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The semiclassical interaction of a two-level system with a multimode electromagnetic field is discussed in
detail. The equations of motion for the macroscopic density matrix are transformed into a single integral
equation for the population density, with a complex kernel which can take into account both running- and
standing-wave configurations. The iterative solution to this integral equation, which corresponds to an
expansion in terms of powers of the electromagnetic field amplitudes, turns out to be divergent when the field
amplitudes are greater than some critical value. In the case in which the kernel is a periodic or quasiperiodic
function of time, a general solution to the integral equation is found, and this solution turns out to be unique
and convergent for every value of the electromagnetic (e.m.) field amplitude. This solution is expressed
through a continued-fraction expansion, whose terms are matrices, which can be readily obtained from the
kernel. This solution is a generalization of the continued-fraction expansion usually met in the strong-signal
semiclassical theory of lasers. Some particular cases are then treated in detail; among them, the solution to the
multimode operation in laser devices is given in which the excited level lifetime is long compared with the
period of the beating term between two adjacent modes. Although the theory presented is directed towards the
steady-state regime in multimode lasers, it may also treat the transient regime of laser operations, or it may be
extended to include phenomena where a strong e.m. field, made up of several modes equally spaced in

frequency, interacts with a two-level system.

1. INTRODUCTION

In 1964 a fundamental paper! by Lamb initiated
a series of works on the semiclassical theory of
gas lasers. This theory proved very fruitful in
describing a number of features of gas lasers,
such as mode competition, the “pushing” and “pull-
ing” of frequencies of the modes, mode locking,
and detuning dip. It then was generalized by sev-
eral authors? in order to include degeneracy of
laser levels, vectorial treatment of the electro-
magnetic field in the cavity, laser operation in a
static magnetic field (Zeeman laser), and unidi-
rectional and bidirectional ring lasers. The semi-
classical theory was therefore a powerful tool for
investigating both single-mode and multimode op-
eration, even if in the multimode case the calcula-
tions were very cumbersome.

All of the theory is based upon a perturbation
expansion in a power series of the electromagnetic
field, and in Lamb’s paper the expansion was
carried out to third order. Later, a number of
authors® made calculations of successive orders
of the power series. Recently, a perturbation
tree was developed by O’Bryan and Sargent,* who
described a suitable way of providing all the terms
in the expansion by means of a graphical technique
which enables one to make computer calculations
of the series expansion easily.

However, because of its inherent characteristic
of perturbative treatment, this formulation fails
in predicting the behavior of the laser operation at
a high level of excitation of the active medium.

This was first pointed out in a paper by Stenholm
and Lamb,® who developed a semiclassical theory
suitable for treating high-intensity gas lasers.
The divergence between the two treatments be-
comes already apparent at an excitation level N
as low as 1.1.°

The strong-signal theory was also able to explain
some features in the experimental results of Bol-
wijn,® for which the previous perturbative treat-
ment was inadequate. The treatment of Stenholm
and Lamb makes it possible to evaluate at all or-
ders in the interaction energy the polarization and
the inversion population density of the medium,
when a single standing mode is operating in the
laser cavity. When one allows for atomic velocity
(Doppler broadening), the solution for both these
quantities is given in terms of a continued frac-
tion. In turn, this continued-fraction expansion
proved quite a powerful tool in treating a large
number of phenomena where the atomic-medium-—
electromagnetic-field interaction must be taken
into consideration at all orders.” The convergence
properties of the continued-fraction expansion
were discussed by Feldman and Feld.® Since then,
several authors® have extended the strong signal
theory in order to treat multimode phenomena in
lasers.

The purpose of this paper is to discuss in detail
a third approach to the interaction between a
strong electromagnetic (multimode) field and an
atomic two-level system. This method starts
with an integral equation for the population inver-
sion density; in the collisionless case, or in the
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case where collisions do not affect the atomic
motion, the integral equation may be put in a form
known as Volterra’s second-kind integral equation.
This approach seems to have some advantages:

It unifies the two theories discussed above, be-
cause one can obtain from it the expansion both in
a power series of the electromagnetic field and in
the continued fraction; also it allows one to es-
timate the radius of convergence of the series ex-
pansion, in some particular cases. Furthermore,
its solution in terms of the continuant theory, in
the single-mode case, suggests a generalization
to multimode operation.

In two limiting cases, i.e., the close coupling of
the modes and in the large-separation case, the
integral equation may be solved, giving a good
starting point for multimode analysis. In Sec. II
the basic theory of the response of an atomic (two-
level) system to a multimode electromagnetic field
is given. In that section the integral equation is
derived. In Sec. III the convergence of the series
expansion which can be built from it is discussed,
while Sec. IV is devoted to the solution of the equa-
tion with an infinite set of equations in infinite
unknowns. It will be shown in the same section
that the continued-fraction expansion, which is
convergent, belongs to these solutions. In Sec.

V the solution to the multimode case is presented;
here it is shown that in most cases of physical
interest the kernel of the integral equation is a
periodic function of time, and therefore the inver-
sion population density may be expanded in a Fou-
rier series whose coefficients are determined by
means of a matrix continued-fraction expansion.
This expansion turns out to be convergent for any
value of the electromagnetic field amplitude. Fi-
nally, an application of the theory to the stationary
atoms case is presented in Sec. VI.

Our formalism can be applied to a number of
problems where the interaction of a two-level sys-
tem with a multimode electromagnetic (e.m.) field
must be considered at all perturbative orders.

For example, we can mention saturation spectro-
scopy, where the saturating beam and the probing
beam are provided by lasers tuned at different
frequencies.!®

II. BASIC FORMULATION

The semiclassical theory of lasers is based upon
a three-step procedure. First, one solves the
Maxwell equations for the electromagnetic field
in the cavity, witha source term given by the
macroscopic polarization of the medium. Next,
one evaluates the polarization of the medium in-
duced by that field. Third, a self-consistency
requirement is made: the field generated by the
polarization must be the same field which induces

the polarization. However, in treating the coupled
Maxwell-Bloch equations of motion, a simplifying
assumption can be made. In most laser cavities,
the modes of the electromagnetic field have sharp
resonances with high values of the quality factor
Q. On the other hand, the atomic lifetimes, i.e.,
the decay times of the inversion population density
and of the polarization, are typically several or-
ders of magnitude shorter than the lifetime of the
electromagnetic field in the cavity. Thus the
atomic variables are assumed to follow adiabat-
ically the field variables in the equations describing
the interaction between an e.m. field and matter.
The field amplitude is assumed to be constant
during the time in which the atomic variables
change appreciably.

Because of this discrimination, the Maxwell
equations for the field amplitudes and phases are
readily written!!: the field variables of the nth
mode depend only on that component of the polari-
zation which is the projection of the macroscopic
polarization on the nth mode.

Some problems arise when we consider the Bloch
equations for matter. Here the broad line of gain
of each atom allows several modes of the e.m. field
to induce the component of the polarization in the
nth mode. As a result of the high field intensities,
nonlinear beatings of the modes are of importance,
and an adequate treatment must consider them at
all orders.

In what follows, we shall consider the Bloch
equations of motion for matter, and we shall de-
rive an integral equation for the inversion popula-
tion density », where the beating terms of the e.m.
field couple the Fourier components of #.

We are primarily interested in the macroscopic
polarization induced in an atomic medium (a gas
with moving atoms) by a classical electromagnetic
field E(¥,#) which is made up of a number of quasi-
monochromatic components,

BF, )= ) A0T, ). (1)

Here, A,(#) has a rapid oscillation at frequency v,,,
and it may be modulated in time with characteris-
tic frequencies much smaller than v,. TJ,‘(?) rep-
resents the spatial variation of the field. The
form (1) can represent both a standing-wave and a
running-wave configuration. We shall distinguish
between them at a later time.

