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Elastic scattering of electrons by hydrogen molecules using the eikonal approximation
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The eikonal approximation has been used to investigate the elastic scattering of electrons by hydrogen
molecules. In addition to the static potential, the effects of polarization and exchange have been includ-
ed through potentials. The total and the differential cross sections have been calculated in the energy
range 9.4—100.0 eV and compared with the experimental and other theoretical values. It is found that
the eikonal approximation predicts reliable results for incident electron energies & 20.0 eV.

I. INTRODUCTION

In recent years the problem of elastic scattering
of electrons by hydrogen molecules has received
considerable attention by experimental' ' as well
as theoretical workers. "" Apart from some
low-incident-energy calculations, ' ' theoretical
investigations are centered round the intermediate-
and high-energy regions. ' " Khare and Moisei-
witsch' have employed the first Born and the first-
order exchange approximation and neglected the
polarization of the molecule. They have used a
two-center wave function, and the results have
been given in the separated-atom approximation.
Rozsnyai' has also used the first Born approxi-
mation without taking into consideration the effect
of polarization. Trajmar et al. ' and Truhlar and
Rice' have used the polarized Born and Born-
Ochkur-Rudge approximations to investigate this
problem. Khare and Shobha" have also applied
the same approximation. The results of these
calculations" are in good agreement with the
experimental findings for the incident electron
energies E~ 1pp. p ep.

In this paper we have applied a modified form of
the eikonal approximation" to investigate the
elastic scattering of electrons by hydrogen mole-
cules. In addition to the static potential which
includes a semiempirical quadrupole term, we
have considered the polarization potential and ex-
change effect through a model potential. The
eikonal approximation, which has been used earlier
in electron-atom collisions by different work-
ers, "'"is applicable for intermediate and high
energies. The main advantages of this method are
that it obeys the important constraint of unitarity
and is consistent with the requirement of time
reversibility. The validity and the accuracy of the
eikonal approximation have been discussed in de-
tail by Glauber" and Newton. " Ghosh and his

co-workers" have applied the present method
successfully to the problem of scattering of elec-
trons (positrons) by hydrogen, helium, and lithium
atoms. However, they have not considered the
effect of exchange.

F(e, q, 8„,y„)=k,.(2'~') ' f e"(e '"'"—1'lbdbdp,

where b is the impact parameter measured from
the center of mass of the hydrogen molecule;
q =k; —kf, k,. and kf being, respectively, the mo-
menta of the incident and the scattered electrons;
8, y are the angles of scattering and 0, y denote
the angles of orientation of the molecular axis,
The phase-shift function y(b) is of the form

X(b) =— V„„(r,) dz,
ce

where v; is the velocity of the incident electron
and r, denotes the position vector of the incoming
electron relative to the center of mass,

r, =b+nz,

n being the unit vector along the incident direction.
The optical potential" V.„is expressed as

v„„(r,) =v, (r,)+v,(r,)+v (r,) (4)

The first term on the right-hand side is the static
potential and is obtained from the expression

II. THEORY

In the eikonal approximation the scattering am-
plitude is given by (throughout this paper atomic
units are used)
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term of the optical potential [Eq. (4)] accounts for
the exchange of the incident electron with either
of the two bound electrons and has been considered
in the form given by Hara. ' Using Eqs. (4), (6),
and (8) in the expression for Z(b) [Eq. (2)J, we get

where r„, r,„, and r;3 are the distances of the
incident electron from the nuclei a, b, and the
bound electrons, respectively. Using for the mo-
lecular wave function C'0(1, 2) the one used by
Hara, 4 we get

V, (r,) = V' (r,) + [V', ( r, ) + V, ( r, )]&,(cos 8,), (6)

1()s)= (1/v, . )f [A
' + B'B, (sos S,) ] ds,

0

with

A' = 2[VO~ (r, ) + Vo~(r, ) + V.„(r,)],
B' =2[V2~ (r,) + V2~(r, ) +V'(r, )J .

