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Using the results of an analytic perturbation theory for screened Coulomb wave functions, closed-form
expressions are given for screened K- and L-shell photoeffect total cross sections in the nonrelativistic dipole
approximation. The analytic results agree very well with numerical dipole calculations for the same potential.
These nonrelativistic dipole results are then compared with the full relativistic (including retardation) screened
calculations of Scofield. Because of strong cancellations between relativistic and multipole effects, the
nonrelativistic dipole results can be shown to yield accurate predictions for the photoeffect for photon

energies ranging from threshold to nearly 100 keV.

I. INTRODUCTION

An analytic perturbation theory has been de-
veloped recently to obtain nonrelativistic radial
wave functions in a screened Coulomb potential.'s?
The method is based on the expansion of the poten-
tial inside an atom as a series in A» having the
form

V)= (=a/7P)[1+ Var + V(0P + V()24 -+ ] (1)

In Eq. (1), a=aZ, where « is the fine-structure
constant and Z is the nuclear charge. A is a small
(=aZ'/3) parameter characterizing the screening,
and the coefficients V, are of order unity. We
note that these coefficients are not fitted to the
potential shape at small distances but, rather,
over the entire interior of the atom for realistic
potentials. In general, the V, alternate in sign
and decrease with increasing % so that form (1)
converges rapidly in this region (\r<1).

With expansion (1), wave-function shapes for
both bound and continuum states can be simply
expressed as series in X and are likewise accurate
in the interior region. For inner-shell bound
states and continuum states of not too low energy,
the wave functions will reach their asymptotic
forms within the region of validity of these ex-
pansions. Hence, in these circumstances, bound
and continuum normalizations are also obtained
as series in \ as well as bound-state energy ei-
genvalues.? The results thus obtained for non-
relativistic screened Coulomb radial wave func-
tions are in good agreement with exact numerical
calculations. Further work is now in progress on
an extension to the relativistic case* as well as on
improving the basic technique.

In order to demonstrate the power of the theory
in its present form, it seems appropriate at this
time to apply it to specific calculations. This will
also serve to provide guidance for further im-
provements. Accordingly, in the present work

we use the wave functions of this perturbation
theory to obtain analytic expressions for screened
K- and L-shell photoeffect total cross sections in
nonrelativistic dipole approximation. We find that
our results are very good in the energy range in
which the major contribution to the dipole photo-
effect matrix element arises within the interior
of the atom. This implies that our perturbation
theory should be useful for any process; e.g.,
internal conversion, threshold pair production,
and tip bremsstrahlung, for which the matrix
element is determined largely in the interior
region.

We note that our approach is complementary
to other analytic methods used in photoeffect; for
example, the quantum-defect theory® and its gen-
eralizations. In the quantum-defect theory one
uses the fact that at large distances the potential
seen by an electron is essentially Coulombic. The
effect of inner-electron screening, then, is only
to change the normalization and phase of the ex-
terior Coulomb wave function. Moreover, at low
energies the phase shift can be determined semi-
empirically by analytically continuing the quantum-
defect parameter to positive energies. In this
way one obtains analytic expressions for screened
photoeffect cross sections which are valid for
transitions of outer electrons at photon energies
near threshold.® In a related approach, McGuire’
introduces a modified Coulomb potential for which
analytic solutions of the Schrodinger equation can
be found. Although in general numerical methods
are required, he is able to give an analytic ex-
pression for the dipole photoeffect cross section
in two cases. By neglecting the interior region in
the dipole matrix element integral and considering
transitions of outer electrons he obtains an ex-
pression which is similar to that obtained from
quantum-defect theory and which valid over a
somewhat wider range of energies. In the other
case, the outer region is neglected. However,
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because of the inadequacy of the potential model
employed, the resulting expression can only be
used for transitions in which the angular momen-
tum quantum numbers are large. In any case,
these methods are not appropriate for the discus-
sion of inner (K- and L-) shell transitions or for
photon energies significantly above threshold
(keV region). On the other hand, because of our
expansion (1) of the potential, we can construct
analytic screened wave functions whichare accurate
in the interior region. In this way we can ade-
quately determine screening effects in atomic
photoeffect inner-shell transitions.

