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The positron-hydrogen collision problem has been investigated using an integral form of the close-coupling
approximation for a wider range of energies. The present formalism takes care of the rearrangement channel.
The effects of the excited states of both the hydrogen and positronium atoms have been neglected. The elastic
and the positronium-formation cross sections have been obtained explicitly in the energy region 0-200 eV.
Because the integral form was used, the two-state results are reliable. The present results differ from the first
Born results even at 200 eV.

I. INTRODUCTION

In a previous paper, Banerji et al. ' investigated
the positron-hydrogen collision problem above the
positronium (Ps)-formation threshold, taking into
account both the direct and rearrangement chan-
nels. In their work they have applied an approxi-
mate form of the Faddeev equations' as used by
Sloan and Moore' in which the off-shell contribu-
tion, which is of vitalimportance inthe low-energy
region, has been neglected. Further, this method
cannot be employed to calculate the elastic-scatter-
ing cross sections including the coupling effect of
the rearrangement channel in the energy region be-
low the Ps-formation threshold.

In the present work these deficiencies have been
removed. We have applied an integral form of the
close-coupling approximation as used by Ghosh and
Basu' and Chaudhuri et al. ' The advantages of the
integral form over the conventional close-coupling
method" have been discussed in their works.
Chaudhuri et al. ' have obtained encouraging results
for the electron-hydrogen problem by taking into
account the exchange effect. Ghosh and Basu' have
neglected the rearrangement channels in their cal-
culation for the positron-hydrogen problem. Hence
it seems worthwhile to investigate the same prob-
lem incorporating the Ps-formation channel. Only
a few theoretical investigations on the positron-
hydrogen system have been carried out with the in-
clusion of the Ps-formation channel.

Cody et al. ' have applied the close-coupling ap-
proximation as suggested by Smith et al. ' to study
this problem for incident energies below the Ps-
formation threshold. They retained the ground
state of both the hydrogen and Ps atoms in their
calculations. They have given the results for the
elastic s-wave phase shift including the effect of
virtual Ps formation.

This two-state close-coupling method has also

been employed by Bransden and Jundi" (denoted by
them as model A). They also made the calcula-
tions" using the approximate polarized-orbital
method in which the effect of long-range dipole
polarization has been included. They obtained the
elastic as well as Ps-formation cross sections for
the partial waves l =0, 1, and 2 for the incident
positron energy range 6.8-13.6 eV.

It is well known" that the results of the two-state
calculations' for the s-wave phase-shifts in the low
incident energies are not at all reliable. The im-
portance of the Ps-formation channel in the e'-H
collision problem was first pointed out by Massey
and Mohr. " The exact behavior of the Ps-forma-
tion cross sections has not been settled. Different
workers'' "have obtained contradictory results.
Moreover, Chan and Fraser" and Dirks and
Hahn" have shown explicitly that the two-state re-
sults below the excitation threshold of the hydrogen
atom will be changed considerably by including the
short-range distortion effects. In their variational
calculations, they have included those effects
through suitable trial wave functions.

Here we have employed the two-state close-
coupling approximation to investigate e -H scatter-
ing. We have calculated the cross sections up to
an incident energy of 200 eV using the integral
form of the close-coupling approximation. Recent-
ly, in an attempt to study the s-wave scattering of
positrons by hydrogen atoms, Chan and Fraser"
have used integral equations in the configuration
space. Owing to the presence of the sine and co-
sine functions in their kernel, a large number of
quadrature points are required in their calcula-
tions for convergent results. In our integral form
of the close-coupling approximation which is in
momentum space, this difficulty has not been en-
countered. Results for a wider energy range have
been obtained without much difficulty.

The purposes of the present paper are twofold.
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Fixst of all we are interested in getting the results
for O'-H scattering at intermediate and high ener-
gies. Secondly, we wish to test the suitability and
accuracy of the technique of solution. There are
very few calculations beyond 13.6 eV in which the
effect of Ps formation are included. Moreover,
the validity of the first Born approximation has
been questioned by different workers' ' "for O'-H
scattering. This two-state approximation, which
may not be suitable for predicting the s-wave
phase shifts, may be helpful in determining the
high-energy behavior.

II. THEORY
Let the particles 1 and 2 be the positron and the

electron respectively and particle 3, the proton.
We assume that the center of mass lies with the
proton. The interacting potentials V„z (in atomic
units) are expressed as

1
V1$

1

1 1
2S i 12 I~ ~ Ilr1-r2I

On retaining only the ground state of both the at-
oms, the integral form of the close-coupling equa-
tions may be expressed as9' '0

(k, is)y )
„- „& &k,ls)y )k is&, ,

"„k„&kl»l Vi'il~, '»&&k,"»I y»lk, »&
E —E,"

„(k,'is i F„ik,"Ps) (k Ps i l'„ik, ls)
3

where 1s and Ps stand for the ground state of the hydrogen and positronium atoms, respectively. The ma-
trixelements of the potential operators F„and F„have the form

&k,'Ps(r, ', (k, is) =, e '~i t' '"~~'y„(a Z)y„e'~

where Q„and Pp, are the ground-state wave functions of hydrogen and positronium atoms and k„k'„and
k,' are the momenta of the incident positron, scattered positron, and moving positronium respectively. It
may be mentioned that the matrix element (k,'Ps( Y;, [k,ps) vanishes (F„=V»+ V») as expected.

