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Effect of recoil in resonance fluorescence~
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The effect of recoil on the frequency of the spontaneously emitted photons in resonance fluorescence processes
is examined. The rate of fluorescence is calculated in the limit of a weak external field. It is found that
conservation of energy and linear momentum for the entire scattering process determines the frequency
spectrum of the fIuorescence. A simple experiment is proposed t&) measure the frequency shifts due to recoil.

f. INTRODUCTION

An atom will undergo recoil when it absorbs or
emits radiation. This ever-present physical phe-
nomenon, termed "photon recoil" for short, leads
to frequency shifting in spectral line shapes.
Whereas it is now relatively easy to measure the
deflection of an atomic beam due to radiation pres-
sure, "it is far more difficult to observe spectral
shifts since they amount to only =10'-10" Hz for
optical transitions. There has been some effort"
to measure these shifts in the saturation spec-
troscopy of molecular transitions with natural
widths =10' Hz, and theories of saturation spec-
troscopy with photon recoil have appeared. "
However, to our knowledge, there have not been
efforts to measure these shifts in fluorescence ex-
periments. With the development of tunable, nearly
monochromatic sources, such measurements may
now be feasible since, in the limit of a weak ap-
plied field, the spectral width of the fluorescence
should mirror that of the excitation spectrum" and,
consequently, be much smaller than the natural
width.

Many calculations of resonance fluorescence
exist, but none, to our knowledge, have concen-
trated on the determination of these shifts. Fur-
thermore, the photon recoil effect is certainly
going to play an important role in molecular spec-
troscopy where the natural l.inewidth is smaller
or has the same order of magnitude as the recoil
shift, so that it might be useful to present a first-
principle calculation of resonance fluorescence
for moving atoms.

We should note that the calculation will be re-
stricted to the weak-field limit. More precisely,
we shall assume that the probability for an atom
to fluoresce during its passage through the inter-
action region is much less than unity, owing to the
weakness of the field. For this limit, one does not
have to consider effects arising from multiple ex-
citations. ' On the other hand, to arrive at a
fluorescence rate, we must assume that the time
an atom spends in the interaction region is much

greater than the lifetime 7 of the atomic states
under consideration. Consequently, the interaction
time tI must satisfy the inequality

7
. t, & ~ l.' Er'e ', (1)

where ~p, E/h~ is the effective excitation rate pro
duced by the field.

In Sec. II, the Schrodinger equation for the sys-
tem is developed, and a perturbation solution is
given in Sec. III. In Sec. IV, the results are dis-
cussed and an experiment is proposed for measur-
ing photon recoil shifts in a fluorescence experi-
ment.

II. SCHRODINGER EQUATION

We consider the two-level system shown in Fig.
1, which has nondegenerate energy states ~a) and
~~b) sepa, rated by frequency ~, . The atom is sub-
jected to a classical. monochromatic appl. ied field,
and radiates spontaneously due to interaction with
the vacuum radiation field. We ultimately seek
the spontaneously emitted spectrum. 'The Hamil-
tonian of the complete system is given by

H =H, +H, +Hf+H'+ V

where H, ,„ is the Harniltonian for the free-atom
center-of-mass motion, H, is the electronic Ham-
iltonian for the free atom, Hf is the free-vacuum
field Hamiltonian, H' is the applied c1assical field-
atom interaction, and $' is the vacuum field-atom
interaction. Both 8' and V have nonvanishing ma-

F?G. i.. The two-level system considered in this work.
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trix elements only between states ~a) and ~b).
The time-dependent Schrodinger equation of

the system is

ih ) =H)4t),
8$

and the wave function
~
4t) can be written as a

superposition of product states involving the eigen-
states p) of H, (p is the atomic center-of-mass
linear momentum), ~o.) of H (c{ is an energy eigen-
state of the free atom), and

~ ln)) of Ht (n repre-

sents all possible states of photons with wave
vector k,. and polarization X, , i.e. , ((n))

, ~n), , ~,.)). Explicitly, one writes

lpt&=E E f 'pl(p. (»(-. ()l(pt&
O =a, b (fI)

We will be interested only in terms containing, at
most, one photon, and if the interaction represen-
tation is introduced,

~

@t) can be written in the
form

(Pt)= P J A'p lp P)A.,(p, t)e p( (E. P, )t/-P'{

e =tItb

t E Ef A
l

pep»'A. ;.(P, t)e p(-'(E. 'p, 'p, )t/t{
0{ =a, b

+ (terms involving two or more photons), (4)

where

(5)A {„{(p, t) = (Pc{qn)
~

4't) exp[i (E,+E,+ h(d{„{)t/hJ .