Let us assume that all frequencies of the e.m.
field are nearly resonant with a two-level (non-
degenerate) transition of the atomic medium, so
that only these two levels are involved in the inter-
action, while the other levels form a nonabsorp-
tive background which may be taken into account
by redefining the index of refraction of the medium.
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Let |a) and |b), respectively, be the upper and the
lower states of any atom of the medium, with en-
ergies E, and E,. The transition frequency w is
then given by

E,-E,=low. @)

We assume that the electric field in (1) propagates
along one direction (say the z direction, which in
laser theories is assumed to be the axis of the
optical cavity), while its amplitude is constant in
a plane perpen_gicular to that direction. With such
assumptions, U,(¥)=U,(z)8,, where &, is a unit
vector perpendicular to the z axis.

A typical atom with an axial velocity v is excited
by an external pumping mechanism to an incoher-
ent superposition of levels ¢ and . The excitation
takes place at a certain coordinate z, and at a
time #,. If the atom does not suffer collisions
which can change its velocity, at a later time ¢
it will be in the position

z=z,+0(t —1,). (3)

Starting from £,, the atom interacts coherently
with the e.m. field; in a reference frame which
moves according to (3) the atom is at rest, and its
density matrix obeys the equation of motion

inp=[H,p] 4)

starting from an initial value, at {=¢;,, which, for
the particular pumping mechanism, takes the
form

e O

pty,to)= . (5)
0 A,

Equation (5) represents a single-atom initial con-
dition. However, all atoms created at (z,,¢,) with
the same axial velocity v will have the same in-
teraction with the electromagnetic field, or, in
other words, will be represented by the same
density matrix p whose time evolution is given by
(4) and (5). We can therefore assume that all
these atoms are described by (4) and (5). Then
the initial condition (5) represents the density of
atoms created at (z,,¢,) in the upper (x,) or lower
(»,) state, with an initial velocity v.

We assume that the pumping mechanism is ho-
mogeneous and constant in time, so that A, and
A, will depend only on v. Furthermore, the v de-
pendence is assumed to be the same for A, and
A,, so that we can factorize the initial condition
as

A, O

Py, t0)=W() .
0 A,

We do not need to specialize W(v) as a Maxwell

distribution of velocities for atoms, the treatment
being quite general. We note that W(v) may also
include other mechanisms which cause nonhomo-
geneous broadening. In the stationary-atoms case,
for example, nonhomogeneity may be induced by
displacement of the transition frequency w due to
local strains in the crystal lattice in which the ac-
tive atoms are embedded. In this case, v=0, and
W(v) must be replaced by the distribution of fre-
quencies W(w).

The Hamiltonian which appears in (4) is made up
of two parts: the first one is the unperturbed
Hamiltonian H, of the two-level atom,

Hy,=E,|a)Xa| + E|b)Xb], (6)

while the second one is the interaction Hamiltonian
H, which couples the atom to the field. We assume
that the interaction is an electric dipole interac-
tion. Furthermore, we assume that the dipole
moment p, of the atom has real matrix elements

® =(a|p,|by=(b|p,|a), M

(alpy|ay =(b|p|b}=0. (8)
With such assumptions, H, has the form

Hy=-0(|a){b| + |b){a|)EE,1). 9)

Equation (4) is then written for the four compo-
nents of the density matrix:

Paa= = @/T)PE(z ,1)(0g = Pra) (10)
bbb=(i/h—)(PE(Zyt)(Pub—Pm), (11)
Pap= _iwpab_(i/h-)(pE(Z;t)(paa-pbb)? (12)
Py = Pay- (13)

The electric field as seen by the atom in the
reference frame where it is at rest differs from
the electric field as seen in the laboratory frame,
and a proper Lorentz transformation should be
performed in order to account for this change.
However, the ratio of the atomic velocity » to the
velocity of light ¢ under usual experimental con-
ditions is of the order of 107, so that we shall
confine ourselves to a nonrelativistic treatment.
Therefore the electric field E(z,¢) is given, in the
reference frame where the atom is at rest, by the
relation

E(z,0)=E" Nz +v(t —t,),t)+ E“ N z+ 0(t = 1,),1),

where (14)
E@(z,0)= 230 E(0e 00, ), (15)
E®)Nz,t)=[E®(z,8)]*. (16)

In (15), the summation runs over all modes into
which the electric field has been decomposed. A
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slow amplitude modulation can be allowed in E,(¢),
but in what follows we shall restrict ourselves to
a steady-state field, so that the only time depen-
dence of E comes from the optical oscillations,
and from the variation of the z coordinate accord-
ing to Eq. (3).

The spatial mode function U,(z) has different
analytical expressions in a running-mode configur-
ation or in a standing-mode configuration. In the
former case, we assume it to vary according to

U,(2) =e'*n?, ")

while in the latter case, U,(z) is a real function
of z which we assume to be

A damping term is then introduced into Egs. (10)-
(12), in order to account for losses due to radia-
tion damping or to some other relaxation mech-
anism. Equations (10)-(12) now read

baa == 'yapaa - (Z(P/ﬁ)E(Z ’ t)(pab - pba) 3 (19)
bbb=_7bpbb+ (im/h.)E(z’t)(pab_ pba)! (20)

bab ==Y avPar— iwpab - (i@/ﬁ)E(Z, t)(paa - pbb)‘ (21)
This set of equations describes the time evolution
of those atoms which an external pumping mech-
anism has created at time £, and at position z,,

in an incoherent superposition of states [a) and
lb). We can perform a formal integration of (19)-
(21), obtaining the following set of integral equa-

U,(z)=sink,z. (18) tions:
J
i@ [t ,
Pualt ) == [ € B2y + 0(t” = 1), )Pt o) = Pt )+ g e, (22)
to
e [t ,
Poslt,5) = % f e "o E(zo + vt = 1,), 1 W pas(t , £o) — Ppa(t’, Eo)]dE + Xy~ bt Ek0) | (23)
to

e [t
pub(t,to)=—7 ‘o

In Egs. (22)-(24), z, is a parameter. If we change
it without changing ¢, or v, we choose another set
of atoms which do not spatially overlap with the
others, so that they contribute to the polarization
at a different axial coordinate. Now we need to
evaluate the polarization at the same time and at
the same coordinate z, so that if we change z,

we must allow /; to change in order to allow all
the atoms to be at the same position z at time ¢.

e ”ab""“’)”"')E( zo+,u(tl _ to)a t’)[paa(t' , to) _ pbb(t': to)]dt'. (24)

If we substitute Eq. (25) into (22)-(24), we obtain
the integral equation for the density matrix p of
those atoms which will be at the same position

Z at time ¢.

We can then add up contributions to the density
matrix from all atoms, “selected” by the require-
ment (25), but created at any time ¢, prior to ¢.
Thus we define a macroscopic density matrix

t
This can be done by requiring that oWt 2z, v)= f dtop(t,t,) (26)
Zo+v(t' —ty)=z-v(t-t"). (25) whose elements are given by
-
(M) i® ! ¢ 1 o=y (t=t') ’ ’ ’ ’ )‘a
Pt z,v)== i dt, dt’'e Va E(z—=v(t =t"), t") [ pap(t’, to) = Ppas(t ,to)]+7, 27)
-0 to a
) ie (* =y, (=t Y , / Yy
psi(t,z,v)= 3 dt, J dt’' e~ s E(z=v(t =t'), t") [ pa(t’, to) =ppalt’, to)) + o (28)
00 0

i (*
p:sg“(tyz’v)=_'h——

-0

t
dt, f‘ dt’ e Tap ¥t VE(z gt = 1), t" Y [pag (£, t o) = Pus(t’, to)]. (29)
0

The order of integration over ¢’ and £, can be changed, and, using the fact that the electric field does not
depend on ¢, we get the following integral equations, in which there appear only elements of the macro-

scopic density matrix:

ot 4
Pt 2, 0) = ot 2,00 == 2L [ at (e e 4 e Nz (e = ), 1)
, , A A
X[pa (¢, 2", v) =pg (¢, 2", v )b+ 2 = 2, (30)
a b
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l(? ¢ - -’ ’ ’
p,ﬁﬁ”(t,z,v):——ﬁ— f dt' e~V ap*iDE=t D Bz —p(t = t'), t') [pM(t!, 2', v) = piM(t, 2", V), (31)

where 2’ is the coordinate of the atoms at the time ¢’, i.e.,
2 =z—-u(t-t"). (32)

In the following, we shall ignore the index (M) which characterizes the macroscopic density matrix,
which will simply be indicated by p(t, 2, v).

