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Infrared-microwave two-photon spectroscopy: The v2 band of NH3
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A spectroscopic method is developed in which the frequency of microwave radiation is added to or subtracted

from that of infrared radiation by using two-photon processes in molecules. By utilizing many lines of the

CO2 and N, O lasers, this method enables us to perform systematic high-resolution spectroscopy in the 1O-JLf,m

region. Both straightforward two-photon absorption spectroscopy and two-photon Lamb-dip spectroscopy can

be used. We describe the theory of this method and its application to the observation of the v, band of
"NH, and "NH3.

I. INTRODUCTION

Two-photon spectroscopy, in which two radia-
tions with very different frequencies are added
or subtracted by using the nonlinearity of molec-
ular transition processes, is well known in micro-
wave spectroscopy. ' With the advent of the laser
such experiments have been done by using infra-
red and microwave radiations. ' It has been shown
that in favorable cases the two-photon processes
are sufficiently strong to saturate transitions;
thus they have been used for observations of Lamb
dips' and for pumping molecules in a double-res-
onance experiment. ' This technique is particular-
ly useful when combined with molecular gas la-
sers, because the presence of many laser lines
and the tunability of the microwave frequency make
this method applicable to systematic high-resolu-
tion spectroscopy. In this paper we report our
studies on the characteristics of two-photon pro-
cesses and their application to the infrared spec-
troscopy of the v, band of NH3 ~

'

E, are the electric field of the microwave (&u„)and

the laser (&o,) radiation, respectively. Here we

are considering radiation fields acting only on
near-resonant molecular motions, and neglect-
ing many other interactions. The Schrodinger
equation is solved for the case in which

, » I,—,l,
Cd Cd, I Cd —Cd I » I Cd + Cd —Cd —Cd I,

(2)

where uo -=(E, —E,)/h and gaol—:(E, —E,)/h are the
resonant ir and MW frequencies.

Using the second-order perturbation, ' we find
the transition moment for the two-photon process
(in the unit of angular frequency) to be

M, =(11 p~* E 12) (21 p,„E,I 3)/2K'(&u, —ar, ).

(3)

When this expression is compared with the tran-
sition moment for the normal single-photon pro-
cess,

II. THEORY

A. Transition probability

(bj

The infrared-microwave two-photon processes
used in this paper are shown in Fig. 1. A micro-
wave quantum is added to or subtracted from an
infrared quantum in the energy-level schemes
shown in Figs. 1(a) and 1(b), respectively. The be-
havior of the molecule is described by the time-
dependent Schrodinger equation

84il —=H4, (1)

with

ii n

t,
QJo

H=H, —p~. E coscd t —p~ E, coscd, t,

where H, is the Hamiltonian of the molecule in
free space, p~ and p, „arethe permanent dipole
moment and the vibrational transition dipole mo-
ment of the molecule, respectively, and E and

FIG. 1. Energy-level schemes for ir-MW two-photon
processes. The microwave radiation (cd+ is (a) added
to or (b) subtracted from the infrared laser radiation
(~&). The "+"and "-"signs beside levels indicate
parity relation of the inversion-rotation-vibration levels
of NH3.
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B. Line shape and saturation

If we expand the wave function in Eq. (1) into a
linear combination of the stationary-state wave
functions g~ ',

4'= a, (t)4", '+ a, (t)42 '+ a,(t)4,' ', (6)

we obtain, after applying the standard procedure
of the rotating-wave approximation, equations of
motion for the coefficients as (see, for example,
Ref s. 8 and 9)

d, (t) = iM, exp-[-i((u + (o' - (u, —u) + 5+ 5 )t]-,'a, (t),

h, (t) =0, (7)

&j(t) = iM2~ exp[i(-no+ uo —&u, —&u„+5+ 5 )t] 2n, (t),

where

are high-frequency Stark shifts and o.'„(t)and a, (t)
are related by phase factors n, (t) =e"Ia,(t), with

a, = -6, g, = 5„—5, and a, = 5. Since (1Ip~.E I2)/h
is of the order of 15 MHz, 5 /2x is less than 1

MHz if Ieo —&u I/2v &300 MHz and is neglected in
the following treatment; since p„=0.23 D (Ref. 11)
and E, -200 V/cm, 5 is of the same order of mag-
nitude and is also neglected.

A comparison of the equations of motion given
in Eq. (7) with those for a normal single-photon
process (see, for example, Sec. 40 of Ref. 10) in-

M, =(2I y,„E,I 3)/E,

we find that the transition probability of the two-
photon process is smaller than the correspond-
ing single-photon process by a factor

M (1I ~~ E I2

M, 2h(v, a )

where x is defined as (1!p&
~ E„I2)/2K. By using

the microwave power density of 0.5-2 W/cm'
(E =25-50 V/cm), p& ——1.468 D, and the direction
cosine of &-1, we find that the typical value of
x /2v is 5—15 MHz. Since the absorption coeffi-
cients of infrared spectral lines are typically
1 cm ' in the pressure-broadened region, we can
reach & v-10 GHz if the sensitivity of the infrared
detection is 10 cm '. Using a 1-m cell, this cor-
responds to detection of the absorption of 10 ',
which is easily achieved. By using somewhat high-
er sensitivity of detection and using the CO, and

N,O laser lines which have line spacings of 0.5-2
cm ', we can perform systematic spectroscopy
over the entire range of laser oscillation.

dicates that we can treat line shape and efficiency
of saturation of the two-photon processes similar-
ly to those of single-photon processes. Therefore
the absorption coefficient of two-photon processes
monitored by infrared radiation is given by the
Voigt profile

2hvy M2
2

3c E

N(v) dv

[(u, + u),
' —((u, + (o )(1+v/c) ]'+ y '+ M', '

(9)

where N(v) is the Maxwellian velocity distribution,
which is expressed in terms of the number of mol-
ecules per cubic centimeter, N, and the average
velocity along the Z axis, vo, as

N(v) =Ne '"'"0"-/VVv„ (10)

and y is the pressure broadening of the two-photon
spectral line. For NH, at room temperature, the
average Doppler width kv = (2kT/m)'~'(2v/X) is
calculated to be about 2g x 40 MHz at 10 p, m.

