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CoeNcients EI, in the Z-expansion series for F(Z), where F(Z) is the nonrelativistic total energy and Z the
nuclear charge, are tabulated for singly excited n("S) and n("P) states of two-electron ions, n = 2—5. These
results were obtained largely from an analysis of variational E(Z) values given by Accad, Pekeris, and SchiiT
but were taken in some cases from variational-perturbation calculations of other authors. The Z-expansion
estimates of nonrelativistic term values for ions with Z & 11 have been compared with the corresponding
results of Ermolaev and Jones, and agreement within 1 or 2 parts in 10' was found for most states.

INTRODUCTION

The landmark 1971 paper' of Aecad, Pekeris,
and Schiff (hereafter APS I) on helium-sequence 8
and P states has become a standard reference for
calculated properties of two-electron ions through
nuclear charge Z= 10. Becently, with the aim of
facilitating extrapolations to still higher sequence
members, these authors published an alternative
tabulation' (hereafter APS II) of their computed
energy levels in which values are listed to greater
numbers of significant figures, reflect a more
consistent choice of basis, and are given in the
original atomic units. The APS II data permit in
particular a more reliable determination of the
E, coefficients in the Z-expansion series'

E(Z) = EOZ' + E,Z+ E, + E,Z ' + .

where E(Z) is the nonrelativistic (NR) total ener-
gy. For Isnl ("1.) states of two-electron sys-
tems, E, is given (in atomic units) by

E, = --,' (1 + I/n')

and the E, coefficients (which may be calculated
exactly) have been tabulated to great precision.
Values of the higher-order E~ are required in Z-
expansion estimates of NB term values for high-Z
ions and as input data for Z-expansion quantum-
defect theory. ' The correlated, two-electron E,
coefficients find further application in NB calcula-
tions of three-electron energies' through second
order in Z '.

The present study mas undertaken to determine
higher-order EI, coefficients for helium-sequence
n("8) and n("'P) states, n=2-5. All of these co-
efficients were obtained initially from an analysis
of the Ac cad- Peker is-Schiff energies; however,
the results of variational-perturbation F~ calcula-
tions carried out by other authors proved to be of'

equal or greater accuracy in some cases, and the
final tabulation lists preferred values for each

state. The NB ionization energies furnished for
Z~ 11 by the Z-expansion series are in acceptable
agreement with (but probably more accurate than)
the corresponding results of Ermolaev and Jones, '
who extrapolated the APS I data by a Pads-approx-
imant technique. '

Atomic units are used throughout.

PROCEDURE

Estimates of the &~ coefficients for all states
were first determined by fitting the Acead-Peker-
is-Schiff E(Z) values to a series of the form (1)
through the differencing technique of Scherr, Sil-
verman, and Matsen'; the details of this proce-
dure are described by Blanehard and Drake. " The
APS II data mere employed here except in the
4-5('S) cases, for which the extrapolated APS I
energies (of greater absolute accuracy) were used.
The series-fit E~ were then compared where pos-
sible mith EI, calculated directly from variational-
perturbation theory"' by other authors. " " As
approximate E, coefficients furnished by either of
these variationally-based approaches must be up-
per bounds to the exact NB values, " the most ac-
curate calculation is that which yields the lowest
+2 value.

Variational-perturbation &„ have been computed
to high order for the 2("S), 3("S), 2("P), and
3("P)states ""Of .these, only the 2-3('S) values
of Aashamar ef aL"'" and the 2('S) results of San-
ders and Scherr" were found to be distinctly more
accurate than the corresponding series-fit E~. The
2(''P) calculations of Sanders and Scherr" proved
to yield E& coefficients nearly equivalent to those
of the series-fit procedure, but here a "hybrid"
method (described below) allomed refined F, esti-
mates to be obtained from the APS II data. The F~
furnished by the remaining high-order variational-
perturbation calculations mere found to be consid-
erably less accurate and have not been adopted.
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Additional variational-perturbation results, ex-
tending only through E„are available for nS and
nP states"' "with n =2-10. Although restricted to
low order, such values have the advantage of being
givento greater numbers of significant figures than
could be obtained by a differencing of the Accad-
Pekeris-Schiff energies. In those cases for which
consistency with the series-fit E~ was found, the
variational-perturbation results were adopted and
incorporated into the differencing procedure to in-
crease the precision and extent of the series fit.

THE S STATES

The preferred E„values appear in Table I. The
sets of coefficients for the 2-3('S) states are ab-
breviations of the more extensive tabulations given
by Aashamar et al. ,

"' M whose 2('S) values super-
sede those of Sanders and Scherr. " Variational-
perturbation E, , E, coefficients for the n("'S)
states through n =10 have also been calculated in

preliminary, unpublished work by Sanders, " and
these proved sufficiently accurate to warrant adop-
tion in several other instances. The remaining E„
were determined by fits to the APS II data except
for the n =4-5 singlet states, for which the extra-
polated APS I energies were employed. In the lat-
ter cases, the smaller number of significant fig-
ures given in the APS I tabulation precluded an ex-
tensive application of the differencing procedure;
an average of the first-order differences" for Z
= 4-10 was therefore used to determine the E,
coefficients, the values E, through E, being ad-
justed for best fit to the data for Z» 4.

