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Electron bremsstrahlung spectrum, 1-500 keV*
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Numerical data are obtained for the electron bremsstrahlung energy spectrum resulting from incident electrons
of kinetic energy 1-500 keV, under the assumption that the process is described as a single-electron transition
in a relativistic self-consistent screened potential, using partial-wave expansions. Comparisons with simpler
analytical approximations show that these are at best of qualitative validity in this energy range. Our data are

1976

used to construct more complete tables of the spectrum by interpolation.

I. INTRODUCTION

In recent years it has become possible to obtain
fairly accurate theoretical predictions for proper-
ties of the bremsstrahlung radiation from incident
electrons with kinetic energies in the range of keV.!
This has coincided with increased needs for such
results, as in radiation physics? and in controlled
thermonuclear research.® Previous theoretical
approaches*” are, as we shall see, at best of qual-
itative validity in this energy range; a review of
the theory, emphasizing the MeV region, has been
given by Koch and Motz.8

Our calculations yield the electron bremsstrah-
lung energy spectrum, angular distributions, and
polarization correlations for the process described
as a single-electron transition in a relativistic
self-consistent screened central potential V. Elec-
tron wave functions are obtained in partial-wave
series by numerically integrating the radial Dirac
equation; the radial integrals over radial wave
functions are performed numerically and then
summed numerically over the angular momentum
variables. In our most recent work we have re-
ported data for the energy spectrum at 50 keV°®
and for the tip limit of the spectrum!®!* when the
incident electron radiates almost all of its energy.

Here we wish to report rather complete data for
the electron bremsstrahlung energy spectrum in
the range of incident electron kinetic energies 1—
500 keV. Our data, obtained for the Kohn-Sham!?
potential, are given in Sec. II together with some
discussion of qualitative features of the spectrum.
We have verified that, in this energy region, re-
sults are not sensitive to the detailed choice of
self -consistent potential. However, for incident
electron energies below 1 keV this choice, as well
as many electron effects, becomes increasingly
important. In Sec. III we compare our results with
various simpler theoretical approximations, which
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we show are generally inadequate for quantitative
purposes. In Sec. IV, we use our data to construct
tables of the electron bremsstrahlung energy
spectrum by interpolation; we believe that our
interpolated values are accurate to at least 10%.
We compare our values with existing experimental
data and find satisfactory agreement.

II. NUMERICAL RESULTS

We present in Tables I-VI our numerical results
for bremsstrahlung spectrum points o(k)= g2(k/
Z?)(do/dk), both for neutral [exact screened (ES)]
and totally ionized [exact Coulomb (EC)] atoms.
o(k) depends on three variables: the nuclear
charge Z, the incident electron kinetic energy T,
and the fraction of energy radiated k/T,. We give
data for six elements (Z=2, 8, 13, 47, 79, and
92) at incident electron kinetic energies from 1 to
500 keV over the entire spectrum k/7,=0-1. In
each case the tables also show the value (EBF) ob-
tained in the Born approximation® modified by the
Elwert factor,® using the Thomas -Fermi-Moliére
form factor'®; the ratios oypy/0g are used for
interpolation in constructing the tables of Sec. IV
(EBF stands for the Elwert-factor Born-approxi-
mation form factor). The numerical results for
k/T,> 0 were obtained from our partial -wave
bremsstrahlung code previously described; the
data for k/T,=0 were obtained from elastic scat-
tering data using Low’s low-energy theorem.®*
We have included in Table VII all our other numeri-
cal neutral spectrum data (except for tip-region
points previously reported"'°), of which we have
not made further use in this paper because we esti-
mate it does not meet the same standard of ac-
curacy, either due to an inadequate range of inte-
gration or inadequate number of partial waves.
From comparison with values obtained by interpo-
lation we will find that these data, which refer to
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=2).

TABLE I. Bremsstrahlung data Bf(k/Zz)(dG/dk) (in mb) for He (Z

500 keV

100 keV

50 keV

10 keV

5 keV

1 keV

ES EBF EC ES EBF EC ES EBF EC ES EBF EC ES EBF EC ES EBF

EC

k/T,

0
o~

0.75
1.67
2.87
13.00

1.33
2.52
3.91
11.97

1.34
2.54
3.94
13.02

1.66
2.90
4.31
11.36

1.66
2.94
4.38
12.80

3.00
3.87
4.96
8.35

3.12
4.09
5.37
9.55

4.13
4.43
4.96
6.00

4.94
5.13
5.76

0.95
0.80
0.60
0.0
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1.67
2.95
12.60

3.711
5.10
10.60

5.31

4.84
9.34

low-k/T, cases, were indeed accurate to within 5%
except for 500 keV.

The factors B2(k/Z2) are chosen to cancel the
known dependence of do/dk on these factors, re-
sulting in a o(k) with a reduced magnitude of varia-
tion. do/dk diverges with 1/ as -0 (infrared
divergence) due to the zero mass of the photon;
k(do/dR) is finite in this limit for a screened po-
tential but still has a —Ink divergence in the point
Coulomb case. (In either case the integrated en-
ergy-loss cross section f o(k)dk is finite.) For
high energies =1 and, in the Born approximation,
do/dk is proportional to Z% when k/T,=1 and the
Born approximation fails most badly, it is propor-
tionate to Z3, which is why o(k) is small for low Z
at high energies. At low energies, except for
small 2/T,, when Za/B,> 1 the Sommerfeld for-
mula,* % valid in the point Coulomb case, reduces
to the classical Kramers result:

2
%Z—ZE%MES.GO mb,

and shows the same dependence on ., 8,, and Z.
However in the screened case the charge Z is in-
creasingly shielded for low energies, and the
tabulated o(k) drops; for a given energy the frac-
tional shielding, and so the drop in o(k), increases
with increasing Z.

