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The theory for the rotational excitation of symmetric-top molecular ions by electron impact is formulated
within the Coulomb-Born approximation. Analytical expressions are derived for the rotational transitions
induced by dipole and by quadrupole interactions. The cross sections are large and finite at threshold and
decrease with increasing electron-impact energy. The validity of the present theory for the description of low-
energy collisions is examined. Numerical calculations are reported for the excitation of the hydronium H;O%

on.

I. INTRODUCTION

The excitation of molecular rotation is an im-
portant mechanism by which slow electrons lose
energy in molecular gases. The efficiency with
which the rotational levels of molecules are ex-
cited is a significant parameter in the cooling of
dense ionized plasmas, in the interpretation of
the process of radiative recombination, and in
the determination of electron-velocity distributions
in gaseous discharges, in electron-drift experi-
ments, and in the ionospheres of the planets.

The rotational excitation of neutral molecules
by electron impact has been widely investigated
both theoretically and experimentally. The cor-
responding excitations of molecular ions are, how-
ever, more difficult to study experimentally and
only a few theoretical treatments have ever been
reported. Stabler' has studied the rotational exci-
tation of homonuclear molecular ions using a low-
energy expansion of the Coulomb-Born approxi-
mation. His work was extended by Sampson? to
include the effect of the long-range polarization
interaction. The results of Stabler® for the scat-
tering of electrons by H,* are in satisfactory agree-
ment with the more sophisticated fixed-nuclei
calculations of Chang and Temkin.® This demon-
strates the validity of using the Coulomb-Born ap-
proximation for the description of the scattering of
electrons by molecular ions. Stabler’s theory,
while providing an adequate treatment of the rota-
tional excitation of quadrupolar molecular ions,
is not applicable to the case of dipolar molecular
ions. A more refined Coulomb-Born formulation
was presented independently by Boikova and Obeyd-
kov* and recently by Chu and Dalgarno,® who ex-
tended the theory of Coulomb excitation of nuclei
to the rotational excitation of linear-dipole molec-
ular ions. .

In this paper, we extend the new formulation to
the case of rotational excitation of symmetric-top
molecular ions and we apply the theory to the cal-
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culation of the cross sections for excitation of the
hydronium ion H30+. The results should be useful
in the quantitative interpretation of the process of
dissociative recombination of the H,O" ion, which
is of great experimental interest.

II. THEORY
We consider the process
e” + XY (JKM)~e™ + XY, (J'K'M'), 1)

where J and M are, respectively, the total angular
momentum and its space-fixed z component, and
K denotes the angular momentum around the sym-
metry axis (K|<J) of the symmetric-top molecule.
We assume that the molecular ion XY can be de-
scribed as a symmetric-top rigid rotator having
a permanent dipole moment u in the direction of
the symmetry axis of the molecule.

The long-range interaction between the symme-
tric-top molecular ion and the electron can be rep-
resented in the form

V09 == 5 + D0V, @)

where (X, ¥) are the polar and azimuthal angles
specifying the direction of the incident electron
with respect to the molecule-fixed coordinates
(Fig. 1). The potential v, ,(¥) can be expressed in
terms of the multipole-moment tensors®
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FIG. 1. Coordinate system used for electron scatter-
ing by the Hy;O™ ion.

and p is the charge distribution of the molecule.
Since the symmetric-top molecular ion XY, pos-
sess C,, symmetry, the term v, , vanishes unless
|v|=38n (=0, 1, 2,...). Thus, the leading non-
vanishing terms of v, ,(*) are”

V10(7) = =EmM2 (1 /MY, (5a)
Vo) = =& M2 (1 /r M), (5b)
Vo) = =& 21 M), (5¢)

Vge(7) =04, (7)

— (i (/)

1260
X (iM(S) 3M(3) - 3iM(3) M3 (5d)

yyy xyy xxy T Myxx ).

If we choose the molecule-fixed z axis to be the
symmetry axis, then the three multipole-moment
components M, M2, and M3) can be identified
with the dipole moment u, the quadrupole moment
@, and the octupole moment £ of the molecular
ion, respectively.

