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In an earlier paper a general formulation of differential cross sections for electron-impact ionization of atomic
systems, in the Born approximation, was presented. The present work uses this formulation, with simple
correlated wave functions, to evaluate various differential cross sections for electron-impact iomzation of
helium. The results are compared with previous experimental and theoretical data. The favorable agreement
obtained with experiment for high incident-electron energies and low ejected-electron energies in both double-
and single-differential cross sections is indicative of the agreement which can be expected when the same
procedure is applied to the electron-impact ionization of other atoms.

I. INTRODUCTION

Several papers have recently been published on
experimental studies of energy and angular dis-
tributions in electron-impact ionization of atomic
helium. This has stimulated theoretical studies of
single- and triple-differential cross sections.
Bell, Freeston, and Kingston' have used Born
and classical impulse approximations to calculate
cross sections which are differential in the energy
of the secondary electron. Jacobs?® has calculated
the triple-differential cross section using the Born
approximation with accurate atomic-state wave
functions. However, this calculation involves the
uncertain problem of nonorthogonality of initial-
and final-state wave functions. Geltman® has used
the Coulomb-projected Born approximation to
calculate similar cross sections, and Schulz* has
used a product of Coulomb wave functions in the
final state with a simplified helium ground-state
wave function. He determines the exchange and
capture amplitudes as well as the direct amplitude
and studies the effect of varying nuclear-screening
parameters on the ionization cross section. Kim
and Inokuti'® have extrapolated to threshold the
Born cross section for discrete excitations and
obtained results for differential ionization cross
sections for the ejection of zero-energy electrons.
Other calculations in the Born approximation at a
restricted number of energies have been per-
formed by Sloan® and Omidvar, Kyle, and Sul-
livan.® A review of theoretical and experimental
double-differential cross sections is given by
Oda.”

In the present work we make a detailed compari-
son with the abovementioned theoretical work, and
also with the experimental results of Ehrhardt
et al.,® Opal, Beaty, and Peterson,® Crooks,'° and
Oda, Nishimura, and Tahira,'' and Grissom,
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Compton, and Garrett.!® In Sec. II we give a brief
discussion of the numerical techniques and physi-
cal approximations used, and in Sec. III we pre-
sent, under separate headings, our results for
triple-, double-, and single-differential cross
sections.

II. DISCUSSION OF COMPUTATIONAL PROCEDURES

In an earlier paper'? (hereafter referred to as
1) we presented a detailed derivation for Born-
approximation triple, single and total ionization
cross sections. This theory was applied to the
calculation of continuum generalized oscillator
strengths for electron-helium ionization, using
two sets of atomic-state wave functions.

The better set of wave functions consisted of a
four-configuration initial target-state wave func-
tion of the form c,1s® +c,152s +c,2s° +¢,2p° and a
close-coupling final-state continuum wave func-
tion. The 1s orbital was that of He* and the
Slater exponents of the 2s and 2p orbitals were
optimized on the 1'S He energy. In the close-
coupling wave function the 1s channel was in-
cluded, together with all possible bound-orbital
configurations. So we have made significant al-
lowance for electron-correlation effects in the
ground state (the present wave function gives 78%
of the 1'S correlation energy), and because we
have used the He* 1s function, we have allowed
for core relaxation in the final state.

In the present work we take the reduced multi-
pole matrix elements evaluated for this set of
atomic wave functions and manipulate them, in
Egs. (17) and (18) of I, to obtain triple-, double-,
and single-differential cross sections. The re-
duced matrix elements (like those in Table IV of
1), which are a function of momentum transfer K
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and energy of the ejected electron, k% are fitted
by cubic splines. These two-dimensional fits
are then used in the interpolations and integra-
tions which are encountered in the calculation of
the various cross sections.

The cross section that is differential in the en-
ergy and angle of the ejected electron is obtained
by integrating Eq. (17) of I over momentum trans-
fer, using analytic formulas for the integrals of
cubic splines. The cross section that is singly
differential in ejected-electron energy is obtained
by using a cubic spline fit to the integrand of Eq.
(18) in I. In both cases a spline fit of the matrix
elements, in the variable k%, was performed prior
to the spline fit in the variable K, where neces-
sary.

III. DISCUSSION OF RESULTS

A. Triple-differential cross sections

Equation (17) of I can be expressed as an expan-
sion in terms of the spherical-harmonic functions
Y? (k). In Table I we present our values for the
coefficients g, (¥, K) of this expansion, for
several values of k% and K, and compare them
with equivalent values of Jacobs.? The two calcu-
lations agree well, except for low ejected-elec-
tron energies in the L =1 coefficients. This dis-
crepancy probably arises because we explicitly

TABLE I. The angular-distribution expansion coeffi-
cients f’1s,L(k2, K) for ionization of helium. The coeffi-
cients in square brackets are those of Jacobs (Ref. 2).