For given Z and T,, o(k) in the point Coulomb
case starts from a finite value at the “tip” (¢/T,
=1), gradually increases as k/T, decreases, and
finally diverges logarithmically in the soft photon
limit /T, - 0. The screened spectrum from a neu-
tral atom lies below the point Coulomb spectrum.
In the screened case o(k)=0 at the tip but rapidly
rises in the first 5-50 eV; it remains finite in the
soft photon limit. In both cases the spectrum be-
comes flatter with increasing Z for fixed T, and
with decreasing T, for fixed Z, in accord with the
condition Za/B, > 1 for the validity of the classical
flat spectrum Kramers result. However with
screening, o(k) at low energies has a maximum
with decreasing k/T, and then decreases toward
the soft-photon end of the spectrum. This screen-
ing effect sets in first for the higher Z’s, at about
10 keV for Au (Z=179), 5 keV for Ag (Z=47), and
1 keV for Al (Z=13). For given k/T,, screening
is more important for small T,; for given T,
screening is more important for small £/T,’s —
in both cases because smaller momentum trans-
fers and larger distances are involved. The spec-
trum from a partially ionized atom lies between
the point Coulomb and neutral atom cases.'®

The tip region of the bremsstrahlung spectrum
has rather special properties and has received
separate study.'®!! An approximate connection,
for higher energies, with atomic photoeffect was
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TABLE II. Bremsstrahlung data f3(k/Z%(do /dk) (in mb) for O (Z=8).

T, 1 keV 5 keV 10 keV 100 keV 500 keV

le/T1 EC ES EBF EC ES EBF EC ES EBF EC ES EBF EC ES EBF
0.99 5.49 5.12

0.96 5.56 5.17

0.95 4.86 4.75 5.21 4,81 2.31 2,19 0.99 0.98 0.95
0.90 5.71 5.25 5.22  4.90 1.29 1.25
0.80 4,91 4.84 5.93 5.42 5.45 5.13 3.17 3.07 1.86 1.86 1.81
0.60 5.01 4.95 6.14 5.74 4.42 4.26 3.06 3.04 3.04
0.50 6.73 6.09

0.40 7.03 6.53

0.00 4,82 4.68 7.61 6.98 8.74 7.97 11.60 10.74 12.20 11.64

first noted by Fano.!” For very low energies reso-
nance structures can develop in some cases.!' And
in the point Coulomb or partially-ionized -atom case
a connection to radiative capture can be made via
the quantum defect theory.'® The data shown in
this paper for k/T, =1 have been obtained by extra-
polation, not by direct calculation, and in the
screened case should be understood as applying

to some tens of eV back from the tip, as distin-
guished from the zero value which would be ob-
tained precisely at the tip.

The low-frequency region of the spectrum also
has special properties and has received separate
study.'® In this case, as discussed by Low,* the
bremsstrahlung matrix element is related to the
matrix element for elastic electron scattering.
From this in the point Coulomb or partially ionized
case the logarithmic divergence of the spectrum
in the soft photon limit can be obtained analytically,
while in the screened case the limit value is ob-
tained as

k d(rmm> 4afr . (dc)
- —em | =— [ sinfdf (-
<22 e 22J, %) 1.

X[A(Az __BZ)-I/Z
xcosh™'(A/B) -1], (1)

Where B,=p,/E,, A=1-B2cosf, B=1 -, with ¢
the electron scattering angle and (do/dQ),, the
differential elastic electron scattering cross sec-
tion. The data of Tables I-VI for k2/T, =0 were
obtained from elastic electron scattering data®
in this way.

III. COMPARISON WITH APPROXIMATIONS

It is natural to ask to what extent and under what
circumstances our numerical data confirm the va-
lidity of various simple approximations often used
for the bremsstrahlung spectrum. To answer this
question we present, in Tables VIII and IX, a com-

parison of some of our data with the predictions of
simpler approximate calculations. In the following
paragraph, we will briefly discuss these theories
and our conclusions regarding their validity. We
begin with the case of a point Coulomb potential,
generally assumed in the simpler theories, then
discuss screening, and finally comment on the en-
ergy-loss integral over the spectrum.

The classical bremsstrahlung radiation spectrum
when an electron scatters from a point charge Z
is discussed in textbooks.?* For o(k)= B2(k/Z?)(do/
dk) one obtains

21’ vk
3 T,
X H o, (0,8 /2T), @

where H®? and H®" are the Hankel function and its
derivative, respectively, and v, is defined as Za/
B,. Here the radiation reaction effects (i.e., change
of classical orbit with electron energy loss by
radiation) are neglected. Note that in this result
the three variables, Z, T,, and k/T, appear only
in the single combination v,k/2T,. Two important
limiting situations are simple:

o(k)=

iH{ ) o7 iV, R/2T))

o~ _]_‘EE. 3 Vlk
olk)= gr=a?, 3T, >1 (3)
o(k)= 16 poin 200 Uik oy (4)

3 IR’ 2T,

(y=¢€°, where c is the Euler constant;y=1.7807-..),
At low energies Eq. (3) says that, except very
close to the soft-photon end of the spectrum, the
spectrum is flat and o(k)=5.60 mb. At our ener-
gies the condition v,k/2T, > 1 is not yet satisfied;
v,k/2T,=(0.683, 0.230), (4.151, 1.377) for Al (5
and 10 keV) and Au (5 and 10 keV), respectively,
but, qualitatively the spectrum is flattening with
decreasing T, and comes within 20% of the classi-
cal constant value. The increase of o(k) associated
with the logrithmic divergence, Eq. (3), is also
clearly seen in our data. It should be noted that
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TABLE VI. Bremsstrahlung data ﬁf(k/Zz)(da/dk) (mb) for U (Z

