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H formation in proton-helium collisions
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The process of formation of H as a result of double electron capture by protons from heli-
um is investigated using an atomic-state expansion in which three traveling atomic orbitals
have been retained. The cross sections have been presented for incident proton energy rang-
ing from 10 to 200 keV. The results are compared with the previous experimental and theo-
retical values. Our results show a maximum in the cross-section energy curve in qualitative
agreement with the experimental findings.

INTRODUCTION

The process in which a proton captures a single
electron from a helium atom has been studied in
detail both theoretically' and experimentally' by
several workers. The cross sections for the for-
mation of H as a result of double electron cap-
ture by a proton passing through helium have been
measured experimentally for low incident proton
energy ((65 keV) by Fogel et al. ,

' Williams, ' and

Schryber. ' Recently Toburen and Nakai' have
measured the same cross sections for higher in-
cident energies of proton, viz. , in the energy re-
gion of 75 to 200 keV. Though quite a large num-
ber of experiments have been performed to mea-
sure the double-electron-capture cross section in
the proton-helium collision, no reliable theoreti-
cal calculations are available for comparison with
the experimental findings.

The only theoretical attempt so far made in this
direction is Gerasimenko's. ' He used the Born
approximation and calculated the double-capture
cross section for the incident proton energy vary-
ing between 150 and 750 keV. The results of
Gerasimenko are orders of magnitude too large
compared to the experimental results. Further-
more, with a decrease in the incident energy, the
behavior of the cross sections calculated by Gera-
simenko is quite different from that experimentally
observed. The experimental cross section reaches
a maximum at about 35 keV and steadily decreases
with further decrease in the incident ion energy.
Gerasimenko did not calculate the Born cross
sections for such incident energies. However,
from the trend of his results (Fig. 1) it may be
inferred that if the Born calculations are carried
out to lower energies, any maximum will have a
value several orders of magnitude greater than
the experimental findings.

The occurrence of a maximum in the observed
double-capture cross section and the absence of
any theoretical calculation in the corresponding

energy region have led us to make a fresh theo-
retical investigation into this problem. In this
paper we propose to investigate the above collision
process in a three-state approximation', we have
considered the following possibilities:

H +He-H +He

H+ He

-H +He ',

(1a)

(lb)

(1c)

where He, He', H, and H are the ground states
of the helium atom, the helium ion, the hydrogen
atom and the negative hydrogen ion, respectively.
This problem with two active electrons is espe-
cially complicated and the associated computa-
tional difficulty is enormous. The matrix ele-
ments involve oscillatory momentum transfer
terms and their evaluation is formidably difficult.
Consequently we have to limit our investigation
to calculations with the inclusion of the initial
channel, the final channel, and only one inter-
mediate channel. The intermediate channel (lb)
we have considered is that in which a single elec-
tron has been captured by the proton in the 1s
state and the helium ion remains in its ground
state. From previous calculations, ' it has been
found that the cross sections for the single cap-
ture into the excited states are much smaller
than those for capture in the ground state. Hence
the intermediate channel (lb) is likely to play a
more important role than those in which single
capture into excited states occurs.

THEORY

The wave function 4 for the proton-helium sys-
tem is approximated by the expansion

0'= a, (t)tt, +[a,(t)/~2] (P„+g„)+a,(t)g, , (2)

where the a;(t)'s are the coefficients of expansion
dependent on time t only and 4y p2yp $22& and 03
are the traveling orbitals, given by (atomic units
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FIG. 1. Cross sections for formation of H as a re-
sult of double electron capture by protons from helium
compared with previous experimental and theoretical
results. Experimental: —~ —,Ref. 3; ---, Ref. 4; 0,
Ref. 5; ~, Ref. 6. Theoretical:, this work;

Ref. 7.

where 4&«, p H, (II) H,+, and Q H- are the normalized
wave functions for helium, hydrogen, ionized
helium, and the negative hydrogen ion, respective-
ly; r», r, „, r», and r, ~ are the position vectors
of electrons 1 and 2 from the helium nucleus A and
the proton &, respectively, and &H„&H, &„,+, and
&H- are the eigenenergies of the respective atoms
and ions. The vectors r, and r, are the position
vectors of the two electrons from the midpoint of
the line joining A and R For the helium and the
negative hydrogen ion we have used the wave func-
tions of Shull and Lowdin' and Lowdin, ' respec-
tively.

The equations for finding the coefficients a;
(i =1 to 2) are obtained by using a variational
principle. " Utilizing the symmetry properties of
the wave functions, the final set of coupled differ-
ential equations in a; is written as

i(a, + &2f, »a, +f»a ) —F»a, —3t 2 (F, » —2' if, ») a2 —(F» —2 if») a, = 0, (Va)

i [v 2f, »a, (1++f» )a2z2+ 2fV» ]3a—3t2 (F1 21 2 1f, , »)a,
1

21,21+ F21, 22 2 f21, 22) a2' 2 (F21, 3 2 "f21,2)a3 0 ) (vb)

i(f„a, +M2f„,a, +a, ) —(F„——,
' if„)a, —v2 (F21 3 ~2'f213)a —F33a, =0

(bars denote complex conjugates), where

(7c)

f, » = p„,(r», r»)g„(r, e)4t1„44(r») exp [i(e„,—e„—e„,+)t +i v ~ r,]dr, dr2, 1

f» = 4t„,(r, „,r2„)4t1„(r,s,r») -exp [i(eH4 —e14-)t+iv (r, +r, )]dr, dr, 1,

f2, , 2, = 1ts(r, e)1ts,+(r»)ps(r, s)QH+(r») exp [iv'(r, —r, )]dr, dr, 1,
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fbi. i = 4'H("is)4'H. +(~iA)Q-(&is r2s) exp [&(eH +~He+ —~H )f-+iv 'r~]dr, dr~,