Transforming the coordinate system from the
molecule-fixed frame to the space-fixed (SF)
frame, we get®

Yao (X, 9) = DO, (a89)Y, (6, 9), (6)

where D™ is the matrix element of the finite ro-
tation operator, (apBy) are the Euler angles.specify-
ing the orientation of the symmetric top with re-
spect to the frame of SF coordinate, and (9, d)
denote the direction of the electron with respect to
the SF frame. With the use of this relation, the
interaction potential between electron and molec-
ular ion in the space-fixed frame becomes
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VO, 6, 0) ==+ 2 03, 00D X (BT (6, 0).
()

We write the total Hamiltonian in atomic units
in the form

H=H,+H', 8)
where
Ho=I{ion—%V3— 1/71 (9)
o A

A
H'=+; Z E ’U)\u(y)Dit)_y(aB‘Y)Y)\q(9¢)’

UEES P
10)

and H, , is the Hamiltonian for the isolated molec-

ular ion. The unperturbed wave functions ¥’
separate into a Coulomb wave function ¥ ,(&,¥)
=|k) and a symmetric-top rotator eigenfunction
V¥, ¢ u defined by

Vo =127 +1)/8m2]2D 7 (aBy). (1)
The Coulomb-Born formula for the transition
(K)~ (J'K’) is given by
oWK—-J'K')

1 & 1 f
= — =L — (o) plo)y|2
4"2 ki Z 2J+1 K f 9H i >| des

MM
(12)

where k; and k; are the initial and final wave vec-
tors of the scattered electron and Qfsﬁf is the
unit vector along k,. To evaluate the integral of
Eq. (12), consider the transition matrix element

Apy= (YO HT )
= <‘I’J’K’M'(O{B7’)lI(QBY)l‘I’JKM(QBY», (13)
where
I(agy)= (EAH'IEO
= 20 DU (@) (ylon, (09 Ey).
(14)
Rewrite Eq. (3) as

UXU('V):‘(I/’V)\”)MMJ; (15)

where M, , is a constant (real or complex) inde-
pendent of 7. Substituting (15) into (14), we get

I(@By) == My, DY, (ay) (&7 217, (69)|K;,).

Avg
(14")

To calculate the integral in (14’), we expand the
Coulomb wave functions into partial waves,*'®*°
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> mi 1 here o,(n) =argl'(l +1 +in) is the Coulomb phase
K,)= D 4m(=1)™ iti i) w :
Ik, ,'.Zmi m(=1)T et shift n=—-1/k and F,(k7) is the regular solution to
XY, - (k Y, g #)(k,7)F,. (kir) Ehge radial equation for orbital angular momentum
’
and —wn/zlr(l+1+in)l 1+1 =ik
= 7 (2k 1 r
Eyler)=e TN
k)= 47(=1)"F iMf @™ % (Np)
k) ,fz,n:f m=1)" i ey X F(l+1 = in, 20+2; 2ik7), A

X x,,-m,(k Yy m (V)(kfr)“lf“;f(kﬂ), (16) Thus,**®

J

Glr R =@m® 2 ) O (ol 1)@l + DA DI Y, (B, BV
ilgmimy
. A : A
x(l' I ) <l, L > 18)
000 my; —m; g

where the radial matrix element M is defined by

M f F, (o) \"1F, (b,7) dr. 19)
Hence,

I(OIB’}/)=— Z M)\v Ttim,lfmf D(-t\zlV(aBV)YI‘—mi(Ei)Ylfmf(Ef)M;i);;ly (20)

)‘U"'ilfmi’”f
where
A o2 (0, %0p,) ;=1 ve (b N\ (L LA
T imgiym = @UF2(=1) €117 12570 (21, 4 1) @21, + @A) (Y . 1)
0 0 0/ \my —-m; q/

The transition matrix element A;; can now be evaluated in the form

Ay = Ty @Y )= 25 Gy i re T (R MG, (22)

ISTH P if i'f
where
, g d I J JA
G uw st = =M T g [21; +1)(@J +1)(2J"+1)/4m]/2 (~1)¥ "( > < ) 23)
M -M' —q) \K -K' -v