In Sec. II we briefly discuss the particular bound
and continuum screened wave functions which are
needed. The integrals which define the dipole ma-
trix elements are then evaluated analytically and
we obtain closed-form expressions for the total
cross sections. In Sec. III we compare these
analytic expressions for cross sections with nu-
merical evaluations of nonrelativistic dipole cross
sections using the Herman-Skillman potential.®
In general, the agreement is excellent, for all
but very low Z, over the entire range of photon
energies excluding a small region near threshold.
We then compare these results with the full rela-
tivistic (single-electron) screened calculations of
Scofield.® Both the analytic and numerical evalua-
tions of the nonrelativistic dipole total cross sec-
tions for photoeffect agree very well with the full
relativistic screened results. This agreement is
found not only at low energies, but also for photon
energies approaching 100 keV. Since this is well
beyond the expected range of validity of the non-
relativistic dipole approximation, the agreement
indicates a strong cancellation between relativistic
and higher multipole contributions. Hence, our
analytic expressions for screened photoeffect
cross sections should be of considerable utility
over a wide range of energy.

II. CALCULATION OF ANALYTIC CROSS SECTIONS

The differential cross section for photoeffect in
nonrelativistic dipole approximation can be writ-
ten in the form (we choose units such that 7 =¢
= me = 1)

do

75 = @nraw /s @)
where w is the incident photon energy and the ma-
trix element M,, is given by'°

M,= f AT T, dr. @3)
In Eq. (3), ¥; is the initial bound-state wave func-

tion normalized such that [ |¢;|2d7T=1, and ¥, is
the final continuum electron wave function corre-

sponding to an incoming spherical plus outgoing
plane wave normalized on the energy scale so that

f by dT=6(E —E’)5(k - £').

E,. is the photon polarizationvector, wherej=1, 2,
corresponding to the two possible photon polariza-
tions.

If the bound-state wave function is written in
the form

Z)bi:Rnl(y)ylm(a; ¢), (4)

and the continuum wave function is expanded in a
partial wave series

Up= 9 U +1)i"e VR, (k)P (% - 7), (5)
-

then the total photoeffect cross section for the sub-
shell labeled » and [, 0,,, is given by

0, = (27r)2awf Z |My; |2 de

= (21 2awi@n?[(1+1) |k, 1+ 1]7|n, ) |?
+1] R, 1=1|7|n, 1y |?], (6)

where the radial matrix elements for I’=7+1 are
defined by

G, 7|0, )= JMTZ dr R} (R7)7R,, (7). (7

Thus, in order to evaluate the dipole photoeffect
total cross section we need only calculate the
screened radial matrix elements (2, 1+ 1|7|n, 1).

The radial wave functions which we need for the
evaluation of the matrix elements, (7), are dis-
cussed in Refs. 1 and 2. First, we consider the
bound state. We write

Rnl(r) :]an/rle_ar/nsnt('y)y (8)

where the radial function s,,(»), to any finite order
in A, is a polynomial in ». For the 1S, 2S, and 2P
states, in particular, we have, through third or-
der in A,

$10(1) = 1+ A, (ar)* + Ag(arf (1 + 3av),
S5o(7) =1 = 3ar+2A,(av)*(1 - fav)

+ 285 (ar (7 - far - ar)), ©)
$p1(7) = 1+ Ay (ar)? + 204 (an)?(3+ 3ar),

where A,=V,(\/a)*=V,(1.13272/%)*. We note that
the zero-order terms in (9) are precisely the
point Coulomb radial functions s¢,(»). The corre-
sponding normalizations N,; and energy eigen-
values T,, are given by
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Ny, =Nfo(1 - %Az - %A3)’
Ny =N, (1 - 244, - 328A3), (10)
N, =N (1 -30A, —3204,),

where

(u D1 )1/2 (11)

