
PHYSICAL REVIEW A VOLUME 12, NUMBER JULY 1975

Integral representation for the Glauber scattering amphtutie for direct Cou]omb jomzgtion
by charged particles

J. E. Golden~ and J. H. McGuire"
Theoretical Studies Group, Goddard Space Flight Center, Greenbelt, Maryland 20771

and Department of Physics, Kansas State University, Manhattan, Kansas 66506
(Received 16 October 1974)

An integral representation is developed for the scattering amplitude for ionization by charged particles
in the Glauber approximation. Unlike previous results based on a series expansion in the momentum of
the ejected electron, k„ the present results are rigorously convergent for all physical values of k„. Results
calculated by this method agree with earlier results for ionization of atomic hydrogen by electron impact
using Pade approximants to approximately sum the series. Total cross sections for the ionization of atom-
ic hydrogen by proton impact are presented and compared to experimental data. This technique is appli-
cable to the ionization of neutral atoms whose participating electron is represented by a hydrogenic wave
function, and the remaining electrons are ignored.

I. INTRODUCTION

The theory of direct Coulomb ionization of atoms
by charged particle impact has no rigorous solu-
tion. Furthermore, most practical solutions are
moderately tedious. For example in the Born ap-
proximation, while total cross sections for excita-
tion to bound states have been expressed in closed
forms, ionization total cross sections require two
numerical integrations. On the other hand, the
success of the Born approximation and its utility
in a variety of practical applications is encourag-
ing.

The Glauber approximation, which represents
an improvement to the Born approximation, has
been successful in predicting total and differential
cross sections for both elastic and inelastic
charged particle scattering by atomic systems. '
Recently the Qlauber approximation has been ap-
plied' ' to the ionization of atomic hydrogen by
electron impact, the simple system in which this
approximation has been tested most extensively.
The results are in agreement with the experimen-
tal data for incident energies greater than 30 eV
and are superior to the corresponding Born re-
sults.

In order to apply the Glauber approximation it
is convenient to expand the scattering amplitude
in spherical ha, rmonics according to

proximate analytic continuation of the power -se-
ries representation of f, (q, k, ) to k, )1. As there
are no general convergence theorems for Padd ap-
proximants, the usefulness of the approximation
would be improved, from the point of view of math-
ematical rigor and computational ease, if an al-
ternate representation of the scattering amplitude
f(il, l|.,) could be obtained avoiding the use of analy-
tic continuation by Pads approximants. To this
end, we have obtained a one-dimensional repre-
sentation of the functions f, which are convergent
for all physical values of q and k, . Recently, Na, -
rumi, Tsuji, and Miyamoto' as well as Thomas, '
have presented results based on an alternate rep-
resentation for f, (9, k,).

In Sec. II integral expressions for the functions
f, (q, k, ) are obtained which are rigorously conver-
gent for all real values of k, . Section III contains
a comparison of the present results with those
previously obtained as well as new results of cal-
culations for the ionization of atomic hydrogen by
proton impact.

II. DERIVATION

The scattering amplitude for the ionization of
hydrogen by an incident charge Z, within the Glau-
ber approximation may be written' in the center-
of-mass system as

&(i, k.) = Q Q A (il &.) 1 i (&.)

where the sum is over the angular momentum of
the ejected electron which carries off momentum
k„q being the momentum transfer. " The func-
tions f,„(tl, 0,) were represented' as a power series
in k„which was divergent for k, )1. The method
of Pade approximants was used to obtain an ap-

xu, (r)e'"' b d'5 d's dz.

In this expression p. is the reduced mass of the
incident projectile and hydrogen nucleus and q
= -Z, /v„where v, is the relative incident velocity
of Z

y The coo rdl nates of the incident pro jectile
are (b, x) while those of the electron are (s, z). As
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has been previously discussed, the x axis rather
than being taken along v, is chosen such that x.q
-0

Thefunction )tc*(k„r)is a Coulomb function rep-
resenting the wave function of the ionized electron,
and is given by'

!=(2rr) ' 'e & "/'I'(I+iy)e '"e''

—2z pi, Z~
f(qike) =

(2 )3/2 Q Cr(-rke)'
l=o

1

x p I, ((l, b, ) Y, (ir ),
m=-l

where

(4a)

1, =~ fr'e "'e " ', e( (r)ri y, 2(+2, - 2(2r )

x,F)(-iy, 1, i(k,r + k, r))
and

x Y*,"(r)(())(r))e'" d'b d'r (4b)

—(1 ) ' 'e ~' ' ~ ( 2'k )
I'(l+1+3y)

l=o

xe"e'gr(l+1+iy, 2l+2, -2ik,r)

x Q Y,"*(k,)1, (r) (3b)

where

y = -222/b,

and where E(I. (Sb} is the partial-wave expansion
of the Coulomb function yc*inangular momentum
states of the ejected electron.

The function u, (r) is the initial state of the hy-
drogen atom which we consider throughout to be
the ground state, though generalization to other
initial states is straightforward:

u, (r) =2k.3/2e ""Y,(r)
= (A.3/2/v rr)e ""

For the sake of generality, in the derivation
that follows we have considered the nuclear charge
Z ~» which appears in the charge parameter of the
Coulomb function, and the nuclear charge X, which
appears in the ground-state wave function, to be
distinct quantities. %hen considering charged-
particle ionization of hydrogen this is, of course,
unnecessary as ~ = Z *,= 1.