The pumping efficiency 4 is estimated to be"

n,'(v) —n,'(v) —n, (v) + n, (v)
n', (v) —n,'(v)

AP~

[u), + (u,' —(u), + u)„)(1+v/c)]'+y'+M', ' (ll)
where n, (v) and n (v) are the molecular population
of levels 1 and 3 and no(v) and no(v) are their
equilibrium values. Equation (11) shows that we
can saturate the two-photon transition for mole-
cules with certain velocity if M, —y, that is, for
a pressure of

(lip~ 'E 12)(2lp„E,I3)
(12)

2h 'Iv, —v, l(nv)~

where (Lv)~ is the pressure-broadening parame-
ter. By using (1IIT~ E I2)/2h-10 MHz, p,„=0.23
D,"E, -200 V/cm (power density —30 W/cm2),
direction cosine of 1--,', and the pressure-broad-
ening parameter of 24 MHz/Torr, "we find we
can saturate the two-photon transition with 4v= 1
GHz up to the pressure of 10 mTorr, or that with
hv =10 GHz up to the pressure of 1 mTorr. Thus
two-photon Lamb-dip spectroscopy' or two-photon
saturation4 is feasible.

C. Two-photon Lamb dips

A theory of two-photon Lamb dips has been de-
veloped by Shimizu by using the density-matrix
formalism. " We will describe his results with
slight modifications. We consider the situation
shown in Fig. 2; the molecule with an axial veloc-
ity v experiences the radiation field
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d
, =-

@
[H, p'1- F(p'- p'"'), (14)

~(E e-t( l+ttt t y E e-t(el-tty&t+E e-i(u~t ~c c )

(13)

The Doppler shift for the microwave radiation is
neglected in Eq. (13). The response of an ensem-
ble of the molecules with the energy-level system
shown in Fig. 1(a) is obtained by solving the den-
sity-matrix equation

since these terms do not appear in two-photon
formula discussed in Sec. IIA.

We obtain the following equations:

pa +'Yp(po po ) = ym p2t +2yo pt2 +c.c.

p. +yo(p. p—."')=2y.*p„-yop3$+c.c. ,

~32+&~32 -ym~31 —yP~P

31 ~~31 ym ~32 yPJ 21

P21 +~P21 ym ~m yP P31

(17)

with the Hamiltonian where notations

S'3 -P23 E 0 y, =i(x, e '"+'+x e '"-'), y =ix e '

H = -P.23 E W2 ltj12 E

-P.,2 E W,

x, = p.„E,/2It,

u=kv

x =y»E /2R, Q, =Qau,

and the damping coefficient I' is assumed to be yp
(=1/T, ) and y (=1/T, ) for all diagonal and non-
diagonal elements, respectively, of the density
matrix. This assumption does not introduce
serious error, since (1) the spontaneous emission
time for the infrared is much longer than the col-
lision time and (2) pressure-broadening param-
eters do not depend critically on the vibration-
rotation state. The equations of motion for the
components of the density matrix are given by the
standard procedure as

P, +y, (P, —P,"') = t(—2P &P' +p &P )/it +c c.

p. +y, (p. —p."')= i (P„&p,', —2u„&p.', )/@+ c c,
ptt+(i~o+y)pt, = i (P„E—PO+ pttEptt)/Pi, (16)

Ptt + [t (italo +
td ) + y) Ppt = t (u p Ep t

—P &P 2)/g,

p,', +(i~.'+y)p,', =i(P„EP,', —p„&p.)/@,

where notations pp p33 p22 and p =-
p22 p11 have

been used. We then substitute the field given in

Eq. (3) and use the rotating-wave approximation,
that is, we substitute for the off-diagonal ele-

- 'i'' tments p21 ~21 ~32 ~32e ", and p31
=p»e " p' p" and retain terms which oscillate
with frequencies (d, —cup-=0 and ~ —cop'= &. This
is based on the order-of-magnitude scheme given
in Eq. (2); the terms with te +&a,

' are dropped

FIG. 2. Basic situation considered in the discussion of
two-photon Lamb dips. The molecule with a velocity
component v along the direction of propagation of the
laser radiation interacts with the laser radiation field
E, and E and with the microwave radiation field E
which have frequencies ~, (1+v/c), cu, (1-v/c), and ~
respectively.

have been introduced.
Equations (17) are solved by using the standard

perturbation method in which the density matrix
p is expanded as

p =p"'+ p"'+ p"'+
Equations (17) can then be formally integrated
with respect to time to give

t
p(n)e-ypt yap(n-1)+2y4~(n-1)eypdf +C

(18)

(19)

etc. We set the "initial condition" to be p,'" =-1,
p"' =0, and p"' = p3"' =p2"' =0 and calculate p'"' by32 31 21
iteration. The explicit forms of y and yp given
after Eqs. (17) indicate that these operators "add"
time dependence e ' and e "&', respectively, to
p'" ", and their complex conjugate y* and yp add
e ' and e"&t; thus we can consider them as anni-
hilation and creation operators. An examination
of the structure of Eqs. (17) shows that y and y,*,
and y and y*, appear alternatively in the itera-
tion. Therefore a component of p'"' is expressed
in general as an n product of the factors of the
form

4 lX

i (-jQ+lu —m&)+y ' (2O)

where the integers j =1 or 0, m =1 or 0, and

~

l
~

&n. The components of p'"' thus calculated de-
scribe the response of an ensemble of molecules
under the radiation fields.

Since the experiment is conducted by monitoring
the laser radiation, we are interested in the mo-
lecular susceptibility with respect to the laser
radiation, that is, the polarization y.» p» N(u) du
divided by the field E+e '"+'. When integrated
over the velocity this gives the nth-order sus-
ceptibility
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x'"'=v„&)p,',"'(&, (21} diagrammatically as

where +(u) is the Maxwellian velocity distribution
defined in. Eq. (10) (we now express the velocity
in terms of the Doppler shift u = kv). Equation
(21) shows that in order to calculate g "', which
is independent of time, we have to use p„"'with
the time dependence of e '"", i.e. , p„"'for which
the last factor given by (20) has j = 1 and l=-1.
X(") is also contributed from p2(3") but inclusion
of this term together with E*e'"+' gives the same
susceptibility as given in Eq. (21).

Just as in ordinary Lamb dips, the dips are
caused by molecu1es with w =0. Since in our ex-
perimental. conditions, y0 and y are much small. er
than the Doppler width u0, we can approximate
g

"' in Eq. (21) by taking X(0) out of the integral.
The remaining integration can then be performed
by using the method o' contour integration by
summing up residues of poles for the & product
of the expression given in (20). The terms with
a.li poles on one side of the real axis only (that
is, if all l's are positive or all f 's are negative)
vanish after the contour integration. As mentioned

by 8himizu, recognition of this fact s implif ies
the iteration procedure considerably.