500 keV

100 keV
ES

5 keV 10 keV 50 keV

1 keV

ES EBF

EC

EBF

EC

ES EBF EC ES EBF EC ES EBF EC ES EBF

EC

1.90
2.48

3.79
4.35
5.16

11.4

4.05
4.49
5.19
8.47

5.62
5.88
6.29
8.50

4.76
5.11
5.67
7.70

5.60
5.72
5.91
6.67

4.99
5.18

4.07
3.99
3.84
3.05

4.65
4.76
4.87
4.63

3.16
3.03
2.81
1.97

3.11

1.01
0.93
0.80
0.46
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3.06
2.98
2.60

3.48
9.77

5.43
5.58

the coefficient ? a® of the -Ink term is precisely
that obtained in a full (even relativistic) quantum
mechanical treatment, as will be discussed sub-
sequently, owing to the fact that the near-forward-
angle behavior of the Rutherford cross section is
the same in classical mechanics, nonrelativistic
mechanics, and relativistic quantum mechanics.

The electron bremsstrahlung spectrum from a
point Coulomb potential predicted in nonrelativistic
quantum mechanics was obtained in dipole approxi -
mation by Sommerfeld* (which we designate S). The
result is

_167° 1
o(k)= —3—Ol mXO

d L
xd—}-(-]F(wl,wz; 1;X,)|? (5)

with
v;=Za/B; and X,=-4v,v,/(v, - v,).

F is the hypergeometric function. Note that this
depends on the three variables only in the two com-
binations v, and v,. In the soft-photon limit v, - v,
this reduces to Eq. (4) for all v, up to constant
terms. For low energies v, > 1 and away from the
soft-photon end of the spectrum, the Sommerfeld
formula reduces'® to the flat spectrum prediction
Eq. (3). For high energies 2mv, <1 and 27v,<< 1

TABLE VII. Other numerical bremsstrahlung data.

g k do
T, Bigz gz (mb)
(keV)  k/T, Z=2 Z=8 Z=13 Z=471 Z=179
1 04 6.376
5 0.2 7.355 6.501 3.642 2.484
0.1 2.309
10 0.2 7.951 4.932  3.683
0.1 7.626 3.492
50 0.2 8.29  7.504 6.80
0.15 8.99
0.1 9.37 6.98
0.05 7.12
0.02 7.17
100 0.2 7.966 7.966 7.663
140 0.5 6.56
0.143 8.56
180  0.98 4.76
0.6 6.03
0.3 7.30
0.2 8.20
500 0.3 5.485 7.268
0.2 6.473 7.416
0.1 7.723
1840  0.9978 1.35  1.93
0.99 1.41  2.00

0.98 1.47 2.07
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(apart from the tip region) the result becomes

16 pi+p
o(k)= —a? 1n<-—‘——?—> 6)
( ) 3 pl_pZ ’ (
while for high energies at the tip one has
o(k)=(647/3)a3y, . 7

At low energies the tip value has simply the flat
spectrum value (167/3v3)a?; so we have the pre-
diction that at higher energies the tip value be-
comes small with decreasing Z and for all Z it de-
creases with increasing energy. Further, as the
tip values are decreasing with increasing energy
while the soft-photon end of the spectrum is re-
maining unchanged, we see that the spectrum, flat
at low energies, becomes increasingly steep at
higher energies. All these features are seen in
our data. When we compare our numerical data
with exact numerical predictions from the Som-
merfeld formula, we see that in this point Coulomb
case the formula is good (to ~1-4%) at 5 keV and

i

2, 2
o(k)=a® {i -2E|E, Ditp; + &E; + ©E, €&
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for low Z still fairly good at 50 keV. This shows
that, as in the atomic photoeffect,? cancellation is
occurring between higher multipole and relativistic
corrections to the nonrelativistic dipole approxi-
mation. This does not occur for the angular dis-
tributions, and it fails for the spectrum as the en-
ergy increases.

Since higher multipoles and relativistic effects
give contributions of similar magnitude, to im-
prove on the Sommerfeld formula for the point
Coulomb case requires a full relativistic calcula-
tion. However, it has only been possible to obtain
relativistic results in analytic form for a few
limiting cases, while our numerical data (EC) give
the full result of this theory for the energy range
1-500 keV where the partial -wave series has been
obtained and numerically summed. The best known
relativistic result is the relativistic Born approxi-
mation (which we designate B) obtained by Bethe
and Heither,® requiring v, <1, »,< 1. In this ap-
proximation the spectrum becomes

3 pivs  PT  P3 b
aE.,E, FE2E%+ p%p?) k <E E,+ p? E.,E,+p2 2kE .E )]}
L 172 1=2 1P2 172 1 _ 12
¥ [%w2+ PP 2,05 CTTR St )l ®

where

L= 21n<§.‘.£2+kpl¢—1)’ €= ]_n<.§1_+.21_> , €= ]_n<

El_pl

In the soft-photon limit this again reduces to Eq.
(4), while for the tip (where the condition v,<< 1
does not hold) this formula vanishes. If both B,
«1 and B,<« 1 while still v,,v,< 1, Eq. (8) reduces
to the nonrelativistic Born result Eq. (6), which,
as we noted, can be extracted from the Sommer-
feld formula.* The relativistic Born approximation
is generally unsatisfactory for the point Coulomb
situations of concern in this paper, except that
like all the other theories it does give the correct
logarithmically divergent result for the soft-photon
end of the spectrum. The Born approximation al-
ways fails for high Z, for which Za=0(1) and
hence the v’s are not small. It always fails in the
tip region of the spectrum, for which 8, is small
and hence v, is large. And it always fails for low
energies, for which the B’ are small and the v’s
large —the failure occurs already for higher en-
ergies as Z increases. We see this general fea-
ture of the Born approximation in our tables,
where (B) and (EC) data are close only in the soft-
photon region of the spectrum. However we may
notice that the (B) data is fairly good for the low-
Z case at 500 keV, and for still higher energies

E,+ Pz) .
E2—p2

-
we may expect that the Born approximation will do
well for the point Coulomb low-Z situation except
in the tip region of the spectrum.