Note that in deriving Eq. (23), we have taken the space-fixed z axis along Ei and we have used the formula?®
i L L
JdQD“‘ @D, @)D ()= <71 Ja Ja\ (I Ja Js
m; my my) \m; m, m,

where Q = (@By) and dQ =dasingdfdy. Substituting Eq. (22) into Eq. (12), and carrying through the integra
tion and summations, we get finally

OUK=T'K) = 20y o gop K = T'K"), (24)
A=1
where
J J! 2 .
03, K = J'K") = 4<k>(qu)2(2J'+1)< A) s 1)y 1) (b )l e, 25)
K -K' —v/ 4% 0 00

Because of the properties of the 3j symbol

<J J’ A>
K -K' -y
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only the terms 0, , with (X, v) satisfying the condi-
tions

|J =J'|sxsd +d’ (26a)
and
K-K'=v (26b)

contribute to the transition (JK)- (J’K’). In the
special case when both v and K are zero, there is
the additional parity rule that J +J’+ X is an even
integer, and Eq. (25) reduces to the expression for
the excitation of linear rigid-rotor ions.® In the
latter case, the transition |AJ|=1 is caused by the
odd terms with A=1, 3, 5,... and not by the even
terms. The even terms with A=2, 4, 6,... cause
the transition |AJ|=2, When K #0, however, the
selection rules (26a) and (26b) hold, but the parity
rule need not be satisfied even when v=0. And all
the terms satisfying (26a) and (26b) contribute to

the transition J—J’. For example, any term with
J

3 Milr 1

E et o1

fEL(niv g):_%” e

1

A=1 may induce the transition |AJ|=1 in the case
of K+#0.

III. ROTATIONAL EXCITATION INDUCED
BY DIPOLAR INTERACTION

The leading term which contributes to the low-
energy scattering of electrons from polar sym-
metric-top molecular ions is the electron-perma-
nent dipole interaction. In this case A=1, v=0,
M, ==& 724, and

0, (K ~ "= £1,K") =6(K,K’)(Z§n5> <k—”2> W2(207+1)

x(J J 1>sz1(n,-,€), @7)
K -K 0

where £=7m; -1, and fg, is a function related to the
E1 nuclear Coulomb excitation® that can be eval-
uated by the following formula®:

1 L . . 1 i . 1
XIm{—F (in;,in,,1 = i &5—) | F(1 = in,,—in,,1 +i&;— | +€®F (1 = in,,—in, 1= i & —) | +n, =
{ni (nz P 3 X0> [ ( tN,=in;, 1+ E; X(,) + ( Mgy = 2Ty, 1‘5’ X0>:|,+n' nf}’

where
$=2arg[T(EET(in,)/T(@n)] + EInlx,l,
and
Xo =—4n;n;/ 8.
Equation (27) may be rewritten more explicitly as

00K ~J'=J 1 K')=0(K ,K')(3/41)(1/k3)12f 5, &+,

(28)
with
+K+1)J -K +1) |
= JI—J:
8+ Taneran o +1
and
T K
= S ==
& =Jarn 1Y 1,

It is interesting to note that because of the factor
O(K,K'), the dipolar interaction cannot induce ro-
tation around the symmetric axis.

The threshold behavior of the rotational excita-
tion cross section is of special physical interest.
In this case,’

1

ozo(JK»J'K')=6(K,K')1—;nQ2<iZ{>(2J'+1) (

J J’
K -K'

r

Sry =327 /9V3 (29)
and
00K =J'=J +1,K') =0 (K K')(87/3V3)(n/k3) 12 g,.
(30)

Thus, the present theory predicts large and finite
cross sections which vary as k;? near the rota-
tional excitation threshold, in accord with the
Wigner threshold law.!° In contrast, the plane-
wave Born approximation predicts zero cross
section at threshold.® The Coulomb-Born approxi-
mation used by Stabler gives vanishing dipolar
cross sections (0,,) for all energies considered
(cf. Appendix). Thus, Eq. (30) appears to be the
first theoretical expression to predict correctly
the threshold behavior for the rotational excitation
processes induced by dipolar interaction.

