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Hylleraas-type calculations of the ground states of the Li isoelectronic sequence
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Hylleraas-type (HT) expansions, containing correlation factors of the form ~~~, have been
used to calculate ground states of the Li isoelectronic sequence. A maximum of 30 expansion
terms was used with a common set of exponential parameters for all terms in a particular
calculation. The ordering of expansion terms was roughly optimized, so that the expansions
can be truncated at various lengths to give suitable approximations. About 15 terms of the
present HT expansions give results comparable to those of Weiss's 45-term configuration-
interaction calculations. For the Li ground state the present 30-term result is poorer than
results of other more extensive calculations which include HT expansion terms.

Several types of expansions have been used in

variational calculations which account for electron
correlation effects in atomic wave functions as-
sociated with stationary, quasistationary, and

scattering states. These include the configuration-
interaction (CI) method, Hylleraas-type (HT)
methods, and a combination of the two (CIHT).

An extensive set of CI calculations of the ground
states of several members of the He, Li, and Be
isoelectronic series was performed by Weiss, '

who pointed out the relatively slow convergence of
the CI method as compared to HT calculations.
The HT method has been extensively applied to
two -electron systems. ' Complexities involved
in HT calculations increase rapidly with the num-
ber of electrons, but HT calculations have been
performed for ' ' Li and Be." "

Extensive calculations of the Li ground state
were carried out by Larsson' and by Sims and
Hagstrom. " The Be ground state has been cal-
culated to high precision by Sims and Hagstrom""
with the CIHT method; the x;, correlation factors
of the HT approach are especially well suited to
treating the 1s' core, while CI-type expansions
are evidently satisfactory for the outer shell. It
appears that very few HT or CIHT calculations
have been carried out for other members of the

~ ~

Li or Be isoelectronic sequences. Ohrn and
Nordling' have treated the Li sequence using HT
terms for the core electrons only.

The work reported herein is a set of HT cal-
culations, for expansion lengths up to 30, of the
ground states of the Li isoelectronic sequence
through Z =8.

Since the calculations are limited to 'S states,
it suffices to limit attention to the spatial part
of the wave function which is associated with the
4&4 spin function. The Pauli principle is satisfied

by antisyrnmetrizing on electrons one and three.
Each expansion term has the form

13)( 12) 1 +2+3 +23 31 +12

where at most one of the parameters X, p, , v is
allowed to be nonzero in a given expansion term.
Symmetrizing on electrons one and two ensures
that the overall function has doublet character;
since n and P were assigned a common value it
was not necessary to carry out this symmetri-
zation explicity for all terms. Evaluation of the
requisite matrix-element integrals was carried
out by methods described previously. ' Com-
putations were performed with a CDC-6600 com-
puter.

The selection of expansion terms was made for
the Li ground state, with the goal of approxima-
tely optimizing the choice and ordering of terms;
the same sequence of terms (except for values of
exponential parameters) was then used for other
members of the isoelectronic sequence. On the
basis of previous experience' and the desire for
simplicity, a common set of exponential param-
eters was used for all terms in a particular cal-
culation. The exponential parameters were not
explicitly optimized but were chosen for Li on the
basis of past experience" and were incremented
for increasing values of Z in a simple manner
related to screening arguments. Tests performed
for Z = 3 and 8 indicated that a carefully optimized
choice of exponential parameters would not sub-
stantially improve the energies obtained with 30-
term expansions.

As a preliminary step, HT calculations of the
Li' ground state were performed and an approxi-
mately optimized ordering of two-electron ex-
pansion terms was obtained. This ordering was
then used as a guide in the initial choice of order-
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TABLE I. Expansion terms.

No. No. mnt Ape

001000
001001
111000
201000
000010
001002
111001
000000
002000
101000
200010
000020
003000
211001
001004

16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

201001
001003
311001
221001
100010
002001
000001
201002
200000
200020
113000
110000
101003
004000
001010

ing of expansion terms for the Li ground state.
The Li expansion terms (prior to symmetrization)
were formed by merely multiplying the previously
chosen two-electron functions by e ~"3 and various
functions such as r', (t = 0, 1, 2, 3, 4), r», r~», r,r».

Several orderings of terms were then tested until
a roughly optimized one was found. The effects
of certain expansion terms are nonadditive, and
as a result the energy improvements resulting
from each successive term do not necessarily
decrease monotonically. The expansion terms
are listed in Table I.

Table II lists results of the present calculations
for several expansion lengths and slso shows re-
sults of other calculations for comparison. Only
&5 or less HT terms are sufficient to give con-
vergence as good as the 45-term CI results. '
The present 30-term HT results for Li, however,
are not as well converged as other more extensive
HT and CIHT calculations. For most expansion
lengths up to the maximum of 30 treated here, the
present Li results are better than or close to re-
sults of equal-length expansions as reported by
Larsson, ' though this probably is merely a re-
sult of the fact that Larsson presumably did not
attempt to optimize the ordering of expansion
terms. From the present work it appears that con-
vergence becomes quite slow beyond 30 terms or
so, and this seems to be consistent with results
of others.

TABLE G. Calculated energies -& (a.u.) for ground states of the Li isoelectronic sequence.

No. Qf

expanslo
terms

3
2.80
0.65

3.80
1.15

5
4.80
1.65

6
5.80
2.15

7
6.80
2.65

8
7.80
3.15

5
10
15
20
25
30

Exact
%eiss
Onello

et cl. ~

Ohrn a.nd
Nordling

Lars son
Lar's soIl
SDIls and
Hagstrom g

7.47419
7.476 99
7.477 64
7.477 81
7.477 88
7.477 93
7.478 07
7.477 10

7.478 02
7.477 82

7.478 02

14.314 14
14.32334
14.32403
14.324 32
14.324 49
14.324 57
14.324 79
14.323 50

23.39943
23.422 87
23.423 53
23.423 91
23.424 23
23.424 36
23.424 71
23.423 12

34.726 59
34.773 50
34.774 12
34.774 58
34.775 04
34.775 22
34.775 73
34.773 84

48.294 50
48.374 66
48.375 25
48.37577
48.376 35
48.376 57
48.37728
48.375 09

64.102 74
64.226 11
64.226 68
64.227 25
64.227 94
64.228 1.9
64.229 17
64.226 61

23.4164 48.3652

23.421 45 34.773 16 48.374 92 64.226 72

Taken from Bef. i.
45-term CI, Bef. 1.

c 58-term 1/Z expansion, Bef. 17.
d Five HT terms for core, uncorrelated expansion for 2s orbital, Bef. 4.

100-term HT, Bef. 5.
57-term HT, four lowest & states treated with same basis set, Ref. 8.

~150-term CIHT, four lowest 8 states treated with same basis set, Bef, 10.
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