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Numerical results of angular cross sections of electron pair production in a
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Numerical results of angular electron pair-production cross sections are given for the y-ray sources “°Co and
28T}, Cross sections are obtained analytically for a point-Coulomb potential, using an exact partial-wave
formulation. Angular distributions are essentially unaffected in shape by the screening effects, as shown by
Tseng and Pratt’s calculations, so our curves can be useful to experimentalists. Moreover, they are computed
at the tip region of the spectrum where screening effects are almost negligible.

I. INTRODUCTION butions at low energy. Comparisons between
screened and unscreened results show that angu-
A little while ago Tseng and Pratt! reported lar distributions are unaffected in shape by the
exact screened and unscreened numerical calcula- screening; cross sections are simply renormal-
tions of electron-pair-production angular distri- ized by the normalizations of the positron and

electron wave functions at the origin. The analyti-

TABLE 1. Pair-production cross sections as computed
in this work for several photon energy values.

d'e "byme? (sry:
. - ] CHTRRYTN (107 me? (sr)’)
(MeV) z Y Zaw, (Hb/me?)
12
1.173 23 92 0.999 53.81
82 0.999 51.16
63 0.999 41.33 K =117323 MeV
47 0.999 30.15 10 Y =099
32 0.999 19.86 8, =6.
13 0.999 10.06 bao
8 0.999 7.376 t - o
3 0.999 3.505
1.332 52 92 0.999 139.2 °
82 0.999 116.6
63 0.999 77.44
47 0.999 52.15
32 0.999 36.07 61
13 0.999 21,50
8 0.999 15.90
3 0.999 7.547
2.614 92 0.999 151.5 4
82 0.999 126.8
63 0.999 95.70
47 0.999 80.70
32 0.999 70.30 )
13 0.999 46.60
1 0.999 12,10
2.614 92 0.9 188.5 3
82 0.9 166.8 Osklegrees)
63 0.9 134.2 % % P ® pes
47 0.9 115.8
32 0.9 104.6 FIG. 1. Pair-production differential cross sections of
13 0.9 96.30 a coplanar and symmetrical pair for point-Coulomb field.
1 0.9 92.70 The numbers attached to the curves give the atomic num-

ber of the target element.

13 1793



1794

cal method we use*"® is entirely similar to that of
Jaeger and Hulme, ? and @verbgd, Mork, and Olsen, 3
and when we integrate our results over all emis-
sion angles the @verbg, Mork, and Olsen results
are recovered. The essential difference between
the calculational procedures of Tseng and Pratt
and ours stems from their desire to include
screening effects. This necessitates numerical
solution of the Dirac equation followed by numeri-
cal integration of the radial matrix elements. For
a pure Coulomb field, all of this can be done ana-
lytically and only the evaluation of the final formu-
la must be carried out numerically. It is for this
rather obvious reason that their calculations re-
quire much more computer time. Since, just now,
we cannot take into account analytically screening
effects which may be important in some points of
the spectrum, we often compute our cross sec-
tions at the tip region of the spectrum, i.e., when
Y=(W,-1)/(K - 2)~1 where the screening effects
are very small (a few percent).! We believe that
our exact calculation is good in so far as the

_de  (%° tymcird)
7
Z dW, d8,

K =1.17323 MeV
Y =0.999
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FIG. 2. Pair production angular distributions of posi-
trons for y-ray source SOCO with respect to Z values.
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point-Coulomb-potential model is good.

Following the methods of our bremsstrahlung
calculations® we wish here to present some nu-
merical results of angular distributions for sever-
al Z values of the target and for two y-ray sources
very much used by experimentalists in the labora-
tory: On the one hand, the %°Co y-ray, and on the
other hand, the ?°®Tl y-ray source. In Sec. II, we
give a brief survey of pair production theory and
our analytical method. Numerical results and
discussion are presented in Sec. III.

