
PHYSICAL 8 E VIE% A VOLUME 13, NUMBER 5

Coupled order-parameter treatment of the Dicke Hamiltonian*

R. Gilmoret and C. M. Bowdcn
Quantum Physics, Physical Sciences Directorate, Redstone Arsenal, Alabama 35809

(Received 19 November 1975)

The Dicke Hamiltonian is linearized by expanding the field and atomic shift operators about disposable c-

number parameters. %hen these parameters are chosen to be the expectation values of the corresponding

operators with respect to the linearized Hamiltonian, the difference between the free energy of the original

Hamiltonian and the free energy of the linearized Hamiltonian is minimized. This diAerence (per particle)

vanishes in the thermodynamic limit; so the equilibrium statistical mechanics of the system is described by the

linearized Hamiltonian. The disposable parameters are order parameters of the linearized Hamiltonian, The

field and atom order parameters obey a system of coupled nonlinear equations characteristic of mean-

field theories. These equations determine the critical temperature and the ordered-state behavior. The

thermodynamic state of each subsystem is a statistical superposition of thermal noise and a coherent state

produced by the complementary subsystem acting as a classical source. The classical driving terms are the

order parameters. The order parameter and coherent-state parameter are equal for the field subsystem but not

for the atomic subsystem. The ordered state is characterized by an enhanced condensation of the atomic

subsystem into the state of maximum cooperation number r. This enhancement is attributed entirely to the

Stark splitting of the atomic energy levels due to the classical driving field. A different but equivalent system

of coupled nonlinear order-parameter equations is derived from the order-parameter equations of motion in

thermodynamic equilibrium in the thermodynamic limit. This alternative form of the coupled self-consistent

equations leads to a very simple method for locating the critical temperature and determining the ordered-

state behavior of interacting systems. This method is illustrated by determining the gap equations for three

model Hamiltonians, These describe (a) interaction of spin- j systems with a single mode of the radiation field,

(b) interaction of two-level atoms with a finite number of modes of the radiation field, and (c) interaction of
two-level atoms with one or two modes of the radiation field through double photon absorption and emission

processes.

I. INTRODUCTION

In 1954 Dicke' proposed a xnodel Hamiltonian
which has since become an extremely useful tool
in quantum optics for the study of the interaction
between light and matter. Interest in this model
has been renewed by the xecent discovery by Hepp
and I ieb' that this Hamiltonian predicts the exis-
tence of a second-order phase transition for a cer-
tain range of the coupling constants.

Wang and Hioe' considerably simplified the com-
putational aspects of the Hepp and I ieb proof by
introducing the Glauber' field coherent states. In
addition, they determined the conditions for a
phase transition in the multimode Dicke model for
a finite number of modes. Hepp and I ieb' were
able to put upper and lower bounds on the partition
function for the infinite-mode Dicke model using
atomic coherent states. "' Their results reduced
to those of Wang and Hioe in the finite-mode case.

The demonstration of the phase transition and
and the location of the critical point were further
simplified by Gibberd, ' who applied a Bogoliubov
transformation' to the field part of the Dicke Ham-
lltonlan.

In the meantime the computational methods of
Wang and Hioe have been used to discuss phase
transitions and derive gap equations for "dressed"

Dicke models. Carmichael, Gardiner, and Walls'0

showed that inclusion of the counterrotating terms
mex'ely serves to renormalize the coupling con-
stant. Kudenko, Slivinsky, and Zaslavsky" studied
the effect of Coulomb interactions on the location
of the critical point. Thompson" studied the ef-
fects of phonon-assisted tx'ansitions on the critical
temperature and found that for a certain range of
the coupling constants a first-order phase transi-
tion was possible. Recently, Rzgzewski, Wodkie-

wicz, and Zakowicz" showed that the phase trans-
ition disappears when the A' term is also included
in the Dicke Hamiltonian. However, we believe"
that the disappearance of the phase transition in

their work stems entirely from the presence of the
counterrotating terms in the interaction Hamilton-
ian.