THE P STATES

The preferred E~ values are given in Table II.
The most accurate P-state variational-perturba-
tion calculations axe those of Sanders and Scherr"
(hereafter SS), who employed a 100 term ba-sis set
to compute the E„coefficients to high order for the
2(''P) cases and through E, for the n(''P) states,
n =3-10. In the 2("P) cases, a differencing of the
APS II energies yielded systematic agreement
(within the numerical uncertainty of the procedure)
with the SS results through fifth order, "even
though the APS II total energies are slightly lower
than those obtained by summing the SS Z-expan-
sion. As SS list the E„ to much higher order, how-
ever, a more sensitive "hybrid" method may be
used to obtain refined E, estimates from the APS
II data. Several studies ' ' have shown that the
collective accuracy of the E~ when used in Z-ex-
pansion series is greater than that of any individu-
al value. If the contributions of E„E„and the E„

given by SS for 4» 3 are subtracted from the APS
II total energies for Z =2-10, the residuals are
observed to converge rapidly with increasing Z to
the E, values of Table II. The revised E, are
slightly lower than the original SS estimates" and
bring the 2("P) perturbation energy sums into al-
most exact agreement with the APS II values for
Z» 6. The E, refinements should in principle be
accompanied by corrections to the remaining E„,
but these were beyond the accuracy of the APS II
data to determine and are presumably very slight. 'o

For the n("P) states with n ~ 3, the APS II ener-
gies yielded consistently lower E, values than
those of SS, although the two sets of E, coefficients
are in close agreement for the triplet states.

APPLICATION TO HIGH-Z IONS

The E~ furnish estimates of the NB contribution
I„Rto the ionization energy for Z» 11 through the
series

f„„(Z)=Z'/2n' —E,Z —E, —E,Z '—

The Z-expansion approach has the advantage of
yielding INR values numerically reliable to a fixed
number of decimal places beyond Z =10„apreci-
sion determined by the number of significant fig-
ures to which the E„are known; see Table III. As
the contribution Z'/2n' dominates for large Z, the
relative numerical accuracy of the Z-expansion
(3) is certain to increase with increasing Z. The
Z-expansion I„„have been compared in the range
ll +Z &26 with the corresponding NB results of
Ermolaev and Jones' (hereafter EJ), who suggest
a numerical aecuraey of roughly one part in 10'
for their procedure. The Pade-approximant tech-
nique employed by these authors is more sophis-
ticated than the Z-expansion method, but their use
of the less smoothly Z-dependent APS I data is
open to the objections listed in APS II.

The extrapolated INR values of Ermolaev and
Jones were found to be systematically higher than
the Z-expansion results for all but the 3('P) states.
The sense of this persistent discrepancy is par''ic-
ularly surprising in the cases of the 2-3('S) states,
for which the APS I ionization energies (upon
which the EJ extrapolation is based) are systemat-
ically lower than the more accurate values of
Aashamar et al."'" (adopted here) in the range
Z = 2-10. By contrast, preliminary Z-expansion
INR values for these states obtained from an analy-
sis of the APS II data proved to be slightly lower
than, and in much better agreement with, the re-
sults of Aashamar et &/. for Z» 11. These com-
parisons suggest the possibility that the EJ ioniza-
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ate

9 cL

8b

7—8
7

9
7

6—7
6—7

12-decimal accuracy if the EI, of Bef. 15 are used.
b 10-decimal accuracy if the EI, of Bef. 16 are used.

TABLE III. Estimated numerical accuracy, in decimal
places, of the &-expansion INR (when expressed in atom-
ic units) for &—11.

states. These differences would seem unlikely to
be of observational importance except possibly in

predictions of n- n transition energies, for which
severe cancellation occurs; here one may wish to
consider the slight revisions to the Ermolaev-
Jones INRvalues for Z ~ 11 implied by the present
work. The most important effect of such revisions
upon transition energies would occur in the 5'S,
-O'P, cases and result in a lowering of the EJ
predicted transition-energy values (incorporating
relativistic and other corrections) by about four
parts in 10'.

tion energies suffer from a positive bias, perhaps
an artifact of the EJ extrapolation procedure. The
magnitude of the discrepancy (relative to the Z-
expansion values) in the range 11 ~ Z « 26 is never-
theless only one or two parts in 10' for the 2('8),
2-2('P}, and all triplet states. The disagreement
rises to one part in 10 for the 2('S), 4-5('P)
states and to several times this for the 4-5('8)
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