

e, (k,.)+e, t&(i)-e, (kz)+e, p(f)
is given by'

g, f —- ——, lim exp(i7i, Ine)
t

x dr/&(r) exp(iq ~ r)P,.(r)(rvs) '"+,

while the differential cross section for exchange
is defined as

(2)

where q=k,. —kf is the momentum transfer, k,. is
the initial momentum, kz is the final momentum,

q, = 1/k;, q =1/kf, and the +/ —sign refers to the
prior/post form.

In order to evaluate Eq. (2) for arbitrary hydro-
genic states, we note that any product of two
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bound-state wave functions of hydrogen can be
constructed from a linear combination of terms
generated by differentiation of a generating func-
tion as follows:

y,*y,. = C,D, „- [(1/r)e-""-'"')

where C,f is the appropriate normalization con
stant, and D„„- is a linear combination of the op-
erators 8/sp, 9/sy, , 8/ sy„, and 9/sy, Note
that this is a variation on the method of Gau and
Macek. '

The undetermined phase factor lim, ~ exp
(iq inc) was evaluated by taking the limit of high
energies where the present exchange amplitude
should reduce to the Born-Bonham-Ochkur am-
plitude. The limiting values were found to be 1,

which is the exact value of this factor at infinite
velocities (g=0). This value of 1 was used at all
velocities; thus

2 ~ ~ e e»

g« ————,C;&D„„-exp(- gr iy-r+ iq ~ r)
i

x (r v z) "+ —.dr
(4)

We now use the method of Landau and Lifshitz' to
evaluate this integral using parabolic coordinates
defined as follows:

x=~fX cosf, $ =v $x sing, z= g ($ —X),'
(6)

r= —(/+A), d r= ()+X)dgdhdg.

1
~&f ~k C«D»w

j
d4, (6 X '"-+6, ( "') exp[(( iqcose- 0 ik)]-

x exp[A(- & iq cos8- —, p+ —,
'
ik)]exp[iq v y( sin8 cosp ],

where 5, , 5 = 1,0 for the prior form, 5, , 5 =0, 1
for the post form, where we chose the z axis
parallel to the y axis, and where (IF) is measured
from the y, q plane. 8 is the angle between q and
$»

The prior form is evaluated by substituting U

= WX sing. u = MR cosP, and the post form is
evaluated by exchanging X and g, q and —q, k and
—k. Thus

and consequently there is no post-prior dis-
crepancy for elastic scattering from s states.

III. 1s-1s EXCHANGE CROSS SECTION

For the 1s-1s transition, y=O, D,„=-s/sp,
C;~=+1/we'„and g=2/a, (a, =l in a.u. ). Thus

2' "" . —6+ iq(4 —q')g„„=+ „, r(1 —i')

g', = —,wC, D„-„(r(1-iq, ) (- 2)"'"

x [q'sin'y+ g'+(k+q cose)']'"~ '

x [+i(k —q case) —p] '"'}, (7)

do'", 2' wq 64+ rP (4 q')-
dQ ~ ~ k' sinhwq (4+q')'

At high energies (ri-0) this reduces to

where I'(1 —i q) is the gamma function. Alterna-
tively

g'~ = ——,2' '"~ 1'(1- i', )C,~D„-„([p'+~ j+ y
~

']'"~ '

desex 210

dQ k' (4+ q') 4

while at small angles it tends to a finite limit

(12)

x[u + i(q, + y, ) ] '"'}. (6)
dv 4+ 'g 1TQ

dQ k4 sinhmq

Note that for elastic scattering ri, = q = 1/k, but
one still has a post-prior discrepancy in Eq. (6).
This results from the particular choice of the z
axis. A more complete analysis of the choice of
the z axis, i.e. , the trajectory, has been given by
Gerjuoy and Thomas. ' For scattering from s
states, y, = 0, and the operator D„-„contains no
reference to y. Hence for this case only, one can
choose the z axis along k, +k&, and q, will be zero,
thus

g'„, „,= —
~k

2' '"C«1(1- iq)D„((p, '+q')'" '(p) '"}
(9)