The contx'ibutions stimulated by the original Hepp
and Lieb result have been of two types, those that
have simplified the original computation, and those
that have considered more complicated models. In
the present contribution we will simplify the com-
putation even further by modifying the method in-
troduced by Gibberd. In a subsequent contribu-
tion" we will consider more general model Ham-
iltonians.

The method to be introduced in this work is the
following: The Dicke Hamiltonian is expanded
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around the mean values of the shift operators o', a~.
In the thermodynamic limit the free energy per
atom from the full and linearized Hamiltonians are
equal. The existence of the phase transition and
the location of the critical temperature can then be
determined from the linearized Hamiltonian. The
physical interpretation of the system state is then
immediately determined from the density operator
obtained from the linearized Hamiltonian.

The plan of this work is as follows: In Sec. II we
carry out the dual order-parameter treatment of
the Dicke Hamiltonian. In Sec. III we interpret the
physical system state by comparing the density
operators for the field and atomic subsystems with
density operators representing statistical super-
positions of thermal noise and coherent states. In
Sec. IV we show that in the ordered phase there is
an enhanced condensation into the atomic state of
maximum cooperation. In Sec. V we compute gen-
erating functions for the energy moments of both
the atomic and field subsystems. In Sec. VI a dif-
ferent but equivalent system of coupled nonlinear
order-parameter equations is derived from the
order-parameter equations of motion in thermody-
namic equilibrium. These coupled equations are
used in Sec. VII to locate the critical temperature
and discuss the critical behavior for three variants
of the Di.cke Hamiltonian.

II. DUAL ORDER-PARAMETER TREATMENT

erned by the free energy E,
e-BF Tre~K (2.3)

a = (a —p) + i(, , a, = (a, —v,) + v, . (2.4)

The Dicke Hamiltonian then assumes the form

K=K~+Xq, K~=H +H, +H, (2.5)

(2.6)

Hq=~ 8 —p, o'J —vj

The exponential of the Dicke Hamiltonian is diffi-
cult to compute because of the bilinear coupling
terms a~o j and ao'j

It is therefore useful to rewrite (2.1) by making
the following substitutions:

+ ~PP (X ~,cr; + X,a,a', )
jM ~

The field mode operators m, =a~a„a~„a,, I obey
independent harmonic- oscillator commutation re-
lations,

(2.1)

[ „n]a= +5a„, [n„a,]=-a,a„,[a'„a,]=- &,(*

(2.2)

The Dicke Hamiltonian for m modes of the radi-
ation field interacting with N independent two-level
atoms ls

(2.7)

The Hamiltonian X contains terms bilinear in the
field and atomic operators, while K~ contains only
linear terms. Moreover, K~ can be expressed as
the sum of the three mutually commuting terms Ho,
which is a e-number function of the parameters p,

and vj, H„which depends only on field operators
and the parameters vj, and H„which depends only
on atomic operators and p, .

Since H„H„andH, commute, E~ is the sum of
the free energies associated with each of these
terms,

The atomic operators o', , o'j, and o',. obey indepen-
dent SU(2) commutation relations:

E~ =Eo+E, +E2, (2.8)

[aj~ an] =+2am&g) ~ [a~~ ~a] = —2a~ ~J) ~

[a~ ~a] =+an&ga.
(2.2a)

E(& = —~Q (p v~+ V, vg },

(2.e)

For the purposes of the present section we will as-
sume that only one field mode is important (m =1),
that v, = 1, and that &x = X is real.

The equilibrium statistical mechanics' of the

system described by the Hamiltonian (2.1) is gov-

F, =- (1/p) & In2 coshP [( &) +

So far the values of the disposable parameters
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p. , and v,. have not been specified. Since the equi-
librium statistical mechanics of (2.1}is governed
by F but only Fz(p, , v,.) can be computed, we must
choose the parameters p, , and v,. to make the two
free energies equal in the thermodynamic limit,

p, =-g~Nv,

v,-= v~= v =
&

tanhp8,
X(p-/v N. )

II2=(-'e)'+X'~ p/MiV ~'

(2.14)

lim
F —Fc(p, , v~)

N~~

This can be done by comparing the ratios

e-I" T re~'~i+~q'

e ~~s Tre ~~i

(2.10)
It is convenient to replace the extensive order pa-
rameter p, by the intensive order parameter p.