II. THEORY

The formalism we use for pair production®* and
bremsstrahlung calculations® has already been
described elsewhere. Therefore, as an example,
we give directly the pair-production differential
cross section averaged over photon polarizations
and summed over the spins of the electron and
positron:

2 . s 92
4 9o (1w0°b/mcird)
Z dW,d6- 82

25

K = 1.17323 MeV
Y =0.999

37
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I

—
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FIG. 3. Pair-production angular distributions of elec-
trons under the same conditions as in Fig. 2.
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FIG. 4. The same as Fig. 1 for a different photon en- FIG. 5. Pair-production angular distributions of posi-

ergy. trons.
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The constant V is a combination of Clebsch-Gordan coefficients,

2l 1 1/2
V(l,(_, L’ l'l<+’M) =(2L +1)<2lk—11 ) C(lK-, Ls l—’<+; 07 07 0) C(l,(_, L’Z—K+; M’M’ 0) (3)
K4
The R function is given by
/ 1/2
s (W, +1)(W_+1)] L (L +n)! (_1_>" I'(a) §* 4
nl(L=-n)! \28/ (B+p,+p)*" "’ (4)

:_. L, K+= dx+, K.
2 =[(w, =1)(w_-1)]/2) n=o

where S} is a combination of generalized Appell hypergeometric functions® F,(a;b,,b,; c,, Cy; X1, %,):
Sa =Im{ex})[_ 3im(va+y-—L=1)] [K K- Fy(a;b,,b_5 ¢,y 05x,,x )+ K, KX Fy(a;b,,b_~1;¢c,,c;x,,x_)

FKIK*F,(a;b,-1,b_;¢c,,c_;%,,x%.)-KfK*F,(a;b,-1,b_-1;c,, c_;%,,x_)]}.

Using the definition of x,, ,,(2)) we can write

7 7d.’_ﬁ.‘l'_e(10'5!:/mc?_rd) 2 _2_‘72‘:__(10'5 b/mcisn’)
Z" dW,d6. Z dW.dQ.dQ

K = 1.33252 MeV 4 92 K =2.614 MeV
Y-0.999 Y - 0.999
6,= 6_
5 o -0
$ - 180

/’—\
3 O:(degrees)
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o —
o 30 60 90 120 6_(degrees)

FIG. 7. Pair-production differential cross sections of
FIG. 6. Pair-production angular distributions of elec- a coplanar and symmetrical pair for y-ray source 208
trons. with respect to Z values for ¥Y=0.999.
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- “ L , Tem® A o emy A
Xe, 7 (D)X, u(®) =D CT,3,T; B=mm) CQ, 3,; p=m,m) YE™ (B) Y ™(p). (5)

According to the preceding relations, it is easy to find the angular distribution of one particle using the
condition of the orthonormality for the states X, ,:

[ %7 xe,u ) d0=07, 55 . (6)

For example, the angular distribution of the positron will be

d3c 72 ol —als . - - - *
d_W:aQ_+=a—In(3—_ Z <131K+ 31y g8k ,= 8k,) ”Z:e [x:+_”_5/2(1,*))(‘“”_6/2(1;,,)]Af(“ K-.uAi+. K_',). )

Kipo Kpo Ko

The other cross sections would be determined in the same way.

r

III. NUMERICAL RESULTS AND DISCUSSION +0.00003 MeV and K=1.33252+ 0.000 03 MeV) with
absolute photon intensity per 100 decays of ®Co be-
We present here some cases (Table I), specified ing 99.88 and 100, respectively,® and for the y-ray
by K, Z, Y=(W, -1)/(K - 2), which we have com- source 2°°T1 (K =2.614 MeV).
puted for the y-ray source °Co (K=1.17323 The errors of calculation are estimated in the
4 2
92 =4 2
5 —Z_iﬁ(w b/mc’rd)
_.;_‘“':__(16‘h/mc’.(srf)
27 dw,d,d.
25
82
s K= 2.614 MeV
K = 2.614 MeV Y=o0.999
2 Y=0.9
6,= 6.
§,-0

3 . 180

05

o 5 0 15 20 25 30 35 0, (degrees)

