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Electron-hydrogen elastic scattering in the eikonal approximation
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DiAerential and total cross sections for elastic scattering of electrons from atomic hydrogen have been
calculated using the full eikonal approximation. The eikonal results for S0-, 100-, and 200-eV incident
electrons are compared with other theoretical calculations and with recent experimental data. It is found that
the full eikonal approximation predicts both small-angle differential cross sections and total cross sections,
which are in better agreement with experiment than either the Born or Glauber results.

I. INTRODUCTION

In recent years there has been much interest in
eikonal -type approaches to electron -atom scatter-
ing problems. ' In particular, electron scattering
from atomic hydrogen has been the subject of ex-
tensive study since the e-H system is the simplest
one. ' The full eikonal scattering amplitude for
electron-hydrogen scattering has been derived by
a number of authors in various ways'; it is given
by

z
F11(q) =

4 &,
e'~' V(R, R')exp -@— V(R, R')dZ

x u~*(r)u;(r) d Hdr,

where R and r are the coordinates of the incident
and bound electrons, respectively, R'=R-r, and

V(R, R ') = e '(1!'R' —1/R) is the interaction potential
between the target atom and the incident electron.
Here mv =8% is the incident electron's momentum,
q=%-%' is the momentum transfer to the target,
and u& and M; are the final and initial bound states
of the target atom. In the above expression, % is
along the z axis.

In order to simplify the six-dimensional integral
in Eq. (1) to a form amenable to calculations, the
additional Rppl'ox1111Rtlon q-LTc (1.e., q = 0) ls of'tell

made in Eq. (1). The a.ssumption q, =0 allows the
Z integration to be done immediately, and in addi-
tion allows the resulting expression for the scat-
tering amplitude to be simplified considerably,
not only for electron-hydrogen scattering but for
electron-heavy-atom collisions as well. ' This
neglect of the longitudinal component of the mo-
mentum transfer in Eq. (1) above is known as the

Qlauber approximation. The Glauber approxima-
tion has been widely used in electron-atom colli-
sion studies to calculate both differential and to-
tal scattering cl-oss sections. In many cases,
this approximation appears to give very good re-
sults when compared to experimental data and
other theoretical calculations, especially in the
intermediate energy ranges where the Born ap-
proximation is known to fail and where close-
coupling calculations would be intractable. 6

However, some unrealistic physical conse-
quences arise from the assumption q, =O. In
particular, this assumption leads to the predic-
tion that the Lyman-n decay radiation (produced
by ls —2P electron excitation of hydrogen) is
linearly polarized. Moreover, the approximation
q, =0 is, in principle, valid only for small-angle
elastic scattering and high-energy intermediate-
angle inelastic scattering. ' Hence it would seem
to be useful to utilize the full eikonal scattering
amplitude given by Eq. (1) to study electron-hy-
drogen collisions.

Recently, Qau and Macek' showed that the six-
dimensional integral in Eq. (1) above can be re-
duced in the case of arbitrary hydrogenic states
to a two-dimensional integral by using the fact
that the bound-state wave function product can be
written as

u~*(r)u;(r) =D(i1, y)C„e """"'-„,.

Here, C!; is a, normalization constant and D(p., y)
is the differential operator which generates the
required wave functions when operating on the
expolle11't1Rl 111 Eq. (2) above.

Their double-integral expression for the full
eikonal amplitude in Eq. (1) is'

Ff, (q) = n . Cz;D(p, ,y)p, did '" '. dye '[0(1, 0, 0, 0)-P(1, 'i, 0, 1]
24 1q P(1 ~) d P co

no r ( —1,gdI1' fao
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q = q - i&(I -X)s +Xr . (3d)

In the above expression, ao is the Bohr radius and

7i = e'/kv = I/k. When dealing with X integrals
which diverge at A. =0, g is given a small imagi-
nary part i5; one then integrates by parts and
sets 6=0.

Gau and Macek have examined large-angle
1s —2P electron-hydrogen scattering by expanding
Eq. (3a) above for large q in order to obtain an

approximate scattering amplitude. They find,
among other things, that the Lyman-a decay ra-
diation is, in general, elliptically polarized.
Their large-angle approximate results show that
the use of the full eikonal scattering amplitude
Eq. (1}does predict physical phenomena not ob-
tainable when the assumption q, =0 is used.