Elwert® found a simple way to improve the rela-
tivistic -Born-approximation result. By compar-
ing the Sommerfeld formula with the Born-approxi-
mation formula, he obtained from the Sommerfeld
formula a factor (Elwert factor)

_ g2y
Falvv)= 22 =5 )
When the Born-approximation result is multiplied
by this factor (we designate this Elwert-Born com-
bination EB) a substantially improved result for
the spectrum is obtained. We have discussed else-
where'® some of the reasons for the success of this
approximation, offering an explanation in terms of
the properties of the electron wave functions which
enter into the integral for the bremsstrahlung ma-
trix element. Here let us simply note that this
prescription replaces the Born-approximation pre-
diction of zero for the tip of the spectrum with a
finite prediction correct to lowest order in Za,
while leaving unchanged the (correct) Born-approx-
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FIG. 1. Electron bremsstrahlung cross section ¢ (¢)
=B2(k/2%(do/dk) (in mb) at /T, =0 for T;=1-500 keV
and Z =2-179, using the connection between elastic elec-
tron scattering and the low-frequency region of the
bremsstrahlung spectrum.

imation prediction for the soft-photon end of the
spectrum. In consequence we can expect a better
result throughout the spectrum, particularly in
the low-Z cases. This is what comparison of EB
and EC data in our tables shows: for low Z, EB
is good within several percent for all energies,
while for high Z differences of a factor of 2 re-
main.

Under the circumstances that T, T,> 1, Bethe
and Maximon?® obtained an analytic expression for
the relativistic point Coulomb bremsstrahlung
spectrum, justifying and using Sommerfeld -Maue
(SM)?* wave functions for the calculation. It is
believed that this calculation is only valid for T,
>15-50 MeV, far above the energies presently ac-
cessible in partial-wave calculations, and conse-
quently there is no overlap with our discussion
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here. However more recently Elwert and Haug’
used SM wave functions without high-energy as-
sumptions to obtain a result (designated EH) for
the spectrum which reduces to the Sommerfeld
formula for low energies, to the Bethe-Maximon
formula for high energies, and to the Bethe-
Heither formula for low Za/8. Unfortunately, as
our data show, at intermediate energies it gives
predictions for the spectrum no better than those
(EB) obtained from the Elwert-factor -multiplying
Born approximation. (In the case of angular dis-
tributions it is more useful.)

Rather little can be said analytically about
bremsstrahlung from a screened potential. The
soft-photon end of the spectrum no longer diverges
logarithmically but has a finite limit, because the
total elastic scattering cross section is now finite.
In the classical case at not too low an energy, this
limit may be estimated from the Thomas-Fermi
atomic model as®*®

o(k)= L a*In[r(1.4/a)(MB,/Z"?)], (10)
where X\ depends weakly on Z and T, and is of or-
der of unity, and M is the mass of the atom. o(k)
increases with In7, as T, increases and decreases
as -InZ as Z increases. We can see from Fig. 1
that for our energies, up to 100 keV, the data for
the soft-photon limit in screened potentials does
qualitatively exhibit these features.

In relativistic Born approximation the effect of
screening is to multiply the cross-section differ-
ential in photon energy, photon angle, and scat-
tered-electron angle by the square of a form fac-
tor

F@=1-5 [p@e™at, (11)
where
foDat=z, (12)

with =P, - D, —k. Here p(¥) is the charge density
of the electron cloud, which is obtained in a self-
consistent Hartree-Slater-type calculation.’* To
obtain the energy spectrum, the point Coulomb
triply differential cross section weighted by |F(q)|?

TABLE X. Integrated energy loss ¢ ;.
b 0y /2R
T, Z=179 Z=13
(keV) EC B EB ES BF EBF EC B EB ES BF EBF
500 7.62 5.51 6.18 7.22 4.64 5.28 5.64 5.51 5.74 5.54 5.01 5.26
50 7.51 5.25 6.93 5.68 3.98 5.52 6.40 5.25 6.27 5.75 4.52 5.52
10 6.54 5.33 7.29 3.48 3.25 4.75 6.99 5.33 7.08 5.76 3.93 5.53
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TABLE XI. Interpolated bremsstrahlung spectrum g2(k/2%(do /dk) (mb) and integrated energy loss ¢raq/Z2a42.