For the normal single-photon Lamb dip [we
set y =0 in Eqs. (17)], the relevant density-
matrix element appears at the third-order itera-
tion as

(0) (1) (2) (3)
PO P32 Po P32,

0 —Q 0 —Q
(24)

(0) (1) (2) (3) (4) (5)
PO P32 P31 P21 P31 P32,

( )
—gx —'t A g

—i Q +y —i (Q + &}+y —i &+y

x EX+ E +m -l Q+ge '+
—i(Q, +5)+y —iQ, +y

This expression has poles above the real axis of
a =Q+iy and Q+6+i y. Since we are considering
the case Q»u0 in this section, the former pole
does not contribute to susceptibility [N(Q)«1].
After the integration and using approximations
Q + 6 - 0 and Q»y, we find

where the expression under p indicates the fre-
quency of p. Since we use perturbation treatment,
Eq. (23) applies to the case where saturation is
small.

The susceptibility for the two-photon I amb dip
is derived from a fifth-order term p„',which
is obtained after an iteration procedure,

(,) vrp,', Jx J']x f'N(0)
M ((d

&

—&do) ((d
&

+ (d —(do —(do) + f y

and the susceptibility is calculated to be

xl '„]x]'n(0)
A@0

The iteration procedure for g" is expressed

which gives a sharp resonance at ~, +~ =~0+(d0'.
Another contribution to two-photon Lamb dips
results in a seventh-order term p„",which is
obtained after an iteration procedure,

(0) (1) (2) (3) (4) (S) (6)
PD P32 ~ P31 P32 PO ~ P32 ~ P31

(7)
P32 (28)

0 -Q -Q —6 -Q 0 -Q, -Q, —6 -Q,

which gives

(7) EX —'~m —1x+ —2p x+ —g x+ 1ll Vl
32 —iQ +y —i(Q +~}+y —iQ +y y —i Q, +y —i(Q, +5)+y —iQ +6

m tn + 1)i Vl e l Q+t

The susceptibility near Q+ ~ =0 is given as

vtL~„]x ]~] x ]~M(0) 1
5yo] (d

&

—
(do~ ((d

&
+ (d —ido —(do ) + f y
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I

x"'/x"'I = r.
l
~I —~.I/I~. I'. (31)

This formula indicates that for a large value of
I~I -~.

l (I~I -~.l" I&. l'1. -1000 MHz), the
contribution of y"' dominates and the two-photon
Lamb dips observed with the laser set at the cen-
ter of the gain profile show dispersion shapes.
For smaller ~, -~„however, the shape varies
between the dispersion and the Lorentzian absorp-
tion shape depending on the rf field (-x ) and the
pressure (-y, ).

D. Line shape of the Lamb dip

A comparison of Eqs. (23), (27), and (30) indi-
cates that y"' and y"' have similar line shapes
but the shape of y"' is different. The extra fac-
tor of i in the numerator of y"' makes the imag-
inary (absorption) part of X"' be of dispersion
shape ard the real (dispersion) part of XI5I be of
the normal Lorentzian absorption shape. There-
fore, if the observation is made through absorp-
tion, y"' gives a dispersion-shaped Lamb dip;
if the observation is made through dispersion, y"'
gives a Lorentzian absorption shape. Experimen-
tally we can observe both cases by using different
frequency settings of the laser, as will be dis-
cussed in Sec. IIE. For spectroscopic purposes,
we set the frequency of the laser at the center of
the gain profile and observe absorption; then y"'
gives dips with a dispersion shape.

This behavior of g"' is due to the fact that in the
process given in Eq. (25), contrary to the normal
process given in Eq. (24), the population po does
not appear except at the beginning. The "satura-
tion" is not really done. We do not yet know how

to interpret this process physically. The seventh-
order process given in Eq. (28) is easier to in-
terpret. The saturation by the two-photon process
is complete at p,"' and the hole burned by a two-
photon process using E, is monitored by the same
two-photon process using E . y"' gives the same
form as the normal Lamb dip. The ratio of y"'
to X"' is found to be

equations of Lamb, "'"
E+ vE/2Q = =,'vE Im(X)~ v+ @= fl ——,v Re(X),

(32)

where E is the electric field of the laser radiation,
(t) is its phase, Q is the quality factor of the cav-
ity, and v and 0 are the angular resonance fre-
quencies of the gain medium and laser cavity,
respectively. Equation (32) indicate that the imag
inary part of X changes the laser field and the real
part of y the laser frequency. Both of these chan-
ges affect the laser output power, but the impor-
tance of the two changes depends on the setting of
the laser frequency.

If the laser frequency is set at the center of the
laser gain profile, the intensity of the laser radia-
tion I does not vary much with a small variation
in frequency (BI/BId-0). In this case two-photon
Lamb dips are observed through the imaginary
part of g. For the purpose of spectroscopy this
arrangement was used. If the laser frequency is
set off-center on the gain profile, the intensity
of the laser radiation is very dependent on the fre-
quency and the contribution of the real part of y
becomes dominant. Since the sign of the deriva-
tive BI/BId varies depending on whether the cavity
frequency is set higher than the frequency of the
gain molecule or lower, we can discriminate the
dispersion effect of observing the change of phase
of the dips depending on the laser-cavity tuning.

III. TWO-PHOTON SPECTROSCOPY OF NH3

A. Experimental setup

The observation of the straightforward ir-MW
two-photon spectrum was done by using wave-
guide cells outside the laser cavity. A block dia-
gram of the apparatus is given in Fig. 3. The
CO, - or N,O-gas laser consisted of a water-cooled
1.8-m gain cell with a concave mirror of 5 m
radius at one end, and a plane grating blazed at
10 p, m at the other. The laser was tuned to the

E. Intracavity arrangement

In the experimental arrangement used for our
observation of two-photon Lamb dips, the absorb-
ing gas was placed inside the laser cavity and the
output power of the laser was monitored. There-
fore the sharp variation of the bulk susceptibility
of the gas at the two-photon resonance condition,
which was calculated in Sec. II D, is added as a
perturbation to the susceptibility of the laser gain
medium. The resulting sharp variation of the laser
output power is monitored. We can qualitatively
analyze this situation by using the self-consistency