The total exchange cross section is given by

4 m'

2 k' sinh(w/k)
3+3k +4k +k6

[1+k'] 3

At high energies (k- ~), the exchange cross sec-
tion is reduced to

4m 3 3 4 1 4m

3 k" k' k k 3k (16)

Compare this to the high-energy asymptotic value
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IV. 1s-1s DIFFERENTIAL ELASTIC CROSS SECTION

dg da. dlfCCt d 8X0'

dQ dD dA
(20)

For the calculation of the differential cxoss sec-
tion for elastic scattering from the ground state
of atomic hydrogen it is necessary to know both
the direct and the exchange amplitudes. If one
assumes that the polarization and the identity of the
two participating electrons are unspecified, or
unmeasurable, then the elastic differential cross
section (called total in the following) is given by

d /dn=, '
if g i'+-,' if g i', (l9)

where P is t e amplitude for direct scatter'
~ is the
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c rons y gl"oun

%hen f is given by the first Born approxim troxlma loll,

y pproximations have been performed for the
exchange amplitudes for elastic, and inelastic,
scattering of electrons from the ground state of

r, in e present paper
no comparison with such calculations is presented,
except in a few places. The interested reader is
referred to the excellent xeview of all such cal-
culations of Tx'uhlar et al. '
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Instead since the restricted- Glauber straight-
line calculation (RG) is a special case of the
Eikonal calculations' where q ~ z = 0, a comparison
will be made with such calculations of the un-
restricted- Glauber straight- line approximation
(URG), the difference being that q ~ z=0 in the RG
calculation.

For evaluating Eq. (19) in the RG approximation,
the expression of Thomas and Gerjuoy" has been
used for the calculation of f, while Eq. (10) has
been used for the calculation of g. For the URG
approximation, the expression of Gau and Macek'
have been used to calculate f while the expressions
of Foster and Williamson" have been used for the
calculation of g. The URG result for the "total"
differential cross sections were taken from the
work of Foster and Williamson. '4

Figure 3 shows a comparison of the present cal-
culation of the RG differential cross section at
200 eV with the URG calculation, "as well as a
comparison with the experimental data. ""It
is seen that exchange contributes very little to the
experimentally measured total differential cross
section. The figure also shows that for angles
smaller than 25' the URG results are closer to
the experimental results than the RG results. At
larger angles, especially beyond 60', the RG
results are in more satisfactory agreement with
the present experimental data. What is not shown
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FIG. 4. Differential cross section for elastic scatter-
ing of electron by H(is) at l00 eV. ( ), present cal-
culation; (——), prior-exchange URG results (Ref. 14);
(———), post-exchange URG results (Ref. 14); ( ),
direct URG results (Ref. 17); (—.—), prior corrected
total URG (Ref. 14); (—.—), post corrected total URG
(Ref. 14); 6 experimental results of Lloyd et al. {Ref. 15);
5, experimental results of Williams (Ref. 16).
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FIG. 3. Differential cross section for elastic scattering
of electrons by H(is) at 200 eV. ( ), present calcula-
tions of the RG cross sections; (----), URG results for
the exchange cross sections with prior form (Ref. 14);
(—~ —), URG results for the total cross section also in
the prior form (Ref. 14); Q experimental data of Williams
(Ref. 16); ~, experimental data of Lloyd et al. (Ref. 15).

IO-3 J
0 20 40 60 80 100 120 140

SCATTER IN G ANGLE (DEG)

FlG. 5. Differential cross section for elastic scattering of
electrons by H{ls) at 50 eV. { ), present calculation;
(——) prior exchange URG results {Ref. 14); (——-),
post-exchange URG results (Ref. 14); (----), direct URG
results (Ref. 17); (—~ —), prior corrected total URG
(Ref. 14); (—~ ~ —), post corrected total URG (Ref. 14);
6, experimental results of Lloyd et al. (Ref. 15); Q,
experimental results of Williams (Ref. 16).