N = 2_(1 143 /2 1
"\ n Q1+ D!\2n(n -1-1)!

is the point Coulomb normalization, and
Tyo= —3a%(1+ 24, + 3A,+ 64,),
T,o= —3a2(1 + 8A, + 48A,+3364,), (12)
T,y = —5a®(1 + 8A, + 407, + 2404,),

where the point Coulomb energy is just T¢, = —a®/2n?.
In the continuum case, we write the screened
radial wave function R,, (k¥) in the form

N, IR, (ky) =7V e s, (k,¥), (13)

where the radial function s, (k) reduces to the
point Coulomb result s§, (k,7) in the limit x—0.
We note, however, that the parameter &, which
appears on the right-hand side of Eq. (13), is not
necessarily equal to k, the magnitude of the as-
ymptotic momentum for the screened wave func-
tion. Instead, we define k2, by means of the equa-
tion

3R~ 32=T T, =5T, (14)

where, in general, 67 may assume any finite val-
ue. The formalism then allows us to relate the
screened radial wave function of energy T to a
point Coulomb wave function of shifted energy T,
plus small correction terms. Our next considera-
tion, then, is the choice of 57T.

It has previously been noted that for a variety
of physical processes one can most simply com-
pare screened and point Coulomb results corre-
sponding to the same photon energy.!’ In general,
this implies that continuum electron (positron)
energies must be shifted in order to satisfy the
appropriate energy-conservation relations. One
can understand this in part by noting that, at ener-
gies not too near threshold, the dominant con-
tribution to the matrix elements of these pro-
cesses is determined at relatively small dis-
tances, and that the shape of screened and point
Coulomb wave functions near the origin will be
closest when compared for shifted energy.?> For
a process like photoeffect it therefore seems
most sensible to choose 67 in Eq. (14) to accom-
modate this observation. In this case, comparing
screened and point Coulomb results at the same
photon energy implies that the energy of the
ejected continuum electron must be shifted an
amount

8T =0T 5= Ty - TSy, (15)

where 6T is the shift in the bound-state energy
due to screening.

In the following we will assume that for photo-
effect from each subshell the continuum wave-
function energy shift is given by Eq. (15). Then,
using the exact (screened) energy conservation
relation with Eq. (14), we find

3k2=w - a?/2n?, (16)

so that %, is just the usual Stobbe parameter
which appears in the nonrelativistic point Coulomb
dipole cross section. In this way, we will find
that our analytic expression for the screened pho-
toeffect cross section can be written in terms of
the appropriate point Coulomb result, multiplied
by a screening correction which can be expressed
in terms of simple elementary functions of the
photon energy.

We note that according to the normalization
screening theory of photoeffect'? it is reasonable
to expect that screening corrections can be given
in terms of a simple factor multiplying the point
Coulomb results. At energies sufficiently above
threshold it is known that the only effect of atomic
electron screening is due to the change in the
bound state normalization. Hence, in this case,
screening may be ignored except as an external
multiplicative factor given by the square of the
ratio of screened to point Coulomb bound-state
normalizations. Even at relatively low energies
this normalization factor will give a major part
of the screening corrections. The energy depen-
dence of the screened cross section will be essen-
tially that of the point Coulomb case with only
small additional correction terms so that a per-
turbation theory is appropriate. We will thus
find that our formalism considerably simplifies
the description of screening effects in atomic
photoeffect.

The actual form of the screened continuum radial
function s,, (k ¥) for arbitrary energy shift is given
in Ref. 2. We have

Sy (k7) =85 (R¥)+ XA, B 7)
+F AU k)0, (1)
where
S (k) =Ml + 1+ 4y, 21 + 2, 25k ¥) (18)
is the usual point Coulomb radial function corre-

sponding to an electron energy T, =3k, and

k
Al k)= ak(=iv, V)M +1+iv — 5,21" + 2,2k 7)

S==k

a3
+BH(~iv, I') B—V—M(l’+ 1+4v, 207+ 2, 2¢k 7).