The pole term in the kernel splits into two parts, viz. a d -function part and a principal-value part (de-
noted as P). After the partial-wave analysis the two equations (i) and (2) reduce to

f, (k,', k, ) = f, {k,', k, ) + if, (kf, k, )f(k„k,) + i g, (k,', ks)g, (kI3, k, )

k" dk"
)+ig {k' k)f (k»k &

P
k k

A" (k', k")f

with

(k,' ls j 1,",
[ k, ls) = - , g & , f,'(k,', k, )Z, {k,' 6,),4m p, , 4k k,

(k,'Ps( i;, (k, ls) =—,g, g, (k,', k, )S', (5,' 5,),2 gplI l 3s 1 l 3 1 (8)

and similar expressions for the unknown amplitudes. Here p„ is the reduced mass of the system in the
channel e.

It may be mentioned that Banerji et al. , ' who have used an approximate form of the Faddeev equations,
have solved two equations which are identical to Eqs. (5) and (6) neglecting the principal-value parts. One
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TABLE I. Phase shifts (l =0) for elastic scattering
of positrons by hydrogen atoms.

15
0

(a, ')

0.7
0.6
0.5
0.4

Present

-0.292
-0.242
-0.188
-0.135

Bransden
and

Jundi"
(model A)

—0.29
—0 ~ 24
-0.20
—0.15

Cody et ag. '

—0 ~ 286
-0.238
—0.186
—0.134

g„xs
/

/

0.9

K0
Pu 0.5 gmO P

/ $, ax 'l0
u) )=10 /

07 09 'I '0
Ie Ia,' l

can obtain the expression for f, very easily, and

the analytical expression for g, has been derived
in the Appendix.

The differential cross sections do'/dA and the
total cross sections 0 may be obtained from the
standard relations.

FIG. 1. Partial-wave cross section for l =0 and 1.
Solid lines stand for the elastic cross section and cross-
es are the corresponding resul. ts of Bransden and Jundi.
Dashed lines represent the Ps-formation cross sections
and the corresponding results of Bransden and Jundi are
given by open circles.

III. RESULTS AND DISCUSSION

The coupled integral equations (5) and (6) have
been solved numerically for each value of the an-
gular momentum l. The details of the method of
solution have been given by Ghosh and Basu' and
Chaudhuri et al. '

Table I includes the s-wave phase shifts obtained
by the present calculations, Cody et al. ,

' and
Bransden and Jundi" (Model A) below the Ps-for-
mation threshold. All of these phase shifts given
in the table have the same sign. Our calculated
phase shifts are very close to the previous calcu-
lations. Figure 1 represents the elastic and Ps-
formation cross sections from 7 to 13.6 eV for l
=0 and 1 along with the corresponding results
(Model A) of Bransden and Jundi. At 13.6 eV, our
results differ from Bransden and Jundi slightly in
both the channels. It may be mentioned that the s-
wave Ps-formation cross section of Bransden and
Jundi (curve A of Fig. 4 of their paper) is misla-
beled by a factor of 10 (the results should be
multiplied by 10' instead of 10'). This can be found

by comparing it with the results of Dirks and
Hahn. " The present results for the partial (l =2)
cross sections (Tables II and III) differ wildly from
the corresponding results of Bransden and Jundi
(not given here). We have cheeked our calculations
very carefully, and no error was found. We think
that the present calculations give very reliable
two-state results, although these results are not
physical in the low incident eIlergies. It can be
concluded that the present method of solution is
very fruitful in terms of numerical accuracy.

Figure 2 represents our results for the total

elastic cross section from k =0.2 to 1 (a.u. ). The
results of Callaway et al. ,

"who have used the ex-
tended polarized-orbital method, are given for
comparison. They have included the effect of po-
larization but have neglected the effect of the re-
arrangement channel. On the other hand, the ef-
fect of Ps formation (virtual or real) has been
taken into account in our calculation. In the frame-
work of the close-coupling approximation, the ef-
fect of this polarization may be. accounted for ap-
preciably by including the 2P states of the target
atom. We have neglected all the excited states of
the hydrogen as well as Ps atoms in our calcula-
tions. The feature of the present curve may be
changed to some extent when the polarization of
both the hydrogen and Ps atoms are taken into con-
sideration.