WAVE
METER

PLANE
GRATING

NoCI WINDOW Au-Ge DETECTOR
E-H TUNER

FILTER OSCILLOSCOPE

II —& I PSDI
3db- DIRECTIONAL

"3 COUPLER

COA —Neo LASER

FIG. 3. Block diagram of the apparatus used for
straightforward ir-MW two-photon spectroscopy.
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individual CO, or N,O line by adjusting the angle
of the grating. The power was taken from the
zeroth-order reflection of the grating, passed
through the sample cell, and detected by a Au-Ge
detector. The two-photon absorption cell was
made from K-band waveguides of varying length
(1-4 m). It was sealed by two 1-mm-thick NaCl
windows a,nd an NH3 sample with a pressure of
50 mTorr to 3 Torr was used. At the initial stage
of the experiment a high-power (20 W} klystron
(Elliott 12TFK2) was used with amplitude modula-
tion as a microwave source. ' This enabled us to
observe the two-photon absorption by video de-
tection. However, in subsequent experiments,
less powerful OKI klystrons (24V11, 30V12, and
35V11) which generate 0.5-1.5 W of power were
used with frequency modulation ( 20 KHz), be-
cause of their wider frequency coverage. The
microwave power was coupled into the waveguide
cell through a 3-dB directional coupler. The
E-H tuner at the end of the waveguide helped the
microwave matching. A cutoff filter was placed
at the ir-detector end of the cell, because we
found that the Au-Ge detector was also sensitive
to the microwave power. In principle we could
detect a two-photon absorption by detecting either
of the two radiations, but because of more energy
per photon, detecting the infrared radiation was
more efficient. The signal was processed through
a phase-sensitive detector and displayed on an

oscilloscope.

B. Observed spectrum

&II ~. E.12) &2Il . Ei I» '
E( 28 ((do —(d)}E)

(33)

Two-photon transitions with small
I

ur, —~,
I

could
be observed by video detection. ' However, for all
but a few transitions frequency modulation and
phase-sensitive detection were used.

Since the microwave transitions of NH, used in
this paper are all between inversion levels
(~=0, 4K=0), the dependence of the microwave
matrix element on the rotational quantum num-
bers is'

(I
I g~

' E
I
2) = [IcM/J(&+ I)]gQ . (34)

The observed two-photon spectrum of NH3 was
in accordance with the theoretical shape given in
Eq. (9). The absorption has a Doppler half-width
of about 35 MHz, as calculated from 4v,
=v(2kT I 2/nM)'~'/c. The intensity is propor-
tional to the applied microwave power and is in-
versely proportional to the square of the frequency
discrepancy (v, —~,), as expected from the factor
in Eq. (9) of

Therefore transitions with larger K values showed
stronger signals. No two-photon transition was
observed for levels with K= 0 for which one level
of the inversion doublet is missing because of the
Pauli principle. From an examination of the M
dependence of the transition moments for ~= 0
and M= a 1 transitions, we find that an experi-
mental configuration with E, (( E is preferable for
the ~= 0 transitions and that with E, &E is pre-
ferable for the M= +1 transitions. However, this
was not as critical as in the case of two-photon
transitions between degenerate levels, where a
destructive interference makes the transition
probability extremely small for unfavorable ex-
perimental conditions. "' Most of the two-photon
observation in theyresent paper was done with a
configuration E, (( E .

A complication was introduced by the resonant
characteristics of the microwave circuit. The
effect of microwave mismatch was more serious
in two-photon spectroscopy than that for straight
microwave spectroscopy because (a) the intensity
of the two-photon absorption is a sensitive func-
tion of the microwave power, and (b) the linewidth
of the two-photon spectrum is comparable to that
of microwave mismatch. The effect of microwave
mismatch often caused several sharp features
separated by the frequency c/2L, which ranged
from 150 to 38 MHz for the waveguide length
L = 1-4 m. We have not tried to remove this res-
onance, because it increased microwave field in
the cell and also helped us to search for two-
photon tra, nsitions.

In the search for the lines, the result of the
laser Stark spectroscopy by Schimizu" was of
great help. Two-photon spectroscopy has one
advantage over Stark spectroscopy in that it can
be applied equally to cases with positive and ne-
gative co,-co, ; the Stark shift with nondegenerate
levels often moves only to one direction until the
"forbidden" transitions acquire sufficient intensit-
ies.

Two examples of observed two-photon absorption
are given in Fig. 4. Figure 4(a) shows the two-
photon sQ(4, 4) transition of "NH, observed by
using the P(11) line of the N,O laser. [In this
paper we use the notation given by Garing, Nielsen,
and Rao' in specifying the vibration-rotation en-
ergy levels. Thus s and a specify two-photon
transitions between lower (symmetric) inversion
levels and upper (antisymmetric} inversion levels,
respectively; they correspond to Figs. 1(a) and
1(b}, respectively. ] P, Q, and R correspond to
&J= -1, 0, and 1, respectively, and the numbers
in parentheses show values of J and K of the
ground state. Since &K is always 0 for the v,
band, the information about the change of K is
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50MHz IOO MHz

(a) (b)
FIG. 4. Examples of ir-MW two-photon absorption

signals. (a) The sQ(4, 4) two-photon transition of '
NH3

observed by using the N20 P(1.1) line (v~ =36.46, 4&
=12.32 GHz). Sample pressure was 2 Torr and the time
constant of detection was 30 msec. (b) The sQ(4, 4) two-
photon transition of NH3 observed by using the N20
P(15) line (& =23358, Ev =312 MHz). Sample pressure
was 0.3 Torr. The structure of the line is caused by
microwave mismatch.

omitted. For the sQ(4, 4) transition, &v= vo —v,
is 12.3 GHz. The fact that we can observe transi-
tions with such large &v using a short time con-
stant of detection (30 msec} demonstrates the sen-
sitivity of this method. The linewidth shown in
Fig. 4(a) is much narrower than the Doppler width
or the pressure-broadening width; this narrow
line is caused by mismatch and resonance in the
microwave circuit. Although this helps us to find
the transition, the accuracy of frequency measure-
ment is reduced. The derivative shape of the line
is due to the frequency modulation and phase-sen-
sitive detection.

Figure 4(b) shows the two-photon sQ(4, 4) transi-
tion of "NH, observed by using the P(15}line of
the N,O laser. Here we used a low pressure (0.3
Torr) and a low amplitude of frequency modulation
to demonstrate the effect of microwave resonance
convoluted by the broad Doppler profile of the line.
The cell length was 4 m and the spacing of the
sharp features corresponds to c/2L In loc. ating
the line center, we measured the center of each
feature and took a weighted mean of the frequencies.