(19)
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TABLE I. Coefficients af(—iv,l’) and g§(—iv,l’) which appear in our expansion of the wave function, Eq. (19). These
depend on the bound state quantum numbers » and! since our choice for the energy shift [Eq. (15)] depends on the par-
ticular bound state from which the electron is ejected. Values of o for s <0 are determined by relation (20),

2 : ’ 3 : ’
asg—w,l ) ai(—iv,l’)
S AV, 40’ ﬁV;//laE

3v%(21 +3) —4(l’ +1)d, —[1024(17 +2) - (1" +1)(81° 2 +13L" —6) —da(l’ +1)dy 1*]

(1" +1 =iV [26v(2iv —1) +2d,] 3" +1 - iv)[15ip(1 — iv) + 31" (I +1) — 6 +4ad,/1?]

Liv(l' +2 - iv)(I’ +1 — iv) 31— i)’ +2 - iv)(l’ +1 - iv)

w N = O

L@ +3—inU +2— il +1 - i)
Bi(—iv, ') =4v(¥Vy/4a®) {3312 +1' (1’ +1)] —d,} Bi(—iv,1’) =2v(1'Vy/4a®) {[-5V? +1 - 31 (I’ +1)] — 2ad,/ 1%}

dy=3[-3n?+1(l +1)], dy=(-n*/2a)[5n*+1-31(1 +1)], I'=1=%1

so that the screened radial wave function is real.
The explicit forms of g% and a* for #=2,3, using
the particular energy shifts (15), are given in
Table I.

The screened continuum normalization N(k, I’)
can also be given as a series in X. Explicitly,
through third order, we have

In these equations, M(a, b, x) is a regular conflu-
ent hypergeometric function'® and v=a/kc. We
note that g% is real and that the coefficients a?
satisfy the relation

[a*(—iv, I)]*=a* (-iv, 1), (20)

J

Nk, 1) =N (kg 11+ 0,200+ D)1+ 1) = [302+ 1/ (' +1) + 30 = 1(1+ 1)][20 + 1 = p,. ]}
—FAV G+ D)@+ 1) = {502 = 1431 (" +1) - (23/v3)[5n2 + 1 = 31(1+ 1) ] H2U' + 1 = p,. ]

?

(21)
where
n_FL2QRE)Y DU +1+0)| L,/
Nc(kc’ l )_ (217)3 72 1-‘(21'_'_ 2) e (22)
is the point Coulomb normalization and
. ) , 212 27y
Py =UNG ko, 1) 5 Nolleoy U) = procs + 32525 Po=1= - (23)

Our expression (21) for the continuum normalization, like that for the shape, depends on the bound state
quantum numbers # and [ since our choice for the energy shift (15) depends on the particular bound state
from which the electron is ejected.

Using these analytic expressions for the screened wave functions the matrix elements (&, I’ Mn, I) can
be evaluated immediately in terms of the basic integral

I(v;n,l;m,s) =f dr /P Hrmgmar/n = iket Ar(17 4 144y — s, 217 + 2, 24k ,7)
0

a ~m=1'=l=iV+s

a =1t =l+iv=s
=T+ 2+m)<——+z’kc> <— - ik
n n

where I’=1+1, m is an integer =0, and F(a, b;c; z)
is a Gaussian hypergeometric function. We note
that I(m, s) can be written in terms of elementary
functions since, for integer m, the series which
defines F(-m, b; c; z) terminates. Moreover,

F<—m, U'+l+iv—s,20'+ 2;a anfik >, (24)
c

I*(m, s)=I(m, —s), (25)

so that the radial matrix elements will be real.
The necessary algebra is straightforward but
rather tedious and we simply present below the
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final results for the screened K- and L-shell
photoeffect cross sections.