'
= p/vN, .

These equations can be solved for p,
' and v using

the standard methods of mean-field theory. " For
example, v can be eliminated to obtain

p'=(X'p, '/2e)tanhp[( —,'q)'+ ~Xp, '~']'~'. (2.15)

-1+ K + X' + ~ ~ ~ ~ (2.11)

2

(Xo) =Q Q N
[((a' —p, *) (a —p, )),((o-,.—v,.)(o', —v,*)),

j K

+ ((a —p, ) (a —p *)), ((o'„—v,*)(o,. —v,.),].

The perturbation expansion is given explicitly in

the Appendix. If the expansion on the right-hand
side of (2.11) coverges then (2.10) is valid.

The values of the parameters p, , and vj for which

(2.11) converges can be determined by investigating
the term (K~o),

It is clear that p, '=0, v=0 is always a solution of
(2.15) and (2.14). This solution corresponds to the
disordered state. If a nontrivial solution p,

'
WO,

v 40 exists, then p.
' is determined implicitly from

(2.15). At T=O,

II
' I'=(e/»)'[(I'/~)' —1];

thus an ordered state is possible only if X'/e &1.
The order parameter p,

' decreases with increasing
temperature and approaches zero as the critical
temperature is approached from below. Therefore
the critical temperature is determined from the
"gap equation"

(2.12)
1 = (x'/e ) tanh —,

'
Pg . (2.16}

The subscripts 1 and 2 indicate that the expecta-
tion values are taken with respect to H, and H„
respectively, and the integrals have been sup-
pressed. It is clear that the choice of the param-
eters p, , v,. which minimizes the expectation value
of the fluctuations in (2.12) is

The behavior of the order parameter p, as a func-
tion of temperature on both the disordered and the
ordered branch is shown in Fig. 1. The behavior
of the free energy F/N,

p =(a}„v,.=(o,), . (2.13)

The choice (2.13) causes all odd terms in (2.11) to
vanish and all even terms to be minimized. There-
fore if the expansion in (2.11) converges the choice
(2.13) will guarantee convergence.

The arguments leading to (2.13}are heuristic in
nature and could have been anticipated from (2.4).
We remark that a rigorous variational argument"
leads to the same result. "

The result (2.13) shows clearly that the (va, ria-
tional) parameters p, and v,. have a physical in-
terpretation as order parameters for the field and
atomic subsystem, respectively.

The order parameters p. and v, may be deter-
mined as follows: p, = (a), , where the expectation
va. lue is taken with respect to H, (v), which is itself
an explicit function of the unknown order param-
eters v&. Similarly, v,.=v~ is a function of p. . Di-
rect computation of the expectation values leads to
a pair of coupled nonlinear equations for p, and v,

~P ~p
dT

2I(T

1/2 ORDERED BRANCH

BIFUR CAT ION
POINT

'//////j////////////////////////////////////////////////////////////////j//////////j~ Jj//////j//j//////////////////j/j/j/////////jjjjjj/jj

T=O T T-
C

(T —T} +
C

THERMAL CHAOTIC BRANCH

FIG. 1. Behavior of the order parameter p' as a
function of temperature shown both above and below the
critical temperature T, . In the ordered state the order
parameter

~

p'
I is determined implicitly through the

self-consistent equations characteristic of mean-field
theories, tanhx =(2&T/A )x, where x =P[(2&) + ~&p'~ ]
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—Bf2;.'

7- ao

in thermodynamic equilibrium at T =0 which is
driven by a classical current. The density opera-
tor describing a system initially in thermodynamic
equilibrium at temperature T, which is driven by
the same classical current, is

p(P, hto; In&)- U(n) exp (-pktoata) Ut(n)
- exp [-phto(ata- nat- n*a)].

(3.4)

FIG. 2. Free energy per particle F/&= f(pp', p *)
=+

~

p' ~t —(1/P) in2 coshP [( tt e) +
~

X V'
( ] plotted in both

the disordered and the ordered phases. The ordered
phase is stable below T, and the phase transition is sec-
ond order.

