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Starting with Schrodinger’s time-independent equation for N indistinguishable particles, an exact equation is
derived for the reduced density matrix of order s, p,. The equation contains terms dependent on p, , , and
ps + 2- The Hartree-Fock equation is derived, without recourse to the variational method, by assuming that p,

and p; are particular functionals of p,.

I. INTRODUCTION

The important physical quantities in the study of
atoms and molecules can be obtained from the low-
order reduced density matrices, Schrodinger’s
equation is an equation for the full density matrix,
and hence, even if it could be solved, the solution
contains much more information than is necessary.
This situation is analogous to statistical mechanics
where Liouville’s equation is an equation for the
distribution function of all the particles in the
system, but nonetheless it is only the low-order
distribution functions which are of particular in-
terest.

A very fruitful approach in classical statistical
mechanics is the Bogoliubov-Born-Green-Kirk-
wood-Yvon hierarchy.! The basic idea is to start
with Liouville’s equation for the N-body distribu-
tion and integrate out N - s of the particles, thus
obtaining an equation for the reduced distribution
function of order s. The equation obtained is not
self-contained in that it has terms depending on
the higher-order distribution. The entire set of
hierarchy equations are still exact. To proceed
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We shall restrict ourselves to Hamiltonians
which are of the form

N N
Hy= 3,9+ 2.9y,
i=1 ij

where §; are one-body operators and £,; are two-
body multiplicative operators.
Quantities of the form
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(1.3)

further one must decouple the hierarchy. Depend-
ing on the physical situation, this is accomplished
by approximating the higher-order distribution as
a functional of the lower-order distribution. The
resulting equation, or set of equations, is thus
self-contained and in principle can be solved.

Our intent in this paper is to develop a similar
procedure for the time-independent Schrodinger
equation, In Sec. II we derive the hierarchy equa-
tion for reduced density matrices. In Sec. III we
obtain the Hartree-Fock equation, without the use
of the variational method, by making a particular
functional approximation on the second- and third-
order reduced density matrices in terms of the
first-order density matrix. The functional as-
sumption made is that of no correlations between
particles but with antisymmetry imposed.

The notation we shall use is as follows: The full
density matrix for a system containing N indistin-
guishable particles is defined as

. ,xN;x; ,x;, cee, X))
=Py, e, X Xy, L ). (1.1)

The reduced density matrix of order s is

Py (xy,%s, .

’ ’
XX eye ooy XgyXgupye o osXy) AXguyyeno,dXy . (1.2)

r

shall be taken to mean that one first operates on
the unprimed variables with €, and then sets
X =x; before the integration.

II. HIERARCHY EQUATIONS
Starting with the Schrodinger time-independent
equation for N indistinguishable particles,
Hypy =Epy, @.1)

we integrate out xg,y,...,xy,
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N -1
fHNdexsﬂ,...,de:E(s) Ps -

(2.2)

For the part of the Hamiltonian which consists of the one-body interactions we have

-1 S

N N N \-!
> fszidexm,...,dxﬁ(s) > @, + <s+1> (N—s)fﬂs+1ps+1dxs+1. (2.3)
i=1 i=1

We divide the two-body interaction part as follows:

i>s

N s ’

’ N -1 ’
2 fﬂiijdxs+l)""de=(s > E Qijps+z: fQ{ijdxs+11"-1de+z fgiijdxs+1""’de
ij ij i<s

i>s

i>s (2.4)

N -1 .S N -1 S
‘—'(s) E Q”Ps+(s+1> (N_S)ani,sﬂpsﬂdxsﬂ
ij i=1

N \'(N-s)N-s-1
+( ) (ﬂ_s—)(z—s——)fnsﬂ.s**zps*'zdxsﬂdxwz' (2'5)

s+2

If we define the reduced Hamiltonian by

s s 4
Hs=‘2sz,.+zj: 2, H=9, (2.6)
=1 i

and combine Eqgs. (2.2), (2.3), and (2.5), we have
the hierarchy equations for reduced density ma-
trices for the time-independent case,

Hpg+(s+1) f <98+1+Z Q,-.sﬂ) Ps+18% g4q
=1

+3(s+2)(s +1)f93+1,3+2p5+2 dxg, d%g., =Ep, .

2.7)

For the special case of s =N -1, the third term
of the left-hand side of Eq. (2.7) is absent.
Specializing to the case s =1 gives

Hip, +2 |(Q, +8,,)p,dx, +3f$223p3 dx,dx,=Ep, .
(2.8)

Equations (2.7) and (2.8) are exact equations. To
proceed further one must decouple them at some
stage in the hierarchy. That is, one must express
ps+, and pg,, as functionals of p, in some approxi-
mation.