(9)

V~(r, ) = Vo (r,)+V2~(r, )P, (cos8,),

with

(8)

V'p(r, )- -&,/2+„as r, -~,
V2~(r, )- o(,/2r'„as r-, -~,

where ~p and &2 are linear combinations of the
static parallel and perpendicular polarizabilities
and their values" are taken to be 5.18e'a,' and
1.20e'ao3, respectively. For finite ~r, ~

the asymp-
totic forms of V2, , VP~, and V2~ are replaced by

(o(, /2)+2B(r2B+-R2O) ', respectively, where the cutoff
parameter Rp is taken equal' to 1.6a, . The third

with"

Vo~ (r,) = -0.27734(1/r, )(e"3—e '"B)

+0.13961(e"~+e '"3}, r, ~0.7
= -1.86577(1/&, )e '"3

—3.51477e "3, t'3 ~ Q. 7

V~ (r,) = 5.01637(1/r', )(e'"B —e '"3)

+11.69816(1/r', )(e'"B+e '"B)

—10.27985 (1/r, )(e'"3 —e '"&)

+2.76688(e'"3+e '"3), r, &0 7.
=-0 96 504. (1 /r', )e '"B

—2 25047.(1/r', )e '"3

—2.81971(1/r, )e '"3

—2.49604e 3 x3 Q

V'(r )- Q/r', ,-as r,
where Q is the quadrupole moment of the hydrogen
molecule and is equal' to Q.464a', e', t =2.332ap 7

and 6)3 is the angle made by r, with the molecular
axis and is given by

cos8, =cos8cos8„+sin8sin8 cos(p —y ). (7)

The second term of the optical potential [Eq. (4)]
is the polarization potential which in the adiabatic
approximation takes the form

For averaging the molecular orientations (8„,p }
we have selected three orientations, " (0, 0),
(m/2, 0), and (n/2, m/2). Remembering Eq. (7),
Eq. (9) reduces to

I(', (b) =A +B cos2y,

with

(10)

A = (1/v,.)J [A' s (-, sis' ~ —-')B'] ds,
0

B = (1/v, ) 4B' sin'0 dz,

where the plus and minus signs are for the orien-
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FIG. 1. Study of the effect of nonspherical parts of the
effective potential on the differential cross section.
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Expanding e" '"'~" '"" ~ in terms of Bessel func-
tions and carrying out the integration over y, we
get

Z(O, e, y }= -zb,.
~t Z, (qb) J,(a)

2 Q (+) J,„(qb)J (B))e
m=].

—J (qb) bdb, (12)

(I(e)& =4[IF(0,0, 0)l'+ I&(&, ~/2, 0)I'

+IF(e,./2, ./2)I ],
(o) = —,

'
[o (0, 0) + o()) /2, 0) + o'(m/2, )) /2)],

(13)

(14)

III. RESULTS AND DISCUSSIONS

We have evaluated the expressions A and B
[Eq. (10)] numerically. The reduced one-dimen-
sional integration IEq. (12)] over the impact pa-

20.0—

50 eV

PRESENT WITH EXCHANGE

where ~„'s are the Bessel functions of order n.
Finally, differential cross sections (I(8)) and

total cross sections (o), averaged over molec-
ular orientations, are computed from the following
expressions:

rameter b has also been performed numerically.
The Gaussian quadrature method has been used
in both the cases taking special care of the pres-
ence of Bessel functions in the integrand for the
scattering amplitude. It may be mentioned that
the series which occurs in the integrand is rapidly
convergent and the maximum number of terms re-
quired for a well-converged amplitude at 100.0 eV
is only three.

In Fig. 1 differential cross sections (DCS) for
the spherically symmetric part of the potential
and those for the total potential, both the spherical
and the nonspherical, averaged over the molec-
ular axis, have been compared at three incident
electron energies (9.4, 50.0, and 100.0 eV}. At
the lowest energy the DCS's for the two cases
differ slightly in magnitude maintaining, however,
identical shape with respect to the scattering
angles. It implies that at low energies only the
spherical potential is sufficient to reproduce the
DCS correctly, which has also been noticed by
Hara. 4 At higher energies this is no longer true.
Near the forward directions the effect of the non-
spherical potential is still very little. At larger
scattering angle, however, the influence of the
nonspherical potential becomes dominant so that
the averaged DCS's differ considerably from those
obtained by using the spherical potential only.
Trajmar et al.' have also noticed this feature at
the incident energy 60.0 eV. The difference in-
creases with increasing energy. This behavior
is quite apparent owing to the fact that large-angle
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FIG. 6. Comparison of theoretical and experimental
differential cross sections for e-H2 scattering, 8=50.0
eV.

FIG. 7. Comparison of theoretical and experimental
differential cross sections for e-H2 scattering, E=100.0
eV.
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TABLE I. Calculated total elastic cross sections (in xa 0~).

