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Charge transfer in proton-hydrogen collisions by the Faddeev approach. II
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A tractable form of the Faddeev equations as used by Chaudhuri et al. has been applied to the
proton-hydrogen collision problem, retaining 1s and 2s states of the hydrogen atom in the expan-
sion. To judge the effect of the proton interaction on the capture cross sections, calculations have
been carried out with and without the inclusion of this interaction. The results for the 1s-2s cap-
ture and excitation cross sections are presented together with the elastic and ground-state capture
cross sections. The present results have been compared with experimental findings and other the-
oretical results.

I. INTRODUCTION

In our previous communication' (henceforth de-
noted as paper I), an approximate form' of the
Faddeev equations was applied to the investigation
of the proton-hydrogen collision problem. This
tractable form has also been used by different
workers' 4 to study e'-H collision problems. This
method can include the effects of direct and re-
arrangement channels and also couplings to higher
excited states. Moreover, this form preserves
the important constraint of unitarity below the
breakup threshold. In paper I, we neglected the
effect of coupling to higher excited states. It is
well known' ' that the proton-proton interaction
plays an important role in determining the be-
havior of the capture cross sections in the frame-
work of first Born approximation. On the other
hand, the neglect of this interaction is justifiable
since it can be removed by canonical transforma-
tion. ' Several workers' have investigated this
problem from different angles to ascertain the
exact physical picture. In view of this fact, we,
in paper I, calculated the capture cross sections
with and without the proton-proton interaction.
There it was found that all the experimental points'
and the theoretical results" "lie between the two
sets of our results, one without proton-proton
interaction and the other with this interaction at
low and intermediate energies. At high incident
proton energies, our results with the ion-nucleus
interaction ignored approach Brinkman and
Kramers' (BK) values, whereas our results re-

II. THEORY

The following direct and rearrangement pro-
cesses have been considered:

H'(1) +H„(2, 3)- H'(1)+H„(2, 3)

- H'(1) + H„(2, 3)

- H'„(1, 2)+ H'(3)

—H,', (1, 2)+H'(3).

(2.1a)

(2.1b)

(2.1c)

(2.1d)

The particles 1 and 3 are protons and 2, the elec-
tron. The on-shell three-body transition ampli-
tudes' ' from the bound state n with initial mo-
mentum 1- to the bound state P with the final mo-
mentum k' are given (the notations are the same
as used in Refs. 1 and 2),

taining this interaction tend to the results obtained
by Jackson and Schiff' (JS).

Being encouraged by these results, we have ex-
tended our previous formalism to the same system
by retaining the 1s and 2s states of hydrogen atom
in this paper. It should be noted that there are
very few coupled-state calculations on the ion-
atom collision problem using the wave formalism;
most of the existing coupled-state calculations
are based on the impact-parameter treatment.
To avoid enormous analytical complication, we
have neglected the 2P states of the hydrogen atom
in our calculations at present. We have obtained
the elastic and ground-state capture cross sec-
tions along with the results of 1s-2s capture and
excitation cross sections.

N~

(l3k'n'i kiakn) =(leak'n'ik"'iakn) —;nY Y f d%" (Pk'n'~ k"'ink"n")a(k —k"Xkk"n" il iakn) .
T tl =1

(2 2)

The proton-proton bound states are not possible; therefore two values of the channel y are considered.
Retaining only the first-order term, the on-shell form' ' of the operators Y[" from the high-energy
consideration are approximated as
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Here we retain the 1s and 2s states in the summation over n' in E(l. (2.2). Therefore the explicit form
of E(l. (2.2) becomes

(k'ls[F„[kls) =(k'ls[F|,"[k)s)—is (f d%"(k' Is[F|,"[[["ls) 5(E —E")(k"Is[ F„[[[15)

+ — dk" k'is Y,'," k" 2s 5 E-E" k" 2s Y» kis

+ dk" k'1s Yy3 k" 1s 5 E -E" k" 1s Y» k1s

+ dk" k'1s Y',", k" 2s 6 E-E" k" 2s Y„kls

(k'2s[Y„[kls) =(k'2s[Y|", [k)s)-ls(f dk"(k'2s[Y,", '[k" ls)5(E —E )(k ls["F„["kls)

(2.3)

+ dk" k'2s Y,',"k"2s 5 E-E" k" 2s Y„k1s

+ dk" k'2s Y,'," k" 1s 0 E -E" k" 1s Y3$ kls

+ dk" k'2s Y,'," k" 2s 5 E-E" k "2s Y;, kls (2.4)

(k' ls[ Y,;[k)5)= (k' Isi Y,",'[kls)-is (f dk "(k' Is[ Y,',"[k"ls) 5(E —E")(k"Is[ F„[kls)