2068 GEORGE KHAYRALLAH 14

in the figure is the first Born results. These first
Born results seem to be in better agreement with
the data for angles greater than 20'. Qne also
notices that the RG results are very close in shape
to the experimental results, and if the experimen-
tal data were renormalized to the RG result they
would agree at all angles equal to or greater than
20'.

Figures 4 and 5 compare the present results for
RG with those of Ref. 14 for URG, as well as with
the experimental results of Lloyd et al."and of
Williams, "at 100 and 50 eV respectively. It is
seen that in both the RG and URG approximations,
the differential cross section for electron ex-
change is significant, relative to the direct dif-
ferential cross section, the total differential cross
section being larger than the direct different cross
section by about 8% at 100 eV and 27% at 50 eV.
However, it is obvious that the direct RG results"
are larger than the direct URG cross section' at
large angles, being closer to the experimental re-
sults, in contrast with the claimed improvement'
of the URG over the RG at large angles. A very
similar behavior is seen in the total differential
cross section. Another feature of Fig. 3 worthy
of notice is the "prior-post" discrepancy of the
URG exchange cross section. Such a discrepancy
is unphysical.

At this point it should be mentioned that the other
attempts at improving on the straight-line re-
stricted-Glauber approximation (other than the
inclusion of exchange, or the inclusion of the full

Icl 2

eikonal) has been carried out by Chen et al. ' and
Ishihara and Chen. ' The first' was called the
restricted-Glauber angle approximation in the
Introduction. The path integral was taken over two
straight-line trajectories intersecting at the target
atom. Itis seen that the inclusion of exchange has
at least as large an effect on improving on the RG
straight-line direct cross sections as the inclusion
of the angle effects. Thus it is quite interesting
to find whether the results of Ref. 2 reproduce the
elastic scattering amplitude correctly when the
effects of exchange are also included. In the sec-
ond attempt Ishihara and Chen' corrected for the
inadequate semiclassical treatment of close- cou-
pling encounter collisions in the Glauber approxi-
mation. In their attempt they included the effect
of exchange using an optical static-exchange po-
tential. A remarkable agreement with the ex-
periment was found at 20 eV. At 100 eV, although
their calculation was more in agreement with the
experiment than with the restricted-Glauber cal-
culation, their result was equal to the first Born
results at all angles greater than 20'. Hence it is
difficult to assess what caused the improvement-
the inclusion of exchange, or the correction in

the inadequacy of the Glauber approximation in

treating close- coupling encounters.
Below 50 eV no calculation of the cross section

for elastic electron scattering from H(ls) in the
URG approximation exists. However, a compari-
son with the available experimental data can be

I 02

30 eV

IOI

IoI

CV

100

OJ
Ch

ioo

IO-I

IO-I

lo 2
0 20 40 60 80 Ioo l20 140

SCATTERING ANGLE (DEG)

FIG. 6. Differential cross section for elastic scat-
ter ing of electrons by H (is) at 30 eV. The Q are the
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FIG. 7. Differential cross section for elastic scatter-
ing of electrons by H(is) at 20 eV. Also shown: (----),
results of the first Born calculation; Q, the experimen-
tal results of Williams (Ref. 16).
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FIG. 8. Differential cross section for elastic scatter-
ing of electrons by H(is) at i2 eV, Q, experimental re-
sults of Williams (Ref. 16); ~, experimental results of
Teubner et al. (Ref, f 8).

made. In Fig. 6 comparison with the data"" at
30 eP is made. It is seen that the probability for
exchange becomes larger at lower energies, and
that the total cross section becomes modif ied
especially at the large angles, the modification
tending to improve the agreement with the ex-
perimental data.