We now substitute p,, (¢, 2z, v), as given by (31), and its complex conjugate into (30), and find a single
integral equation for the inversion population density,

n(t, 2z, v)=pg(t, 2, v)=py, (L, 2,0).
We get

A
n(t,z,v)= -+ -
a

(33)

. t tl
:}L—lh—(‘) f dt’ J. dat” [(e-ya(t-t’)+e')‘b(t-t'))E(z_v(t__t/),tl)E(ZI_U(t/_tu)’t”)
b - )

i@ —
X(— 7[_ (e'(Yawa)(t -t )+C.C.)>[paa(t", Z”, ‘U) _pbb(t”’z”’ U)]],

where 2" =2" —v(t' =t" )=z -v(t -t").

Finally, we change the order of integration
over t’ and ¢t” in (34), obtaining the following
integral equation for the inversion population
density:

(PZ t
n(t,z,v):No—Ff dt" K(¢, t")

xn(t",z=-v(t =t"),v).
(35)
The function n(¢”, 2", v) and the kernel K(¢,t")

J

(34)

in the integrand of (35) depend on z, the former
only through z” and the latter also explicitly.
Owing to the fact that the atoms do not change
their velocity in the interaction time, it is pos-
sible to obtain an integral equation in which there
is a functional dependence only on {. This will
be discussed in Appendix A. In (35) Ny=X, /7,
- X, /v, is the nonhomogeneous (source) term,
i.e., the inversion population density in the ab-
sence of the e.m. field, and the kernel K(t,t")
is given by

t
K(t,t”):E(z-v(t—t"),t")f dt'E(z = v(t —t")t') (e Y at=t") pe~Yo(t=t))(e=ap* i)t =t") L e 0 ). (36)
b

In Appendix A the kernel (36) is evaluated for

both running- and standing-wave configurations.
Equation (35) is the integral equation for the in-
version population density, and its derivation does
not need any substantial approximation, because
we did not use until now the fact that the e.m. field
amplitude varies slowly ina time in which the atomic
variables change appreciably. Thus it is applicable
to a large class of problems in which one es-
sentially deals with a two-level system (a spin-3
system) interacting with a classical multimode
field, through an off-diagonal interaction Ham-
iltonian of the form (9). In what follows, we shall
deal with a stationary regime for the electromag-
netic field, and we shall search for stationary
solutions of n(¢, z, v). But in view of the discussion

at the beginning of this section, these stationary
solutions are capable of describing also the dy-
namics of the interaction process in a laser de-
vice. In fact, one immediately sees from (36)
that the kernel K(¢, t”) depends on the values
assumed by E in a time interval before ¢ of the
order of 1/y, (@ =a,b) or 1/y,,. During this in-
terval, the field amplitudes are assumed to be
constant.

We note that knowledge of n(t, z, v) is sufficient
to determine, by integration of Eq. (31), the off-
diagonal element of the density matrix p,,. Then
the macroscopic polarization of the atoms with
velocity v along the z axis of the cavity is given by

P(Z9 U’t)=0>[pab(ty3$v)"'pba(tyzy U)], (37)
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and an integration over the velocity distribution
of atoms gives the polarization as a function of
z and ¢:

P(z,t)= fduP(z, t, v). (38)

In what follows, we shall focus our attention on
the integral equation (35), which is the crucial
point of the semiclassical theory of lasers.

III. CONVERGENCE OF THE ITERATIVE SOLUTION
OF THE INTEGRAL EQUATION

In this section we shall briefly discuss the
iterative solution to the integral equation (35).
In order to simplify our discussion, we shall
restrict ourselves to the simplest case, i.e., the
situation where a single running wave is present.
It is known that the steady-state solution of this
case exists, and in the rotating-wave approxi-
mation it has a simple analytical form,'? which
we shall derive from the integral equation.

The kernel for this case is derived from (A5),

LEZ
K(t,t")= Y i

o=a,b I(V=hU=-W)+Yeq— Y

X(ei(u—ku-w)(t’-t")e-ya,,(:-t")

—ealt=t"), (39)

where we have dropped the index n=1. We note
that K is independent of z, so that the solution
to (35) will also be z independent. If we use the
integral equation in the form (A9), we have

@2< £
n(t,v)=Ny - 2 aj/—;_b Vg =V +19)

xf de (ei97a)® _ e %0

(]

xn(t -6, v)+c.c.>, (40)

where Q =v- kv -w.

The fact that the kernel has no driving term de-
pendent on ¢ allows us to assume that a steady-
state solution, independent of {, exists:

n(t, v)=n(v). (41)

If we substitute (41) into (40), and perform the
integration, we get

n(v) = il
T 1+ (@A) ZE Y gy (Va+ ¥, ) [ Va¥s W+ QD) TH

(42)

which is the correct steady-state solution for one
running-wave configuration. The population in-
version density does not depend on z and ¢, but
depends only on v, through .

If we try to obtain the solution in an iterative

way, we find that when the saturation parameter

0_9’_22 YaoVat¥y) 1
S R* 2 Ya¥s ')/,z,b+92

(43)

becomes greater than 1, the expansion diverges.
This can be easily seen. Equation (40) is re-
written

n(t, v)=N, - fﬁo def(9)n(t -6, v). (44)
0

Then an iterative solution to (44) is obtained by
inserting N, in place of n(¢ — 6, v) in the integrand
of (44), obtaining just nV(¢, v),

n(t, v)=N, - fm dof(6)N,

=Ny(1-0) (45)
with

o= [ ass(o), (46)
0
and then iterating this procedure. We get
n(t,v)=Ny(1l=-0+0%=0%+ "), (47)

which is convergent to the correct value (42) only
if 0<1, and otherwise is divergent.

We can ask why the solution diverges for o values
greater than 1. The integral equation (35) is a
Volterra equation of the second kind, and the
iterative procedure always gives the correct (con-
vergent) solution for this kind of equation. But
Eq. (35) is singular, because the lower limit of
integration is —«. This singularity arises when
we assume that the field amplitude has its station-
ary value at { =-=; when such a singularity is
introduced in the integral equation, the conver-
gence of the iterative solution is lost, at least
for field intensities exceeding some critical values.
In single-mode operation, such a critical value
is reached when o, as defined by (43), equals 1.
For higher values of o, one cannot obtain the
steady-state value of the inversion population
density n(v) starting with an iterative procedure
from the unperturbed value N,. The divergence
of the expansion has already been discussed in
the rate-equation formulation of gas laser theory.!®
For multimode operation, a similar expansion
is usually made in powers of the electric field
intensities. This expansion can be performed
directly from (35), substituting the function
n(t”,2"”,v) in the integrand with N; then an in-
tegration yields #‘*)(¢, z, v), which in turn is put
in the integrand in order to get n?)(¢, z, v), and
so on. The so-called cubic approximation is
equivalent to truncating this procedure after the
first step, retaining just the £? dependence of



14 SEMICLASSICAL THEORY OF MULTIMODE OPERATION IN... 1485

n and the E® dependence of the polarization. But
also for the multimode case one can expect di-
vergences. Thus the solution to Eq. (35) must
be found in some other way, namely by assuming
some steady-state analytical form for n(t, z, v),
just as was done above for the simplest case of
single running-wave operation. To this kind of
solution the following sections are devoted.

IV. INTEGRAL EQUATION FOR n(t,z,v)

As noted in Sec. III, the solution to the integral
equation for n(¢, z, v) cannot be found, in the high-
intensity field case, by means of an iterative pro-
cedure. We shall therefore describe a method,
which proves to be convergent, for solving the
integral equation, and present a generalization
of the expansion in a continued fraction first used
by Stenholm and Lamb® in treating high-intensity
laser theory.