Observed two-photon spectral lines are given in
Table I. Practically all Q-branch lines with
E & —2J have been observed in the region where
CO, or N, O laser lines are available. The maxi-
mum value of &v observed was 12.3 GHz for the
line shown in Fig. 4(a). This limit arose because
of ava, ilability of the pumping klystron rather than
the sensitivity of the apparatus. We believe it is
possible to observe two-photon transitions with
~v of 1 cm ' without much difficulty. The uncer-
tainty of the line positions is caused by (a) the
large linewidth, (b) the distortion of signals by
microwave resonance, and (c) uncertainty in

centering the laser line. We feel that problem (b)
causes the largest error, and we estimate the
accuracy of frequency to be +30 MHz.

IV. TWO-PHOTON LAMB-DIP SPECTROSCOPY OF NH3

A. Experimental setup

The observation of the ir-MW two-photon Lamb-
dip spectrum was accomplished by using a wave-
guide cell containing NH, at low pressure which
was placed inside the laser cavity. A block dia-
gram of the apparatus is given in Fig. 5. The
CO, -N, O laser consisted of a water-cooled 2.5-m
gain cell with a concave mirror of 5 m radius at
one end and a plane grating blazed for 10 p.m at
the other end. The assembly which included the
intracavity cell was mounted on an Invar frame to
make a cavity of 3.8 m length. The wavelength
selection was done by rotating the plane grating
and the output power was taken from the zeroth-
order reflection of the grating. The concave mir-
ror was mounted on a piezoelectric translator
and the frequency of the laser was stabilized at
the maximum of the gain profile by using a Lansing
stabilizer circuit.

The two-photon Lamb-dip cell, which was 80 cm
long, was constructed by using a commercial
"magic I" and two waveguide extensions (RG-910,
16 && 8mm) sealed with NaCl windows at the Brew-
ster angle. The cell was placed in the laser cavity
near the grating, such that the microwave electric
field was parallel to the laser electric field.
Microwave radiation of about 1 W, generated by
an OKI 24V11 klystron (klystron 1 in Fig. 5) was
introduced into the cell through the E arm of the
"magic T." The microwave frequency was modu-
lated and swept by applying a 20-kHz square-wave
voltage and a low-frequency sawtooth voltage to
the reflector of the klystron. Klystron 2 in Fig. 5
is a second OKI 24V11 klystron which was used
for the observation of coherence splitting described
in Sec. II C. The two-photon Lamb dip was de-
tected as a sharp variation of the laser output
power by using a Pb-Sn-Te detector. The signal
was displayed on an oscilloscope after processing
by a phase-sensitive detector. The frequency of
the K-band microwave radiation was measured by
beating it with the second or third harmonic of
X-band radiation generated by the Varian X-13
klystron.

B. Observed Lamb dips

Some examples of the observed two-photon Lamb
dips are shown in Fig. 6. Figure 6(a) shows the
two-photon transition aQ(1, 1) observed by using
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TABLE g. Two-photon spectral lines of ~4NH3.

'pyro-photon
transition

b
"m

Laser line (GHz)

6v Pressure
(GHz) (Torr)

~o-photon Pressul e
txansition Lasex line (GHz) (GHz) (Torx)

aQ(1, 1)
sA(1, 1)

sQ(2, 2)
s@2,2)
aQ(2, 2)
sB(2, 2)
sf{2,1)

sQ(3, 3)
aQ(3, 3)
aQ(3, 3)
aQ(3, 3)AX= 3
a@(3,2)
sQ(3, 2)

sQ(5, 5)
aQ(5, 5)
sQ(5, 4)
aQ(5, 4)
sQ(5, 3)
sQ(5, 3)
aQ(5, 3)
aR(5, 2)

sQ(6, 6)
sq(6, 5)
aQ(6, 4)

aQ(7, 7)
s@(7,6)

N, O R(37)
CO, 8{14)

N, o P(9)
CO2 P(34)
CO2 A(8}
Co, R(48)
N, G P(8)

N, O P(10)
CO, R(8)
N20 B(36)
N~o 8(36}
CO, B(8)
N20 P(8)

N, O P(ll)
CO2 P(32}

N20 P(12)
CO, B(6)
CO, P(34)
CO, ~(6)
Coo P(32)
N20 P(7)
N20 A(35)
Co, A(30) *

CO2 P(38}
N, O P(10)
N, O R(34)

N, O R(32)
CG2 P(36)

23.991 —0.297
22.290 1.404

27.097
33.674
22.797
27.488
24.725

35.841
34.677
22 ~ 654
25.523
31.826
23.181

36.439
25.173

28.647
27.523
27.956
22.109
22.248
22.818
27.859
21.180

3.374
9.951
0.926
3.765
1.626

11.971
-10.807

1.216
—1.653
—8.992

0.347

12.300
3.470

4.141
2.990
5.303
0.544
Q. 963
1.533
6.574
0.809

34.501 9.445
21.252 —1.480
28.142 —7.147

26.820 —1.105
27.246 4.321

0.05
0.9

0.6
2
0.05
1
Q.l
2.1
0.5
0.05
0.5
1
0.1

2.2
0.2

0.7
0.05
2.5
Q.05
0.4
0 4
1.5
0.1

3
0.5
1

0.05
1

a@{7,6)
aQ(7, 3)
aQ(8, 8)
sQ(8, 7)
aQ(8, 7)
sQ(8, 6)
sQ(9, 8)
aQ(9, 8)

sQ(9, 6)
sQ(9, 6)
ag(9, 6)
aq(1O, 10)
sQ(11, 9)
aQ(11, 9)

sA(l, 1}
sQ(3, 3)
a@{3,3)
sQ(4, 4)
sQ(5, 4)
sQ(5, 3)
sQ(6, 6)
aQ(6, 3)
sQ(7, 7)
aQ(7, 7)
aQ(7, 7)
sQ(7, 6)
sQ(7, 6)

Co 1&(4)

N2G &(33)
CO, R(2)
N20 P(13)

R(31)
CO, P(34)
N, O P(15)
N2O A(29)
N2O &(30)
CO, P(32)
N20 P(7)
CO, A(2)
N, G A(27)
N2G P(14)
N, O A(26)