F/& =f (tt, tt')

=
I
p'I'- (1/p)» «sh(i [(l ~)'+

I
&u'I']'",

(2.17)

as a function of the temperature T =1/KP is shown
on both the disordered and the ordered branch in
Fig. 2.

III. PHYSICAL INTERPRETATION OF THE

ORDERED STATES

In the thermodynamic limit the equilibrium
statistical mechanics of the systems described by
(2.1) and its linearlized version Kz, (2.6), are
equivalent. The density operator obtained from K~
factors into the product of density operators, one
describing the field subsystem only, and the other
describing the atomic subsystem only. The influ-
ence of each subsystem on the other is contained in
the order parameters v and p, appearing in H, and

H, . As a result, we can discuss the physical state
of the field and the atomic subsystem separately.

A. Density operator for the field

The density operator for a single field mode of
energy k(d in thermal equilibrium is4

p(P, Ito) - exp(- phtoata). (3.1)

The density operator for a pure coherent state
ln&;s

p(l n» =
I

n& (n
I

= U(n) I0& « I
v'(n) (3 2)

U(n) = exp(nat —n*a). (3.3)

The operator IO) (Ol is the density operator p(vac)
for the field vacuum state. From (3.2), the opera-
tor U(n)p(vac)Ut(n) describes a system originally

Comparison of the density operator p, - e "&'"' for
the field subsystem with (3.4) leads immediately to
the conclusion that the physical state of the field
subsystem can be represented by a statistical su-
perposition of thermal noise characterized by a
temperature T = 1/KP, Kto = 1, and a coherent state
characterized by the coherent-state parameter n
= —~v N v. From the coupled order-parameter equa-
tion (2.14) we conclude that the order parameter p,

and the coherent-state parameter n for the field
subsystem are equal.

B. Density operator for the atomic subsystem

The density operator for a single two-level atom
with energy level separation E in thermal equilib-
rium is

p(P E) e BEa /2 (3.6)

U(e, P) = exp [-,'(ee "a' —ee'Ba )] (3.7)

The density operator describing a statistical su-
perposition of thermal noise and atomic coherent
state is

p(P, E, I
84 &) v(e, y)-e-~"~'v'(e, 4)

- exp ( —pE [ —,
' o' case

——,
'

(e '"o' —e'"o-) sine]}.
(3.8}

Comparison of the density operator p, -e~~2'"'
from (2.6) for the atomic subsystem with (3.8)
leads immediately to the conclusion that the physi-
cal state of the atomic subsystem can be repres-
ented by a statistical superposition of thermal
noise characterized by a temperature T =1/KP and
energy E =2[(Be)'+ IX(t'I']t~' and a coherent state
characterized by Bloch angles 0 and fI()', where

cose =6 /E, (3.9)
(sine)e 'B = v/[(e/2yB) +

I vl ]
For the atomic subsystem the order parameter v

The density operator for a pure atomic coherent
state Iep& is'

p(le@»= lee&(eel = (8, (h) I
--'&(--,'

I
'(e, e),

(3.6)
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and the coherent-state parameter —,
' ~e ' are

uniquely related to each other but are not equal,
while for the field subsystem the order parameter
p, and coherent-state parameter n are equal.

The results of this section make it clear why the
coupled order-parameter treatment (2.4)-(2.13)
reduces to a mean-field theory. In the thermody-
namic limit the Hamiltonian (2.1) can be replaced
by Xi, Eg. (2.5). Since the components of 3' com-
mute, the corresponding density operator factors

~-BKg ~ ~-B&l ~WH2 ~
p g p (3.10)

E

pz
- exp —P a~a+ J—aug (o J) +~ a g (o',.)

j=l j~

(3.11)

p, -lieee —)e —,'ee,'.e~ ( ~)e;.+~ ( )e,'.)j~~

(3.12)

Equation (3.11)describes a field driven by a clas-
sical current ((c',.)), and (3.12) describes an atom-
ic system driven by a classical field ((a), (at)}.
Thus each subsystem is treated as a guantum-
mechanical system driven by its dual classical
counterpart. The effective classical driving fields
(p, , p*) and currents (v, , v,*.}are related to each
other in a self-consistent way by (2.14). The on-
set of order in each subsystem induces an order in
its complementary subsystem.