The integral equation for n(¢, z, v) takes the form
(A9)

t =N 9_’_2_ A iﬂpt
n( ,Z,U)— O—h—Z »€
=1

xf dge™®n(t - 6, z, v).
0

(48)

From (48) we note that the driving terms in the
kernel are oscillating at frequencies £, which

are the differences of any pair of optical fre-
quencies of the modes shifted by the Doppler effect
in a gas laser system. Thus we deduce that the
inversion population density will oscillate with

the same frequencies, and with their combinations.

Owing to the form of (48), any oscillation in 7(¢)
at a certain frequency, say, v, will influence
directly the terms oscillating at frequencies
V+8§,; these in turn will influence the terms os-
cillating at v+Q,+Q,., and so on. The source
term in this chain is the average value of n(t),
which is a constant (v=0). This suggests starting
the chain with »=0. A formal solution to Eq. (48)
is then given by

n(t,z,v)= E B{} (2, v)exp(i ky 2, t>, (49)
{r} =1

where the sum over {k} means that we take any
set of integer numbers &,,..., &, ,..., ky ranging
from 0 to <. Since for any given value of Q, there
is another p, say, p, for which Q7 =-,, those
sets { ¥} in which k, = ky for any p will contribute
to the average value of n(t). At each step of the
chain, there appear terms which contribute to

the average value of #(¢). Thus in this form the
problem seems to be rather intractable. How-
ever, there is a case in which the problem at

hand can be solved, and the solution is convergent.
This special case is met when all the frequencies
2, are multiples of a fundamental frequency, say
0:

R, =m, 6, (50)

where m, is some integer, positive, negative,

or zero. Equation (50) is not an unusual condition
for the frequencies of oscillation of the inversion
population density. For example, in a laser device
in which the active atoms are fixed in some lat-
tice sites, there is no Doppler shift, and con-
dition (50) holds when each pair of adjacent modes
are separated by a constant quantity

6=mnc/L, (51)

where L is the cavity length. In a (running-wave)
unidirectional ring laser, the Doppler effect
changes the frequencies by a factor which is identi-
cal for all the modes, so that, if the modes are
separated by 9,

6=8,(1+v/c). (52)

Furthermore, in the general case one could always
choose a fundamental frequency 6 such that all

the frequencies Q, are multiples of 6, at least
approximately.

Let us now turn to condition (50). If that is the
case, we collect in the kernel of (48) all terms
which have the same frequency ,, and write the
integral equation in the form

2 N
n(t,z,v):No—-(P— Z eimdt

2
r m= =N

xfm dof (8)n(t - 06,z,v),

0

(53)

where we have used the fact that for each Q, there
must exist a frequency —§, in the kernel. In (53)
fn(6) is made up of a sum of exponentials e’ ®
(which correspond to the same frequency £, )
multiplied by the constant coefficients A,. The
sum runs from — N to + N, and the condition that
n(t,z,v) is real assures us that

S -m(0) =1 %(6). (54)

The steady-state solution to (53) is simply found
from considerations similar to those which lead
to formula (49). Since there is a fundamental
frequency 6 such that each £, is a multiple of
that one, the solution to (53) is given by

n(t,z, v):an(z, v)eikst (55)

After substitution of (55) into (53), we find a sys-
tem of linear equations in the coefficients 7n,:
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(PZ
nk (Z, 1/') + F ZFm.k—mnh-m(z’ U) =N060,k ’ (56)

where

FmJ-m@,v>=‘[mdafge>e-“k'm69. 57)

We shall prove that the system (56) has a unique
solution. For the sake of simplicity, we shall limit
ourselves to a particular case of (56), i.e., toa
system of the form

N+ By gy Mpey + By w1+ By ey Mpey =0 1 (58)

but the proof can easily be extended to the gen-
eral case. Let us suppose that a solution exists,
so that each n, has a finite value which satisfies
(58). In particular, #_, will have the value z_,.
The variables n,, 7, ...,n,,... will then satisfy
the linear system

(1+By)n,+B,,n =A,
B, on,+(1+B, )n, +B, ,n,=0, (59)
B,, n,+(1+B,,)n,+B, ;n;=0,
where
A=1-B, _,n_,. (60)

The infinite determinant of the coefficients of
the system (59) is therefore

1+B,, B,, 0 0 -
By, 1+B,, B, 0 .-

A, = . (61)
B,,, 1+B,,; By ***

o
s e O

One can easily show that the determinant is
“normal”,' in the sense that

kZ: | Bk.k-m|<°°- (62)

In fact, each B, ,., tends to zero as k7% when

k tends to infinity, while the sum over m ranges
from -1 to +1, i.e., is a sum of a finite number
of terms. These two facts assure us that the sum
(62) is convergent. Then the determinant (61) has
a finite value; i.e., the succession of determinants

A(()U =1+B,,,, (63)
1+B B
AéZ) - 0,0 o | (64)
B, 1+B,,
1+B,, By, 0
A(()S) =| By, 1+B,, B, (65)
0 B,, 1+B,,

is convergent toward a finite value.
Furthermore, the determinant of #;,, namely,

A By, 0 0 .-

0 1+B,, B, 0 e

A =
" |0 B,, 1+B,, By,; ***|’ (66)

is also convergent, and it can be shown that its
value is

8, =AA, 67
where
1+B,,, B,, 0 0 e
B,,, 1+B,, B,, 0 -
A =
! 0 B, , 1+B, 3 By, *°° (68)

A fundamental theorem in the theory of infinite
determinants'* states that if the determinant of
the coefficients is normal [i.e., Eq. (62) holds]
and the known terms in the right-hand sides of
system (59) are limited, then a unique and limited
solution to system (59) exists. In other words,
we can assign a finite value to each unknown, and
this set of values satisfies (59); furthermore,
there is only one set of values which is limited.

Now, if #_, is not infinite, then the two require-
ments above are met, and a limited succession
of values for ny,n,...,n,,..., respectively, is
found which satisfies (59).

We now have to determine #_,. Before doing
this, we find the functional relationship between
nyand 7_,. We have, from (60) and (67),

ny=(8,/80)(1 =By, 7_,). (69)

Furthermore, after some algebra, one gets from
(59)

n == Bl.o(Az/Al) Ry, (70)
where
1+B,, B,, 0 0 .-
B;, 1+B;; B3, 0 .-
A, =
2 0 B,; 1+B,, B,5 *** (71)

. . . Y
. . . .

The function z(¢, 2, v) must be real. Thus, the
coefficients #, must satisfy the relation

n_p=nj. (72)
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This in turn requires that
B_p,-p-m =B stm- (73)

According to (72), we choose %_, to be the complex
conjugate of #,., Then, taking the complex conju-
gate of Eq. (70), and using (73), we get

noy=- B—L,O(AZ/AI.)*nO'
If we substitute this equation into (69) we obtain
n0=[AO/AI_BO,-IB-I.O(A2/A1)*] L (74)

The ratio A,/A, (or more generally the ratio
A,_,/A,) can be expressed in terms of the ratio
B,/8, (or Ay /By);

Ak—l/Ak =1+By.; 4-1 = By, kB gy Bps 1/Alz ’
(75)

so that
ny=[1 +By,0= By, B, 48,/8,
_BO.-IB-I,O(Az/AL)*] -k (76)

Using (75) and (73) we can expand 7, in the con-
tinued fraction

1
nO: . (77)
B, B
1+B,,-2Re 0.1 BLOB
1+Bl.1'1+B
2,27

This continued-fraction expansion has been found
by Stenholm and Lamb,® and we shall show in
Appendix B that our integral-equation formulation
of the problem leads to the same result for a sin-
gle-standing-mode configuration in gas lasers.