Ty (keV\k/Tl 0.000 0.100 0.200  0.300 0.400 0.500

Fain

0.600 0.700 0.800 0.900 1.000 e
He (Z=2)
1 7.147 7.315 7.197 6.916 6.546 6.146 5.758 5.413 5.136 4.962 4.980 5.309
2.5 8.513 8.466 8.009 7.419 6.792 6.177 5.594 5.045 4.527 4.045 3.726 5.383
5 9.555 9.233 8.419 7.572 6.779 6.049 5.369 4.723 4.091 3.448 2.866 5.371
10 10.606 9.860 8.634 7.558 6.641 5.834 5.099 4.402 3.710 2.973 2.133 5.327
25 11.912 10.321 8.576 7.284 6.273 5.427 4.675 3.968 3.257 2.473 1.377 5.205
50 12.804 10.580 8.554 7.137 6.055 5.164 4.382 3.656 2,935 2.145 0.968 5.189
75 12.955 10.439 8.339 6.902 5.812 4,919 4.141 3.422 2,714 1.944 0.779 5.109
100 13.029 10.294 8.144 6.693 5.602 4.713 3.942 3.235 2,543 1.796 0.663 5.046
200 13.079 9.869 7.602 6.114 5.025 4.154 3.410 2,742 2,103 1.433 0.440 4,922
300 13.042 9.642 7.316 5.800 4.708 3.849 3.120 2,475 1.869 1.246 0.346 4,922
400 13.014 9.528 7.170 5.629 4.533 3.677 2,959 2.327 1,738 1.141 0.296 4,987
500 13.002 9.477 7.105 5.540 4.439 3.581 2,871 2.247 1.667 1.083 0.268 5.088
0(Z=8)
1 4,821 4,988 5.082 5.112 5.103 5.067 5.016 4.960 4.908 4.868 4.848 4.315
2.5 6.414 6.580 6.605 6.559 6.467 6.342 6.193 6.026 5.839 5.631 5.398 5.379
5 7.615 7.715 7.549 7.298 7.015 6.728 6.452 6.188 5.938 5.702 5.470 5.824
10 8.739 8.683 8.178 7.601 7.047 6.548 6.115 5.748 5.454 5.247 5.151 5.889
25 10.113 9.646 8.609 7.649 6.821 6.112 5.510 5.000 4.577 4.251 4.128 5.770
50 10.959 10.097 8.733 7.586 6.622 5.797 5.083 4.459 3.907 3.411 3.071 5.663
75 11.364 10.131 8.560 7.317 6.302 5.445 4,707 4.059 3.475 2.926 2.468 5.514
100 11.598 10.079 8.372 7.072 6.033 5.165 4.420 3.765 3.170 2.597 2.062 5.399
200 11.975 9.765 7.781 6.380 5.314 4.450 3.715 3.070 2.477 1.891 1.237 5.155
300 12.097 9.541 7.437 5.992 4.924 4.073 3.353 2.722 2,141 1.566 0.891 5.091
400 12,159 9.403 7.240 5.769 4.703 3.861 3.1563 2,531 1,958 1.391 0.712 5.115
500 12.202 9.321 7.130 5.640 4.577 3.740 3.042 2,427 1.856 1.291 0.607 5.185
Al (Z=13)
1 3.618 3.683 3.745 3.795 3.844 3.894 3.947 4.002 4.059 4.117 4.176 3.367
2.5 5.310 5.371 5.377 5.361 5.336 5.304 5.267 5.222 5,166 5.092 4.993 4.555
5 6.632 6.678 6.573 6.429 6.272 6.120 5.977 5.842 5,708 5.567 5.411 5.308
10 7.797 7.804 7.503 7.148 6.803 6.493 6.225 5.998 5.807 5.650 5.517 5.761
25 9.310 8.901 8.100 7.386 6.793 6.301 5.887 5.535 5.237 4.997 4.823 5.850
50 10.299 9.485 8.306 7.355 6.589 5.952 5.404 4,923 4.495 4.128 3.882 5.754
75 10.769 9.705 8.334 7.264 6.406 5.685 5.059 4.503 4.000 3.551 3.240 5.668
100 11.055 9.753 8.236 7.085 6.171 5.410 4,752 4,169 3.641 3.160 2.812 5.569
200 11.552 9.708 7.899 6.581 5.560 4.721 4,002 3.372 2,801 2.265 1.805 5.371
300 11.737 9.652 7.720 6.320 5.247 4.372 3.625 2,974 2,390 1.840 1.325 5.352
400 11.839 9.639 7.649 6.195 5.088 4,187 3.421 2,757 2.163 1.607 1.060 5.421
500 11.910 9.657 7.642 6.150 5.018 4.094 3.315 2.638 2,034 1.471 0.901 5.536
Fe (Z=26)
1 2.114 2.142 2.198 2.268 2,352 2.452 2.564 2.685 2.807 2.920 3.012 2.155
2.5 3.626 3.631 3.647 3.674 3.716 3.773 3.839 3.911 3.982 4,043 4.082 3.293
5 4,998 4.995 4,953 4,912 4.881 4.861 4,852 4.850 4.845 4.828 4.784 4.238
10 6.240 6.287 6.191 6.074 5.961 5.862 5.774 5.686 5.584 5.452 5.276 5.111
25 7.989 7.686 7.205 6.818 6.532 6.322 6.152 5.982 5.775 5.499 5.134 5.704
50 9.248 8.555 7.675 7.016 6.534 6.168 5.869 5.595 5.316 5.008 4.649 5.842
75 9.867 9.055 8.009 7.218 6.612 6.119 5.691 5.294 4.905 4.516 4.122 5.938
100 10.258 9.273 8.074 7.174 6.478 5.908 5.415 4.968 4.549 4.155 3.791 5.920
200 10.998 9.661 8.151 6.999 6.081 5.312 4.645 4.059 3.540 3.088 2.742 5.859
300 11.298 9.868 8.241 6.953 5.902 5.012 4.237 3.568 2.988 2.492 2,122 5.919
400 11.466 10.050 8.383 7.004 5.857 4,872 4.020 3.292 2.670 2.143 1.748 6.063
500 11.577 10.226 8.563 7.117 5.892 4.826 3.912 3.135 2.481 1.929 1.510 6.256
Kr (Z=36)
1 1.607 1.696 1.792 1.888 1.982 2.076 2.169 2.257 2,337 2.404 2.453 1.782
