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The short- and long-time behavior of the velocity-correlation - functions characteristic for the coeffi-
cient of self-diffusion, and the kinetic parts of the coefficient of viscosity, and thermal conductivity,
respectively, are computed appf(;ximately as a function of the density for a gas of hard disks or hard
spheres on the basis of kinetic theory. The results obtained here are a generalization to higher densi-
ties of those obtained in an earlier paper, and reduce to them in the low-density limit. The density
dependence is obtained by taking into account a larger number of dynamical events than previously
considered. It is found that for short times the correlation functions decay exponentially, but that for
longer times ¢, the correlation functions decay ~ a®(n)(t/t)?* where n is the density, 7, the mean
free time between collisions, and d is the number of dimensions. The coefficient a®(n) is determined
by the transport coefficients of the Enskog theory for a dense gas of hard disks or hard spheres and
is in very good agreement with existing computer experiments.

1. INTRODUCTION

In a previous Letter' results were given for the
short- and long-time behavior of certain velocity
autocorrelation functions. In a previous paper?
(henceforth indicated by I) these results were de-
rived to lowest order in the density on the basis
of kinetic theory. In fact, we found that for hard
disks or hard spheres of diameter a, the velocity
correlation functions p(‘”(t) were given in d di-
mensions, for long times ¢ by the relation: p®(t)
~ ol D(p)(t,/H)2. Here the coefficient of®(p) was
determined to O(p*!), p=na’, and i, is the mean
free time. In the present paper these results will
be generalized to higher densities and the full re-
sults quoted in the letter will be derived. In I the
kinetic theory was presented for systems consist-
ing of particles interacting with an additive, sphe-
rically symmetric (continuous) potential. However,
the resulting expression [I Eq. (3.13)] was applied
to hard spheres and to hard disks in spite of the
fact that the binary collision operators appearing
in this expression contained the derivative of the
intermolecular potential, which is not well defined
for such particles. It was argued that this was
not serious, since for the final results the explicit
forms of the binary collision operators occurring
in these expressions were never needed. The re-
sults in the present paper, however, cannot be ob-
tained without use of the special form that the bi-
nary collision operators take for hard-disk or
hard-sphere potentials. Therefore in this paper
we set up the kinetic theory, from the beginning,
exclusively for such potentials, and also our final
results are only meaningful for such.potentials.
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Since these final results reduce, in lowest order
of the density, to those obtained in I, they also
present an a posteriori justification for them.

We consider a system consisting of N identical
particles in a volume V, at temperature T =(kz8)7%,
where k; is Boltzmann’s constant. We are inter-
ested in velocity autocorrelation functions that oc-
cur in the time-correlation-function expressions
for the transport coefficients. We shall treat in
detail the velocity autocorrelation function rele-
vant for the self-diffusion coefficient D, which is
the simplest. In d dimensions (d=2, 3) this cor-
relation function is defined by

V(=2 > -
el RIS (1.1
1x:
where

A ANE lirilwm"@fx)'lV J dx" 1 S_,(xMp(xV)v,, .
A;;/I:'=n

(1.2)
Here v, (¢) is the x component of the velocity of
particle 1, (mass m) at time ¢, v,,(0)=v,,. The
angular brackets denote an average over a canoni-
cal ensemble, characterized by the probability
density p(x"), where x¥=x,, x, ..., xy stands for
the phases x; =T;p; of the N particles 1,...,N.
S_,(x") is the N-particle streaming operator
which, when acting on a function f(x") of the phases
of the N particles, transforms this function as

S_ (M (M) =f N (1)), (1.3)
where x¥(=t) =x,(~t), x,(=t), ..., xy(~t) are the
(initial) phases of the particles 1,..., N that lead

to the phase x" at time ¢, when they move accord-
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ing to their Hamilton function:

N

H(x")= +Z o(ry;) - (1.4)

i=1 I<J

Here the interparticle potential ¢(#;;) depends only
on the distance 7;; = |T; = T;| of the particles ¢ and
j and is given by

Pri;)= ifr;;<a
=0 ifr;,>a, (1.5)

where a is the diameter of the hard disks or hard
spheres. The canonical probability density p(x")
is given by

p(x™)=Z""exp[-B

x")]
=Z7 WV )exp( B

i=

2

i
'7,,;) ’ (1-6)

[\

.-

where

Wr¥) =exp (—3 zN: ¢(Vij)>

i<j
1

is proportional to the configurational probability
density to find the particles in the configuration
=T, T, ..., Ty and Z is given by

Z=fdx”e'ﬂ”(xN). (1.7)

For the (hard core) potential (1.5), W(r")=0 when
any pair of particles overlap, i.e. are separated
by a distance smaller than a. The number density
of the system is given by n =N/V.

In I an explicit representation of S_,(x¥) was
given, but since it contained derivatives of the in-
terparticle potential ¢(r), this expression is not
meaningful for hard-core potentials. In this paper
two explicit representations®? of S_,(x"), in com -
bination with W(»¥), will be used, which are such
that the following two conditions are fulfilled:

(1) The probability density for any configuration,
in which two or more particles overlap, is zero;
(2) when acting on a function f(x¥), it gives
FON(=t)).