Unfortunately, the procedure which led to the
continued-fraction expansion (77) cannot be ex-
tended directly to the case in which the kernel
in Eq. (53) has more than three oscillating terms
with frequencies — 6, 0, and +6. Thus we shall
develop in Sec. V a method which will enable us
to treat the multimode case. However, we note
that the proof of convergence is valid for any
number of oscillating terms in the kernel, be-
cause the convergence of the sum (62) is achieved
also when m ranges over a larger (but finite) num-
ber of terms.

Before concluding this section, we want to em-
phasize some considerations about the system (59).
The determinant of the system (59) is normal, in
the sense that the sum (62) is convergent. This
fact leads to the existence of a unique solution,
in which all coefficients are limited. But other

solutions may be constructed. These solutions,
obviously, cannot be limited because of the unique-
ness of the limited solution, and must therefore
be divergent. Thus, these solutions are non-
physical. However, the way other solutions are
determined is quite interesting, because it sug-
gests the generalization to multimode operation,
which is discussed in Sec. V.

Let us put

n,=n*,=0 for scme k. ('78)

Then the system (59) splits into two systems, the
first of which has k£ unknowns and k equations:

(1+By,0)ny+B,, n =A,

B, oo +(1+B, )n, +B, ,n,=0,

(79)

Byoy p-aMp—p + (L+ By o) =0,

This system can be solved, and we find the cor-
responding values for n,,...,n,.,. We then intro-
duce in the second system the value obtained for
n,_,, and find

By e +1Mr+1 = =Br o=1"-1 5
R O A (80)
Bk+2,k+1nk+1 + (1 +Bk+2,;¢+2)nk+2 +Bk+2 Je+alps =0,

etc. The determinant of the unknowns 7,,,,7;,+,,
etc. is not normal (the elements 1 + B,, are out of
the diagonal!). Moreover, it is vanishing,

By wn 0 0 0

1+Byiieer Brtiera 0 0 «--

A= Bpigprr 1+Brig ez, Brogpes 0 00

. . . .

=By p+1Bry p+2Briapes 0 =0, (81)

owing to the fact that B, ,,, ~0 as p—=,

Then the solution of (80) may be unlimited, and
in fact it is unlimited. But we note that the value
of n, obtained from (79) is the same as we would
have obtained from (77), just by truncating the
continued-fraction expansion at kth order. In fact,
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in order to truncate the continued fraction at kth
order we must set B,_, , equal to zero, and the
system (59) splits into two systems, the first of
which coincides with (79). Thus we can make the
following statement: The right value of n, can be
obtained as the limit of the succession of those
values of n, belonging to the divergent solutions
obtained by setting successively n, =0, n,=0,...,
n, =0, It is precisely this statement that can be
generalized in order to get the convergent solution
in the multimode-operation case. The existence
of nonphysical solutions to this problem has been
stressed by Feldman and Feld.®

V. GENERAL CASE

We now turn to the problem of determining the
steady-state solution of the equation

+N

(P?
n(t,z,0)=Ny= — 9, &mo

2
r m==N

x fcdaf,,l(e)n(t— 8,2,0).
(82)

The solution to (82) may be put in a form similar
to (55):

n(t,z,0) = 2 my(z,v)e*s" 83)
]
and the substitution of (83) into (82) yields the

linear system in the unknowns 7,(z,v):

m=-N

+N 0)2
Z <60-"‘+—ﬁ?ka-m)"k—m:Noao.kr (84)

k=0,+1,£2,....

System (84) is then written in a matrix form; we
define the following vectors and matrices:

~
14@/DF, _, @/, _yey o+ @/EDE, -+ 0 o )
@2/n®F, .y 1+@/E)F, _ysy " @YEF_yiy,o 0 0
Zo= | CYEEy_y  O/E)Fyyye oc 1+@/EFyy o0 O/ yriwey OV gy |
0 0 e @ /EDFy., ., 1+@/BE .., ©YEIE,,
0 0 Oy -+ O/EE uey 14O/, )
—

~
n_,,j

R n+y

Ty= | Mo | s (85)

n

-pN
Ropn+1

Mo p-1)N+1
RN, = 0 (86)
nip-1)N+1

.

Rpn-1

n
L v

3= IN,| - 87)

All vectors (85)-(87) contain 2N +1 elements. The

vector J has all elements equal to zero, with the
exception of the central one, which equals N;

(88)
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G 0 O
Uy=| 0 o), (89)
0 0a@a,
® 0 0
V= 0 p 0], (90)
0 0 @®,
e, 00
w,= 0 1 0 |, (91)
0 0e¢,
where @,, ®,, and €, are NXN matrices and are given by
r 2 2
®/R*)E- y, g1 41 0 0
Q, = @2 /B2 _yar,o-vyner @OFHDF g perynen o 0 , (92)
L((Pz/ﬁz)F-t.(p-nmﬂ @2 /Ry, pmrywea =t Oy 4y
~
1+ @2 /B2y, prynsr AP poiyn+e S A7/ T Ve
®, = @ /BDE  perywsr 1+ O /BDF oryhes (G SUvee . (93)
;(yz/ﬁz)FN-l.(P-l)Nﬂ @2 /Ry g, p-1yn+a *** 1+ (@2 /HPF, oy
@2/B®)Ey, p-1yw+r @2/RP)Fyo i perinss @2/r®)F, py
0 @/B®)Fy, p-ryn+e "t O/E)F, 4y
= : : : : (94)
0 0 cor (RYRR)Fy oy
The matrices @;, ®,, and €; are defined from @,, RN, =-U; (VT +W, )
®,, and @,, respectively, through the relation - U VU _Zomo)+Wlsmo] ’ (98)
(G;)‘ &= (aD)XH 1-i N+ 1=k ? 514 = _U;l[V:;Jla +W2VzU;l(3 - Zomo)] . (99)

where the asterisk denotes the complex conjugate.
Finally, the matrix S which projects %, onto %,
is defined:

SN, =N, (95)

Apart from S, all the matrices defined above are
nonsingular.'® In matrix form, system (84) is then
written as follows:

Z Ry +U,T, =d,
UpsiWpuy +Vp My + Wy U,y =0,

(96)
97
p=2,34....

By using (96) and (97) we can therefore express
any vector M, in terms of N, and N,. For example,

Let us consider the succession of vectors N* ob-
tained by setting 3,=0, N, =0, ..., N, =0, etc.,
i.e., the succession of vectors J{¥ which satisfy
the equations

ZAR =g, (100)
(Zo=-UV;' W, S)NP =g, (101)
(Z,- UV, - UV W)W, SR =g. (102)

The vectors R so obtained will converge, as
stated in Sec. IV, to the steady-state solution, the
only one which is physically acceptable. Thus the
multimode operation may be studied by perform-
ing a continued-fraction expansion in a matrix
form, i.e., by evaluating
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1
Va"U4 V4_...W3

and then solving the system
(Z2,-2,5)N,=9. (104)

Formula (103) is a generalization of the continued-
fraction expansion used in high-intensity laser
theory.

The simplest description of the multimode oper-
ation is given when we assume N, =0; i.e., we do
not allow the inversion of population density to
oscillate at the frequencies v, - v,. This descrip-
tion, which is usually called the rate-equation ap-
proach, is the zeroth-order solution of our inte-
gral-equation formulation, but cannot be obtained
directly from (100)-(103). Instead, it may be
shown that it is the solution of

1-8)Z,1-5)R,=4. (105)

The lowest-order solution is obtained by setting
U, =0 or, equivalently, W, =0. When this approxi-
mation is made, one allows for the interaction of
each mode with any other mode, through the cou-
pling with matter. However, the beating term
between any pair of modes is assumed to be small
enough so that it does not interfere with other
terms. The presence of the beating terms causes
the inversion population density to have (small)
oscillations at their frequencies. This approxi-
mation is then justified when y,,< 8, because in
this case each atom can couple no more than two
adjacent modes.

We shall show in Sec. VI that when y,, <0 the
beating terms are vanishingly small, and a rate-
equation approach is fully justified. However,
when v,,2 0, one must evaluate the complete ex-
pansion (103). The successive approximations to
Z, are found by putting U;=0, U, =0, and so on.