For the K shell, only one radial matrix element
contributes. From Eq. (6), we have

0= 21 awi(4m?|(k, 1]7[1,0) 2, (26)

where the square of this matrix element for the
screened potential can be written in the form

J

|, 1]|7]1,0)|2= | (&,, 1]7]1,0),| 250 (»). 27
In Eq. (27),

2 \ 3 p,-4vtan~l1/vp
) (28)

2\?/ v
|<kcyllr|1;0>012=<%—;> <1+V2 l_e-2ﬂl

is the point Coulomb result'* (Stobbe formula) and
Xio(V) is given, through third order in X\, by

X (v)=<N“’>2 [1+A2< * (3v2+5) - 8 2+v?)+ 3v2>
10 Nfo 10 1+ V2
- A (Qf[512(1+ Vz)—6]+é—vf-———(6+7v2-21v‘*—10v6) +5v4>] (29)
3 10 3 (1+ V2)2 ’
r
where section can be written in the form

3+21° 1 mw N, \? 58 341 110 1>
+__2__ -1________ — ¢ 10 _ Lo Y2
0=V <1+ 7 2vtan Y 1) . (30) O1o Uxo<N;:0> {1 A2<15 T2t o1 A

The Stobbe parameter, k,, in this case has the
value, k,=(2w - a?)'/? and, we recall, v=a/k, In
Eq. (29) we have written explicitly the factor
(N,,/N¢;), which gives the screening corrections
to the Stobbe formula due to the change in the
bound state normalization. This factor, for the
K shell, can be obtained directly from our analytic
expression (10) and, for a wide range of energies,
represents the major part of the screening cor-
rections to K-shell photoeffect.

At high energy (v<< 1), the screened cross sec-
tion (26) becomes simply

O = Ufo(Nm/Nfo)z[l +0(PA,)], (31)

where of, is the point Coulomb cross section. The
screening corrections due to wave function shape
and continuum normalization contributions vanish
for large w, so that the only effect of screening

in this limit is due to the change in the bound-
state normalization. This is precisely the con-
clusion obtained from the normalization screening
theory of photoeffect'? and has been verified in-
dependently over a wide range of photon energies
and atomic numbers.

For very low energy (v>>1), the screening
corrections (29), although at first sight divergent,
are actually finite due to cancellation between di-
vergent terms.!® In this limit the screened cross

—

-4v tan™l2 /v
1<kc’ll7’l2:0>c|2=<i>2 1+ 2 <_Vj>3e 4 2

mw/ (1+ 22 \2 1-e2mw

is the point Coulomb result and x},(v) is given by

A <§9 10274 1 34246 l)]
T\ 21 T 315 7 693 Y’

(32)

where we have neglected correction terms of the
form e2™ and higher orders in 1/1%. We see
from (32) that at low energies the shape and con-
tinuum normalization corrections are of the same
magnitude as the bound-state normalization con-
tribution so that screening effects are more than
twice that predicted by normalization screening
theory. This expression (32) can also be used for
photon energies below the point Coulomb threshold
(12 <0) provided the proper analytic continuation
of of, is employed.'®

In a relativistic calculation including spin, the
L shell comprises three subshells L;, Ly, and
L. In an entirely nonrelativistic calculation,
however, only the L (2S) and L+ L(2P) sub-
shells are distinguished. For the 2S subshell, as
for the 1S, only one matrix element contributes.
From Eq. (6),

050 = (2mPawi(@m? [k, 1] 7|2, 0)[2, (33)
where

[¢,1]7]2,0) 7= | (oo, 1] 7[2, 0. x5 (). (34)
In Eq. (34),

(35)
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X§o=<N2°>2{1+Az<Q£o(3V2+14) - Tf%iﬁmuzm,,z)

Nzo/ |
212 40 , 11 , 5 |
_A3 [Q;0[5V2(1+ V2)—84]+m?vz—)2 (56+—3—V2—7V4—§V6>+5V4:'%, (36)
r
where In this region the shape and continuum normaliza-
3 4412 9 - tion screening corrections are about half the
Q =V —= -2vtan™= - 5—). (37) bound-state normalization corrections. Thus, for
20 1+° v e*"-1