IV. ROTATIONAL EXCITATION INDUCED BY
QUADRUPOLAR INTERACTION

For the case of quadrupolar interaction, we have
A=2, v=0, M,,=—(E7)"2Q, and

bty 000

>2§_: (2L, +1)(2L, +1)<Z" ks 2>2. |73, 2. (31)
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Note again the presence of the factor 6(K,K’),
which implies that the quadrupolar interaction can-
not induce rotational transitions with |AK|#0. The

electron quadrupole radial matrix elements M;flf
can be calculated using various formulas and re-

currence relations.’’'! There are, for A =2, two
types of matrix elements, those for which I, - I,
=+2 and those for which [;=l;. They are connected
through the relation®'!

YMGP =Y My Yy + Y, M3 ey +Y M2y +9, M3 1y,
(32)
with
y =35l +1)(} - 13),
Yy==m3l+1+ing|[1+2 +iny,
Yo =mime[2L+3)/@U+ 1)L+ in|[2+1 +imy|, (33)
y3=n§|l+1 +i77i|”+2+i"7i|,
V== [R1+3)/Q@L+ 1)1+ ing||l+1 +in,].

For the matrix elements with |/; - L[=2, two of
them are connected with two monopole matrix ele-
ments (A =0) by®

VMR res +Yo My Sap =Y Mty 1oy +Y, M50, (34)
with

Y, =40 +1)m2|1+2 +inf|]l+3+1lnf|,

yz=—4(l+1)nin,|l+2+inf|]l+1 +iny,

Vo= (R = R3)[2m nf +m2(L+1)(20 +3) = 3 (1 +1)],

Ve==(R2=k22nm L+ 1 +in|[1+1+inl.

(35)

By repeated use of Eq. (35), we obtain the recur-
rence relation

3 My, S AG)
M;.l+2=f(l)< ft(ll/) +j=l’ f(.7+1)>, (36)

with I'< [ and
S@) =/ ITE+1+in,)/T(@+3+1in,), (37)
4= 1
4@+ 142+l +3+im] 2

x{[2mn2 + 31 +1)(21+ 3) = 2 (L + V) ML, 1y

AQ)=

- Zn,nfll +1+im|[l+1 +in M7 (38)

In the A =2 case, we need only to calculate the two
quadrupole radial matrix elements M2} and M2
and the monopole matrix elements M;}. All the
other matrix elements M; can be generated by
using the relations (36) and (32). The monopole

(A =0) matrix elements satisfy the three-term
relation®

VY MTh ey +Y M1} +y3M;31.t-1=0, (39)

CHU 12

with
Yy =2+l +inl|l+1 +ing,
Yy ==QU+ [+ 1) /ym 120 +1) + 20,msF,  (40)
y3=(2l+2)|l+im||l+infl.

The first two monopole matrix elements M;; and
M;! are most easily calculated by the following
direct formula®:

_ - £\t
My} =k — k) <U'+nf>
i

» [TE+1+in )T +1+in)|
@2r+1)!
xe'(m)g(—xo)lﬁ“(l +1-idn;,l+1-in,,20+ 2;X,),
(41)

where
Xo=—4n;n:/E.

In the scattering of molecular ions by slow elec-
trons an approximate but useful analytical formula
can be derived following Stabler.! For symmetric-
top molecular ions, we obtain

— 2\r3)2
0y K = T'K") i, K1) 4002 = DTQ

158
J J 2
X (2741) 2 42)
K -K' 0

or

32(1n2 - 2)7%Q*?

0, K = J'K') =0 (K, K") =
i

n(ad, K),

43)
with
_ J+K +2)J+K +1)J -K +2)(J =K +1)
n= @I +3) 2T +1)d +2)T +1)

if AT=d'~J =42,

- 9K> +K+1)J =K +1)
- +2)J+1)J(2J +1)

 +K)(J -K)
T+1)RT+1) TP =1)

_WU+K)+K-1)J -K)(J =K -1)
B J +1)(2J =1)J(J =1)

if AJ =41,

if AT =1,

if AJ =<2,

(44)

When K #0, the quadrupolar interaction induces
both the |AJ|=2 transitions and the |Ad]=1 transi-
tions. Depending upon the magnitude of the ratio
(/@) and the energy range, these 0,, with |AJ|=1
and K #0 may be smaller, comparable, or greater
than o,,. In the special case of vanishing dipole
moment (u =0), the 0,, with K+ 0 provides the
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major contributions to the |Ad|=1 transitions.