28.128
19.227
23.530
23.230
28.721
24.346
25.577
20.744
31.052
24.389
24.990
27.213
27.820
21.725
23.114

5.203
—1.210

2.989
—0.002

5.489
3.627
1.920
2.913

—10.317
5.889
6.491

—8.714
0.786
0.654
2.043

CG2 &(8)
N, o P(14)
N, O 8(29)
N, O P(15)
CO, P(38)
CG2 P(36)
N2G P(18)
N, O R(27)
N)G P(20)
Co, P{2)
N, O R(25)
Co, P(40)
N2G P(16)

27.212
22.024
27.656
23.352
30.288
23.419
28.012
21.502
31.468
29.940
28.558
32.566
28.905

4,587
—0.765
—4.867

0.306
8.69Q
3.147
4.090

—2.714
6.915
5.387

—4.005
10.720
7.059

Tv'-photon spectral lmes of NHS

1
0.15
0.3
Q.Q01
1
1.5
0.5
0.18
1,5
2.2
2.2
1
0.05
0.5
0,15

2.5
0.6
1
0.3
2.5
1.5
2.7
0.15
2.8
0.8
2.7
2,6
2.7

CO2 laser lines are all in. the 10.6-pm region, except one with an asterisk, which is in the 9.4-pm region.
Estimated uncertainty for &~ and &v is 0.03 GHz.

wove
Generotpr

I .R,O, Klystron 2,

PS,D,
Fr
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Pb-Sn-
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Ge-AU

I I

U
Directional
(:oupter Klystron l,

Grotirq Two-Photon (.eli

5 4j s

Ga~n Tube

Stabil izer
f

FIG. 5. Mock diagram of the apparatus used for the
ir-MW two-photon Lamb-dip spectroscopy.

the Nzo R(87) line. For this line, hv is small
(b. v = vo —v, = —288. 5 MHz) and the contribution of
g~'~ given in Eq. (30) dominates. As a result the
Lamb dip has the Lorentzian absorption shape
(note that the picture shows a derivative of the
line because of the frequency modulation and phase-

sensitive detection). Figure 8(b) shows the two-
photon transition aQ(3, 8) observed by using the
N,O R(M) line. This line, for which n, v =1228.1
MHz, corresponds to intermediate case, where
the line shape is a mixture of absorption and dis-
persion shape. For such a line the line shape
changes when the pressure of the gas and the mi-
crowave power are varied according to Eg. (81).
Figure 8(c) shows the two-photon transition aR(5, 4)
observed by using the CO, R(30) line in the
9.4-p, m region. For this line, 6p = —1542.2 MHE
and the contribution of y~'~ given in Eq. (8 V) is
dominant; the line is of a pure dispersion shape
(note again that the signal given in the figure is
a derivative of the line). Most of the observed
bvo-photon Lamb dips vrere of dispersion shape
resulting from X~'~.

The linevridth of the Lamb dips is typically 0.4
MHz (half width at half-maximum) and is caused
by pressure broadening and laser instability. This
allow'ed us to measure the microwave frequency
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with an uncertainty of less than 0.1 MHz. However,
because of the uncertainty of the laser frequency
arising from our method of stabilization, we es-
timate the accuracy of the infrared spectrum thus
measured to be 3 MHz when a CO, line is used
and 6 MHz when an N2Q line is used. This will
be improved if we perform the experiment using
a laser stabilized by the method of Freed and Ja-
van "

The observed two-photon Lamb dips are listed in
Table II. Altogether, 31 two-photon Lamb dips
have been observed for ' NH, and "NH, . This num-
ber could have been increased if more powerful
klystrons were available. There are several cases
where a consistency check can be made in Table
II. For example, the sQ(5, 3) two-photon tran-
sition has been observed by using both the N,O
P(7) line and the CO, P(32) line. The difference
of the hv values for these two cases, 581.6 MHz,
agrees with the frequency difference of the two
laser lines, 586.6 MHz, observed by an accurate
beating method. ' ' Another interesting example
of internal check is provided by a four-level sys-
tem involving the infrared transitions asR(1, 1)
(vz} and sag(1, 1) (vo), which were measured by
two-photon transitions using the CO, R(14) line
and the N,OR(37) line, respectively. Because
of an accidental near degeneracy of the lower in-
version level of the J =2, K=1 level and the up-
per inversion level of the J = 1, K = 1 level in the

v, vibrational state (see Fig. 7), the transition
between them (v) was observed in the millimeter
wave region. From the formula vz =vp+v v,
where v is the ground-state inversion frequency,
and the two-photon frequency, the frequency of
the N, O R(3 V }line was determined to be 29 020 129
~3 MHz, "which differed by 44 MHz from the

then-available best N,O frequency. " Subsequent
study of the N20 frequency ~ locates the NOOR (3V)
line at 29 020130.449 MHz, in good agreement
with our value.

TABLE II. Two-photon Lamb-dip lines of NH3.

Two-photon
transition Laser lines

b
vm

(MHz)

avb
(MHz)

aQ(1, 1)
sR(1, 1)

aQ(2, 2)
sQ(2, 1)

aQ(3, 3)
sQ(3, 2)

aR(5, 5)
aQ(5, 5)
aR(5, 4)
sQ(5, 4)
aQ(5, 4)
aR(5, 3)
sQ(5, 3)
sQ(5, 3)

sQ(6, 5)
aQ(7, 7)
aQ(7, 5)

aQ(8, 8)
sQ(8, 7)
sQ(8, 6)
sQ(8, 5)

N, O R(37)
C02 R(14)

C02 R(8)
N20 P(8)

N20 R(36)
N20 P(8)

Co R(30)*
C02 R(6)
C02 R(30) *

N, O P(9)
C02 R(6)
C02 R(30) *
C02 P(32)
N20 P(7)

N20 P(10)
N20 R(32)
C02 R(4)

C02 R(2)
N, O P(13)
C02 P(34)
N20 P(6)

23 983.0
22 249.0

22 782.4
24 699.0

22 641.0
23 173.0

25 609.5
27 511.5
24 195.2
21 337.4
22 085.0
22 547.0
22 245.0
22 826.4

21 238.0
26 827.8
20 172.4

23 536.6
23 239.6
24 330.8
19719.2

—288 ~ 5
—1445.5

940.2
1600.2

1229.1
338.9

-1076.6
-2978.6
-1542.2
-1315.6

568.0
-1261.7

959.7
1541.3

—1494.5
-1112.7

632.4

2982.3
7.4

3611.6
910.5

C. Coherence splitting

For certain cases, such as in the aR (5,K) two-
photon transitions with K = 5, 4 and 3, the Lamb
dips appear very close together and we needed
some means of assigning the dips unambiguously.
The coherence splitting of the Lamb dips was used

sQ(9, 8)
aQ(9, 6)

aQ(10, 10)
sQ(11, 9)
aQ(11, 9)