However, no numerical calculations for elastic
or inelastic electron-hydrogen scattering have as
yet been reported, using the full eikonal ampli-
tude as given by the double-integral expression

where

5:(m, p, r, s) =X'(I-X)'A p(A'+q")'" (A i-q,'} '" ",
(3b)

A = [x'(I -x)'+ i 'x + 2ixx(I -x}r.+r'x(1-x}]",
(3c)

and

Eq. (3a). See Added note at the end of this paper.
We have done numerical calculations for elec-

tron-hydrogen elastic scattering using the full
eikonal amplitude in Eq. (3a), and we report here
our results for the differential cross section vs
electron scattering angle for incident electron en-
ergies of 50, 100, and 200 eV. Comparison is
made with recent experimental data and other
theoretical calculations.

II. ELECTRON-HYDROGEN ELASTIC SCATTERING
AMPLITUDE

~*u; =v 'e '" (r in units of a, )

for 1s- 1s scattering. Thus we have

p, = 2y

Cy) =m

y=0,
and

D(p, r) =1.

(4)

(5b)

(5c)

(5d)

Inserting the quantities given by Eqs. (5a)-(5d)
into the scattering amplitude Eq. (3a) results in
the following expression for F„„(q):

To evaluate Eq. (3a) for electron-hydrogen elas-
tic scattering, we note that

-2' '" I'(I-irj) dF»»(q) = i, i

1

dX& '" '
dX X

' [5(1,0, 0, 0) —F(1, 1, 0, 1)]
0

In order to carry out the differentiations implied in the above, the following recursion formula is
needed'0:

, &(m, p, r, s) =X[-2p%(m, p+2, r, s) +(iq-m)&(m +1,p, r, s) ——,'(irj+r)%(m, p+ I, r +1,s)].

If integration by parts is required to avoid divergences at ~ =0, the following recursion formula is ajso
needed".

d—6'(m, P, r, s ) = (1 -X )[s6'(m, p, r, s —1) —P F(m, P + 2, r, s + 1j iPy, X&(—m, P + 2, r, s )

—2iq, (iq-m)&(m +1,P, r, s) +(ig +r)F(pz, p, r +1,s)

ir, X (irj+ r )F—(m, P + I, r + 1, s ) —(iq +r ) 5'(m, p + 1, r + 1,s + 1)] . (8)

Evaluating the derivatives indicated in Eq. (6)
and then setting p. =2 results in the desired double-
integral expression for F»»(q):

-2'-" r(1- i~)F.. . (q)=
a, I'(-sg)

(9a)

where

and

A =[&'(I-x)'+i'xl" (& =2)

q' =q-ix(1-X)z.

(9c)

(9d)

9(X, x, q) = ~ [ 6'(1, 0, 0, 0) —6'(1, 1, 0, 1)],d
djl

(9b)
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TABLE I. Electron-hydrogen elastic scattering differential cross section vs electron
scattering angle for 50-, 100-, and 200-eV incident electrons.

Electron scattering
angle (deg) 50 eV

da'/dG (a(~)/sr)

100 eV 200 eV

2
3
5
7

10
15
20
40
60
80

100
120

10~ 5
7.64
5.90
4.02
2.60
1.57
1.02
0.253
7.37x10 '
2.71x10 '
1.25 X10
7.26~10 '

5.18
3.72
2.56
2.02
1.51
0.925
0.587
0.121
2.99~10 '
1.02 X10
4.75 &10
2.80 x10

4.57
3.30
2.26
1.65
1.11
0.604
0.344
4.59 &10
9.59 X10
3.31 &10 3

1.57 &10
9.42 &10

III. RESULTS AND DISCUSSION

We have numerically integrated the eikonal scat-
tering amplitude F» „(q) given by Eq. (9a) above,
for incident electron energies of 50, 100, and
200 eV, and scattering angles from 2 to 120 .

We find that integration of Eq. (9a) by parts is
necessary to obtain numerical convergence.