Equation (43) is analogous to the threshold
formula Eq. (30) for 0,,. The exact Coulomb-Born
0,, should depend upon not only k;2 but also an in-
creasing function of energy like fz, in Eq. (28).
Unfortunately, this additional energy-dependent
function cannot be obtained in simple analytic form
in the case of quadrupole transition. The range of
validity of the approximate formula Eq. (43) can
be obtained following Stabler’s discussion.! The
corresponding range of validity of the exact Cou-
lomb-Born formula [Eq. (28)] for 0,, is much
wider, and this dipolar formula is expected to
work well as long as k2<1 a.u. More refined theo-
ry like close-coupling for fixed-nuclei approxi-

—J
k , J g
00K = K =4 (F2) 00, P @74 1)
i K -K'

with
AK =K' - K =43,

To calculate 0,,,,, we need the components of the
octupole tensor M, ,, and to evaluate the more
complicated octupole radial matrix elements
M3iji;. The o, ., cross sections are usually much
smaller than 0,, or 0,, and we shall not consider
them further.

)
VL. ANUMERICAL EXAMPLE: THE ROTATIONAL
EXCITATION OF THE H,0" ION

A. Dipole moment of the H;0" ion

There are no experimental data on the dipole mo-
ment of the H,0" ion. Information of the H,0" ion
is available from measurements in the solid
phase'?'8 and in the solution.!® The gas-phase
data are relatively rare.?° Theoretical studies
show that the equilibrium structure of the H,0"
ion is either planar!®:4'2! or pyramid'®'??+2% with a
very small inversion barrier of the order of mag-
nitude of 0.1-0.3 kcal/mole. The only exception
is due to the work of Lischka and Dyczmons,** who
found that the inversion varrier could be greatly
increased by the inclusion of the correlation ener-

mation is desirable for testing the validity of the
present theory in the high-energy range.

V. ROTATIONAL EXCITATION INDUCED BY THE
HIGHER MULTIPOLAR INTERACTIONS

The rotational excitation cross sections oy, for
A>3 and v =0 are usually much smaller than the
dipolar 0,, and quadrupolar 0,, terms and of small
significance in partical applications. However, it
is worth noting that the leading term that induces
rotational transitions around the symmetry axis
(AK #0) is due to the potential v, ,,(»). In this
case,

2 Lo b 3\% a2

2. @1y 1) |a133,)2, @5)
tilg 000

_

gy. It appears, therefore, that no decisive con-
clusion can be drawn about the conformation of
this ion at the present time. In this study, we
have considered two geometries of the H,O" ion,
the planar one with 6,,,=120° and vanishing dipole
moment and a pyramid with 6,04=118.1° and

u =0.22 a.u.'® The latter value reflects the typical
dipole moment for a flat pyramid, which is borne
out by most theoretical calculations. Thus, the
results presented below should provide an estimate
of the efficiencies of the rotational excitation pro-
cesses that is of the correct order of magnitude.
It should be noted, however, that the dipole-in-
duced rotational excitation cross sections are
directly proportional to the square of the dipole
moment, Therefore a change in the magnitude of
the dipole moment simply scales the results by a
constant.

B. Quadrupole moment of the H;0" ion

The quadrupole moment @ of the H,O" ion about
the center of mass can be estimated using a point-
charge model and the charge population analysis
performed by Grahn.'* We consider again the two
geometries described in Sec. VIA. The results
are summarized in Table I.

TABLE 1. Electric dipole and quadrupole moments, and the rotational constants of H;0*.?

Geometry doy rb 0 B m Q A B

5.602 x107°
5.552 X1075

2.801 x1075
2.854 X105

Planar 1.8 0 120° 90° 0
Pyramid 1.8¢ 0.25¢ 118.1° 82.05° 0.22¢

-2.212
-2.214

2Angles are measured in degrees and the other quantities are measured in atomic units.
bp =dop cosp is a measurement of the nonplanarity of the H;O* ion.
“The theoretical values taken from Ref. 14.
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C. Rotational constant of the H;O" ion

The moment of inertia of pyramidal molecules

XY, can be calculated by the following expressions:

I,=1,=2mydgy Sin®30+(mymy/M)dyy(3 - 4sin*30),
(46a)
I, =4m yd%y sin®30, (46Db)

where the z axis is the C; symmetry axis and 6 is
the Y-X-Y bond angle. The my, my, and M are
the masses of atoms X, Y, and the molecule XY,,
respectively, and dy, is the X~Y bond distance.
The acute angle B between the X-Y bond and the
symmetry axis is related to the bond angle § by

sin36 =33 sing
The rotational constants A =%#%/2I, and B=7?/2],
=n?/2I, were calculated using (46a) and (46b) and
the results are given in Table I. The derived
rotational constants A and B are rather close to
the values of the corresponding isoelectronic

molecule NH,. (For NH,, A=2.87x10"% and B
=4,53x1075 a,u.'®)

D. Numerical results and discussion

Consider first the planar geometry of the H,O*
ion. The permanent dipole moment u is zero and
0,,=0. The leading contribution to the rotational
transitions arises from the quadrupolar o,, term.
Table I shows that the derived quadrupole moment
and the rotational constants of H,0 of the planar
geometry are not very different from those for
the flat pyramid. Thus, the 0,, calculated for the
two geometries will differ only by a few percent.
Accordingly, we present the results for the pyr-
amid geometry only.

The rotational excitation cross sections for the
process®

e” +H,0'J =5, K =0)~ e~ +H,0*J’ =6, K’ =0)

were calculated using Eqs. (28) and (30). Only the
dipole 0,, term contributes to the transition. The
quadrupole 0,, term is identically zero. The en-
ergy-dependent behavior of 0,, is depicted in Fig.
2. The cross section 0,, is largest at excitation
threshold and decreases with increasing energy.
The behavior of the function fz, is also shown in
the figure. The function f3; is an increasing func-
tion of energy. In the low-energy region, how-
ever, fp, can also be easily estimated by using the
following expression®:

Fh (& <0)= (327°/9V3)(1 +0.218|£|2/3) (47)

In Fig. 2, the energy-dependent behavior of fz, and
fE: is compared. It is seen that f7, is an adequate
representation for E<0.2 eV, the latter being

10 —
100 |- -1 400
90 - —_ 360
80 Ht- :320
70H- 280
<;l: 60 H- 240
S 50 H 200 E
40 160
30 120
20 80

40

10’
/ /‘710

PR DN S NS G W S S |
of 02 04 06 08 10 12 14 16 18
THRESHOLD E (eV)
FIG. 2. Calculated results of excitation (J=5, K=0
—~J’=6, K’'=0) cross sections 0;; and 0], due to vy;. Also
shown are the E1 Coulomb excitation functions fg; and

S

about 10 times the threshold energy. The corre-
sponding cross sections (0},) calculated by using
fa, are also depicted in Fig. 2 for comparison.

Figure 3 shows the energy-dependent excitation
cross sections for the process®®

e” +H,0'J=5K=1)~e” +H0"J'=6, K'=1).

Both 0,, and 0,, contribute to the transition. The
quadrupole 0,, terms were calculated using the
approximate formulas Eqs. (43) and (44). Because
of the smallness of the ratio (u/Q)*~107%, the ra-
tio of 0, to 0,

0o _ (K 2JJ+2) 15
K? 1281r4(1n2—%)ﬁ31

(48)

0-2() Q
is less than unity in the lower-energy regions
E=<0.6 eV. However, because fz, is an increasing
function of energy, the ratio becomes greater than
unity for energies higher than 0.6 eV. Thus, both
0,,and 0,, make important contributions to the
specific excitation process. However, it should
be remarked here that 0,, predicted by the approx-
imate formula Eq. (43) decreases a little faster
with energy than the exact Coulomb-Born cross
section in the high-energy region (cf. Sec. IV).
Thus, the crossing of the 0,, and ¢,, curves is
probably spurious and is an indication that the ap-
proximate 0,, becomes less reliable for energy
higher than the crossing point.