11 ~H ( 1A RA) ~1~H ( A 2A) drl

1 l'

+1,21 = %He(+iAi'r2A) 2 (ii + lai)AH(ris)%He+(&aA) exp [i(&HC —~H —~He+)f+iv 'ri]dr» &r2 ~

E13 He +1A~+2A ~ ~j, + ~3 4H- &1g&&2g) exp 'E &He-&H-It+&v ' r1 + r~) dr1 dr&,

~21.a. = &H(&is)&H. (&aA)~21&H(&, s)&H+(r, A) &r, dr, ,

@H +1a ~H+ +2A~ ~ ~21+~22)@H &2g~fH+ &1A~ exP &v' I'2 —r, ) dr, dr2,

21, 3 ~H ~18 ~He+ ~2A~ ~ ~21 + ~3 +1gy +2g exP & &H +&Bc+ &H )t+&v ' x'2 dx'1 dx'2

38 AH ( 1st 28)~84 H .(rlss+2s)dri dr2

with

+
1A 13 28

+1A +2A

The overlap integrals f „cannot be evaluated
analytically but are expressed in the form of
one-dimensional time integrals. " The analyti-
cal evaluation of the lntex'action integrals E»,
E»», and E» are always possible; the inte-
grals E, », E», and E», are, however, ex-
pressed as one-dimensional time integrals as
in the case of f „. The two-centered exchange
interaction integral E»» contains a momentum
transfer term and is not easily tractable. A
Mulliken-type appx'oximation" has been used fox'

its determination. For the evaluation of the
matrix elements involving the momentum trans-
fer terms we use R method similar to that of
Cheshire, " Chatterjee et al. ,

' and Mukherjee
et aE."

%e finally solve numerically the set of equa-
tions (7) using the initial conditions a, =1 and

a&(i x 1) =0 at f=-~. The values of the three
quantities ~ ai p for i=1 to 3 at f=+~ give the
probabilities for the three processes [Eq. (1)]
for the given velocity v and the impact para-
meter p. Multiplying the probabilities by 2' dp
and integrating over p from zero to infinity,

the total cross sections for the corresponding
processes Rre obtained.

RESULTS AND DISCUSSIONS

In Pig. 1, we have shown our ealeulated re-
sults for the cross sections for formation of
H as a result of double electron capture by
protons fl oxn helium fox' the incident encl gy
10-200 keV, as functions of incident proton en-
ergy. Fox' comparison, we have a3,so given in
the SRQle figure the experiIQental ' Rnd the
px"evious theoretical results. ' Our x'esults fox'

the double-capture cross section are in fair
agreement with the measured cross sections of
Fogel et al. ,

' %'illiams, ' and Schryber. ' The
only existing theoretical results for the pxoblem
undex' conslderRtlon Rre GerRslmenko 8; they
are for the high-energy region and are more
than two oxders of magnitude greatex' than the
experimental values. In the low-energy region„
with the increase of incident energy, the exper-
imental results' ' show a peak in the cross
sections and then gradually decrease. In our
present calculation we also find the same na-
ture, as is clear from our curve shown in Fig.
1. The maximum value of the cross section
(1.3 x 10 " cm') occurs in our calculation near
the incident ion enexgy of 20 keV, whereas the
experimental cross section (0.7 && 10 " cm')
reaches a maximum at about 35 keV. The cal-
culated value of the cross section is somewhat
higher than that observed experimentaBy. In
the higher-energy region covered by Toburen
Rnd Nakai, l.e. „ for 75-200 keV, our theoreti-
cal results show a much better trend as eom-
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FIG. 2. Product of the
impact parameter p and
the probability for double
electron capture at (a) 10,
(b) 20, and (c) 100 keV as
a fanction ofp.

pared to the Born results of Gerasimenko but
do not agree quantitatively with the experimen-
tal findings. The discrepancy between the pre-
sent theoretical values and the experimental
findings may be attributed to the effect of con-
tinuum states ignored in our calculation.

%e have used the Mulliken-type approxima-
tion for the calculation of the integral E»»
occurring in Eq. (7). This approximation gives
a good estimate of the integral when the collid-
ing nuclei are close to each other. %ith an
increase in the internuclear distance the per-
centage err or incr eases but the value of the
integral itself becomes small. It may be noted
that the integral E»

~ » occurs only in Eq. (7h)
of our coupled set of differential equations.
This indicates that any change in the double-cap-
ture cross section by protons from helium owing
'.o uncertainty in the integral E»» is caused by
the coupling with the state of single capture.
Furthermore, the single-capture cross section
computed in the present work is in agreement
with those obtained by other workers. ' Hence
we may conclude that the use of the Mulliken-
type approximation does not cause any serious
error in the present calculation.

%e have presented in Fig. 2 our results for

the probabilities of the double capture at inci-
dent protor energies of 10, 20, and 100 keV,
respectively. At an incident ion energy of 10
keV, the probability curve has a maximum at
impact parameter P =0.4 and then diminishes
rapidly but shows a hump near p =0.8. For
the incident ion energy of 20 keV, the probabil-
ty has a a im at p=0.2 ad doe

not diminish as rapidly as in the case of 10
keV. This curve also shows a hump near P
=1.5. In the 100-keV case, the probability
curve shows a maximum at p =0.5. Unfortu-
nately, no experimental or theoretical results
exist to compare our calculated values of these
probabilities.

The calculated values of our single-capture
cross sections almost coincide with the previous
theoretical values' and as such these results are
not presented here. All numerical computations
have been performed on the IBM 370 at the
Indian Institute of Technology, Madras.
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