2.5 2.860 2.960 3.062 3.161 3.264 3.367 3.468 3.558 3.629 3.669 3.666 2.890
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TABLE XI (Continued)
¢rad
Ty (keV)\e/T1 0.000  0.100 0.200 0.300 0.400 0.500 0.600 0.700 0.800 0.900 1.000 Z%a’X?
5 4.114  4.217 4,286 4.346 4.405 4.464 4.519 4.566 4.595 4.593 4.546  3.845
10 5.429 5,571 5,579 5.548 5.500 5.452 5.408 5.366 5.323 5.270 5.197  4.736
25 7.310  7.351 7.089 6.796 6.523 6.286 6.083 5.907 5.748 5.601 5.457  5.637
50 8.746  8.538 7.931 7.374 6.902 6.504 6.165 5.873 5.618 5.392 5.186  6.078
75 9.520  9.075 8.226 7.503 6.906 6.406 5.980 5.615 5.299 5.025 4.785  6.196
100 9.975  9.331 8.316 17.486 6.811 6.246 5.763 5.346 4.984 4.672 4.399  6.216
200 10.882 9,593 8.147 7.055 6.203 5.505 4.911 4.398 3.950 3.562 3.237  6.058
300 11.239  9.568 7.908 6.689 5.762 5.013 4.376 3.826 3.341 2.914 2561  5.951
400 11.425  9.513 7.735 6.443 5.478 4.704 4.051 3.485 2.980 2.528 2.153  5.925
500 11.535  9.463 7.619 6.282 5.296 4.508 3.850 3.277 2.761 2.290 1.896  5.952
Mo (Z=42)
1 1.347  1.421 1,508 1.601 1.697 1.797 1.898 1.994 2.078 2.141 2.173  1.546
2.5 2.508 2,606 2.712 2.820 2,933 3.050 3.166 3.272 3.357 3.408 3.410 2.620
5 3.728  3.840 3.927 4.008 4.089 4.170 4.248 4.317 4.366 4.382 4.351  3.590
10 5.034 5183 5.222 5.227 5,218 5.205 5.193 5,180 5,159 5.120 5.053 4.511
25 6.957 7.036 6.837 6.598 6.371 6.170 5.996 5.844 5.705 5.572 5.438  5.510
50 8.469  8.324 7.794 7.296 6.869 6.508 6.199 5.931 5.694 5.479 5.281  6.051
75 9.297  8.919 8.146 7.482 6.931 6.471 6.078 5.739 5.442 5.179 4.940 6.225
100 9.790  9.220 8.282 7.509 6.881 6.355 5.905 5.514 5.168 4.861 4.581  6.286
200 10.789  9.573 8.187 17.141 6.326 5.660 5.093 4.602 4.170 3.788 3.451  6.187
300 11.187  9.578 7.966 6.783 5.885 5.162 4.548 4.018 3.548 3.131 2.768  6.089
400 11.391 9.532 7.795 6.533 5.591 4.840 4.207 3.659 3.170 2.731 2.352 6.061
500 11.509  9.484 7.675 6.364 5.399 4.631 3.992 3.437 2.937 2.481 2.087 6.083
Ag (Z=47)
1 1.172  1.235 1.314 1.403 1.499 1.601 1.707 1.808 1.895 1.955 1.973  1.381
2.5 2.262  2.357 2,464 2.576 2.695 2.820 2.946 3.062 3.157 3.214 3.216  2.425
5 3.452  3.571 3.670 3.764 3.859 3.954 4.047 4,129 4,191 4.220 4.198  3.403
10 4,743  4.897 4.956 4.986 5.003 5.015 5.027 5.034 5.028 4.998 4.934  4.340
25 6.690  6.793 6.635 6.435 6.240 6.067 5.916 5.783 5.660 5.539 5.414  5.403
50 8.258  8.151 7.673 7.218 6.825 6.491 6.206 5.957 5.735 5.532 5.340  6.017
75 9.125  8.787 8.067 7.445 6.931 6.502 6.136 5.818 5.536 5.280 5.042  6.233
100 9.650  9.123 8.237 7.507 6.915 6.422 5.999 5.628 5.295 4.990 4.703  6.326
200 10.722  9.552 8.212 7.200 6.415 5.776 5.231 4,757 4.336 3.955 3.606  6.282
300 11.152  9.590 8.015 6.860 5.985 5.282 4.686 4.170 3.710 3.297 2.926  6.199
400 11.372  9.561 7.855 6.615 5.692 4.956 4.337 3.801 3.323 2.891 2.506  6.176
500 11.497  9.520 17.741 6.448 5.497 4,741 4.114 3.570 3.081 2.635 2.238  6.200
La (Z=5T7)
1 0.905  0.949 1.013 1.091 1.183 1.286 1.397 1.506 1.596 1.648 1.642 1.118
2.5 1.864 1.953 2.059 2.173 2.299 2.435 2,573 2.704 2.811 2.874 2.873 2.098
5 2.992  3.123 3.242 3.355 3.471 3.586 3.698 3.800 3.879 3.923 3.917  3.082
10 4.243 4,404 4.494 4.561 4.620 4.674 4.723 4.762 4.780 4.763 4.697  4.032
25 6.217 6.349 6.254 6.117 5.978 5.853 5.746 5.650 5.559 5.463 5.355 5.194
50 7.876  7.817 7.419 7.035 6.702 6.421 6.183 5.974 5.785 5.606 5.428  5.927
75 8.806  8.516 7.878 17.331 6.885 6.518 6.208 5.935 5.684 5.441 5.197 6.216
100 9.393 8.913 8.108 7.453 6.930 6.501 6.135 5.808 5.503 5.203 4.899 6.364
200 10.604  9.501 8.236 17.289 6.563 5.976 5.477 5.037 4.634 4.251 3.875  6.444
300 11.099 9.624 8.120 7.016 6.182 5.517 4.951 4.459 4.015 3.604 3.213 6.413
400 11.350  9.647 8.009 6.809 5.913 5.201 4.601 4.082 3.618 3.193 2,798  6.418
500 11.489  9.642 7.928 6.666 5.732 4,988 4.372 3.840 3.364 2.931 2.532  6.461
W (Z=174)