+ dk" k'1s Y,", ' k" 2s 5 E —E" k" 2s Y„k1s

dk" (k' 1s (
Y",,' i

k" 1s) 6(E —E")(k"ls [ Y» i k1s)

dk "(2'Is[i",,"[k"2s) 5(E —E")(2"2 [Y„)kls)),

(2'25[F„[kls) =(k'2s[Y(', )[k)s)-ls(f dk"(k'2s[Y,",'[k" Is) ll(E —E")(k"Is[ Y„[kls)

+ dk 2s Y3I k 2s 5 k E k 2s Yiy k1s

+ dk" k'2s Y,'," k" Is 5 E —E" k" 1s Y» k1s

+ dk" k'2s Y33 k" 2s 6 E —E" k"2s Y„ kls (2.6)

Proceeding the same way as in paper I, we have obtained two sets of two coupled equations:

E»» ——g»» + — [g»»(81 8", y")E»»(8")+g» „(8,8",y)E,'E»(8")] sm8 "d8"d()('" 2

E,', „=g,', „+— [g,', „(8,8",y")E'„„(8")+g,', „(8,8", y")E2', „(8")]sin8" d8" dp",

(2.Va)

(2.Vb)

where

E'„„=f»(ls, 1s)+f»(ls, 1s),

E,', „=f»(2s, ls) +f»(2s, 1s),
g'„„=f„(ls,1s)sfEI(1s, 1s),

g,', „=f„(2s, 1s)+f„(2s, 1s),

g,', „=f„(2s, 2s) +f„(2s,2s),
with

f6„(K',K) = -4w (k' pg'
i Y() ) kn),

f,'„(K',K) = -47('(k ' I'
i
Y I))„)

i kn) .

The g' have been obtained analytically with and
without the inclusion of the proton-proton inter-
action. The total cross section for the particular
s-s transition is obtained from the relation

Q =2m
&

'sin0do.

It is seen that the major contribution to the total
cross section comes from the forward direction,
and hence for actual calculation we have given a
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suitable transformation so that a slight change in
the forward direction is taken into account.

III. RESULTS AND DISCUSSION

The integral equations are solved numerically.
The numerical procedure is given in the Appendix,

Figure 1 represents our two curves for the total
(1s-1s and ls-2s) capture cross section, one with
the proton-proton interaction [denoted as CGS»(JS)1
and the other without the interaction [denoted as
CGS»(BK}] along with the two sets of the results
for the ground-state capture cross section of pa-
per I [denoted as CGS~(JS) and CGS~(BK)] from
1 to 120 keV. Recent experimental findings' are
given for comparison. A noticeable difference
between the CGS»(JS) and CGS~(JS) values has
been observed from 1 to 70 keV, the difference
being a maximum at 1 keV. Aside from the slight
change in the energy range 6 to 40 keV, the values
of CGS»(BK} and CGS~(BK) are almost the same.
With these changes the difference between our two
sets of results has been narrowed down in com-
parison with the two sets of results obtained in

paper I in the low-energy range. The slope of the
CGS»(JS) curve is slightly different from that
given by the experimental findings, whereas the
slope of CGS»(BK) is similar to the latter. The
CGS»(JS) curve lies below the experimental find-
ings, ' whereas the CGS»(BK) curve is always
above. For a comparison with the observed val-
ues, one should consider the contribution from
all the higher states, of which the 2P-state con-
tribution is most important. If one adds the ex-
perimentally known values for the 2P capture cross
section to the CGS»(JS) and CGS»(BK) values, the
added results for the case of CGS»(JS) come
closer to the measured values, whereas the cor-
responding results for CGS»(BK) are further
away from the experimental findings. However,
there still remain appreciable discrepancies in
the energy range 5 to 50 keV [in the case of
CGS»(JS)]. One of the reasons for this discrep-
ancy may be the neglect of the effect of 2P-state
coupling on the ground-state capture cross sec-
tion. It is expected that the effect of coupling with
the 2P states and other higher states on the ground-
state capture cross section is negligible at high
energies. As the incident energy increases, the
present results and the results of paper I become
very close to each other (see also Table I). Here
also CGS»(JS) and CGS»(BK) are approaching the
JS and BK values, respectively, with the increase
of incident energy.