N20 P(15)
N20 R(30)

N20 R(27)
N20 P(14)
N20 R(26)

25 574.8
19819.6

27 809.1
21 699.6
23 114.0

1917.3
-1320.3

795.6
628.9

-2043.3

(b) (c) Two-photon Lamb-dip lines of NH3

FIG. 6. Examples of ir-MW two-photon Lamb dips.
(a) The aQ(1, 1) two-photon Lamb dip of NH3 observed
by using the N20 R (37) line (v = 23 983.0, Av =-288.5
MHz). (b) The aQ(3, 3) two-photon Lamb dip observed
by using the N20 R(36) line (v =22 641.0, 4v =1229.1
MHz). (c) The aR(5, 4) two-photon Lamb dip observed by
using the C02 R (30) line in the 9.4-p, m region (v
=24195.2, ~v =- 1542.2 MHz). The pressure of the
sample was 20-40 mTorr and the time constant of de-
tection was 10 msec. Note the variation of line shape
depending on Av.

sR(2, 2)
aQ(3, 2)
aQ(3, 1)
sQ(4, 4)
a'Q(4, 4)
sQ(5, 3)

C02 R(40)
N20 R(29)
N20 R(29)
N20 P(15)
N20 R(28)
C02 P(36)

23 029.0
23 877.2
21 510.2
23 361.2
21 793.0
23 433.0

379.2
-2093.2

307 ~ 9
315.1

1253.1
3161.0

C02 laser lines are all in the 10.6-pm region, except
those with an asterisk, which are in the 9.4-pm region.

Estimated uncertainty for v and &v is 3 MHz and
6 MHz for lines measured using C02 and N20 laser lines,
respectively.



IN FRARE D-M ICROWA VE T%'0- PHOTON 8 PE CTROS CO P Y: 2187

for this purpose. The energy-level scheme and
the observed splitting are shown in Fig. 8. In
order to observe this splitting we used klystron 2
in Fig. 5 and tuned the second microwave frequen-
cy p' into x'esonance with the inversion transi-
tions. When p' was tuned to resonance, the two-
photon Lamb dip was observed to split into a
doublet. Since the inversion frequencies of NH3

are well knmvn, ' we could assign the dip. The
coherence splitting is well-known in microwave
spectrolscopy~ and coherence splitting of laser
Lamb dips was reported earlier. ""'" The mag-
nitude of the observed splitting is consistent with
the matrix element( lg~ ~ E I 2)/h=p~E KM/
[g(&+1)]. Because of the inhomogeneity of the
microwave field, the individual M components
were not resolved (see Ref. 28 for a case where
the M components were resolved in a microwave
experiment) The.relative positions of the saR(5, K)
transitions and observed two-photon Lamb dips
are shown in Fig. 9. It is interesting to note
that the frequencies of these transitions do not
vary uniformly as K changes. This is because of
a subtracticm of rather large J, K dependence of
inversion and rotation energies. Figure 9 also
shows the very high resolution of the two-photon
Lamb-dip method compared with conventional in-
frared spectroscopy (the trace at the top of Fig.
9), where these bnes are not resolved at all.

D. Double resonance

During the search for two-photon Lamb dips
many double-resonance signals mere observed.

(5,4)

P ~ Off

I

DV Pf PITl fTl

P~ On

2o MHz

Their appearance mas quite unexpected, since
for all la.ser lines except one [the N, O P (13) line,
which will be discussed below] the laser frequen-
cies are well outside the Doppler profile. The
energy-level diagram is given in Fig. 10. Double-
resonance signals are caused by a variation of the

NH& s~R (5,K)~ CQz 9.4p, R(30)
I

I

42Q ~

~0UJ

FIG. 8. Energy-level scheme and observed coherence
splitting of the aB {5,4) bvo-photon Lamb dip. The micro-
wave radiation &~ causes the splitting of the two-photon
P'& —&g Lamb dip.

t080 ll00

J=Z
K= I

J= I

K=I

(5,5)

—809 MHz

~ a

R

—l542. 2 —l26I.7 —I076.6 MHz

s J=I
K=I

FIG. 7. Imrersion-rotation-vibration energy levels of
NH3 shearing the mQ {1,1) transition {v) and the asR{]., 1)
transition {v&). The 4 =2 1 {s a) transition {circled)
was measured in the millimeter wave region; therefore
&+ and v& are related accurately.

FIG. 9. saR {5,X) transitions of NH3 with K = 5, 4, 3,
and 2. The top trace shoves the spectrum of NH3 using a
conventional infrared spectrometer, where these trans-
itions are not resolved. The bottom pictures show two-
photon Lamb dips corresponding to X = 5, 4, and 3. The
middle drawing shows relative positions of the transitions
and the laser line. The increase in frequency scale from
the top picture to the bottom picture is more than 104.
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FIG. 10. Energy-level scheme for off-resonance
double-resonance experiments. The microwave pump-
ing of molecules at ~ causes a variation in the disper-
sion characteristics of the gas for the off-resonant
infrared frequency ~, , which affects the laser power
through a frequency shift of the laser.

fore the dispersion "tail" extends much further
than the absorption tail. In fact we could observe
almost all of the strong NH, inversion transitions
by this method in spite of the fact that for some
of them the laser frequency was off by more than
several wave numbers. This will be very useful
for double-resonance experiments without coinci-
dence. It is easy to discriminate between the two-
photon Lamb dips and the double-resonance signal
because the position of the former moves with the
laser frequency tuning, whereas that of the latter
does not.