At 20 eV (Fig. 7) the exchange cross section
becomes larger than the direct cross section for
angles greater than 54'. The modification of the
total cross section is now drastic, and the mod-
ified differential cross section agrees quite well
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FIG. 9. Phase of the exchange amplitude for e+H(fs)
elastic scattering, plotted as a function of the scattering
a.ngle. The different curves are labeled with their re-
spective energies in eV.

with the experimental differential cross sec-
tions. ""We note that the Born cross section is
quite bad, as expected, and that the exchange ef-
fect, even if included, does not tend to correct
the Born results at these energies.

Figures 8 shows the results at 12 eV as well as
it shows the results of the experiments of Ref. 2

and Ref. 16. One notes that the inclusion of ex-
change does improve the RG differential cross
section considerably at all angles, especially
for angles greater than 10'. It is seen that agree-
ment with the experimental measurements' "
is much better than had the exchange being
neglected. However, small differences still exist
at angles greater than 70' where the straight line
assumed in the RG and URG calculation is not a
good approximation to the true path. Unfortunately
Chen et al. ' did not extend their angle approxima-
tion to these lower energies, so an estimate of the
effect is not possible.

Finally, the phase of the electron exchange
amplitude used in the present calculation is plotted
in Fig. 9 as a function of both the electron scat-
tering angle and the electron incident energy. Also
tabulated in Table I are the total cross sections
for elastic scattering from ground-state atomic
hydrogen where a comparison, when possible, is
made with the URG results of Ref. 14.

V. CONCLUSION

The paper presents a calculation of a, closed-
form expression of the Glauber amplitude in the
Ochkur approximation, where it is found that for
e las tie scatte ring from hydrogen ic ns states, no
prior-post discrepancy exists. In the limit of
high energies the 1s-1s Glauber exchange ampli-
tude reduces to the Bonham-Ochkur amplitude,
while for k= 2 the differential cross section re-
duces to the numerical results of Madan' at all
angles. It is found that the inclusion of electron-
exchange in the calculation of the total electron
differential elastic cross section is certainly
necessary for angles greater than 50', and for
energies below 50 eV. It is also noted that in the
present case exchange effects tend to increase the
differential cross section since the exchange terms
tend to add up constructively to the direct dif-
ferential cross section at all investigated angles
and energies. Finally, exchange effect were .found
to be most important at low energies, where the
electrons have time to correlate and to exchange
while they are insignificant at large energies and
small angles where the incident electrons tends
its scatter directly.

The present results are not in disagreement with
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TABLE I. The total elastic scattering cross section for e-H(is) collisions in units of mao.

The numbers in parentheses are the powers of 10 by which the number should be multiplied.

Energy
(eV)

Restricted-Glauber
Exchange Direct Total Direct

Unrestricted-Glauber '

Total Total
(prior) (post)

12
20
30
50

100
200

1.82
0.668
0.393
7.325( 2)
1.108 (-2)
1.525 (-3)

2.54
1.50
0.994
0.598
0.304
0.155

5.048
2.695
1.594
0.832
0.365
0.170

0.72
0.39
0.22

0.94
0.44

0.84
0.43
0.24

the observations of Byron and Joachain" and
Ishihara and Chen' that the inclusion of exchange,
among other things, is a necessary improvement
over the restricted Glauber approximation.
other improvements may include (i) the angle
approximation' which includes correction to the
straight-line trajectory, (ii) the eikonal-optical
model, ""which includes the second-order optical
potential in the evaluation of the Glauber phase,
(iii) the addition of Ref»" that is missing from the
Glauber amplitude, (iv) the removal of the frozen

core approximation, ' and the correction of the
treatment of the small-angular-momentum contri-
butions in the Glauber approximation. '

Note addedin proof. (i)Dr. G. Foster has brought
to my attention the Comment of R. N. Madan [Phys.
Rev. A 12, 2631 (1975)] who did a reduction of the
exchange amplitude using a different technique;
(ii) D. P. Dewangan [Phys. Lett. 56A, 279 (1976)] has
published the same reduction technique. 'The pres-
ent results for the exchange amplitude formula
agree with both of these results.
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