Analogous to the method developed by McQuire
et al. ' the partial-wave expansion of the Coulomb
function X~* is used to expand the scattering amp-
litude of E(l. (2) as

~b —s
~

"" 2'e '&/21'(i+I + iy)
(2l +I) I

~

~

The previous representation of f(ci, k, ) was then
obtained by using methods developed by Thomas
and Qerjuoy' to reduce the functions I, to a power
series in k, . Employing an alternate reduction
procedure, we have obtained a one-dimensional in-
tegral representation of the functions I, of Eq.
(4b), which avoids the convergence problems en-
countered when using the power series

By making use of a selection rule given by Tho-
mas and Qerjuoy, ' it may be shown that I, =0 if
l+m is not an even integer. Using the require-
ments on / and m above, the spherical harmonics
Yr *(r}may be expressed' as

(l -m)/2

Yr *(r) = } sin" 8e ™e c'r cos" 8

(rrr ~ 0) (5)

The mathematical development given below is
valid for ~ ~ 0. Evaluation of I, for m &0 may
easily be done using the rrr &0 results and E(I. (4b)
with the relation

The factor of 1 which appears in p(r)) of Erl. (4b)
may be shown' not to enter the calculation when-
ever the bound-state electron wave function is
orthogonal to each partial-wave continuum wave
function. Hence, rewriting

r' sin'8 2r sin 8 cos((t), —()))

y2sinag 2r sin8 t 'f)

g~™4~1+ — cos exp zqb cos ~ +z~

the function I, may be expanded as

(r -m)/2

1, = e '"e P e,'„Jr"e ",p, ()r(riy, 2(+2, -212r)((rz' —2zeeee)'"
2 rr

a=& ik, , 2 =-(rsin8)/b.

xexp(iqb cosp3+im(t)3) e ™Csin"8cos" 8dr db d8dp d(t), ,
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gs12g 1 Imf( k )
! 1 ~ QlC ~ ( 1}j+tll)/2 !) ]~e g P 17(fg )m!r(1-zq) '

It should be noted that the integrand of Eq. (14a)
approaches zero in a mell-behaved manner as b

goes to zero. The apparent divergence in Eq. (14a)
comes from the use of the expansion of the spheri-
cal Bessel function of Eq. (11) previously dis-
cussed. It may also be seen that as b becomes
large, all hypergeometric functions in the inte-
grand of Eq. (11) tend to unity so that the integrand
becomes rapidly damped by the inverse powers of
b, c, andd.

III. CROSS SECTIONS

Total cross sections for electron ionization of
atomic hydrogen were computed using the inte-
gral expressions of the preceding section. These
cross sections were found to agree to approximate-
ly 1%%uo with the previously calculated results' em-
ploying Pads approximants. As the functional de-
pendence of the integrand of Eq. (11) is separated
in q and k„many of the functional evaluations nec-
essary to compute total and differential cross sec-
tions may be saved, which speeds evaluation. The
time necessary for evaluation of a total cross sec-
tion using either method is 1 to 2 minutes on an
IBM 370-158 computer.

The ionization of an atomic system by heavy
charged particles includes a much larger range of
momenta of the ejected electron, k„ in cross-
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section calculations than is the case with elec-
trons. For these large values of k, the calculation
of f(q, k, ) using Pads approximants' becomes nu-
merically impractical and inefficient. The method
just presented has no such drawback, and here we
present new calculations for the ionization of atom-
ic hydrogen by proton impact. The results of this
calculation are shown in Fig. 1 with numerical re-
sults given in Table I. Peach" has done a similar
partial-wave expansion calculation for proton ion-
ization of hydrogen within the Born approximation
and finds that the first four partial waves, in the
energy range considered here, give the correct
Born result to within a few percent. We include in
the sum of Eq. (15) partial-wave values for l &4,
and for total cross sections we expect this to rep-
resent the preponderance of the sum in the energy
range considered where all partial waves are in-
cluded, although more partial waves may be needed
to compute differential cross sections accurately.
The results of the Born calculation are also in-
cluded in the figure as well as the experimental
values obtained by Gilbody and Ireland" and Fite
et al." As with the result of electrons' on hydro-
gen, the present results predict a peak at higher
incident energies than does the Born approxima-
tion.

Comparison with experimental data for p+H is
inconclusive, in contrast with the e+8 case where
the data clearly favor the Glauber results over
Born results. While it is possible that the data are
in error, it is also possible that our calculation is
incomplete, especially in the vicinity of the peak
of the cross section. We have, for example,

TABLE I. Total cross sections for the ionization of
atomic hydrogen by proton impact as a function of the
energy of the projectile.
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FIG. 1. Total cross sections for the ionization of
atomic hydrogen by proton impact vs projectile energy.
Data were extracted from Refs. 16 and 17.

Ep (keV)

10
25
30
35
40
50
55
60
75

100
150
200

0.63
1.03
1.15
1.25
1.31
1.37
1.38
1.37
1~ 32
1.19
0.96
0.79

1.64
2.46
2.44
2.39
2.31
2.13
2.05
1.96
1.74
1.45
1.09
0.88

Ionization cross sections (map)
This work Born approx.
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treated the protons as distinguishable, and have
not properly treated contributions corresponding
to electrons traveling off near" the projectile. It
is unfortunate that these contributions are, in gen-
eral, difficult to include in the Qlauber approxi-
mation.

Our integral expression for the Qlauber scatter-
ing amplitude may be applied to the ionization of
neutral atoms other than atomic hydrogen by using
a one-electron approximation. Once the wave func-
tion of the participating electron is determined the
other atomic electrons are ignored. This ap-
proach, of course, introduces additional approxi-

mations, often not negligible, into the calculation.
Consequently, additional and more detailed data
for the ionization of atomic hydrogen, together
with additional data for other atomic targets, may
be useful in testing and extending our understand-
ing of atomic ionization.
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