For the L shell, k= (2w - $a?)'/2. Again, we have
factored out the bound-state normalization screen-
ing corrections (N,,/NS,)?. For sufficiently high
Z, this ratio can be taken from the results of our
perturbation theory, Eq. (10). For low Z, how-
ever, this ratio is quite far from unity and the
series in X for N,,/N, does not converge rapidly,
even though the remainder of the screening cor-
rections, which include all of the energy depen-
dence, are well represented by the term in curly
brackets in (36). In this case, then, one may
insert!” a numerical evaluation of the (energy-
independent) ratio of screened to point Coulomb
bound-state normalizations in Eq. (36).

At high energy the screened cross section (33)
approaches the limit expected from normalization
screening theory

030 = 05o(Noo/ NP1+ O(V2A,)]. (38)

For very low energy (v> 1), neglecting higher
orders in 1//7,

N,o\2 341 4673 1 1825 1
""(r) [I-Az<1—s-75“7+ 3 —>

21 315 2 99 °
(39)

A <6500 830812 1 151788 1)}
-3

low Z especially, the screening corrections will
be large at low energy and our L; perturbation
series does not converge rapidly. For nearly all
Z, however, at photon energies on the order of
the Coulomb L-shell binding energy above thresh-
old and higher, the corrections due to screening
for the 2S case are very well represented by an
analytic expression (36).

For the 2P subshell we have from Eq. (6),

0y = 2mPawi@n?(2|(k, 2|7 |2, 1)|?

+ [, 0]7r|2,1)[7], (40)
where
[k, 1£1]r]2,1)]2= |(k,, 1£1]7]2,1),|2xE (V).
(41)
In Eq. (41),

2 >2 (%Vz)"e"”’ tan"l2/v

: 2. 102
l<kc:l 'TIZ, l>c| ‘3<7Tw A+ L2P (1= e2™)

2(1+v?) for U'=2
X 42

%%(4+ #) for I'=0 (42)
are the point Coulomb results and the x% (v) are
given by

+ = N21 : + 2 212 2 )
X5 (v) = N—§1 1+ A, (@3,(3v%+16) — T+_1—V2(5V +28)+ 1512
3

1 U
-A, (Q;1|V2(5V2+ 17) - 60] ST

and

Xz (v)= ﬂ?‘z 1+ A, (@5, (3v%+ 10)—'1——11———2(81/2“10)
N 21+3V

21

1

- 44(Qal6V 1) - 0] -}

= (25v°%+ 2100 + 20012 —432)+25V4>jl (43a)

ﬁ”z-;ﬁ G512+ 2704 = 1281/2—432))} , (43b)
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where
. 16+ 2312+ 411 a2 v
o= (s -2 )
(44a)
and
Q5 =134 - 21/tan'lz L (44b)
21 v ezrv - 1 .

Essentially the same considerations hold for the
2P case as for the 2S cross section. A major part
of the screening corrections are due to the change
in the bound state normalization. For all but very

high Z this must be evaluated numerically. The
energy dependence, however, is given by the
wave-function shape and continuum normalization
contributions which are well represented, for al-
most all energies, by our expressions'® for x%,(v),
Eqgs. (43). At high energy we reproduce the re-
sult of normalization screening theory

0y, = 05, (N, /NS, 2 [1+ O(2A,) ], (45)

where o7, is the point Coulomb cross section of
shifted energy. At low energy (v>>1), neglecting
higher-order terms in 1/1?, the 2P cross section
can be written in the form

N\ 16 86644 1 4671664 1
0'21=O'gl<__.2_1> l_l _§5—A2 (47_ — =

N, 231 12 2541

Again, in this region the shape and continuum nor-
malization corrections are about half the bound-
state normalization contribution. Thus, particu-
larly for low Z, the screening corrections will

be large at low energy and our perturbation series
does not converge rapidly. On the other hand, for
photon energies on the order of the L-shell Cou-
lomb binding energy above threshold and higher,
our analytic expressions for xi,(v), Eq. (44), give
results in good agreement with exact numerical
values.

