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Calc»stion of energy straggling for protons and helium ious'
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Energy straggling has been calculated for protons and helium ions in each of the elements, by using the
Hartree-Pock-Slater charge distribution for the target atom with Bonderup and Hvelplund's formulation.
The results reveal a Z2 structure in energy straggling, and aAord a ready explanation of some earlier
measurements.

I. INTRODUCTION

The energy loss of charged particles passing
through matter has been studied both theoretically
and experimentally. The energy straggling of
these particles, however, has not received broad
attention, probably because it is a, second-order
phenomenon. It results from the statistical fluc-
tuation of the energy-loss processes that particles
are subjected to as they txavel through matter.

Recently, ion backsca, ttering has been success-
fully applied in investigating the elementa) com-
position, depth distribution, and lattice location
of atoms in a thin film or a bulk sample. However,
the depth resolution that makes this success pos-
sible is ultimately limited by the energy straggling
of the probing ions as they traverse the sample.
For examining depth distribution by backscatter-
ing, therefore, it is impox tant to know the amount
of enex'gy straggling. In this paper, we report
calculations of energy straggling for protons and
helium ions in matter and compare the results
with earlier measurements of enexgy straggling.

II. THEORY

Sevex'al theories have been advanced to describe
the average energy loss and energy straggling of
fast-moving light ions in matter. For energy
straggling 0, Bohr has given the high-energy
lixniting cases ~~ as

A2=0 =4gZ Z e MAR

where Z, is the atomic number of the projectile
atoms, Z, is tha, t of the target atoms, e is the
charge of the electron, N is the number of target
atoms per unit volume, and 8 is the thickness of
the tax"get. Clearly, the energy straggling de-
scribed by Bohr' is proportional to the square
x'oot of Z, XhR, the total number of electrons per
unit area that the projectile has traversed. This
theory was based on three assumptions: (i} that
the velocity of the projectile is much greater than
that of the orbital electrons of the target atoms,

(ii) that the energy loss is very small by compari-
son to the total energy of the projectile, and (iii)
that the target atoms ax e randomly distributed
and no channeling is involved in the penetration
pl ocess.

Assumptions (ii) and (iii) apply to most cases,
but assumption (i) breaks down for low and medi-
um energies. To aeeount for this bxeakdown,
Lindhard and Scharff' extended Bohr's theox y by
applying a correction factor for low- and medium-
energy projectiles to get

A'=QsL(y)/2 for ){~3,
&'=A~ for X ~ 3,

where y is a reduced enex'gy variable

X = e'/(~.'&, ) .

Hex'e 5 ls the velocity of the pl ojeetlley and 8O ls
the oxbital velocity in a Bohr hydrogen atom, de-
fined as

Finally, I, ()() in Eq. (2) is the stopping number,
which appears in the energy-loss formula

dE 4wZie
( )

where m is the electron mass.
Equation (2) indicates 'that energy straggling ap-

proaches Bohr's value at high energy and is ener-
gy dependent at low energy. Bonderup and Hvel-
plund' have refined Lindhard and Scharff's ex-
pression by using a more realistic formula for
the atomic charge distribution p(r) together with
a more accurate expression for 0'(r, g}, the con-
tribution from the various parts of the electron
cloud to the stx'aggling. Their formula' for the
energy straggling is normalized to Bohr's ener-
gy straggling value 03 by

where the localized contribution 0'(r, v)/As2, de-
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rived in Ref. 3, is a function of the velocity of the
projectile and a function of the charge distribution
p(r), which is normalized such that

Z, = 4gy'p(x)dh .
0

(6)

III. CALCULATIONS AND RESULTS

Bonderup and Hvelplund"' have measured the
stopping power and the energy straggling of pro-
tons and helium in various gases, and compared
the experimental results to theoretical ones cal-
culated by different methods. In their calcula-
tions they used the first-order Lenz- Jensen mod-
el, ' an analytical form of the Thomas-Fermi type,
for p(r) Th. ey conclude that the Lindhard-Scharff
formulation gives a fair account of the over-all
dependence of energy straggling. In a more quan-
titative comparison of theory and experiment,
however, some discrepancy is revealed.