1 0.601 0.612 0.648 0.707 0.787 0.890 1.013 1.140 1.243 1.273 1.202 0.797
2.5 1.379  1.443 1.533 1.643 1.774 1.924 2.086 2.241 2.363 2.414 2.365 1.670
5 2.411 2,556 2,696 2.833 2.972 3,111 3.242 3.359 3.446 3.489 3.472  2.659
10 3.573  3.728  3.847 3.960 4.075 4.188 4.292 4.372 4.408 4.377 4.256  3.589
25 5.570  5.698 5.658 5.591 5.526 5.475 5.439 5.410 5.376 5.323 5.236  4.853
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TABLE XI (Continued)
¢rad
T, (ke\xk/Tl 0.000 0.100 0.200 0.300 0.400 0.500 0.600 0.700 0.800 0.900 1.000 Ziaﬁatz
50 7.352 7.274 6.941 6.641 6.400 6.215 6.071 5.950 5.832 5.697 5.527 5.734
75 8.350 7.996 7.424 6.982 6.663 6.431 6.251 6.086 5.899 5.657 5.332 6.108
100 9.032 8.456 7.702 7.152 6.763 6.482 6.258 6.048 5.808 5.497 5.093 6.319
200 10.454 9.346 8.163 7.323 6.714 6.247 5.854 5.491 5.117 4.700 4.221 6.654
300 11.057 9.746 8.365 7.348 6.583 5.971 5.446 4,976 4.533 4.094 3.644 6.814
400 11.365 10.006  8.532 7.395 6.511 5,785 5.162 4.619 4,135 3.695 3.287 6.978
500 11.534 10.206 8.698 7.474 6.496 5.675 4.979 4.382 3.872 3.437 3.072 7.161
Au (Z=179)
1 0.552 0.571 0.610 0.667 0.741 0.834 0.942 1.054 1.146 1.184 1.140 0.743
2.5 1.283 1.356 1.450 1.559 1.685 1.826 1.975 2.120 2.237 2.299 2.277 1.583
5 2.274 2.425 2.570 2,709 2.847 2.984 3.115 3.231 3.323 3.379 3.384 2.552
10 3.412 3.580 3.709 3.829 3.946 4.059 4.163 4.246 4.292 4.279 4.190 3.479
25 5.378 5.526 5.5610 5.463 5.413 5.375 5.348 5.328 5.304 5.264 5.194 4.757
50 7.167 7.126 6.830 6.557 6.334 6.163 6.030 5.920 5.814 5.694 5.543 5.677
75 8.188 7.893 7.364 6.949 6.643 6.419 6.245 6.088 5.915 5.695 5.401 6.087
100 8.894 8.385 7.675 7.147 6.770 6.494 6.275 6.074 5.849 5.564 5.193 6.324
200 10.379 9.329 8.182 7.360 6.763 6.304 5.920 5.571 5.215 4.820 4.367 6.709
300 11.014 9.734 8.379 17.381 6.632 6.037 5.529 5.078 4.654 4.232 3.796 6.883
400 11.337 9.980  8.524 7.409 6.549 5.849 5.251 4.731 4.266 3.840 3.438 7.046
500 11.510 10.158 8.661  7.463 6.518 5.732 5,068 4.499 4.008 3.585 3.220 7.222
Rn (Z=86)
1 0.496 0.528 0.572 0.629 0.695 0.773 0.859 0.947 1.024 1.073 1.074 0.681
2.5 1.168 1.256 1.357 1.465 1.582 1.707 1.837 1.963 2.073 2.150 2.177 1.477
5 2.102 2.261 2.411  2.551 2.688 2.820 2.946 3.061 3.159 3.235 3.278 2.413
10 3.208 3.396 3.540 3.666  3.782 3.890 3.988 4.071 4.129 4.150 4.121 3.337
25 5.117 5.297 5.315 5.295 5.264 5.238 5.220 5.208 5.195 5.172 5.130 4.626
50 6.902 6.925 6.687  6.450 6.250 6.091 5.966 5.864 5.770 5.672 5.556 5.594
75 7.952 7.767 7.310 6.928 6.632 6.405 6.226 6.070 5.913 5.733 5.510 6.061
100 8.690 8.309 7.673 7.175 6.800 6.515 6.286 6.084 5.879 5.644 5.357 6.335
200 10.260 9.318 8.225 7.423 6.829 6.369 5.988 5.652 5.327 4.984 4.602 6.780
300 10.938 9.696 8.370 7.395 6.665 6.092 5.610 5.191 4.804 4.424 4.030 6.954
400 11.279 9.885 8.437 7.352 6.533 5.880 5.332 4.860 4.438 4.043 3.657 7.094
500 11.459 9.996 8.488 7.329 6.448 5.736 5.145 4.639 4.194 3.794 3.422 7.237
U (Z2=92)
1 0.457 0.501 0.553 0.609 0.669 0.733 0.799 0.866 0.931 0.988 1.034 0.639
2.5 1.084 1.187 1.295 1.403 1.511 1.622 1.732 1.840 1.942 2,033 2.108 1.398
5 1.970 2,135 2.289 2.430 2.563 2.690 2.809 2.922 3.026 3.119 3.201 2.304
10 3.049 3.257 3.414 3.544 3.656 3.754 3.843 3.922 3.991 4.046 4.083 3.224
25 4.901 5.111 5.160 5.161 5.144 5.124 5.109 5.100 5.094 5.087 5.072 4.515
50 6.670 6.758 6.573 6.368 6.184 6.030 5.906 5.804 5.718 5.639 5.558 5.521
75 7.743 7.675 7.289 6.935 6.638 6.397 6.199 6.033 5.888 5.752 5.617 6.040
100 8.503 8.266 7.706 7.230 6.846 6.537 6.284 6.069 5.880 5.702 5.525 6.349
200 10.144 9.318 8.278 7.488 6.886 6.412 6.022 5.691 5.397 5.120 4.842 6.837
300 10.857 9.641 8.337 7.376 6.661 6.104 5.646 5.259 4.914 4.587 4.256 6.991
400 11.213 9.749 8.296 7.234 6.455 5.853 5.359 4.944 4,573 4.218 3.854 7.091
500 11.396 9.773 8.237 7.114 6.300 5.669 5.162 4.733 4.347 3.975 3.588 7.189