In the ordered phase the effective classical driv-
ing field p. produces an increase in the energy lev-
el separation between the ground and excited atom-
ic levels. This Stark splitting E = [c'+4K'i p' ~']'i'
ranges from E =q at the critical temperature to
E=z' at T=O.

T = 0, since all atoms are in the ground state m

It is not immediately obvious, however, that
r -—,'X as T-0 in the ordered state.

The cooperation number as a function of temper-
ature in both the disordered and the ordered states
is given by

t (y+ 1) = (J ) = ~ X+ 4 N (N 1)—(tanh q PE) .
(4.2)

In the limit of high temperature (l3-0), the atomic
system behaves like X independent spin-& systems.
In the limit of low temperatures (tanh-,' PE -1), the
atomic system behaves like a single giant spin with
J =&X. Below the critical temperature 2E
= [(2 e)'+ imp,

' i']'i' in the ordered state and E =q in

the disordered state. As a result, at fixed temper-
ature x(ord) ) r(dis) T. he onset of order below the
critical temperature leads to an increase in the
cooperation number r. As a result we ean say that
the ordered state is characterized by an enhanced
condensation into the state of maximum cooperation
number.

From (3.8) it is clear that the density operator
for the atomic system in the ordered state can be
diagonalized by a unitary transformation U '(0, P).
This unitary transformation rotates the south pole
of the Bloch sphere into a new position character-
ized by the atomic coherent-state parameters
& Oe '~. In this new representation the density
operator has the diagonal form

It is apparent that the enhancement in the coopera-
tion number r stems entirely from the Stark split-
ting of the atomic levels produced by the effective
classical driving field p.

' as discussed at the end
of Sec. jlI.

IV. ENHANCED COOPERATION CONDENSATION

Since the atomic subsystem is described by X
independent SU(2) algebras, it is useful to intro-
duce the total angular momentum operator

J'=J', + —,'(J,J +J J,),

0'~ and J = 0'+,-.

V. GENERATING FUNCTIONS FOR OPERATOR MOMENTS

Generating functions for the moments of the dia-
gonal operators a~a, o', , and the off-diagonal opera-
tors a, a, v',-, ean be computed by standard tech-
niques involving Baker- Campbell- Hausdorff for-
mulas. " We will compute the generating functions
for the diagonal operators in this section.

The expectation value

Then the cooperation number r defined by

r(x+1)=(J') =Trp, J' (4.1) isla

Tre"' 'exp [- p (ata+ c.'at+ cI*a)]
Tr(y -0) (5.1)

describes the extent to which the individual atomic
Bloch vectors are aligned. In the disoraered state
r increases monotonically as the temperature de-
creases and assumes the maximum value r = ~ X at

(e' —1) (n)
1 —(e" —1) (n) (n) 1 —(e" —1) (n)

(5.2)
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where (n) = (ee- 1) '. Further application of a
standaxd Laguerre polynomial identity, "valid for
Ie" —1I &1, leads to

(5.3)

The assumptions of steady-state conditions, cf(a)/df
= 0, and the thermodynamic limit, ([a cr,.a] )
= ([ata]), (o',)„lead directly to an expression for
(a). A dual calculation leads to an analogous ex
pression f» (or). The coupled nonlinear equations
obtained in this way are

The first two moments obtained from this generat-
ing function are

(a'a) = (n) +
I
o I' =x + 8,

2& 1 Z

S
p = — — v. , Ev~= ~+ (2 crz)& p, ~

qx j=l
(6.2)

((a'a)') = (23P+ 45fs+ 6'}+(3t+ 6),

where X is the chaotic or thermal contribution and

8 is the ordered contribution. The variance

((clara)') = 6+5f (1+X) + 263f (5.4)

is the sum of variances expected from a coherent
source only, from a thermal source on1y, and the
interference term arising from the presence of
both sources. "

The generating function for the diagonal operator
—,
' 0',. can be computed similarly,

Tre""i' exp [- p (-,
' qcr'+ Xp, 'cr'+ Xlc'*cr-)]