One interesting observation made by Bonderup
and Hvelplund was that when one plots n'/NdR
against projectile energy for various gases, ener-
gy straggling is found to be greater in air than in
Ne at low energy, but greater in Ne at high energy.
This crossover cannot be predicted by the theories
of Bohr, ' Lindhard and Scharff, ' or Bonderup and
Hvelplund themselves; all three theories predict
that energy straggling will increase with increas-
ing Z, at a given energy.

A Z, oscillatory structure in the stopping cross
section dE/N4R can be described by use of a
more r ealis tie atomic model, the Har tree- Fock-
Slater charge distribution, as we showed in earlier
work. "' Here we combine that model with Bond-
erup and Hvelplund's formulation to calculate en-
ergy straggling. The results reveal the oscil-
latory structure in energy straggling, and also
lead to an explanation of Bonderup and Hvelplund's
measurements. '
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been tabulated by Herman and Skillman on the
basis of the Hartree- Fock-Slater model. ' Using
this tabulationand Eq. (7), one ca,n obtain 4vr'p(r)
for a given r and a given target element. One can
then make a numerical integration of Eq. (5) by
using p(r). In this way 0'/Qs is calculated for a
given target and a given projectile velocity. Since
Q~ is independent of the velocity of the projectile,
it can be calculated easily from Eq. (I).

The result of this calculation, ' plotted in Fig. 1,
gives the Z, dependence of n' /N4R-for various
projectile energies. The calculation is based on a
perturbation treatment. As such, it can be scaled
for Z', as inherent in the treatment. In the low-
energy region considered here, however, the
calculation applies only to very light ions, such
as protons and helium ions. The Bohr formula is
energy independent, and A~ ~Z„as is also evident
from the figure. These results reveal a Z, struc-
ture, especially at lower energies. At very high
energies this calculation approaches the Bohr
formula asymptotically. Straggling values calcu-

In order to calculate the energy straggling by
use of Bonderup and Hvelplund's formulation [Eq.
(5)], it is necessary to know the atomic charge
distribution p(r) (the spherica, lly averaged elec-
tron density). If P„~(r) is the radial wave func-
tion for the nX orbital, then

0
0
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4vr'p(r) = Q (u„„[P„(r)]', (7)

P„x) 'dr =1.
0

(8)

Equations (7) and (8) satisfy the condition of Eq.
(6). The normalized radial wave function P„has

where (d„~ is the occupation number of the n& orbit-
al. Here P„„(r) is normalized as

FIG. 1. Energy straggling as calculated for protons
(scale on the right) and for 4He ions (scale on the left),
for all elements at various energies. Bohr theory gives
a linear dependence on Z2. Straggling values calculated
by the Thomas-Fermi model (Ref. 3), given as points
and linked with dashed curves, are in good agreement
with the values calculated in the present paper. The
present calculations are plotted for various energies.
The Z

2 structure is more pronounced at lower energies;
at higher energies the present calculation approaches
the values predicted from Bohr theory.
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lated by the Thomas-Fermi model, ' given as points
and linked with dashed curves, are in good agree-
ment with the values calculated in the present
paper.

IV. COMPARISON WITH PUBLISHED MEASUREMENTS
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There are many measurements of average ener-
gy loss, but few of energy straggling. Moreover,
the measurements of energy straggling are in
general less accurate.

Hvelplund' measured average energy loss and
energy straggling of atoms with 2 &Z, & 12 in
various gases at 100-500 keV. In Fig. 2 we plot
his measurements of energy straggling in helium
ions with our calculated curves. The crossing of
Ne and N values at low energy, indicated by Hvel-
plund's measurements, can be explained by the Z,
oscillatory structure predicted by our calculation.
Also, the general agreement in the numerical val-
ues is acceptable.