O4(degrees)
0 5 10 15 20

FIG. 9. Angular distributions of positron for 20871 and
Y=0.999 compared with the Born approximation results
FIG. 8. The same as Fig. 7 for Y=0.9. (S.G.H.).
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worst cases to 1% for d%o0/(Z*)dW,dé, and d°c/
(23)dW.dQ,dQ., and about to 0.5% for do/(Z?)dWw,.
For the y-ray source ®°Co we have computed
cross sections near the tip of the pair production
spectrum, i.e., at ¥=0.999, so screening effects
are quite negligible, as shown by Tseng and Pratt’
(see, for example, their results for K =2.60 mc®
with Z=179, and Y=0.95; screening effects are
around 3/1000, i.e. smaller than errors intro-
duced by their numerical calculation). We do
know that at the tip region of the spectrum, the
Bethe and Heitler calculation predicts zero for the
cross sections since that theory does not correct-
ly take into account the Coulomb effect of the nu-
cleus, hence we cannot compare our results with
that theory. We can only note the large influence
of the targets on the exact cross-section values.
(See for example Figs. 1-6.)

As for the y-ray source ***T1, we give some
curves at Y=0.999, avoiding in that way screening
effects, but we give, too, some curves at ¥=0.9
because when the photon energy is about 5 mc® in
the tip region of the spectrum screening effects
become small, surely less than 1%, as shown by

2 -5 2
__do (10 b/mc’rd)
3
81 Z dw,de.
9
7
K=2.614 MeV 82
6 Y -0.999
5 63
a7
4
32
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13
2
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1
° = O_(degrees)
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FIG. 10. Angular distributions of electrons for 208T1
and Y=0.999.

Tseng and Pratt’s results.””'® For Y=0.9 we can
compare our results with those obtained by the
Sauter-Gluckstern-Hull formula'®; that calculation
is valid in the Born approximation (i.e., when
aZ/B, < 1), without screening and with negligible
nuclear recoil (i.e., for small- or large-angle
pair production). We do see that for high-Z val-
ues, we cannot be confident in the Born approxi-
mation results, neither for the emission angles of
the particles, nor for the values of the cross sec-
tions (Figs. 11, 12).

Finally we give angular distributions of the elec-
tron and positron at K =2.614 MeV with Z =10 (Ne)
for several values of Y (Figs. 7-10). We believe
these curves are not too muchperturbed by screen-
ing effects (less than 1%) because Z is small and
the photon energy is far enough from the thresh-
0ld." These curves are interesting because they
display very well the shifting of the maximal angle
value for different Y values (Figs. 13, 14).

The big difficulty in checking theoretical calcula-
tions for pair production near threshold is the lack
of experimental measurements,® unlike for the
bremsstrahlung effect where at small energies we

_?_d:o;___ (10" b/mc’-rd)
Z dW4 d6.

92

K =2.614 MeV
Y=0.9

— exact
--=-SGH

8, (degrees)

o - R e v
o 20 40 60 80

FIG. 11. Angular distributions of positrons for 2%4T}
and Y=0.9 compared with the Born approximation re-
sults (broken line).
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FIG. 12. Angular distributions of electrons for 208T]
and Y=0.9.

__da (' b/mc’rd)
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FIG. 13. Angular distributions of positrons for 23Tl
and Z=10. The numbers attached to the curves give the
values of Y.
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FIG. 14. Angular distributions of electrons in the same
conditions as Fig. 13.

have some energy distributions. We recognize the
difficulty in measuring the angular position of a
particle in space without making a large experi-
mental error when cross-section values are small;
however, that is the only way to determine what
the correct potential model is to use in calcula-
tions, i.e., to discover what is really happening to
the photon near the nucleus. In pair production
some energy distributions have been obtained, for
example, by Rao ef al.'’ but they were unable to
note significant deviations between their experi-
mental data and the point-Coulomb results from
the y-ray source %°Co and the screened results of
Tseng and Pratt, because of their large experi-
mental error (5-10% or more).
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