Tr(y -0)
= cosh —,

'
y —(2 & /9) tanh69 sinh~ y, (5.5)

The first two moments and the variance of —,
' o' are

(-,' cr') = —,
'

(—,'e/8) tanhg0, ((—,
' o')') = 4,

((&—,
' cr')') = —,

' [1—(q /28 )' tanh'p0]. (5.6)

It should be remarked that in the disordered
phase (ara) = (n) = (e~ —1) ' and (—,o') = ——,

' tanh —,
'

pg

go to 0 and --,', respectively, as T-0. In the
ordered phase (ata) -(e~- 1) '+N[(—,

' X)' —(q/2x)']
and (—,

' cr') ——(e/2x'} by (2.15) and (5.6}.

VI. ALTERNATIVE FORM FOR THE COUPLED

EQUATIONS

E—(a) =— a a+gZ z

g=l

N N

+ Q 0' ~ +Q 0'~, Q . 6 1
j~~ g=1

The interpretation of the disposable parameters
p, and v&, (2.4), a.s order parameters, which is
forced on us by (2.13), suggests an alternative de-
rivation of the coupled order parameter equations. "
This involves computing the equation of motion for
the order parameters (a), and (crj),

Although the coupled order-parameter equations
(6.2) appear different from the coupled equations
(2.14), the two sets may be shown to be equivalent"
using Schur's formula (see the Appendix).

For purposes of discussing the existence of phase
transitions and locating critical temperatures,
coupled nonlinear order-parameter equations
derived by the methods of this section are more
useful than the nonlinear order-parameter equa-
tions derived by the methods of See. II. In the
neighborhood of a critical temperatuxe, the order
parameters p,

' and v,. appearing in (6.2) may be
taken as infinitesimals of the first order. The ex-
pectation values of the eommutators may then be
taken with respect to the disordered state. For
example, (—, cr&), is simply a Brillouin function for
a spin- —,

' system. Using the result that ~B,&2(P&)
=-,' tanh —,

' + in (6.2) leads directly to the gap equa-
tion (2.16).

Coupled equations of the form (6.2) are more
useful than coupled equations of the form (2.14}for
locating critical temperatures because they are
already in linear form in the neighborhood of the
critical temperature. Moreover, Eqs. (6.2)
provide both local and global information about the
nature of the order-disorder phase transition. It
may be verified from (6.2) that p, vj- IT —T, I'~'
in the neighborhood of T,. From (2.1V) it is easily
verified that the phase transition is second order.

It is also possible to make global statements of a
less precise nature about the phase transition. If
the order parameters behave like (T, —T)'r' in the
neighborhood of T„then the phase transition will
be second oxder at T„but if they behave like
(T —T,)'r' in the neighborhood of the largest criti-
cal temperature, then there will be" a first-order
phase transition at a temperature T, &T, in addition
to the second-order transition at T,. This latter
behavior appears for a certain range of the cou-
pling constants in a model Hamiltonian discussed
by Thompson. "

The results in this section dealing with the loca-
tion of critical temperatures are a special case of
a more general theorem called the fluctuation-
transformation theorem, which will be discussed
elsewhere. "
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VII. APPLICATIONS TO OTHER MODEL HAMILTONIANS

The methods outlined in Sec. VI will be illus-
trated by application to three simple modifications
of the Dicke Hamiltonian. These models describe
(a) interaction of E identical spin-j systems with a
single mode of the radiation field, (b) interaction
of N identical two-level atoms with m different
modes of the radiation field (m finite), and (c) in-
teraction of N identical two-level atoms with the
radiation field through double photon absorption
and emission processes. In each of these models
the gap equation for the critical temperature will
be derived. In addition, for model (b) we will
show that the atomic system order parameter be-
haves exactly as in the Dicke model, provided the
coupling constant is appropriately chosen.