We remark that we could have started equally
well with the complex-conjugate Hamiltonian op-
erating on the primed variables and obtained the
identical equation (2.7) except that the operators
would be complex conjugated and would operate
on the primed variables. If we assume the oper-
ators are real, then by subtraction we have

(Hs _H;)ps

S

+(S+1)f ((Qs+1—n.;+1)+ Z (ﬂi.s+1‘9§.s+1)>

i=1
x Ps+1 dxsﬂ:o (29)

For the time-dependent case the left-hand side
of Eq. (2.9) is equated to % (9p,/0t).

III. HARTREE-FOCK EQUATION

A natural first attempt at breaking the chain of
equations given by Eq. (2.7) is to assume the par-
ticles are uncorrelated and that the second- and
third-order density matrices are factorable into
first-order density matrices,

pz(xpxz;xllaxé)=p1(x1;x1,)p1(x2;xz’)g (3.1)

pg(xlaxzsxs;xl'yx;,x;) =p1 (xl;x{)pl (xz;xé)pl(xsyx:';) .
(3.2)

1f Eqs. (3.1) and (3.2) are inserted into (2.8),
one then obtains the Hartree equation for indistin-
guishable particles. But of greater interest is the
case of fermions where we antisymmetrize (3.1)
and (3.2) to obtain

! n?
pz(xlxzixl'xé)=l Puleixr) py Bz , (3.3)

Py (55%7) py (6y3%3)



Py (ey5%7) Py (xy5x5) py (g 5x5)

1
P3(X, XX 55% X 5%} =371 | P Ocp3%7) Py (ry5x7) Py (x55%3)
P Geasxy) Py (xg5x;) py(xg5%3)

(3.4)

These forms for p, and p, also arise from a sin-
gle determinant wave function.?

We shall show that the above functional assump-
tion on p, and p, leads to the Hartree-Fock equa-
tions when inserted into Eq. (2.8). We note that
the variational method is not used. This is in
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contrast to the conventional approach of minimiz-
ing the energy, either with respect to the orbitals
or the density matrix.?

Relating p, to p, by Eq. (3.3) implies that p, is
idempotent and can therefore be expanded as?

N
pl(xl;xl')zz PHER IR (8.5)
i=1
where the @;’s are the natural orbitals.
We now insert Eqs. (3.3) and (3.4) into Eq. (2.8).
Multiplying by ¢;(x,) and integrating over dx, we
obtain

N N N
Hyp;(x,) + (Z f @ (6,)R2, 200, (x,) dxz) @) - Z ( f @F (%), (xz)dx2> Pul6,) + Z (E|2|R)p; (x,)
k=1 k=1 k=1

- E <kl9|i>¢k(xl)+%(ﬂ;(x1) < E «lklﬂlzllk> _(lklﬂmlkl))) - Z ¢1(x1)«lklﬂlzllk> -<lk|ﬂ12|ki>)=E¢| (xl) ,
k=1 113 113

where
clalp = [oremp,eax, (3.7)
<ijlﬂlglkl) = f f ‘P?(xL)‘P;‘(xz)le

Xyl ), (x;)dx, dx, . (3.8)
The first three terms of Eq. (3.6) are recognized
to be the Hartree-Fock Hamiltonian F operating on

(p,(x,). Now, the total energy of system can be
expressed exactly in terms of p, and p,,

E= fleldxl+f$llzp2dxl dx, , (3.9)

and upon substituting Eqs. (3.3) and (3.4) into
Eq. (3.9) we have

1<k

E=) (klQ|r+
kR
(3.10)

which is the Hartree-Fock energy. Using this
expression for E and defining

€, =(R|QI2) + Z (RURQ,,[i1) - (RIQ,,| B)),
1

(3.11)

(3.6)

Eq. (3.6) simplifies to

Fo,x) = Z €@ (¥), (3.12)

which is the Hartree-Fock equation. The appro-
priate unitary transformation to the canonical
orbitals brings Eq. (3.12) to the usual diagonal
form.

IV. CONCLUSION

That the Hartree-Fock equation follows natural-
ly from the assumption of no correlations is anal-
ogous to the classical situation where one obtains
the Vlasov equation! (collisionless Boltzmann
equation). In both cases the physical interpreta-
tion is that a given particle is influenced by the
smoothed-out potential of the others. Also, in
both cases the smoothed-out potential has to be
determined self-consistently. The approximation
is particularly good when the force is long range
as is the case with the Coulomb force.

There are a number of standard techniques which
can be used to decouple the hierarchy and obtain
equations which go beyond the correlationless
case. For example, a cluster expansion of the
density matrix should prove particularly useful.
This and other possibilities are currently being
investigated.
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