k' (Ry) L=1 L=2 L=3 L=4 L=5
K=0.2 a.u.
0.2 0.588 2.025 0.449 0.038 0.001
[0.227] [1.958] [0.347] [0.0346] [0.0603]
0.6 0.641 2.062 0.586 0.097 0.008
[0.381] [1.999] [0.489] [0.073] [0.009]
1.0 0.656 2.074 0.640 0.119 0.011
[0.436] [2.018] [0.529] [0.087] [0.012]
2.0 0.583 2.070 0.574 0.111 0.010
[0.458] [2.034] [0.529] [0.089] [0.012]
K=0.4 a.u.
0.2 1.068 2.094 0.824 0.142 0.012
0.6 1.162 2.206 1.079 0.323 0.048
1.0 1.190 2.249 1.189 0.407 0.068
2.0 1.092 2.250 1.132 0.412 0.070
K=0.6 a.u.
0.2 1.446 2.194 1.108 0.289 0.038
0.6 1.562 2.368 1.441 0.568 0.115
1.0 1.606 2.452 1.606 0.732 0.170
2.0 1.535 2.479 1.629 0.808 0.196

orthogonalize our continuum ¥;('S) [see Eq. (22)
of I] wave function to the initial state wave func-
tion €,('S), while Jacobs retains the nuclear po-
tential in the corresponding Born matrix element
to compensate for nonorthogonality of his initial
and final 'S states. We would point out however,
that Jacobs? obtains more favorable agreement
with the experimental binary-to-recoil peak ratio.
In Fig. 1 we show experimental and theoretical
triple-differential cross sections for 256.5 eV
incident-electron energy. For such an incident
energy the Born approximation is marginal.
Further, one would expect that there is consider-
able difficulty in detecting the 3-eV ejected elec-
tron. However, we would expect the agreement
between the Born results and experiments to be
best for higher incident-electron energies
(k2 >500 eV) and moderate energies of ejection
(k* =15 eV). Consequently, we also present in
Fig. 1 the triple-differential cross sections for
500-eV and 1000-eV incident electrons and for
20-eV ejected electrons. This choise of energies
is based on the following facts: (a) In our calcu-
lation, the overlap between the 'S initial and final
states is small (Table II of I); (b) the 'S e~ +He"
phase shifts at these energies are in good agree-
ment with those obtained by Sloan'® and Burke and
Taylor'®; and (c) comparison between experi-
mental and theoretical double-differential cross
sections (Sec. III B) indicate that the experimental
difficulties encountered in the detection of the
ejected electron at these energies are minimal.
Experimental values obtained at these energies
would provide a better test of the Born approxima-
tion, particularly for electrons ejected about the
recoil peak.

B. Double-differential cross sections

In Fig. 2 we present cross sections which are
doubly differential in the angle and energy of the
ejected electron. In Fig. 2(a) we compare directly
with the experimental results of Opal ef al.’® and
Oda et al.' of 500 eV incident-electron energy,
and ejected electron energies of 27.8, 35.1, and
44.2 eV. In Figs. 2(b)-2(d) we present a com-
parison with Opal et al." for ejected-electron
energies of the 4.13, 20.1, and 50.9 eV, and in-
cident energies of 500, 1000, and 2000 eV, re-
spectively. Similar comparisons are made in Fig.
2(e) with the data of Crooks.!°

For incident energies of 1000 eV and 2000 eV
and ejected-electron energies of 20.1 eV and
50.9 eV [Figs. 2(c) and 2(d)], the agreement be-
tween experiment and the present work is very
good near the maximum. For the ejected-elec-
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FIG. 1. Triple-differential cross sections for elec-
tron-impact ionization of helium in units of a}/sr® (2 Ry)
plotted as a function of the angle of ejected electron, 6y .
The dots are the experimental results of Ehrhardt et al.
(Ref. 8), approximately normalized to the Coulomb-pro-
jected Born calculation. The solid and dot-dashed lines
represent the Born calculation of Geltman (Ref. 3) and
the present work, respectively; (— - — represents the
work of Jacobs (Ref. 2) which is indistinguishable from
the present work in the forward peak; and the long
dashed line (— — —) indicates Geltman’s Coulomb-pro-
jected Born calculation. k2 is the energy of ejected elec~
tron; 6 is the angle through which the incident electron
is scattered.

tron energy of 4.13 eV, however, we find that the
agreement is not quite so good. Since the present
approximation is obviously appropriate for the
lower ejected-electron energies and high incident-
electron energy, we feel that the difference be-
tween theory and experiment at these lower
ejected-electron energies is attributable to ex-
perimental difficulties. The experimental cross
sections peak at a slightly greater angle than the
Born cross section. This is probably due in part
to our neglect of final-state interactions between
the continuum electrons.

In both the forward direction (0°-45°) and the
backward direction (135°-180°), the agreement
between our results and experiments is poor.
However, the spread in the experimental results
is large and does not yet offer conclusive proof
of the failure of the Born approximation for the
energies which we have considered.