Figure 2 contains our two curves for the is-2s
capture cross section, PR(JS) (with JS as input}
and PR(BK) (with BK as input) along with the cor-
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FIG. 1. Present calculations for the total capture cross
section CGS&&(BK) and CGS~~(JS) are compared with the
experimental results and CGS&(BK) and CGS&(JS) results.

responding JS and BK curves. The 1s, 2s, 2P,
and 1s, 2s, 2P, Ss, SP close-coupling results ob-
tained by Cheshire et a l."using the impact-pa-
rameter treatment, are also included in the same
figure. The experimental findings due to Bayfield"
and due to Morgan et al."have been given for com-
parison. The results obtained neglecting the pro-
ton-proton interaction [PR(BK)] show better agree-
ment with the experimental findings than those ob-
tained by retaining the proton-proton interaction
[PR(JS)]. Fluctuations occur in the PR(JS) curve
as in both the curves due to Cheshire, although
the nature of the PR(JS) curve is somewhat dif-
ferent from those obtained by Cheshire et al. On
the other hand PR(BK) does not show any fluctua-
tions. The strong fluctuation obtained in PR(JS)
may be smoothed out by including a larger num-
ber of states, as noticed by Cheshire et al. As
the energy increases the PR(BK) result approaches
the BK value, whereas the PR(JS) result tends
towards the JS value (Table II). In view of the
2s-2P strong coupling, it is expected that the in-
clusion of the 2P states will considerably influence
the behavior of the 1s-2s capture cross section.
For a comparison with the experimental findings,
we have to consider the cascade contribution.
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TABLE I. Ground-state capture cross section (in units of 7t'a 0). (The number in parentheses in each entry is the power
of 10 by which the amplitude value should be multiplied. )

Energy
{keV) BK CGS ((BK)

Present"
(with BK as input) (Js) CGS (JS)'

Present
(with JS as input)

1
2
4

10
15
20
30
50

100
200
300

1000
2000
5000

1.21V(.3)
5.ve4(2)
2.62e(2)
v.943(1)
4.240 (1)
2.5vo(1)
1.148 (1)
3.368
3.994(-1)
2.629{-2)
4.15e(-3)
7.930(-6)
1.563(-V)
V.411(-1O)

2.352(1)
2.124(1)

1.3es(1)
1.13O(1)
9.119(0)
5.s53(o)
2.40
3.51(-1)
2.43(-2)

v.5v(-6)
1.51(-6)

2.352(1)
2.124(1)
1.842(1)
1.33V(1)
1.062 (1)
8.535
5.557
2.383
3.62O(-1)
2.513(-2)
3.99s(-3)
v. 682(-6)
1.52o(-v)
v.24o(-lo)

1.44O(2)
6.902(1)
3 175(1)
9.975
5.490
3.426
1.615
5.19S(-1)
V.33S(-2)
5.9SS(-3)
l.osl(-3)
2.932 (-6)
6.V46(-8)
3.v3S(-1O)

1.191(1)
1.015(1)

4.869(o)
3.4o5(o)
2.451(0)
1.351(-1)
4.89(—1)
7.34(-2)
6.O2(-3)

2.88 (-6)
6.63(-S)

2.216(1)
1.844(1)
1.341(1)
6.451
4.074
2.V56
1.417
4.883 (-1)
7.189(-2)
5.932 (-3)
l.ovl(-3)
2.897 (-6)
6.670 (-8)
3.698(-10)

'The results of paper I.
Without proton-proton interaction.

With proton-proton interaction.

Ols

-I6
10

z0
to

However, in the case of the 28 capture cross sec-
tion, this contribution has been estimated by Mor-
gan et aI,."to be negligible.

Figure 3 shows our two sets of results PB(JS)
and PB(BK) for the ls-2s excitation cross section
along with the corresponding results of the first
Born (FBA) and Glauber approximations. " The re-
sults of Cheshire et aL. using the 1s, 2s, 2P, 3s, 3p
close-coupling approximation and the experimental
findings" are plotted for comparison. The data
of. Morgan et at. present the observed 1s-2s exci-
tation cross section values including the cascade

TABLE II. ls-2s capture cross sections (in units of
ma2O). (The number in parentheses in each entry is the
exponent of 10 by which the cross-section value should be
multiplied. )

Energy
{keV) BK PH(BK) JS PR(JS)

&0

-19
)0

2 4 6 8 10 20 40 '70 )OO

PROTON ENERGY —keV

FIG. 2. ls-2s capture cross-section curves PH(BK)
and PH(JS) are compared with BK and JS curves, the
curves obtained by Cheshire eE al. , and the experimental
results.