must be integrated (generally numerically) over

angles. (We have designated this Born approxima-
tion with form factor BF.) Note that since |FI<1
screening, as in the classical case, decreases the
cross section. In an ad koc fashion, one can also

modify the EH and EB triply differential cross

section by the same form factor and integrate over
angles, obtaining the spectrum predictions desig-
nated EHF and EBF in our tables. These predic-
tions all show the property of a finite soft-photon
spectrum limit, corresponding to the fact that the
Born approximation for elastic scattering from a
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screened potential is finite. BF still suffers from
vanishing at the tip limit (which the exact result
does not do unless one looks within 10 eV of the
tip); EHF and EBF gave rather similar results.
From its origin in Born approximation we might
anticipate that a form factor best assesses screen-
ing for low-Z elements, and this is what our data
show; the fractional change in a spectrum point
due to screening is well predicted for low Z and
poorly predicted for high Z. At these energies the
importance of screening diminishes with increas-
ing energy, as the important region for the process
moves into the interior of the atom. At much
higher energies this situation is known to reverse
and screening again becomes important. We note
that throughout the energy range of interest EBF
is within a factor of 2 of ES for high-Z elements
and within a few percent for low-Z elements.

Finally in Table X we compare predictions for
the integrated bremsstrahlung energy-loss cross
section ¢4, defined as®

1 (%, do
¢““'Ef RE de.

In the integration one sees a tendency for Coulomb
increases in the tip region to cancel screening de-
creases in the soft-photon region, so that inte-
grated B, EBF, and ES points lie between more
extreme EC and BF points. In low-Z elements B
and EBF lie within ~5-10% of our numerical ES
data, while in the high-Z case the discrepancies
range from 20% (500 keV) to 70% (10 keV). Thus,
here too none of the simple approximations are
generally acceptable for quantitative purposes.

(13)

IV. TABULATION OF THE BREMSSTRAHLUNG ENERGY
SPECTRUM FROM NEUTRAL ATOMS

We can now develop an interpolation scheme for
tabulation of the bremsstrahlung spectrum. As
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mentioned in Sec. II, the factor kB2/Z? serves to
scale do/dk. However, we can see from Tables I—-
VI that for a fixed Z and T, the variation of the
bremsstrahlung cross section o(k)=p%(k/Z2)(do/dk)
over a spectrum can be a factor of 10, especially
for low-Z elements and high energies. In Sec. III
we have observed that for incident electron kinetic
energies above 1 keV, by combining the Bethe-
Heitler formula, the Elwert factor, and a form
factor one comes within a factor of 2 of the exact
numerical screened results for high-Z elements
and within a few percent for low-Z elements. Thus
the ratios 0ppp/0gg vary very smoothly with re-
spect to the three variables Z, T,, and #/T,. This
provides the basis of an interpolation scheme for
the bremsstrahlung spectrum from neutral atoms.

In Tables I-VI, we have given the “benchmark”
data for six elements at various incident electron
kinetic energies T,=1-500 keV. For fixed Z and
fixed T,, we use the following interpolation formu-
la

Oppp(k)/0gs(R)=a,+ a,y+a,y*+a,y° (14)

with y=k/T,. With this formula and the data pre-
sented in Tables 1-VI, we can construct the entire
spectrum for all the cases presented in Tables I-
VI, accurate to within about 2%. To enlarge these
tabulations, for fixed /T, we use the Lagrange
three-point interpolation formula in Z and In T,
for the ratios 0gy5p/0gg to interpolate in Z and InT,.
There are two orders in which this can be done.
The results from these two different orders agreed
to better than 0.1%. However, if the interpolation
is performed in a completely different order (not
beginning with £/7,), the results can vary by as
much as 5%. Conservatively, we believe that our
interpolated values are accurate to at least 10%.

In Table XI we present a short tabulation of the
bremsstrahlung spectrum o(k) for neutral atoms

TABLE XII. Comparison of interpolated bremsstrahlung spectrum [,Bf(k/Zz)(da/dk) (in mb)] with experimental results.

Z=13 Z=179
T, 50 keV 500 keV 50 keV 180 keV 500 keV
Expt. Expt. Expt. Expt. Expt.

R/T Calc. (Ref. 29)2 Calc. (Ref. 28) Calc. (Ref. 29) Calc. (Ref. 27) Calc. (Ref. 28)
0.90 4,13 3.81%0.34 1.47 2.01+£0.37 5.69 5.52+0.34 3.59 5.50%£1.20
0.80 4,50 4.26+0.31 2,03 2.,90+0.75 5.81 5.81+0.34 5.35 4.67+0.54 4,01 5.96%+1.20
0.60 5.40 5.31+0.41 3.12 4.09%0.90 6.03 6.32+0.43 6.01 5.26+0.54 5.07 7.00+1.50
0.40 6.59 6.35+0.60 5.02 5.88+1.10 6.33 7.15%0.51 6.79 5.94+0.72 6.52 8.15+1.60
0.25 7.70 6.62+0.82

0.20 8.31 7.82%+0.60

0.15 8.63 7.16=1.00

2 All the experimental results were read from the figures in the references.
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obtained with this interpolation scheme, for inci-
dent electron kinetic energies T,=1-500 keV and
elements Z=2-T9. The results are estimated to
be accurate within 10%.2” We will subsequently
prepare more extensive tables of these results.

Finally, in Table XII we compare our predicted
results with existing recent experimental data?®3°
for the spectrum. The agreement achieved seems
generally satisfactory when the combined experi-
mental and theoretical uncertainties are considered.
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