Energy
(eV) Model C Model F Model B/P"

Present work
With Without

exchange exchange

9 4
12.0
20.0
30.0
50.0

100.0

4.77
2.28
0.95

4.87
2.33
0.98

5.33
3.67
2.26
1.16

4.67
4.43
3.90
3.30
2.42

3.83
3.63
3.17
2.70
2.03
1.22

'Reference 10: model C was quoted as their best potential model, and modeI. F is based on
the Lane-Henry poI.arization potential~ (Table 3 of Ref. 10).

References 2 and 9: calculated with an analytic polarization potential fitted to Lane-Henry
polarization potential (Tables III and IV in Ref. 2 and Table IX, Column 5 in Ref. 9).

scattering is governed by the small-& interaction
region, where the nonspherical part of the poten-
tial is expected to play a significant role.

We have plotted our results for the DCS with
and without exchange (denoted by a and b, respec-
tively) against the scattering angles at the incident
electron energies 9.4, 12.0, 20.6, 30.0, 50.0, and
160.0 eV in the Figs. 2-7. The corresponding
experimental DCS's measured by different work-
ers' ""are given for comparison. We have not
normalized any of the observed DCS's with our
results. The data of the Australian group' is ab-
solute„ the details of the normalization of their
data are given in their papers. Except for the ab-
solute DCS of Bamsauer and Kollath" at 10.0 eV
and the relative DCS of Williams' at 50.0 eV all
other relative experimental angular distributions
have been normalized at the results of the Aus-
tralian group for the best visual fit. At 36.0,
50.0, and 160.0 eV we have presented the available
theoretical DCS of Truhlar and Rice" (curve c)
and Khare and Shobha" (curve d). The results of
Williams at 50.0 eV have been normalized at the
theoretical results of the above workers at 30'
scattering angle.

Figures 2-6 show that our curves with exchange,
a, lie above our curves without exchange, 6, the
slopes of the two curves remaining the same at
all energies. The difference between the two
curves decreas s as the energy increases and be™
comes negligible at 100.0 eV. From 20.0 to 50.0
eV our results are in very good agreement with
the experimental findings, Gn the other hand, the
theoretical curves c and d fail to reproduce the
proper shape of the DCS at energies 30.0 to 100.0
eV. At 100.0 eV the curve d underestimates the
experimental values in the forward directions
whereas the curve c is somewhat steeper than our
curve b. The apparent discrepancy of our results

with those of Lloyd et at. ' may be attributed to the
fact that the Australian group has normalized their
data at 60' scattering angle with those of Khare
and Moiseiwitsch. ' Gur large-angle DCS differ
from those measured experimentally at inter-
mediate energies. But at those energies the ex-
perimental data of different workers also deviate
considerably amongst themselves.

The lower values of DCS at 9.4 and 12.0 eV ob-
tained in the present work cannot be attributed to
a different choice of one-center or two-center wave
functions in calculating the short-range static
potential. It has been noted by Bailie et aL." that
a rather crude w'ave function may give a rea-
sonably good static potential in the energy range
considered here. However, the effective exchange
potential used by us is not expected to account
completely for the exchange, particularly at low
energies where the exchange effect plays a domi-
nant role. A better way of accommodating the
effect of exchange may improve the results to a
great extent. As noted earlier, the large-angle
behavior of the DCS is not very clear from the ob-
served values. In this context we point out that
the present approximation is valid at angles larger
than that originally anticipated. ""However, the
major shortcoming of the theoretical study of the
large-angle scattering is that the small-r behavior
of the potential, a dominating factor in the large-
angle region, is not known accurately. We believe
that more accurate theoretical calculations as well
as experimental studies are required to settle the
large-angle behavior of the DCS. Nevertheless,
Figs. 2-7 show that the eikonal approximation,
unlike other approximations, gives the best fit
(covering a wider range of scattering angle) to the
experimental data available until now. This is
particularly true for intermediate energies (20.0
to 100.0 eV). Since the present approximation is
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more theoretically sound than any other high-
energy approximation, " it is expected to give
better results in the high-energy region also. But
we have not calculated the DCS at higher energies.

Finally, in Table I the total cross sections of
the present work along with those of Khare and
Shobha, ' based on their two potential models C
and F, and Trajmar et aL.' and Truhlar and Rice'
have been presented. Judging from the DCS be-
havior our results seem to be reliable in the ener-
gy region 20.0-100.0 eV.
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