The excitation cross sections for the processes?®®

e”+H,0'J=5,1<Ks5)~e” +HO'J'=6,1<K'< 5)
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FIG. 3. Calculated results of excitation (J=5,K =1
— J’=6,K’'=1) cross sections due to vy, and vy.

can be evaluated by scaling the results of Fig. 3.
The function fz, is independent of K and the only
dependence of K arises from the geometric factors
g.in0,,and n(AJ, K) in 0,,. Two examples corre-
sponding to the (J=5,K=2-+J’=6, K’=2) and (J=5,
K=5-J'=6, K’=5) transitions are shown in Fig. 4.
It is noted that the ratio 0,,/0,, decreases with in-
creasing K and 0,, becomes the dominant term
when K = 2.

VII. DISCUSSION AND CONCLUSION

The accuracy of the present theory is based on
the validity of the following three assumptions:
(i) the long-range asymptotic form of the inter-
action potential can be used throughout the whole
range of electron-molecular ion separation, (ii)
the distortion of the electron wave function is
small such that the Coulomb waves can be used
for the initial and the final states of the scattered
electron, and (iii) the first-order perturbation
theory is applicable.

To examine the validity of these assumptions,
we use the partial-wave-expansion form of the
cross section 0y, in Eq. (25). We shall discuss
especially the dipole-transition cross sections.
For 0, the summations over [; and /; can be
rewritten as

1,1, 1
bE = ) (21, +1)(2L,+1) ) | M2 P
0 ,,Z,; i+ D@, 000 Hls

= (UM P+ M2 P, (49)

=0

104 =
N
103 H
&
< 102}
g A 020 (55 = 65)
N H 20
6 f /
o
= H
<
o 10'E
5 F op0 (52 —=62)
-
100
= oy (65 — 65) /
N
otb— 1 v 1w 1o 1o | 1
0.2 0.4 0.6 0.8 1.0 1.2 1.4
THRESHOLD E (eV)

FIG. 4. Excitation cross sections 0y, and 0y corre-
sponding to (J=5,K=2—~ J'=6,K'=2) and (J=5,K=5
— J'=6,K’=5) transitions.

The sum over / can be put in a more tractable
form by reducing the dipole elements M3, ; in
terms of the monopole matrix elements M;}.°
The result is

bEL = Zz [(2 +

- 4k; kf|1+”) /1 |1+177f/l|M1-1 1-1Mt-ll]'

+2k2772/l)(W —1,1-1lz+ IMI-,IIP)

(50)
Using the recurrence relations for M;}! [ Eqgs. (39)
and (40)] and defining the function Q(l)
Q) =2k, k[ +03)(@® +nf>]*f2M‘1M; Lint
= [(F+ - + 2B m3) | ML, L2, (51)
it can be readily shown that
byt = ,i [QU+1)- Q). (52)

This of course leads to the formula
boElz -Q(1). (53)

The proof of relations (52) and (53) was first
provided by Biedenharn.?®**” Since Q(1) (and there-
fore 0,,) depends only upon the two monopole ma-
trix elements My} and M}, it provides us a sim-
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ple way to examine the validity of our assumptions.

The monopole radial matrix elements Mg} and
M} will be evaluated as a function of R, the upper
limit of the radial integration,

) 1 (® -
M,,‘(R)sﬁ;-f Fy(kyr)r™'Fy(kpr)dr.  (54)
i 0

The Coulomb wave functions F;(kr) are obtained
by using the methods described by Froberg®® and
are calculated to the accuracy of eight digits. An
example which corresponds to the rotational trans-
ition of H,0" (J=5,K=0~J' =6, K’ =0) at k;=0.1
a.u. is given in Table II, where M;} (R =) is
calculable by using Eq. (41) directly. It is noted
that about 11.8% of My (R =) and 6.6% of M}

(R =») comes from the inner region R < 2q,, and
more than 60% of both My (R =*) and M }(R =) is
due toR>20q,. EvenforRas largeas 50a,, there
still comes some 40% of contribution from the
longer range of R (R =50q,). Thus, it is apparent
that the dominant contribution to the rotational
excitation is caused by the long-range interaction.
Our assumption (i), that the long-range asymp-
totic form of the interaction potential can be used
throughout the whole range of 7 is, therefore,
justified with an error of about 10% introduced
by the unknown short-range forces. Assumptions
(ii) and (iii) are also justified because the dominant
contributions come from R > 20q,. At these long
distances, the dipole interaction energy is much
smaller than the kinetic energy of the electron.
Thus, the distortion of the electron wave function
is small and the first-order perturbation treat-
ment is adequate.