Bonderup and Hvelplund' measured the energy
straggling of protons in various gases at 100-500
keV. Their results are compared with our calcu-
lations and to Bohr theory, in Fig. 3. The cross-
ing of the results for Ne and air is predicted by
our calculation at 180 keV. The energy dependence
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FIG. 2. Comparison of 4He energy straggling in He,
N, and Ne. The measurements of Hvelplund Qef. 4) are
given as points and connected as solid curves; the pres-
ent calculations are given as dashed curves; and values
predicted from Bohr theory are given as point-dash lines.
The present calculations give the energy dependence of
energy straggling, and al.so predict the crossover of the
curves for Ne and N.
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FIG. 3. Energy straggling of protons in various gases.
The measurements of Bonderup and Hvelplund are given
as points (Ref. 3) and connected with sol, id curves, the
present calculations are given as dashed curves, and
values predicted from Bohr theory are given as point-
dash lines. The present calculations give the energy
dependence of energy straggling, and predict the cross-
over of the curves for Ne and N at 200 keV for protons;
these results agree with the measurements.

of proton straggling observed by Bonderup and
Hvelplund is in general agreement with our calcu-
lation.

The present results are also compared with
Harris and Nicolet's measurement" of the energy
straggling of He ions at 0.80-2 MeV in Ni, Al, and
Au targets. Their Ni measurements are in fair
agreement with Bohr's prediction, their Al mea-
surements are 30% above, and their Au measure-
ments are 40%% below. A weak energy dependence
is seen, which is in qualitative agreement with the
theories of Lindhard and Scharff and of Bonderup
and Hvelplund, and also with the calculations re-
ported here. The values calculated by all three of
these theories are lower than those measured by
Harris and Nicolet.

The present calculations have been compared'
with measurements by Nielson"; Madson"; Chil-
ton, Cooper, and Harris"; Leminen and Anttila";
and others. The points in those measurements,
however, are so scattered that the experimental
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data neither support nor disprove the present
calculations.

V. SUMMARY

A Z2 structure in energy straggling has been
predicted by using a Bar tree- Fock-Sla ter model
in the formulation given by Bonderup and Hvel-
plund. The calculated Z~ structure agrees with
Bonderup and Hvelplund's measurements for Ne
and ¹ The present calculations provide a guide

to the Z, dependence of energy straggling, as well
as the energy dependence. Accurate measure-
ments of energy straggling in solids of various Z,
are needed for comparison.

ACKNOW/LEDGMENTS

I would like to acknowledge Professor J. W.
Mayer for his encouragement and valuable sug-
gestions on this work, and T. J. %ay for his help
in preparing the manuscript.

~Based on a report by W. K. Chu and J. W. Mayer,
presented in a seminar sponsored by the NSF, USA,
and the Consigl. io Nazionale del. le Ricerche, Catania,
Italy, 1974 (unpublished).

~Work supported by the Office of Naval Research whil, e
the author was at California Institute of Technol. ogy.

«N. Bohr, Mat. Fys. Medd. Dan. Vid. Selsk, 18, No. 8
(1948).

2J. Lindhard and M. Scharff, Mat. Fys. Medd. Dan. Vid.
Selsk. 27, No. 15 (1953).

K. Bonderup and P. Hvelplund, Phys. Rev. A 4, 562
(1971).

4P. Hvelplund, Mat. Fys. Medd. Dan. Vid, Selsk. 38,
No. 4 (1971).

5H. Jensen, Z. Phys. 77, 722 (1932).
~C. C. Rousseau, W. K. Chu, and D. Powers, Phys. Rev.

A 4, 1066 (1971).

YW. K. Chu and D. Powers, Phys. Lett. 38A, 267 (1972).
SF. Herman and S. Skillman, Atomic Structure Calcula-

tions (Prentice-Hall, Engr'. ewood Cliffs, N. J., 1963).
9The present calculation was presented in a paper by

W. K. Chu and J. W. Mayer at a US-Ital. y Seminar on
Ion Beam Analysis at Catania, Italy, June, 1974 (see
Catania Report, 1975).

«OJ. M. Harris and M.-A. Nicolet, Phys. Rev. B 11,, 1013
(1975).
L. P. Nielson, Mat. Fys. Medd. Dan. Vid. Selsk. 33,
No. 6 (1961).

«~C. B. Madsen, Mat. Fys. Medd. Dan. Vid. Selsk. 27,
No. 13 O.953).

«~A. B. Chilton, J. ¹ Cooper, and J. C. Harris, Phys.
Rev. 93, 413 (1954).
E. Leminen and A. Anttil. a, Ann. Acad. Sci. Fenn, A
VI, 370 (1971).