At each step of approximation, one takes into ac-
count more oscillating terms in the inversion popu-
lation density. For example, in the U, =0 approxi-
mation, one allows the function # to oscillate at
frequencies 6,26,... 2N06. The existence of a
limited solution to Eq. (82), which has been proved
in Sec. IV, assures us that the Fourier spectrum
of n(t,z,v) found by means of these iterations tends
toward a well-defined limit, which is the solution
to (82).

All matrices which appear in (103) are nonsingu-
lar, and in this section we have used those ma-
trices which allow a compact description of the
whole process. For computational purposes,
however, it is much better to deal with reduced
matrices. We note that every matrix in (103) is of

the form
m
P , (106)
N

where M and N are also matrices, so that they
are reducible; i.e., their inverse, or the product
(or sum) of two of them, gives a matrix of the
same form as (106). We have

m -t gmt
p = pt , 1o7)
N xn-?
Mm o’ IR’
p b’ = pp’
N €N’ AR
(108)
Thus one can evaluate the simpler expansion
1
Z{ =az 1 el
®, -Q, c
1 2, (109)
&3—&4 ®,—°* 03
and then it is possible to get Z,,
(z)*
Zl = q ] (110)

A

where the operation (Z,)" has already been de-
fined for the matrices @,, ®,, and ©,. The cen-
tral element g is not relevant, because Z, must
be multiplied by S on the right-hand side, and
that operation leaves the central column equal to
Zero.

The procedure described above allows one to
calculate with any desired accuracy X, i.e., the
average value 7, of # and the first 2N coefficients
of the terms oscillating at +0,...,+ N0, If one
needs the evaluation of some other coefficient, it
turns out to be convenient to adopt the same pro-
cedure of the continued fraction, rather than eval-
uate the corresponding N, vector (which contains
the coefficient) from X, and ,. This latter calcu-
lation does not tell us anything about accuracy.

Suppose we need an evaluation of the coefficient
of the term oscillating as ¢?®*, Multiplying both
sides of (82) by €*?%*, we get the integral equation
for the function

nO(t, z,v)=e%n(t, z,v), (111)

i.e.,
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N

2 had .
n“’(t,z,v)=Noe‘“’“—(;—2 2. e""“f d6[ fu(6)e'** @ (t - 6,2,0)]. (112)

m==N o

This equation can be treated in the same way as
(82), with the only difference being that the source
term is an oscillating function of time. This in
turn modifies Eqs. (96) and (97), in the sense that
the source term will appear in Eq. (97) for some
p. Obviously, one has to take into account the
source term, so that one cannot truncate the ex-
pansion which is obtained from (103) before that
order p. For example, the lowest-order approxi-
mation to n,y., will be achieved by putting J; =0
(which appears first in the p =4 equation, where
the right-hand side is different from zero).

VI. APPLICATION: MULTIMODE LASER OPERATION IN
AN ACTIVE MEDIUM WITH UNMOVING ATOMS

Here we shall apply our formalism to the case of
of laser operation in a medium which has active
atoms (or molecules) fixed in some lattice sites;
the line of gain may equally well be nonhomoge-
neous, because local perturbations (such as elec-

K(t,0)=2, 3 iE, E,. sink, z sink,z exp[i(¢, - ¢,1)]

n.n o i(V"—W)‘*")’a-'}’ab

tric field, or stress in the crystal lattice) may
change the atomic energy levels, so that two dif-
ferent atoms in two different sites may have dif-
ferent transition frequencies. The macroscopic
density matrix p(z, t, w) will then describe the
temporal behavior of those atoms placed in a
small volume around z, which have the same
transition frequency w. The source term in the
integral equation, N,, will also be w dependent;
we assume that the w dependence of the density
matrix is not changed by the laser electric field.
Thus the macroscopic polarization (38) will be
given by a sum (integral) over the set of w values
which the atoms of the medium may assume:

Pe,0= [ dw@lpyle, o) pyle, 0] (113)
For a standing-wave configuration of the electric

field in the cavity, we must use expression (A6)
for the kernel in the integral equation, with v=0:

x expl - i(v, — v,)t}{expl = (v, +iw —iv,)6] —exp(~y,0)} +c.c. (114)

The kernel (114) has the form (A7) but, owing to
the stationary-atoms condition, the complex con-
stants I', which appear there are z independent.
We can assume that the modes have equal fre-
quency separation, i.e.,

Vy 1=V, =0. (115)

One can readily verify that the integral equation
(35) assumes the form (53). The sum over m
runs from -M+1 to M -1, where M is the number
of modes operating in the cavity, so that we put

N=M-1. (116)

When there is one mode in the cavity, the kernel
(114) becomes independent of ¢t. The situation is
quite similar to that discussed in Sec. III: the
inversion population density is then time indepen-
dent, and its value may be found directly,

n(z,w)=N,/A, (117)

with

A1+ ®? E*sin’kz vg,(v+ 7) 1
n* 2 Yo Yazb+ (w - V)2 ’

Note that the inversion population density in (117)
is dependent on z, just because the standing-wave
configuration of the electromagnetic field has a
spatial modulation of the time-averaged intensity,
which in turn determines a spatial modulation of
the inversion density.

When two modes oscillate in the cavity, the
kernel has three terms dependent on ¢, with fre-
quencies -6, 0, and + 5. The structure of the
kernel is such that each Fourier component of n
is coupled with its two nearest neighbors, i.e.,
with the components whose frequencies differ by
+0.

The linear system for the Fourier coefficients
has the form (58), for which the solution of n, has
been obtained as a continued-fraction expansion.
Details of these calculations will be given else-
where.

In the general case of M-mode oscillation, we
have the prescription for the evaluation of the
matrix elements F, ,_ . We have

me
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Sn(6)= 2 E [$E,E, sink,z(sink, z)ei(®n=%"]

n n =m

X (= 1
iy =)+ e =75
1
_i(Vn' -UJ)‘*")’U ~Ya

+

Fppon= 2. 2 [AE,E, sink, z(sink,.z)e®n =%n")

’

(e_(7ab tiw=iv,Ne _ e-yae)

(e'(Yab —iw+ivyo _ e-7a9)> , (118)

[ 1 1 <1_ imd
Yy —tW+TV, + kD vy +i(k—m)b —i(u":—w)+ya—yab>

1

imd
- - . - 1-- . 119
* Y tiw —tv, +iRd v, +ilk—m)d < i(y, —w)+ya—yab>] (119)

The behavior of F
to give

m,k —m?

when k -, is readily found from (119). The Lorentzian factors may be combined

Fopom™ E ; [{E, E, sink, z(sink,:z)e* (% ~%n")]
n,n

’
n=n =m

% [ Yo = Yab— i(Vn' — w) —imd

Yo = Vap — HVpr = w)

which shows the 1/k? dependence when % -« (see
Sec. IV).

From (119) we can explain a lot of features which
appear in multimode operation. Let us consider
the case y, <6 (@=a, b). This means that the
lifetimes of the levels are long compared with the
period 1/6 of oscillation of the beating term of
two adjacent modes. When this condition is satis-
fied, one would expect that the inversion popula-
tion density does not oscillate, because all beating
terms vanish due to interference in a level life-
time. But this is not the case. In fact, from (119)
it is apparent that the resonance factor

1/[y, +i(k —m)s)

is appreciably different from zero when m = k.
Then in the system (56) all F,, , _, may be put
equal to zero, with the exception of Fp ,. This

means that the Fourier coefficients n, (k= 0,+1,...