In conclusion, our assumptions for the low-
energy rotational excitations of molecular ions
seems justified. Because of the strong Coulomb
acceleration, the short-range interaction does
have some (though small) contribution to the in-

TABLE II. Ratio of monopole radial matrix elements
Myt (R)/ My(R =) and M} (R)/Mi}(R=) corresponding
to the rotational transition (J=5,K =0 —~J’' =6,K’ =0) of
Hy0" atk;=0.1 a.u.

R(ay) Mg (R)/ M (R =) M} (R)/MiE (R=wo)
1 0.1006 0.0098
2 0.1176 0.066 3
3 0.1378 0.1361
4 0.1828 0.1725
5 0.2118 0.1783

10 0.2894 0.2820
20 0.4034 0.3882
30 0.4895 0.4801
40 0.5555 0.5553
50 0.596 8 0.5981
o 1.0000 1.0000

elastic process. For high-energy collisions, more
realistic potential (i.e. including the short-range
part) and more refined scattering theory are re-
quired to assess the validity of the present theory.
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APPENDIX: STABLER’S THEORY OF COULOMB
EXCI{TATION OF MOLECULAR IONS BY
ELECTRON IMPACT

In this appendix we demonstrate that Stabler’s
theory is not applicable to the electron-dipolar
molecular-ion scattering system. For simplicity,
we assume that the dipolar molecular ion is a
linear rigid rotor. Then all the formulas in Refs.
4 and 5 are applicable.

Consider the process

e +AB* (jm)— e~ +AB (j'm’), (A1)

where j and m are, respectively, the rotational
and projection quantum numbers of the AB™ linear
rigid-rotor ion. From Eqgs. (5) and (10) of Ref. 5,
the transition matrix element A;; for the process
(Al) can be written as

Agy= - :‘;Q* fdgy;ﬂ,m,(s*)y,-m@)
(Rl (#3) k), (A2)

where @, is the Ath electron moment of the charge
distribution of the molecular ion. Thus @, is the
dipole moment and @, the quadrupole moment. In
Eq. (A2), # is the coordinate of the incident elec-
tron relative to the center of mass of the mole-
cule, § denotes the internuclear coordinate of the
molecular ion, and the spherical harmonic Y,
represents the molecular rotator in the quantum
states (j,m), etc.

Stabler assumed that the Coulomb wave functions
can be approximated by!

(k)= (n/ki'r)l/‘zi (21 +1)J,,., (V87 )P, (R, + 7)
i=0
and (A3)

=)

[K,) = (n /7)1 Z @ +1) 04, (VBP )P, (B, + 7).

1'=0

Substituting (A3) into (A2), we get
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Apm = S QD (2L + 1)1 + 1) gl ,
(kikf) A=1 '’

(A4)
where I is the radial integral
“dr
Ip = 7J21'+1(VB7’)J21+1(V81’), (A5)
0
J

G T GR+3v = 3N +3)
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and I, is the angular integral
L= fdffd@: Pyo(ky #)PLG+3)

X P, (R, 7)Y F i (3)Y j(3). (A8)

The radial integral can be evaluated using the
formula'”

fmt')‘Ju(at)J,,(at)dt =

A 2T(GA+5V—sp+3) TG +3p =50 +3)D(GA + 3 +3V +3)

if Re(u+v+1)>Re(r)>0. Thus, I becomes

In=2 [ 17400, (070, 0)
0

B O +1+1)
AT+l — DDA+ 1IN +141) "

(A8)

The denominator of the right-hand side of Eq. (A8)
becomes infinite for integral values of I and I

and |l -1'|=21. We are left with the radial selec-
tion rule that [ =1". Next we evaluate the angular
integral in (A6). If we consider only the A =1 di-

) (A7)

-
pole term, the integral becomes

Los [d7Y 1 )Y @) Y1, )

U1l
S8 .
00 0>
Thus, the angular selection rule is |1’ =1|=1.
Therefore, within the framework of Stabler’s
theory, A;; is identically zero for the A=1 term
because the radial and angular selection rules

are in conflict. Thus, Stabler’s theory does not
apply to the rotational excitation of dipolar ions.*
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