1 1.014(-l) 3.654(-4) 1.064(—2)
6.V4V(-1) 8.134(-3) 6.612(-2)

4 2.733(-1) 4.602(-2) 3,766(-l)
6 3.654 1.213(-1) 6.309(-1)

10 4.204 3.369(-1) 7.298 (—1)
15 3.559 5.094(-1) 5.775 (-1)
20 2.753 5.642 (—1) 4.193(-1)
30 1.582 5.081(—1) 2.241(—1)
50 5.605(-1) 2.817{-1) 7.871(-2)

100 7.132(-2) 4.997(-2) 1,184(-2)
200 4.412(-3) 2.505(-3) 9.241(-4)
300 6.562{-4) 5.412(-4) 1.615(-4)

1000 1.083(-6) 9.823(-7) 3.951(-7)
2000 2.051(-8) 1.934(-8) 8,782(-9)
5000 9.450(-11) 8.915(-11) 4.743(-11)

3.836(-4)
2.vvo(-2)
1.281(-1)
8.595(-2)
1.654(-1)
2.O4S(-l)
l.see(-1)
1.299 (-1)
5.492 (-2)
9.253(-3)
v.s51(-4)
1.4O5(-4)
3.661(-7)
s.332(—e)
4.563(-11)
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FIG. 3. 1s-2s excitation cross section is presented
along with the results of the first Born approximation
(FBA), the Glauber approximation, the curve obtained
by Cheshire, and experimental points.

Energy
(keV) ZBA Pn(BK) PH(zs)

1
2

6
10
15
20
30
50

100
200
300

1000
2000
5000

9.vv5(-2)
3.O6V(-1)
5.321(-1)
5.8O5(-1)
5.363(-1)
4.5O2(—1)
3.804(-1)
2,865 (-1)
1.899(-1)
1.O25(-1)
5.331(-2)
3.592(-2)
1.099(-2)
5.513(-3)
2.211(-3)

3.648 (-4)
1.039(-2)
1.oo5(-1)
2.055 (-1)
2.990(-1)
3.111(-1)
2.841(—1)
2.093(-1)
1.184(-1)
6.622(-2)
4.081 (-2)
2.971(-2)
1.O32(-2)
5.343 (-3)
2, 184(-3)

9.866(-4)
2.9V3(-2)
2.033(—1)
1.663(-1)
1.666(-1)

1.342(—1)
1.135(-1)
9.312(-2)
6.543(-2)
4.os1(-2)
2,9V2(-2)
1.029 (-2)
5.334(-3)
2.185(-3)

TABLE III. 1s-2s excitation cross sections (in units
of mao). (The number in parentheses in each entry is the
exponent of 10 by which the cross-section value should
be mul. tiplied. )

contribution which is quite appreciable for this
process. Morgan eI; al. have estimated this con-
tribution to be 10% on the basis of simple Born
calculations. In all the theoretical estimates,
however, the cascade contribution has been neg-
lected. Because of the great importance of the
2P-state coupling, reasonable results for the
1s-2s excitation cross section are expected only
after the inclusion of the 2P states.

The present results in the low-energy region do
not completely settle the controversy regarding
the role of ion-nucleus interaction in the ion-atom
scattering. The results for the is-2s capture
cross section are expected to change appreciably
with the inclusion of the 2P states in the close-
coupling scheme. The present inelastic- scatter-
ing results are of purely academic interest. In
the high-energy region the effect of coupling with
higher excited states and the off-shell contribu-
tions would not change the ground-state capture
cross section appreciably. At high energies our
CGSn(JS) results are in better agreement with
the experimental results than CGSn(BK) and the
ion-nucleus interaction does not seem to be neg-
ligible. The inclusion of the 2P states in the close-
eoupling scheme will be considered in a future
work.

APPENDIX

We describe the numerical procedure for the
solution of the integral equation.

We have two separate sets of integral equations
(each consists of two coupled integral equations).
An integration over q" is performed to reduce the
above set of equations to single-variable integral
equations. Special care has been taken to evaluate
the integral over y" where we have followed the
numerical procedure given by Krylov and Krugli-
kova. " The one-dimensional integral equations
are then converted to simultaneous equations by
using the Gaussian quadrature method to evaluate
the integrals. The simultaneous equations are
next solved numerically by matrix method. The
convergence of the results is tested by increasing
the number of Gaussian quadrature points.

It is well known that in ion-atom collisions the
scattering amplitudes are strongly peaked in the
forward direction and fall off very rapidly with
increase in scattering angle. In fact, the scatter-
ing amplitude is practically negligible when the
angle is &M, /M~ (ratio of the electron mass to
the proton mass). Hence we have taken a suitable
transformation which appropriately incorporates
this feature. The transformation is given by the
relation

2A, ,
X'„+k'„(1—cos8)

Instead of 6, z has been used as the variable in
the Gaussian quadrature. The BK and JS cross
sections are obtained, by using the above sub-
stitution, as a check on the program.
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