C. Single-differential cross sections

In Figs. 3(a) and 3(b) we present cross sections
which are differential in the energy of the ejected
electron alone. Apart from the discrepancies at
low ejected-electron energies (0-10 eV), the
agreement between our results and the data of
Opal et al. and Crooks is very good. Below 10 eV
the agreement between the present results and
the data of Opal et al. is within the experimental
errors, but it is not very satisfactory. A better
indication of the quality of the present results is
given by comparison with Kim and Inokuti'® and
Grissom et al.*® Kim and Inokuti extrapolated
the cross sections for excitation of discrete
levels, to the continuum, and obtained cross sec-
tions for ejection of zero-energy electrons. Their
results are shown as open circles on Fig. 3(a)
and are in excellent agreement with the present
results. The total accord of our completely ab
initio predictions and these semiempirical predic-
tions is a good testimony to the accuracy and ad-
equacy of our wave functions. In particular, we
feel that our Born values are much more ac-
curate than the abovementioned experimental
values for the differential cross sections involving
ejected electrons with less than 10 eV energy.

To lend more weight to this conclusion, we next

compare our results with the experimental work
of Grissom et al. They used a trapped-electron
technique specifically designed to collect very
low-energy secondary electrons, thus overcoming
difficulties and uncertainties encountered in the
double-differential cross-section experiments.
So we would expect that our results, if correct,
would agree closely with the results of this ex-
periment. In order to compare our results, we
must calculate
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FIG. 2. Double-differential cross sections for electron-impact ionization of helium. In (@) the crosses are the ex-
perimental results of Opal et al. (Ref. 15), the triangles are the experimental results of Oda et al. (Ref. 11), and the
solid line is the present work. In (b)-(d), the dots are the experimental results of Opal et al. (Ref. 15) and the solid
line is the present work. In (e), the squares and triangles are, respectively, the experimental results of Crooks (Ref.

10) for 24-eV and 50-€V ejected electrons.

Y do(Eg,¢€) de |

o(EO,M=[ Zc

where E is the energy of the primary electron,
do(E,,€)/de is the differential cross section for
ejection of secondary electrons of energy €, and
W is the depth of the trap. We have computed
a(E,,W) for a trap depth of 0.095 eV and our re-
sults, which are given in Fig. 3(c), are in excel-

lent agreement with those of Grissom et al.

On the basis of this comparison, we conclude
that the Born results for ejection of zero-energy
electrons breaks down only for incident-electron
energies less than 200 eV. The authors of Ref.
20 claim that the Born approximation breaks down
for 2000-eV incident electrons and ejected-elec-
tron energies less than 13 eV. This is contra-
dictory to the present results and indeed is incor-
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FIG. 3. Single-differential cross sections for electron-impact ionization of helium. The dots are the experimental
results of Opal et al. (Ref. 15) and the triangles are the experimental results of Crooks (Ref. 15). The open circles are
theoretical results of Kim and Inokuti (Ref. 18) for 500-,1000-, and 2000-eV incident electrons.

rect. The fact that their results are poor in this
case is not due to any failure of the Born approx-
imation, but rather to (a) the extreme inadequacy
of their Hartree-Fock-Slater wave functions to
allow for core relaxation, correlation, and ex-
change effects in the low-energy ejected-electron
situation, and (b) experimental difficulties in the
experiment of Opal et al.*®

IV. CONCLUDING REMARKS

It is obvious that the Born approximation has
some severe limitations. In particular, initial-
and final-state interactions and exchange are
neglected. However, the effects of these limita-
tions cannot be studied or fully understood when
physically inadequate wave functions are used.
The wave functions used in the present work are a
considerable improvement over most previous
work and they adequately describe such physical
effects as initial-state electronic correlation,

core relaxation and exchange, distortion, and
correlation between the ionic and ejected electrons.

Thus we draw the following conclusions about
the Born approximation for e~ +He ionization, on
the basis of our results:

(1) For cross sections which are differential in
the ejected-electron energy alone, the Born ap-
proximation is in excellent agreement with ex-
periment and semiempirical theory, for all ejec-
ted-electron energies, even at incident-electron
energies of 200 eV.

(2) For cross sections which are differential in
both ejected-electron energy and angle, the quali-
tative agreement between the Born approximation
and experiment is excellent. The major quan-
titative discrepancies occur for ejection angles of
less than 30° and greater than 150°, and for low
energies of ejection. The angular discrepancy
is possibly due to the experimental problems of
accurately measuring the lower ejected-electron
current in these regions. As for the low-energy
discrepancy, there is no reason to suspect that
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the Born approximation, with a close-coupling
final-state wave function, is invalid for a 2000-
eV incident electron and a 4.13-eV ejected elec-
tron, and it appears that the problem lies with
field effects in the experiments of Refs. 9-11.

(3) For cross sections which are triply dif-
ferential in the energy and angle of the ejected
electron, and the angle of scattering of the in-
cident electron, experiments have not been per-
formed at incident energies high enough to allow
fair comparison with Born-approximation re-
sults. Where comparison is available, at 256.5
eV incident energy, the agreement (after ap-
propriate normalization of the experimental
values) is worst with regard to the size of the
backward lobe. This, however, is only significant
for low-energy ejected electrons (3 eV) and im-
proves for higher ejected energies. We have pre-
sented results for 500-eV and 1000-eV incident

electrons and 20-eV ejected electrons with scat-
tering of the incident electrons through 4°. If ex-
periments could be performed at these values,
then meaningful statements could be made about
the validity of the Born approximation for evalu-
ating triply differential cross sections.
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