+ (M -1)] are coupled with n,, and the others are
zero. The average value of the inversion popula-
tion density is therefore given by

no[L+(@*/n?F, J=N,, (121)
which reads
no=No/A’", (122)

2
A= 1+% Z 3E? sin’k, z
n

% Yao(Yat Vp) 1
2 2
Yo¥s  (@=v)%+7%

’

+7a—7ab+i(vn—w)—im5:l (_ 1 > (b~ ), (120)

Yo = Yo+ iy, —w)

r

while the other coefficients n, are given by
n,= = (@*/n*F, on,. (123)

If we compare (122) with (117), we see that the
average population density is not affected by the
beating terms, and is simply saturated by all the
modes which act independently. But Eq. (123) in-
dicates that some oscillations arise in the popula-
tion density. These oscillations are due to the
fact that the beating terms influence the polariza-
tion of the medium, whose lifetime y,' may be
comparable with or shorter than the period of
oscillation 1/6. The polarization, in turn, in-
fluences the population density, and induces os-
cillations with frequencies v, - v,,. However, the
population-density oscillations do not induce
further oscillations in the polarization, because
of its long lifetime, and the chain of interactions
stops here.

The situation described above, y,<b (a=a, b),
is met in several solid-state laser devices, such
as a ruby laser operating at 6943 A. The life-
time of the excited level of ruby is much longer
(1073 sec) than the period of oscillation 1/6 (which
is usually of the order of 1072 sec), so that the
condition y, < 6 is well satisfied.'® On the other
hand, the lifetime y;' of the polarization is shorter
than 1/6 (y,, is the homogeneous bandwidth of the
line of gain, and it is of the order of 10° sec™!, so
that y,,! ~107° sec). Then we can treat the multi-
mode operation in a ruby laser by assuming that
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the average population density n, is given by (122),
and allowing for oscillations in n(¢,z, w). There-
fore we have

n(z, t,w) =nyz,w)(1-= F, .e'*%t] .
S pi=y+1 *
kR #0
(124)

The polarization P(t,z, w) can be evaluated by intro-
ducing (124) into (31) and performing the integral.
Obviously when the lifetime of the polarization
y;,,‘ is also much longer than the period of oscilla-
tion 1/5, i.e., when y, <6, oscillations in the
polarization must disappear, and therefore also
the population density must have no oscillation.

In this case the resonance factor in Eq. (119),

1/ly,, tilw=1v,) +iks],

is appreciably different from zero when =0. The
only F_ . _, term which survives is therefore F, ,.
The average population density is given again by
(122), but nown, =0 (k+0).

The latter case is usually referred to as the
rate-equation approximation. Here the inversion
population density has a stationary value n,, and
all calculations can be done directly, starting
from the equations of motion (30) and (31), by
putting there p , —p,, =const. In our general
formalism, the rate-equation approximation is
given by Eq. (105).

The rate-equation approximation is also suitable
for treating the free-running operation. In the
free-running operation, the phase factor e % of
the nth mode is oscillating randomly in time owing
to the interaction among the modes. One can
therefore substitute the average value {¢*®n'~ %))
in place of e'® '~ %) in Eq. (119), and assume that
it is zero, except for n=n’. Then the interference
terms among the modes vanish, and one has

Fo-m=Forbpo- (125)

In this case, each Fourier coefficient n, is
coupled only with itself [see Eq. (56)], but the
source term N, is present only in the equation for
n,, so that only n, is different from zero, while
the other coefficients n, are zero. The average
population density is given by (122) again, although
what causes the oscillating terms to give no con-
tribution to n, is different in the two cases.

In the general case one must use the matrix con-
tinued-fraction expansion of Sec. V in order to
find the population density. However, one can
reduce the order of the matrices involved if the
lifetimes of the levels are sufficiently long, so
that

Yo < PO (126)

for some P. Then one can assume

F ~0 (127)

m,k —m

for |m|> P. The sum in Eq. (56) is then limited
to values of m which run from -P to +P. In most
cases, P is equal to several units (say 3 or 4)
and the multimode analysis turns out to be quite
tractable with the general formalism we have
developed. We shall give detailed calculations
for the multimode operation in a forthcoming
paper.

One other limiting case, i.e., the close-coupling
approximation (CCA), will be described here. If
we are in a situation where

Moy, , (128)
Mbo<y,, (129)

i.e., if the modes are limited in a small fraction
of the total bandwidth, we can make a Markoffian
approximation in the integral equation; i.e., we
can substitute n(¢, z, w) for n(t - 6, z, w) in the inte-
grand of (82). This is justified by the fact that the
memory time of the population inversion is much
smaller than its period of oscillation; i.e., the
kernel decays to zero in a time in which » has
changed very little.

The CCA gives the expression for n(t,z, v):

N
1+ (@*/n*) Y,  F,, 0™t

n(t,z,v)= (130)

This approximation turns out to be very useful in
a situation where the modes merge in a quasi-
continuum distribution.

VII. CONCLUSIONS

A method for treating the interaction between a
two-level system and a multimode e.m. field has
been described, and is now summarized, with
some of its advantages pointed out.

(i) It unifies the semiclassical theories, because
one can readily obtain from it both the perturba-
tion expansion in a power series of the e.m. field
(Sec. III) and the continued-fraction expansion
(Sec. IV).

(ii) The continued-fraction expansion in matrix
form, which has been derived from it, makes it
possible to treat the multimode operation without
any upper bound to the e.m. field. This solution
turns out to be always convergent.

(iii) Some particular cases can be treated (Sec.
VI) without carrying out the matrix expansion. For
solid-state laser devices, such as ruby lasers,
with a long lifetime of the excited level, I have
shown how to construct the solution to the multi-
mode case in a very simple way.
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(iv) The method itself is quite general, and can
be applied to many physical problems where the
all-order interaction between matter and the e.m.
field must be taken into account.

Only a few examples have been discussed, but I
think that the ability of the method of covering a
large class of phenomena has been sufficiently
stressed. Numerical calculations will be reported
elsewhere.'”
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APPENDIX A

In this appendix we shall find the kernel [Eq.
(36)] which enters into the integral equation for
n(t,z,v) [Eq. (35)]. Two typical situations are
taken into account. In the first one, the field is in
a superposition of running waves (ring-laser oper-
ation). In the second one, the field is made up of
standing modes (Fabry-Perot laser cavities).

The running-wave configuration has spatial mode
functions U,(z) given by Eq. (17); the kernel is
then given by

1 t
Kpy(t,t'")=7 ft at' Z EE {exp[-i(vt' + ¢, -kz")] expl—i(t" + bp — kpz)]

nynt’

vexplivt' + ¢, - kz")] expl—i( "'+ ¢, —kpz)]+c.c.}

X (e t=t) 4 o tt)exp[ — (v 4+ iw)(E" — 1 ")]+ exp[ = (v o= i)' —t'")]}, (A1)

where the index RW stands for running wave.

In deriving (A1), we have put 2z’ =z —v(t =#) and z'' =z’ —v(t’' =t'")=z —v(t =#''). The field amplitude
labeled by #»’ is then independent of ', and the kernel may be simplified:

t
Kew(t,t')=E(@" ,t")%z f dt' E {exp—i(v,t' + ¢, — kyz)]+ c.c.p(e™a'tt) 4 g7 (t-t7)
n "

x{exp[ - (vgp+iw)(t" —t'")]+ exp[ - (v, —iw)(t’ = t'")]}. (A2)

The integral in (A2) can be easily performed. The result is

Lo
zE e %n

KRw(t,t”)=E(z”,t")< z e T e, _Z.w{exp[—i(v,,t —-Rk2) = Yp+iw)(t -¢")]
n [+3 ai
a=ayb

—exp[—i(vt" —kz") —yat —t")]}

L
3E,e'®n . . "
z —k2z)- w)(t -t
' (V= k) + Ve =V _iw{exp[z(u,,t ki) = o+ 20)(E )

a=ayb

—expli(vt" -K,z'") —ya(t—t")]}>+c.c.

