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Semiempirical analysis of electron-induced K-shell iom»tion*
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(Received 21 July 1975)

We report the results of an analysis of the available experimental data on electron-induced
K-shell ionization which show that the data can be described by the Bethe theory of ionization
corrected for relativistic energies by a classical correction. This analysis, which extends
over five orders of magnitude in the ratio of bombarding energy to ionization potential, appears
to be superior to the available theoretical treatments, and suggests where further work would

be useful.

There is now a fairly extensive amount of data
available on the total cross section for K-shell
ionization by electron bombardment. ' "'" A

variety of theoretical treatments, beginning
with that of Bethe, have been made in an attempt
to describe this process. "" While each treat-
ment appears to have some region of validity,
none has been fully successful in describing the
process over a wide range of atomic number (or
ionization potential) or bombarding energy. The
more complex quantum mechanical
calculations in the Born approximation have the
most restricted regions of validity. The classi-
cal calculation of Gryzinski" works rather well
at lower bombarding energy, while the calcula-
tion of Kolbensvedt"'" is most successful at
higher bombarding energy. While the classical
calculation involves no adjustable parameters,
the Kolbensvedt calculation does involve the ad-
justment of at least one parameter for each
atomic number and so is in the nature of a semi-
empirical treatment.

Because of the difficulty of obtaining a good
theoretical treatment of the ionization problem
in general, a variety of empirical analyses have
been made. "" Until now, however, none has
attempted to look at all data over the entire mea-
sured range of energy and atomic number. We
began this analysis with the observation that data
for low to medium atomic numbers and bombard-
ing energy less than about 500 keV appeared to be
well described within experimental errors by the
simple functional form suggested by the Bethe
theory of ionization"'": o ~(l/UI') lnU, where
U is the ratio of bombarding energy E to ioniza-
tion potential I. When OUI' was plotted vs lnU,
a straight line appeared to give a reasonable fit
to the data. Data at higher bombarding energy
or higher atomic number, however, deviated
quite significantly from this apparent linear be-
havior.

In what we expected to be only a first attempt

to extend the region of validity of this analysis,
it seemed plausible to correct the experimental
data by the relativistic correction factor R sug-
gested by the classical calculation'

2+ I 1+E (I+E)(2+E)(1+I )
2+E 1+I E(2+E)(1+I)2+I(2+I)

I and .E are in rest-mass units. This correction
was made to the data, and in Fig. 1 we have
plotted oUI'/(It lnU) vs U. The surprising result
is that the data, so plotted, can be described very
well by a straight line with zero slope. It should
be noted that the atomic numbers of the data range
from 2 to 83 and the variable U extends over five
orders of magnitude. The unweighted-average
intercept is 854 ~ 10-x6 cm2 eV for 195 data points.
Data from Refs. 16, 17, and 18 were not included
in the present analysis, but inclusion of this data,
is not expected to alter the conclusions.

In order to estimate the accuracy of the fit to a
straight line we have associated with each data
point an error of 15 /0. This is reasonable as a
first approximation, since the typical systematic
error in the various experiments, where quoted,
appea. r to range from 10 to 20%%uo. The major ex-
ception to this seems to be the single high-energy
experiment where a 6%%uo error is typical. With
a 15% error, we obtain a minimum value of g'
of 143 for 174 data points for an intercept of
(828 +13)x10 "cm eV'. The error represents
a one-standard-deviation range. In this estimate
we have omitted 21 data points from consideration
whose inclusion would have about tripled this value
of g'. This seems reasonable, since all but one
were lower-energy data points which, especially
for the higher atomic numbers, should probably
be corrected for multiple scattering. The other
point omitted is the unusually low cross-section
datum for Z = 57 of Ref. 14.

Clearly the fit is very good and consistent with
an average error per point somewhat less than
15%. Certainly if the error in the high-energy
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data were taken at 6%, the value of y' would in-
crease substantially. What we are really saying
here, then, is that to within a 15' error all of the
data available except for a few points at low U are
fitted well by a straight line of zero slope. Of
course, if additional high-energy data become
available, the conclusion may need to be altered
somewhat, perhaps to include a small nonzero
slope to improve the fit.

In Fig. 1, we have also plotted the predictions
of the calculations of Gryzinski and Kolbensvedt.
The Gryzinski calculation is parameter-free and
gives a value of X' of 141.3 for 142 degrees of
freedom for U less than 400. The calculation ob-
viously does not fit for U greater than 400. The
simple straight-line fit described above gives a
y' of 112.7 for the same data and is thus a some-
what better fit. The Kolbensvedt calculation
depends on the choice of two parameters which
vary with the atom ionized. We have plotted the
case for Z=29 with I=0.017 57 and I,=0.0224.
Variations of these parameters over their rea-
sonable physical range does not change the curve
very much, as must be the case if the calculation

is to describe the data. For U greater than about
10, the Kolbensvedt calculation appears to be a
reasonable fit to the data and a minimum value of

could be obtained by adjusting I and Io in the
Kolbensvedt formula; however, there does not
seem to be much point to this exercise, since
the simple formula does so well. The range of
validity of the more complex quantum-mechanical
calculations is too limited to make any compari-
son very interesting.

The analysis presented here suggests several
areas for further study. First, as more data be-
come available on the other atomic shells, par-
ticularly the L shell, it will be very interesting
to see if the same formula with perhaps the same
constant (per electron) will describe this data.
The small amount of L-shell data presently avail-
able""' ""appears to be consistent with the
formula presented here. Second, there is need
for accurate K-shell data at low values of U for
medium to high atomic numbers to test whether
the simple linear behavior suggested here is
really preferred over the curvature suggested by
the classical calculation. Third, there is need
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FIG. 1. Plot of gUI /R lnU vs U. The data plotted are from the indicated references: *: Ag, Ref. 2; ~: Ni, Ref. 4;: Cu, Ref. 5; : Sn, Au, Ref. 6; Cj: Ag, Sn, Au, Ref. 8; 0: Ag, Sn, Ref. 9; g: Al, Ref. 11; ~: Cu, Sr, Mo, In, Tm,
Au, Ta, Bi, Ref. 12; +: Cu, Ag, Au, Ref. 13;:23 Z =83, Ref. 14; 0: C, Ref. 15; 4: He, Ref. 30; O: Liu, Ref.
30.
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for precise data over a wide range of U for a
variety of atoms, especially for U greater than
100. For U above 400 there are the data of only
one experiment, and for 400 —U~3000 there are
no data at all. Clearly, to further test the validity
of the formula presented here and to see at what
point, if any, additional dependence on ionization
potential is needed will require data with higher
precision than the data currently available. Fourth,

from a theoretical viewpoint, the essential ques-
tion would seem to be how to recover what appears
to be a relatively simple behavior from calcula-
tions which are generally very complex.

To conclude, we have found that the data from
electron-induced K-shell ionization can be de-
scribed very well by the formula

o=(828+13)x 10 "(RlUI') 1nU cm'eV' .
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