E, is the energy of
~
n), E =it)'/2M (M being the mass of the atom), and h(d{„{is the energy of the emitted

photon of type fn).
Substituting Eq. (4) into Eq. (3), and performing appropriate inner products, we have

'lie A„(P', t) f'ePA=( )tt)(P', P tt (PPD&eeP('(P . —P, )tie), (6a)

e , A (p, t)=f A P—A (pt)'(pe„o(tt , lp P&e p(:(P, ,~ P,)t/P)

d 'p A~„(p, t)(p'b0
~
V

~

pak») exp[i(E», p+ h~p —h(d, )t/hJ, (6b)

ih A,i,(—p', t) =, d'pA~(p, t)(p'ak'Al V~pb0) exp[i(E», »- h(dp+h(d, ,)t/hj

+ d 'pA, „;,(p'ak'X
~

H'
~

pbk'&) exp[i(E», —h~p)t/hJ, , (6c)

and so on. The energy difference E~, ~ is defined as
E

The initial condition is taken as ~&l/0) =
~ p a0),

implying that the atom is in its ground state, has
center-of-mass momentum p„and no photons are
present. The corresponding initial amplitude is ob-
tained from Eq. (5) as

A.{.)(p, o) = 6..6{„{pb(p —pp) .
Hence, the hierarchy of differential equations plus
initial condition form a well-posed problem.

Solutions cannot be obtained until some kind of
approximation is introduced. The Weisskopf-
Wigner scheme is found to be useful, since it leads
to a partial truncation of the infinite system. In
this scheme, the net effect of the vacuum field on

the upper state ~b) is to approximate the term in-
voiving A,~„ in Eq. (6b) by -ihI'A»(p', t)/2, where
I' is the decay rate of the upper state. In this lim-
it, Eq. (6b) is replaced by

—A~(p';t)+ —,'I A»p(p', t)

d'pA~(p, t)(p'b0

&& exp[i(E, ,+ hp&p)t/hJ . (6b')

In the next section, Eqs. (6a.), (6b'), and (6c) are
solved in perturbation theory for a given applied
field.
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III. PERTURBATION SOLUTION

We wish to solve Eqs. (6a), (6b'), and (6c) in a
perturbation scheme for an applied monochromatic
laser field of the form

E~ = Eo cos(k~' R —(u~t),

where R is the quantized center-of-mass coordin-
ate. One starts with the atom in its ground state,
and the laser field gives rise to an upper-state
probability amplitude A~(p, t). This process is
followed by action of the vacuum field leading to the
one photon state amplitude A,„-„(p,t). The object
of the calculation is to determine the probability
per unit time for the emissionof aphoton of type kX.
Physically, a time-independent rate can be achiev-
ed if one considers timesfor which X't& 1. This
limiting condition implies that the entire process
of resonance fluorescence has been completed for
each atom. In this time domain, a balance is
achieved between the pumping due to the applied
field and the fluorescence due to the vacuum field.

In the dipole approximation, the applied-field-
atom interaction Hamiltonian is given by

H'= pE, c -o(sk, ~ R- ~~t),

where p. is the dipole moment of the atom. The
matrix elements of H' can be easily calculated as

(p'a(n)
I

&'
l phon)&

=
~ y~ e ~ r 6(p —p —hk ),

xa~= (el &lh)'Eo= &en Eo'~

and antiresonant terms have been neglected (rotat-
ing-wave approximation) since the incoming radia-
tion is assumed to be tuned near resonance.