The N, OP(13) line and the aQ(8, 'f) line of NH,
coincides with the Doppler profile. For such
cases we could observe the two-photon Lamb dip
and the double-resonance signal within the sweep
of the klystron. An example of such a sweep is
shown in Fig. 12.

dispersion as a result of the microwave pumping
of molecules. Because of the intracavity arrange-
ment discussed in Sec. IIE, this results in the
change of laser output power. This interpretation
is consistent with the observation that the phase of
the double-resonance signal varies depending on
whether the laser frequency is set above or below
the center of the gain profile. Such an effect has
been observed also in other double-resonance
experiments, "and a semiquantitative theory has
been reported in Ref. (9). A more detailed discus-
sion of such double resonance using dispersion
characteristics of the gas will be given elsewhere.
Figure 11 shows an example of the double-reso-
nance signal corresponding to a J = 5, K= 3 inver-
sion doublet. For this double- resonance signal

vo v~ 1261 7 MHz. The off- resonant pump-
ing by the laser is negligible and the signal is al-
most completely due to dispersive effect. It should
be remembered that although the absorption is
inversely proportional to the square of 6 v, the
dispersion is inversely proportional to 6 v; there-

V. DISCUSSION

The results of this paper demonstrate that for
molecules with a large dipole moment and favor-
able energy-level scheme it is possible to conduct
systematic infrared spectroscopy in the 10-p. m

region by using ir-MW two-photon processes.
Extension of this method to the 5-p, m region by
using many lines of the CQ laser is feasible. It
should be remembered that we have used neither
particularly high microwave power nor a micro-
wave-resonant cavity. The use of these will great-
ly extend the range of two-photon spectroscopy.

The v, vibration- rotation transitions determined
in this paper are summarized in Table III, with
the hope that they may be useful as frequency
standards for laser spectroscopy in the 10-pm
region. Shimizu's results" of laser Stark spec-

FIG. 11. Example of off-resonance double resonance,
corresponding to the (5,3) inversion doublet of NH3.
The laser line used was the CO2 R(30) line in the 9.4-pm
region, which differs from the saR (5, 3) vibration-rota-
tion transition by b, v =-1261.7 MHz. The pressure of the
gas was 70 mTorr and the time constant of detection
was 3 msec.

FIG. 12. Special case of coincidence between the N20
P(13) line and the as@(8, 7) transition of NH3. The arrow
a indicates the ir-MW two-photon Lamb dip and the
arrow b indicates double-resonance signal. Their
separation here was 7.4 MHz. This can vary owing to
the high-frequency Stark effect for high radiation fields.
The gas pressure was 0.5 mTorr and the time constant
of detection was 10 msec.
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Infrared
transiU. on

TAHI E III. Infrax ed spectrv. m of the v& band of ~ NH&.

P Infrared
(cm ) Method transition

as@(9,8)
as/(11, 9)
as@(6, 6)
as@(8,7)
as@(5, 5)
as/(7, 6)
as@(4 4)
as@(9,7)
as@(6, 5)

as@(8, 6)
as@(5,4)
as@(2, 2)
as@(3,2)
as@(10,7)
as@(2, 1)
as@(5, 3)
as@(4, 2)
as@(9,6)
as@(8, 5)

sa@(11,9)

sag(10, 10)

sag(9, 8)
sag(9, 7)
sag(9, 6)

saQ(8» 8)

sa@(8, 6)

sag(7, 7)
saQ(7, 6)
sag(7, 5)
sa@(7, 4)
sag(7, 3)

sag(6, 6)
sa@(6, 5)
sag(6, 4)
sa@(6, 3)

926.045 84
926.884 45
927.3234
927.741 96
928.7547
929.1616
929.8984
929.969
930,306 53
930.7557
931.121 90
931.177 35
931 ~ 3336
932.094 02
932.233
932 ~ 136 10
932.992 43
933.0762
933.1571
933.826 00

960.01990

960.852 32

962.3878
962.6736
962.973 68

964.424 10
964.5954
964.79006
964.982
965.1373

965.355
965.501
965.6520
965.792

sa@(5, 5)
sag(5, 4)
saQ(5, 3)
sag(5, 2)

sa@(4, 4)
sag(4, 3)

sa@3, 3) AE
sag(3, 3)
sag(3, 2)

sag(2, 2)
sag(2, 1)
sag(1, 1)

saR(3, 3)
saR(5, 4)
saR(5, 3)
st(5, 5)
saA(5, 2)

sag(7, 7)
sag(6, 3)
sag(4, 4)
sag(3, 3)
sa@(3, 2)
sag(3, 1)

966.15100
966.269 31
966.3804
966.475

966.816
966.908

967.2502
967.346 32
967.4073

971.882 04
991.6914

1)46.376
1084.583 71
1084.593 06
1084.599 24
1084.6082

921.7546
923.4536
925.3320
925.992 40
926.8380
927.2982
929.122 88

959,2126
960.7353
961.601 77
962.1283
962.220 80
962.280 35

967.8602
987.632 83

Lines marked "a"and "b"were measured by the two-photon Lamb-dip method with C02 and. N20 laser lines, res, —

pectively. The lines marked "c"were measured by straight two-photon absorption. The lines marked "d" were mea-
sured by Shimizu (Hef. 19) by laser Stark spectroscopy. The estimated uneertaintie& are 0.0001„0.0002, 0.001, and
0.001 cm ~ for a, b, c, and d, respectively.

troscopy are also included in Table III for con-
venience. The lines marked "R"and "b" were mea-
sured v(rith the toro-photon I.amb-dip method by
using the CO, and the N, Q la,ser, respectively;
ere estimate the uncertainty of these to be 0.0001
cm ' (3 MHz) and 0.0002 cm ', respectively. All
other lines have Rn uncertainty of 0.001 cm . If
%'e use Fx'eed 3Jld Javan s Inethod of lRsex' stRblll-
zRtlon, it vf ill be possible to I'educe this uncer-
tainty by t%0 orders of mRgnitude. For such

measurements, correction of the high-frequency
Stark shift given in Eq. (8) will be necessary. We
vriB then have infrared transition frequencies with
the absolute accuracy of microwave spectroscopy.
Such accurate measuxements may be useful for
infrared Rstx'onomy ln. the futule.

Although NH, is one of the most vrell-studied
molecules, the detailed effect of the nonrigidity
of the molecule on the vibration-rotation levels
ha, s been studied by fear people. "'" Thus far,
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most analysis has been dane by using a semiem-
pirical expansion in the rotational quantum nura-
bers J and K. This is in contrast with the proMem
of internal rotation (for example, CH, OH), where
detailed theory accounts for the effect of nonrigid-
ity on the vibration-rotation energy levels. In
order to analyze the accurately measured spec-

trum of NH, gives in this payer some new ap-
proach, such as that given ia Ref. 31, will be
n88d&d.
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