A. Spin-j systems

The model Hamiltonian describing the interac-
tion of N identical spin-j systems with a single
mode of the electromagnetic field is obtained from
(2.1) by replacing the spin operators o,'. , —,'o& by the
angular momentum operators J~', J&'. With the
def initions

Linearization about P, leads immediately to the
gap equation

1=— g ' tanh2 p, e.
uO

(7.6)

This is identical to the single-mode gap equation
(2.16) under the identification

g ~] S
(7.7)

ev = v g ' —tanhPO,28

(7.8)

In order to show that the ordered-state behavior
in the multimode and single-mode models is the
same, it is useful to eliminate the order parame-
ters p, , from (7.5). This leads to the relation

(a) =p= p, 'vN, (J, ) =v, =v, (7.1}

the following coupled nonlinear equations are ob-
tained using the procedures leading to (6.2):

N
'= ——Q vg, eve =2k(Jp) 0'. ,

4=1
(7.2)

Linearization of (7.2) around the critical tempera-
tures leads to the gap equation for the critical
temperature T, = I/P, K,

(~'/e)(2j)B& (P.e) =1, (7.3)

B. Multimode systems

The Hamiltonian describing the interaction of N
identical two-level atoms with m modes (m finite)
of the radiation field is given by (2.1). Making the
identif ications

&a,) =p„(a,) =v„=v ('I.4)

and using the equations of motion method leads to
the following coupled nonlinear order-parameter
equations:

where BJ(x) is the Brillouin function. This re-
duces to the gap equation (2.16) for j = —,'. Compar-
ison of (7.3) with (2.16) reveals that it is pos-
sible for an ensemble of *'atoms" with 2j+1
equally spaced energy levels to undergo a phase
transition for smaller values of the coupling con-
stant A, than that required for the corresponding
system of two-level atoms.

After making the identification (7.7), the two solu-
tions v=0, v & 0 obtained from (7.8} for the multi-
mode case are identical to the solutions for the
single-mode case obtained from (2.14) by eliminat-
ing }L(. instead of v.

N

H=(a, a, +a a +1)+ e g ao„'

N N

'm '-Z"-"-Z').
4=1 4=1

(7.9)

Here a, describes photons propagating with wave
vector 4 and a describes oppositely propagating
photons. The photon number difference operator
A=a, a, —a a commutes with the Haniiltonian.

The coupled equations for the order parameters
(a, a ) and (o~ ) are

C. Two-photon processes

Recent theoretical" and experimental"'" inter-
est in double photon absorption processes suggests
that it might be useful to investigate such systems
for critical behavior. Since absorption of two
equal-energy but oppositely propagating photons is
more likely to be important for cooperative behav-
ior (because the Doppler shift is eliminated" ), we
will investigate the following model Hamiltonian
for critical behavior in the thermodynamic limit:



(a,a ) = ——'A(n +n +1)~ p (o~ &,

For fixed A=e+ —n (A an integer} and at P, ,
(n++n-+1&= I&I+cothpc and (o~& =-tanh-, 'p, e. The

gap equation is then

(A'/2e)tanh-, 'P, e ( i
b i+cothP, ) = 1.

Assuming a resonant interaction (e =2), the gap
equation simplifies to

(7.12)

This result clearly shows that a phase transition
is possible even for very small values of the cou-
pling constant ~, provided the photon number dif-
ference

~
6( is large enough.

A similar gap equation can be derived for the
case in which two photons are absorbed from or
emitted into the same mode,

(2X'/e)(cothP, + —,') tanh-, P, e = 1.

The upper sign holds for the case of an even num-
ber of photons in the mode and the lower for an
odd number.

VIII. CONCLUSION

The equilibrium statistical mechanical proper-
ties of the Dieke Hamiltonian have been treated
fx"om a coupled order-parameter point of view.
The Dicke Hamiltonian was linearized by expand-
ing each of the shift operators appearing in it about
an undetermined e-number parametex'. These pa-
rameters are chosen variationally" to minimize
the free energy associated with the linearized
Hamiltonian. The variational choice leads to an
interpretation of the variational parameters as
order parameters for the two coupled subsystems.
In the thermodynamic limit, the free energy per
particle obtained from the original Hamiltonian
and its linearized version are equal.

The order parameters for the field and the atom-
ic subsystems obey coupled nonlinear equations.
These equations always support the trivial solu-
tion p. = 0, v& = 0 describing the disordered state.
Fox large enough values of the coupling constant
(X' & e}, a phase transition to an ordered state is
possible. The gap equation (2.16) locates the crit-
ical tempexature below which the onset of order is
possible.