The vacuum-field-atom interaction is, in the
dipole approximation of the form

V=-(e/mc) p A(%) (10)

where 5 is the generalized momentum,

.X(R) = Q c (clog& ge
'

+Qggege 0™).
l, )t

a„-„and a„-„are annihilation and creation operators,
respectively, e„(X=1,2) is the unit polarization
vector of the emitted photon and *U is the normal-
ization volume. The matrix element of the vacuum-
field-atom interaction can be computed in a
straightforward manner as

(p'akx
l
u lpb0) =t(2v/~(g„-)' ~'g, ~ e ~

&& 5(p' —p-Kk)QP (11)
Using the ma. trix elements (9) and (ll) in Eqs.

(6a), (6b'), and (6c), one can perform a straight-
forward perturbation calculation and obtain the rate
of emission of a photon of type kA. as'

If,(gi) = limrt» t

i y, & i'i p„e~ i*(2v)'~,' 5(po+ hk~ —p- Kk)5[(E~,~- h&o~+ K&u~)/h] (12)
4h U~, '(-,1")'+(E;,« ~,

—hco~+5~, )'/h'

It is worthwhile to note that the two 5 functions imply conservation of linear momentum and energy for the
entire scattering process. This result agrees with Heitler's argument' that absorption and subsequent
emission of photons cannot be treated as two separate processes.

The spectral distribution of emitted photons can be determined by integrating Eq. (12) over all final mo-
menta of the atoms, i.e. ,

(2w) &uo 5[(Ep +nof~-«, p
—huPI, h ui, )/hj

kx P kx P 4h4g~ ( P)2+ (E n)2/h22 po+ h]r.~, po

where the detuning

4= S&~ —Suo.

The argument of the 0 function is a quadratic equation in ~„.. By using the identity

6(~- ~i)+6(~- ~2)
6( &u —&u )(u —&u ))=

i (d —(d

and keeping only the positive frequency part, Eq. (13) becomes

(14)
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where

p [cos(t, cos((, cs' ((,
'

((, co ((,—(,(+SS cos(()'
Pos kLsPi s s 2s 2 eM

5'kl. poSkI. cosp,
Me 2M M

(15)

+ N '(po, tik~, p„P, (t(„(t(2)+—{po[cosp, cosp2+ sinp, sinp2 cos{@,—Q2)]+ like cosp2),

mhere P, is the angle between p, and Fik~, P, is the
angle between 5k and Sk~, and (I5, and Q, are the
azimuthal angles as shown in Fig. 2. Equation (15)
can, in the optical range of frequencies, be approx-
imated as

Skl,
(d = cu 1 — (1 —cosP )Me 2

+ [-cos(6 + cosP cosP2
PO

Me 1 1

(16)

Equation (14) for the spectral profile is the basic
result of this work. The fluorescence at any
scattering angle is monochromatic, mirroring the
spectrum of the excitation. Within the restriction
placed by conservation of energy and linear mo-
mentum in Eq. (14), it foHows that all scattering
directions are permissible. Moreover, the prob-
ability for emission [as given by Eq. (14)] does not
depend on the angle of emission to order 2/c. s The
requirement of the conservation laws are such that
photons scattered in various directions will have

their frequencies shifted and there mill be a cor-
related change in the momentum and energy of the
scatterer. The physics becomes more transparent
if some examples are considered.

Eonsard scattering (p2 =0'). For any p, the fre-
quency of emitted photon, given by Eq. (15), is
the same as the frequency of incoming radiation.

Backward scattering ((62 = 180'). The frequency
of the emitted photon is shifted by an amount [see
Eq. (16)]

&2 = —2~~ (8k~ +p, cosP, )/Mc .

The second term in Eq. (17) simply represents the
Doppler shift accrued in the backscattering of light
from a moving "reflector, " while the first term
represents the photon recoil effect, i.e., an addi-
tional shift due to the change of atomic velocity re-
sulting from the scattering process. If cosP, & 0 an
and P, »kk~, the shift is positive and, correspond-
ingly, the atom will lose energy to the field. This
type of effect, using a laser tuned below' an atomic
resonance so that only those atoms moving towards
the laser (COSP, & 0) will be in resonance with the
field, has been proposed as a method of laser cool-
ing of gases.