III. DISCUSSION OF RESULTS

In Tables II--IV we compare our analytic pre-
dictions for screened K, L;, and L+ Ly non-
relativistic dipole photoeffect total cross sections
with the results of exact numerical evaluations
of these cross sections in the same (screened) po-
tential. We also compare the nonrelativistic re-
sults with the full relativistic screened calcula-
tions of Scofield.® Three elements Ca(Z = 20),
Kr(Z=36), and Au(Z="179), are considered which
show typical results for low, medium, and high Z.

The screened potential which we have employed
in this work is the Herman-Skillman self-consis-
tent potential.® In Ref. 1 we have indicated how
to obtain the coefficients V, which appear in our
expansion of the potential [Eq. (1)] and have also
given some typical values of these potential co-
efficients for neutral atoms in the range Z=6 - 92.

The best results for the screened cross section
are obtained for the K shell [cf. Table II]. This
is due to the fact that, for the ground state, all
of the wave function is included in the region in
which our expansion of the potential is valid.

128 516932 1 38650544 1
~1155 A3<817‘ 33 12 363 F)] (46)
-

Hence, in this case the wave function is particu-
larly well represented by our perturbation series.
We see that even for relatively low Z at low ener-
gy, our analytic expression for the K-shell photo-
effect total cross section reproduces the numeri-
cal results to better than 1%. Even better agree-
ment could be obtained if the numerical screened
bound-state normalization were used. When we

TABLE II. Comparison of our analytic results for the
K shell o,,, with exact numerical values of the K-shell
nonrelativistic dipole cross section op,,, and with the
full relativistic results of Scofield oy . Ty is the Her-
man-Skillman ground-state binding energy, 7.=4a? being
the corresponding point Coulomb energy. All energies
are in keV. Cross sections are in barns.

VA w Oan Onum Orel
20 (Tg=3.99) 6 2.223(4) 2.217 2.218
(T, =5.44) 10 5.526(3) 5.544 5.560
20 7.511(2) 7.544 7.583
40 9.252(1) 9.293 9.396
60 2.619(1) 2.631 2.681
80 1.055(0) 1.059 1.091
36 (Tg=14.0) 15 1.416(4) 1.394 1.383
(T,=17.6) 20 6.633(3) 6.571 6.609
40 9.709(2) 9.667 9.793
60 2.987(2) 2.979 3.044
80 1.269(2) 1.266 1.306
100 6.459(1) 6.448 6.728
200 7.543(0) 7.538 8.501
79 (Tg=73.4) 80 2.317(3) 2.294 (XX
(T, =84.9) 90 1.695(3) 1.680 LR
100 1.277(3) 1.267 1.273
120 7.771(2) 7.719 see
150 4.178(2) 4.155 4.416
200 1.843(2) 1.835 2.057
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TABLE III. Comparison of our analytic results for
the L subshell 0an, with exact numerical values Gnym,
and with the full relativistic results or. Tj is the exact
screened 2S binding energy and T¢‘.=%a2 is the point
Coulomb binding energy. Energies are in keV and cross
sections are in barns.

¥4 w Oan Onum Orel
20 (T5=0.430) 2 2.102(4) 1.913 1.922
(T,=1.36) 3 7.983(3) 7.844 7.898
4 4.003(3) 4.012 4.044
6 1.463(3) 1.484 1.498
10 3.861(2) 3.919 3.963
20 5.630(1) 5.697 5.781
40 7.290(0) 7.332 7.513
60 2.106(0) oo 2.185
36 (Tg=1.84) 5 1.300(4) 1.248 1.260
(T,=4.41) 8 4.618(3) 4.577 4.663
10 2.768(3) 2.758 2.819
20 5.104(2) 5.105 5.270
40 8.108(1) 8.118 8.467
60 2.597(1) 2.603 2.739
80 1.130(1) 1.133 1.204
100 5.846(0) 5.856 6.307