The density operator for the linearized Dicke
Hamiltonian factorizes into the product of density
operators, one for the field subsystem, the othex"

for the atomic subsystem. These subsystem den-
sity operators mere compared with density opera-
tors describing a statistical superposition of ther-
mal chaos and a classical driving field. The com-
parison reveals that the thermodynamic state of
each subsystem is a statistical superposition of
thermal chaos characterized by a temperature, T
=1/KP and a classical behavior characterized by
coherent state parameters a and &8e '@. For the
field subsystem the order parameter p, and the co-
herent-state parameter n are equal. For the
atomic subsystem the order parameter v and co-
herent-state parameter &8e @ are related but are
not equal.

This density-operator treatment clearly reveals
the mean-field nature of the equilibrium statistical
mechanics of systems governed by the Dicke Ham-
iltonian in the thermodynamic limit. Each quan-
tum-mechanical subsystem behaves as if it mere
driven classically by its counterpart. The classi-
cal driving terms are order parameters for the
respective subsystems. Furthermore, the order
parameters obey coupled self-consistency equa-
tions.

The ordered state is characterized by an en-
hanced condensation of the atomic subsystem into
the state of maximum cooperation number r. This
enhancement is due entirely to the further splitting
of the atomic energy levels by the classical inten-
sive driving field eharaeterized by the order pa-
rameter g' (Stark effect).

The interpretation of the variational parameters
p and v as order parameters for the coupled sub-
systems suggested an alternative derivation of the
coupled order-parameter equations. This involves
computing the equation of motion for the order pa-
rameters d & a &/dt and d & o, &/dt under steady-
state conditions in the thermodynamic limit. The
coupled nonlinear equations obtained by this pro-
cedure appear different from the self-consistent
coupled equations, although the tmo sets may be
shown to be equivalent.

The coupled equations derived from the equa-
tion-of-motion method are more suitable for the
location of the critical temperature, since they
are already linearized in the order parameters at
P, . The critical temperature is easily determined
from a linear eigenvalue equation.

This technique was then used to locate the criti-
cal temperatures and discuss the order-disorder
behavior for three variations of the Dieke model.
These models describe interaction of spin-j sys-
tems with a single fiel.d mode, interaction of two-
level systems with many modes of the radiation
field, and interaction of two-level systems mith
one or two modes of the radiation field through
two-photon absorption and emission processes.
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APPENDIX: PERTURBATION EXPANSION AND SCHUR'S

FORMULA

The perturbation expansion used in (2.11) in-
volves computation of the function f(x, y) defined
by

&8ix+ xi &
8*+(x,x)

The operator e 8" e("+') obeys the first-order dif-
ferential equation

—Q($CI, + Xq) 8
dpi( + 8' adr&~- 8Ãg Q I

Xes" xdRI, ~ )Q L x

(A4)

The expectation value is taken with respect to the
Hamiltonian Xl. .

Schur's formula" is essentially the first Born
approximation to (AS) for the operator e"'",
where & is assumed small.

1

I+ &
' " &ydp' +0 &')

e-BX e 8(X+Sl) e- gX ~ 8(X+y)
dp

e xd ( - 8xi y (&
- 8x

& 8i x+ x)
)

e"t'ly—= e*ye "=y+[x,y] +-,'[x[x,y]] .

Integration and iteration of (A2) lead to the per-
turbation expansioD

8 BI
BXga(++9) I+ dpI 8 8 adX y + dP II e-8"adS~

= e' {I+ [(e "'—I)/- adx] ey} + 0(8')

=e*exp{[(1—e "')/adx] ey} +O(e') . (A5)

Schur's formula is particularly easy to use when

y is an eigenoperator of x, [x,y] = ay. For example,
if x=a a+ ,'Ea' and y—=A(ata + «'),

exp{-P[ata+ —,'Eo'+ X(a"o + «')]}
= exp[-P(ata+ ~Eo')]

(AS}

Application of (AS) to (2.11) yields the desired ex-
pression,

e- B(z-l.)
X exp A.a rr

(E —1)-
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