(A3)

The expression (A3) can be further simplified if one neglects the counterrotating waves in the polarization.
In this approximation, which is usually referred to as the rotating-wave approximation (RWA), one as-
sumes that the density matrix element p,, oscillates at the optical frequency

Pap = poe-iwt ’ (A4)
and p, is a slowly varying function of time. In the RWA one can evaluate the integral equation (35) and its
kernel [Eq. (36)] by coupling p,, in the equations of motion (27)-(29) with that component E‘” of E(z,¢)
which oscillates as e*“*, and p,, with the other part of E(z,#). This in turn is equivalent to neglecting
terms which oscillate at twice the optical frequency, both in # and #’’ in Eq. (A3).

In the RWA, the kernel is therefore given by
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EnEn'e“ 0 n=®,0)

Kyt )= 20, 2

n n' a=a,b 4 i(Vn —knv - w)+7a =Y

X ({expl - i(vut' - kpz")] expli(v,t - kz)] expl - (vo,+iw)t - )]}

~{expli(w 2" - kz"")]exp[-i(v,d"" —kpz")]exp[-v4(t —")]P+c.c. (A5)

We can derive similar formulas in a standing-wave configuration of the e.m. field. Since each standing
mode is made up of two running waves, with the same frequency v, and with opposite propagation vector

K,, it is possible to obtain the kernel K(¢,%’’) by simply extending the summation in (A3) or in (A5) over a
parameter u which can assume the values +1 and —1. An extra factor —zip for each field will then provide
the right dependence of the standing mode on z [Eq. (18)]. For example, we give the expression for the
kernel in a standing-wave (SW) configuration, in the RWA:

KSW(tyt”)= ZZ Z Z E 1 —%i“',(%iH)E"En.ei(on-on')

W amayb nea1 wmer 4 1V = BRY - W)+Y, -V

x {exp[ ~i(v, "’ = w'kz2")) expli(v,t - pk,z)] expl— (vg, +iw)(t - 1'")]

—exp[+i(v, t" — pkz'")] exp[-i(v,4'" - W'kypz")] exp[-v4(t —t"")]}+c.c.

We note that the damping factors enter expres-
sions (A5) or (A6) only through the exponentials
et (where ¥y may be v, ¥,, Or ¥,). Then one
can make the substitution

t-t"=6

and the kernel turns out to be a function of the two
variables £ and 6,

K(t,0)= 2 Aylz,v)ei%tels?, (AT)
i4

where the 4, are complex coefficients which de-
pend on v and z, the £, are real frequencies given
by

Q,=Vy =V, (A8)

and the T', are complex constants whose real parts
are =Yg, —Ya OT =74

So far, we have derived the integral equation in
its general form, which we shall write here:

2 :
n(t,z,v)=N -5 Z A,z v)ei??
)

X J’ déeTn(t - 0,z —v0,v).
(o]

In the integrand, the population density n depends
on 6 through # and z. This is a consequence of

the condition (25) which we have imposed on z, and
t,. Then the contribution to » at time ¢ and posi-
tion z comes from the population density of those

(A6)

atoms which were at the position z — v 6 at the
time ¢ — 6. Owing to the atomic motion, a varia-
tion of the z coordinate turns out to be equivalent
to a shift of the frequencies of the e.m. field.
This fact may be used to find an integral equation
where the 6 dependence of #n is displayed only
through ¢ — 6. Let us introduce the coordinate

¢=2(0),

where the atoms we are considering were at time
t=0. The integral equation for the population
density of these atoms is therefore found by sub-
stituting ¢ +vf in place of z. This substitution
yields

n(t,¢+vt,v)
=NO-%; ZP:A,(§+vt,v)em»‘
X J”deerpen(t —-6,¢+v(t - 6),v),
o
which may be written
n(t,c,v)=No-%; ;A,(C,v)em}a'
X foadeerﬁ"n(t -6,¢,v). (A9)

The Q) are the new frequencies, shifted by the
Doppler effect. We note that ¢ enters (A9) as a
parameter on which the kernel depends. The pop-
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ulation density has a unique functional dependence configuration. The results presented here are
ont. identical with those obtained by Stenholm and
Lamb?® if their continued fraction is “contracted”

APPENDIX B in a more rapidly convergent expansion.
Here we shall derive the continued-fraction ex- In the RWA, the kernel of the integral equation
pansion for 7, in the single-mode standing-wave for one standing mode is given by (see Appendix A)

—

E? 1 '
”y _ = ’ i(p'=p)ks
Ko, t )_;;“Z 16 “H iV =-pkv - w)+Ye=Yap €

X {exp = (v + iw = iv +in'kv)(t = t")] — exp[~(yo + in'kV = ipkv)(t = t")]} +c.c.,

(B1)
—
where we have dropped the index # in v, and &,. If we suhstitute (B3) into (B2), we get the follow-
The kernel depends only on the difference ¢ ~t” ing system of equations for the coefficients #,:
=0, so that the integral equation can be written P2f2
in the form n,=N,0 L 7 2
? 070+ 4n2 22 - .},2
1
n(t z,v =N. - e2isz
,2,0) =N, ,,Zl X (Apnyiy+Byny+Cpomy_,), (B4)
><f fp(Om(t - 6,2 -v0,v)d6 , where
0 £, =ipkV+Yq, (B5)
(B2) 2 2
Ap==8,.,/ (L83, +93), (B6)

where we have written explicitly the z dependence
of the kernel. Cp=~8y-,/(L5-, +97), (B7)

As noted in Appendix A, this integral equation
could be transformed into a form such that » de-
pends on 6 only through ¢ - 8. But for a single Q=w-v, (B9)
mode it is much better to use (B2). In fact, the

B,==(A,+C,), (B8)

L, _
kernel in (B2) is independent of ¢, so that we are Y=2(ra= 7). (B10)
allowed to assume a steady-state solution for » In deriving (B4) we have made use of the assump-
independent of {. The spatial modulation of the tions of Ref. 5, i.e., a pure radiative decay for
kernel, in this case, couples the spatial Fourier the off-diagonal matrix elements, which allows
coefficients n(z,v), whose expansion is now us to write
_1
n(z,v)zz n,(v)et? =, (B3) Yap=2(Va +75) . (B11)
The system (B4) admits a solution in a continued-
Note that the index p in (B3) runs over even num- fraction expansion, as we derived in Sec. IV.
bers, because the odd terms form a homogeneous After some calculations, one gets
system and may be put equal to zero. The inhomo-
geneous (source) term N, appears only in the sys- Mo =g o7 )[BN° A3 o]’ (B12)
tem for the set n,, with p even. The expressions +ap/ VoVl Bo + {467 +C.C.
for f,(6) can be readily deduced from (B1). where
= ﬁ‘- = _£2C2
n -
° £§ - .}/2 +£2 B2+£2A2 ( BACA) (_£ c ) . (B13)
L£5-7*+L£,B,+L,A, —=
Expression (B12) must be compared with Eq. (76) oo ID(0)D(1)
of Ref. 5, which reads 14 ID(1)D(2)
ID(2)D(3) .
ny=N,(1 +2Re¥)™! | (B14) 14 %)Q (B15)

where The adimensional field intensity I is given by
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I=(C2E*/%)(1/27,7,), (B16)
D(p) =3 Gry, )2 (i pkv +7,) ™  + (i pkv +7,)"], b even, (B17)
D(P) =3 G2 [ipkv = i(w =) +7,] " +[ipkv +i(w=v)+vg) ", b odd. (B18)

The two expressions (B12) and (B14) are identical, as one can show by using the identily (a contraction

of the continued fraction)

DO () DO MWD R)
=ID(0)D(1) -
DD @ OG0 @)
14 20D 1+1D(1)D(2) + [D(2)D(3) - A— ,
1, 220G 1+1D@D@) + WD) - LLLZEDE)

and noting that the D(p)’s can be expressed in
terms of £,’s:

D(p)=Gvgry)2L,/(£2 +92), p odd, (B20)
D(p) = (3v,7,)"2L,/(82 - ¥*), b even. (B21)

(B19)

r

It is more convenient to express the continued
fraction in the form (B13) rather than (B15), be-
cause one can show its convergence on the basis
of the discussion in Sec. IV. But, in fact, the two
expressions coincide.
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