79 (Tg=12.3) 25 2.845(3) 2.813 cee
(T,=21.2) 30 1.925(3) 1.910 1.993
40 1.016(3) 1.011 1.084
60 3.931(2) 3.920 4.363
80 1.939(2) 1.935 2.212
100 1.101(2) 1.099 1.286

compare our nonrelativistic dipole results with
the full relativistic calculations for the K shell,
we see that the agreement is also very good (with-
in a few percent) for photon energies up to nearly
100 keV. This is well beyond the expected range
of validity of the nonrelativistic dipole approxi-
mation. Since one can show that relativistic or
multipole effects separately become important
above 10 keV, these results imply an effective
cancellation between relativistic and higher mul-
tipole contributions in the total cross section
from S states.'®

For the L shell, using bound-state normaliza-
tions obtained numerically, the agreement be-
tween our analytic results and exact numerical
evaluations of the screened dipole cross section
is very good [cf. Tables III and IV]. At inter-
mediate and high energies, for all Z, the analytic
expression is within 1% of the numerical calcula-
tion. It is only at very low photon energies, for
low Z, particularly in the 2P case, that differ-
ences between analytic and numerical results be-
come significant. This is due to the fact that the
principal contribution to the dipole matrix element
in this case comes from a part of configuration

TABLE IV. Comparison of results for the 2P case.
O, is our analytic result, opyn, is the corresponding
numerical value for the 2P nonrelativistic dipole cross
section, and oy is the result of Scofield. Ty is the 2P
binding energy determined from the Herman-Skillman
potential and Tc=%a2. Energies are in keV and cross
sections are in barns.

z w Oan Onum Otel
20 (T5=0.356) 2 2.573(4) 2.777 2.813
(T,=1.36) 5 1.305(3) 1.387 1.424
10 1.144(2) 1.184 1.241
15 2.551(1) 2.625 2.802
20 8.536(0) 8.741 9.528
30 1.757(0) 1.794 2.029
40 5.587(-1) 5.603 6.682
36 (T5=1.68) 5 2.641(4) 2.662 2.766
(T, =4.41) 8 6.061(3) 6.136 6.488
10 2.942(3) 2.970 3.173
15 7.567(2) 7.604 8.313
20 2.790(2) 2.799 3.126
30 6.527(1) 6.544 7.617
40 2.258(1) 2.265 2.742
60 4.857(0) 4,887 6.377
80 1.591(0) 1.601 2.253
79 (Tg=11.8) 25 6.251(3) 6.233 se
(T,=21.2) 30 3.546(3) 3.537 4.545
40 1.415(3) 1.410 1.929
50 6.805(2) 6.787 9.793
60 3.695(2) 3.684 5.590
80 1.378(2) 1.374 2.287
100 6.294(1) 6.276 11.39

space nearer the edge of the atom. In this region
our expansion of the potential [Eq. (1)] is not con-
verging rapidly and our perturbation scheme
breaks down. When we compare the nonrelativis-
tic dipole results with the full relativistic calcula-
tion, we see that for the L; cross section there is
good agreement up to photon energies approaching
60 keV. Although this range is not as great as for
the K shell, it is still well beyond the expected
range of validity of the dipole approximation. For
the 2P cross section however, there is agreement
between the nonrelativistic dipole and full rela-
tivistic results only for photon energies below

10 keV. Thus, for non-S states there does not
appear any cancellation between higher order rela-
tivistic and multipole contributions in the total
cross section.

We conclude that our analytic perturbation theory
can be used to accurately predict screened non-
relativistic dipole K- and L- shell photoeffect to-
tal cross sections over a wide range of atomic
numbers and photon energies. Hence, it should
also be useful for other processes in which the
major contribution to the matrix element comes
from the region of configuration space within the
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interior of the atom. Moreover, due to cancella-
tion between relativistic and multipole corrections
in total cross sections for S states, our results

also reproduce the full relativistic screened re-
sults of Scofield in these cases for energies rang-
ing up to 100 keV.
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