90'sc(2tteri22g (p, =90'). From Eq. {16), one
finds the frequency shift of the emitted photon is

(dg{f[kl, +po[cospg —slop~ cos($[ —Q2)])
Mc

(1s)

If one chooses a totally orthogonal geometry (p,
90 ) the shift arises solely from

the photon-recoil effect and is given by

&2 = —(S(d~/Mc')(d~ .

FIG. 2. A view of the scattering process showing the
relative orientation of the excitation field +kr„ the
fluorescence + k, and the initial atomic momentum po.

IV. DISCUSSION

A perturbation calculation of the resonance
fluoreseenee from atoms moving initially with
momentum p, and excited by a monochromatic
field has been presented. In the weak-field limit
considered in this paper, the fluorescence is
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monochromatic and is shifted from the incident
frequency due to atomic recoil in the scattering
process. The monochromatic nature of the fluo-
rescence is a consequence of the fact that the in-
itial and final states of the atom are both the
ground state, with no associated natural width.
The frequency shift of the fluorescence and the

corresponding change in atomic velocity can be
calculated from conservation of momentum and

energy. As stressed by Heitler, the scattering
must be viewed as a single process ~

The calculation can be easily extended to include
incident radiation of a finite bandwidth or a dis-
tribution of atomic velocities. There has been no

attempt to include multiple scattering or collec-
tive effects.

Given a lifetime v much less than the interaction
time f„ the restriction expressed by Eq. (1) sets
an upper bound for the fie ld s tre ngth, i.e.,
Ip 'E/h)«1/T. Some typical values of the physical
parameters in question are )p)=10 "Cm, v=10 '
sec, giving ) E) «10' V/m. A violation of such a
criterion will certainly introduce additional effects
such as the dynamic Stark shift. This generaliza-
tion will further complicate the simple picture of
recoil in resonance fluorescence ~

In closing, we would like to propose an experi-
ment that might be used to measure the photon re-
coil shift. The experiment is shown schematically
in Fig. 3. A laser strikes an atomic beam at right
angles and the fluorescence is detected perpendicu-
lar to both the laser and the atomic beam. A part
of the laser is sent to the detector to permit a
heterodyne determination of the beat frequency be-
tween the laser and the fluorescence. A suitable
detection scheme requires that the laser beam be
locked to the atomic beam and that the laser and
the fluorescence be collinear inside the detector.
Such a technique has been discussed in detail by
Forrester. " Since the geometry is mutually ortho-
gonal, the frequency shift as given by Eq. (19) is a
direct measure of the photon recoil.

If the system is not perfectly aligned, there will
be a correction term. In Fig. 2, if P, =90 +e„P,
= 90'+62, Py P2 90 +e„with all e's much less
than unity, then the shift calculated from Eq. (16)
to first order in e is

2
Poz,

(~ q )s ~C2 @iC 1 3

Detector

Atomic
beam

Laser

FIG. 3. A schematic setup of the proposed experiment
with the atomic beam pointing out of the paper. The laser
is assumed to be locked to the atomic beam. The flu-
orescence and the laser must be collinear inside the
detector.
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Since Po/Mc is typically 10' times greater than

fr~~/Mc', small errors can be significant. A new

method for checking for alignment errors would

be to vary the laser frequency u~. The photon re-
coil term is quadratic, but the error term is lin-
ear in (d~, allowing for a separation of the two con-

tributions�.

An error E] is intrinsically present in any ex-
periment because of the limit of beam collimation,
and e, is intrinsically present because of the finite
solid angle of detection. If the atomic beam is not

initially collimated, we might expect a certain
amount of Doppler broadening in the line shape.
A rough estimate can be given for the upper limit
of the beam divergence such that it does not ob-
scure the recoil shift. If the photon recoil is of

the order of 10'-10' Hz, the thermal velocity is
-10' m/sec, and a, wave number of the order of
10" m '; then the maximum degree of divergence
must be of the order of 10 '-10~ rad. With a
similar detection angle one might expect a count-

J

ing rate of fluorescence quanta of the order of 1

photon/'sec.
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