In Tables II and III, we have given the contribu-
tion to the total elastic cross section for each val-
ue of l. It is to be noted that our calculated value
for the elastic cross section differs from the cor-
responding Born result even at 200 eV by about lip
(Born: 0.154; present: 0.139). A similar discrep-
ancy with the Born results has also been noticed by
Chaudhuri et al. ' (Born: 0. 154; Born-Oppenheim-
er: 0. 172; and Chaudhuri et al. : 0. 173 at 200 eV)
who have investigated the e -H scattering problem.
The results for the total cross section at high en-
ergies are not expected to change appreciably if
one includes the effect of polarization. The Born
approximation is expected to be valid when the
cross sections for both e -H and e'-H scatter-
ing are the same. Moreover, since the effect of
polarization is attractive in nature, it will only in-
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TABLE II. Total cross sections (in units of &F02) for
@+-H elastic scattering below the Ps-formation thres-
hold. The notation a-& stands for a &10

& (e Sum

0.1
0.3
0.5
0.7
1.0
2.0
3.0
4.0
5.0
6.0

0.8493 -1
0.1181
0.1536
0.1904
0.2462
0.4151
0.5390
0.6175
0.6607
0.6798

0.4358 -3
0.3171-2
0.7106-2
0.1132-1
0.1702 -1
0.2705-1
0.2829 -1
0.2715 —1
0.2595 -1
0.2586-1

0.8536 -1
0.1212
0.1607
0.2017
0.2632
0.4421
0.5673
0.6446
0.6866
0.7056

crease the difference. However, it will be of
great interest to observe the behavior of the total
cross sections at high energies by taking into ac-
count the effects of long-range forces for both the
hydrogen and Ps atoms.

Figure 3 shows our curve for the Ps-fox'mation
cross sections from the Ps-formation thx'eshold to
50 eV. This figure also includes the works due to
MRndRl g +E."Rnd BRnerji et a/. ' for eompRrison.
The present results differ appreciably from all
other results given in the curve. The peak value
obtained by us is approximately 0.6 times the
Born peak. On the other hand, the position of the
peak in the present approximation is around 16 eV
whereas the corresponding position in Born ap-
proximation is around 13 eV. In the case of the re-
arrangement channel, the Born or any other simi-
lar approximation is not adequate in the low-energy
region. This has been reestablished by the present
method. This feature has also been noticed by
Bransden and Jundi. '0

Table IV represents the partial cross sections
for Ps formation in the energy xange of Ps-forma-
tion threshold to 200 eV. Two-state results for the
inelastic cross sections are not at all valid in the
low-energy region. "'" These two-state results in

the low-energy region are tabulated purely from
the point of academic interest. Because of the
neglect of the polarization effect of the positronium
atom which is eight times greater than that of the
hydrogen atom, the results are expected to change
appreciably. Noreovex', because of shox't-range
effects as mentioned in Refs. 13 and 15, the low-
energy predicted values are subject to much
change. However, nothing specific can be said
about the high-energy results. The Born amplitude
has also been obtained for each value of / for com-
parison. In the high-energy region, our calculated
values also differ from the Born results apprecia-
bl.
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FIG. 2. Total cross sections {in units of 7('a02) for
positron-hydrogen elastic scattering as a function of 4

{a.u.).

BOR N

20

E nt. rgy (eV)

The present results suggest that in all the
energy regions, especially at high and inter-
mediate energies, more sophisticated calcula-
tions and experimental measurements are re-
quired to ascertain the exact behavior of the
cross sections.

FIG. 3. Total cross sections {in units of mao) for
positronium formation as a function of incident positron

nergy ln eV.
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The aim of this Appendix is to obtain the expression for g, (k'„k,). The Born amplitude g (k', k,}for the
Ps formation has been obtained by Cheshire" where the on-shell relation has been used. Here we have
not made use of that conservation relation. It may be written as

dI
»
dr 2 exp —p r» —r2 —K2 — exp —p &k3 'r2+S k» —g 'I'»

» 2

Using the Fourier transforms for the functions exp(- —, jr, —r, ~), exp (-r~), and (1/r, )exp(-r, ) and the
Feynman parametrization formula, 'o the integral in (Al) may be evaluated to yield

(A2)

i(,
' = 1-0.75x+ 0.25@(l-x)~k," and (() =k, —(1-0. 5x}k,' .

We have expressed g [E(l. (8}] as

ge(k3 k, ) = ~, Q (2l +1)g, (k,', k, )P, (k,' ~ k, ),
3 » g-O

(As)

»om (A2) and (AS) one may obtain
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where

v 2
'

(1 —x) 4 p'Q, '(t) 4 p'Qf'(t) 4 ' xQ", (t)
gk,' , g'(2 —x) ' k,'k, (2 —x) k,' k (2 —x)' k,' k' , (2 — )

(4k2 yk~ 2 + $)
4k,k,'

(A4)

The resulting one-dimensional integration has been performed numerically. The overlap integral coming
from the off-shell amplitude may be evaluated in the same fashion.
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