In Table I our numerically computed differential
cross sections are presented. The differential
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FIG. 1. Differential cross section for the elastic
scattering of 50-eV electrons from atomic hydrogen.
The present full eikonal results (solid line) are com-
pared with the Born approximation (dashed line) (Ref.
13), the Glauber approximation (dash-dotted line) (Hef.
14), and recent experimental data (open circl.es) (Ref.
12).
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FIG. 2. Differential cross section for the elastic
scattering of 100-eV electrons from atomic hydrogen.
The present full eikonal results (solid line) are com-
pared with the Born approximation (dashed line) (Ref.
13), the Glauber approximation (dash-dotted line) (Hef.
14), the eikonal-Born-series results (dash —double-
dotted line) (Hef. 16), and recent experimental data
(open circles) (Hef. 12).
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TABLE II. Total electron-hydrogen elastic scattering
cross sections for 50-, 100-, and 200-eV incident elec-
trons.

50
100
200

0.72
0.39
0.22

0.64 0.51
0.29 0.29
0.15 0.15
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FIG. 3. Differential cross section for the elastic
scattering of 200-eV electrons from atomic hydrogen.
The present full eikonal results (solid line) are com-
pared with the Born approximation (dashed line) (Ref.
13), the Glauber approximation (dash-dotted line) (Ref.
14), the eikonal-Born-series results (dash-double-
dotted line) (Hef. 16), and recent experimental data
{open circles) (Ref. 12).

cross section is given by

In Figs. 1-3, we have plotted our eikonal results
for do'!dQ vs scattering angle 9, along with recent
experimental data" and other theoretical calcula-
tions. Examination of Figs. 1-3 shows that our
full eikonal differential cross sections fall some-
what below the experimental data at all angles for
which data ax e available; however, the agreement
between the two is seen to improve as the angle
decreases. For la, rge-angle scattering, the Born"
and Qlauber" cross sections are in better agree-
ment with the data than our eikonal results; how

ever, for small-a, ngle scattering, which makes
the major contribution to the total cross section,
the eikonal results are in the best agreement with
experiment. At large angles, the full eikonal. re-
sults are depressed relative to the Qlauber values
due to a damping effect resulting from inclusion

of the longitudinal component of momentum trans-
fer." The eikonal -Born -series results of Byron
and Joachain" for 100- and 200-eV incident elec-
trons are also shown here for comparison; these
results agree somewhat better with the data than
our eikonal cross sections at all angles. How-
ever, the eikonal-Born-series calculations in-
clude exchange effects which are not included in
our full eikonal calculations.

By using Newton-Cotes open-ended numerical
integration" to integrate our values of do/dQ over
8 we have also obtained total elastic cross sec-
tions for e-H scattering at 50-, 100-, and 200-eV
incident energies. These results, compared with
the Qlauber and Born" total cross sections and
with experiment, "are shown in Table II.

IV. SUMMARY AND CONCLUSIONS

We have calculated, using the full eikonal ap-
proximation, both differential and total cross sec-
tions for electron-hydrogen elastic scattering for
50-, 100-, and 200-eV incident electrons. We
obtain results in reasonable agreement with ex-
periment. In particular, for small-angle scatter-
ing, which gives the dominant contribution to the
total cross section, our differential cross sec-
tions represent an improvement over both the
Born and Qlauber results, and give rise to total
cross sections in somewhat better agreement with
available experimental values.

We, therefore, feel the two-dimensional integral
expression for the full eikonal scattering ampli-
tude, which is made use of in the present paper,
to be a useful technique for electron-hydrogen
scattering studies.

added +o~e: It has been brought to our at-
tention that J. N. Qau and J. Macek have cal-
culated inelastic electron-hydrogen scattering
in the unrestricted Giauber approximation [Phys.
Rev. A 12, 1760 (1975)]. Although some of our
work duplicates some of their results for elastic
scattering, we do not find any difficulties with
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numerical convergence. We wish to emphasize
that in order to avoid the difficulties our Eq. (9a}
must be integrated by parts. The integration by
parts allows us to integrate numerically down to
a 2' scattering angle without difficulty, and hence
to obtain total elastic scattering cross sections.
At 100 eV (the only incident energy common to
both calculations} the two calculations agree to
within 4% for scattering angles larger than 20;
however, for 10' our result for do/dQ is smaller

than the Gau-Macek result by 40%.
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