The representations are given in terms of opera-
tors T'(¢,j) or T(i,j), depending on whether W(»")
precedes or follows S_,(x¥), respectively:

WrM)S_,(x") =Wr¥) exp [—t(SCO(x E T@,j )]

l<]

(1.8)
and

S_,(xMyW(r¥) =exp[—t($€o(x”) - i T(i,j)):[ . (1.9

Upon comparing these expressions with the corres-

T(,j)=a*! j;

ponding ones in I [Egs. (2.5)-(2.7)], one sees that
the T or T operators formally replace the 6 opera-
tors in L

In (1.8) and (1.9),

N =
p -
JCO(xN)=;7'z"'Vr s (1.10)
T@ ])=a"'lf ac |v;; 5|8 ag)
v;i;t820
X[Ro(i’j)"‘l]i (1-11)
while

da |;i]’ .61 [6(?1; _aa)Ro(Z)])
vijt6>0
- 6(r;; +ad)]. (1.12)

Here®® v, —\7; —x7j; G is a d-dimensional unit vector

that characterizes the point of contact of the binary
collision between the particles ¢ and j in the rela-
tive coordinate system moving with particle j, with
j as origin and v ; as z axis. The operator R, (z,j),
when acting on functlons of the velocities V; and

Vj, replaces these by the velocities V; and ;} of

the restituting collision, which are given by

-

V=V, - ({;;+8)5, V= (1.13)

For further details concerning these representa-
tions, we refer the reader to the literature. In
Appendix A some properties of the T and T opera-
tors relevant for this paper are summarized. We
note that because of the separate conservation of
kinetic and potential energy in hard-disk and hard-
sphere systems,

Wo)S_ (V) = S_ (M)W rY) .

v, +(v;;*0)G.

(1.14)

In following sections p{?(t) from (1.1) will be
computed approximately for short as well as for
long times. In Sec. II cluster expansions will be
introduced that form the starting point of our cal-
culations.?

In Sec. III the short-time behavior (¢ < 3¢,) of

p'@(t) will be derived. In Sec. IV the classes of dy-
namical events that are considered here in the cal-
culation of the long-time behavior of p{#(t) are giv-
en. In Sec. V the hydrodynamical modes that de-
termine the long-time behavior of p(‘”(t) are deter-
mined. In Sec. VI the long-time behavior of

p(t) and in Sec. VII that of p{®(¢) and p{? are ob-
tained. This will allow us to make a comparison
of the theoretical results derived here with the
computer results obtained by Alder and Wain-
wright® and by Wood and Erpenbeck® for the long-
time behavior of p(d)(t) over the full range of densi-
ties for which these results are available. A few
comments on the results, supplementing those
given in I, are given in Sec. VIII.
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II. CLUSTER EXPANSIONS

Our starting point for the calculation of p{(V,;¢) will be an expression for 8&$(V,; ¢)/at that can be der-
ived directly from Eq. (1.2):

09T, 1) . v[ oy ( ud 132>

D 24 d+1 v N-1 N N - =4 . 2.1

=22l < pm N{/%IE,O 7)™ ;—2: T(1,)S-,(x")W(r") exp BZH 2o ) Ve @2.1)
N/V=n - -

Here we have used that (v},) "'=fm, the property (A7j) of T(i,j), spatial homogeneity of the system, and
that p(x") is assumed to vanish at the walls of the system.”

We consider a®,/8t rather than ¥ () as a starting point for the cluster expansion to be carried out be-
low. The purpose of this is to use Eq. (2.1) together with Eq. (1.14), so that both T and T operators will
appear in the cluster expansion. We will then see that the form obtained is especially convenient for the
extraction of the Enskog theory results.®

We now introduce two cluster expansions, that lead to a formal density expansion of the right-hand side
of Eq. (2.1).

(1) We invert, using Eq. (1.14), the order of S_,(x") and W(»¥) in the integrand of Eq. (2.1). Then it is
appropriate to use the representation of S_,(x") in terms of T operators as given by Eq. (1.8). We then
expand S_t(x”) for use in Eq. (2.1) as follows®

S...(x¥) =exp [—t(ﬂﬁo(x”) - ZN: T(i,j))]

N
=qL(x,, X5 £)S- (¥ 72) + 2 Wlxy, %, %5 8)S_,(x¥73) + Z WKy, Xy | Xy, 2,5 8) S (V™) 400, (2.2)
i=3

3=<i<j=N

The operators a(x,, lexs, ..., %;;t) can be obtained successively from Eq. (2.2) by writing them out for
N=2,3,...,N. Thus one finds

W(xy, Xp5 8) = S_, (x,, %,) =exp{=£[3¢,(x,, x,) = T(1, 2) ], (2.32)

ux,, lexs; 1) = S_ (x5, Xy, %3) = S_ (%5, %5) S_ ¢ (x5)

=exp [_t<sco(x1, Xy, Xg) — 2 T(, j)ﬂ - exp{—t[5C,(x,, x5, x5) = T(1, 2) T, (2.3b)
1=i<j=3
W(ry, Xg | Xy Xg5 8) = S_ (x4, X, Xgy %) = S_ (%), gy ¥5)S_ 4 (%,) = Sy (¥12,%,)S_ 1 (%5) = S_ (%, X5)S_; (X5, %,)
+28_ (%, %,)S_ 4 (x5)S_ 4 (x,) , (2.3¢)
,
et;:t;serting cluster expansion (2.2) into the right- Q= f ar" wirt). (2.5b)

hand side of Eq. (2.1), using the identity of the
particles and that the kinetic energy is a conserved
quantity in a system of hard disks or hard spheres,

(2) In order to obtain an expansion in powers
of the density #, one also has to make a cluster ex-

so that pansion of the g(T,,...,T,), which leads to the
well-known density or virial expansion of the
S, . £ T ) 1o,
W(r9)S_,(x) exp (— E;n"‘ 2 V?) gy T
i=1 - > = - -
B s g(rly""rs)zZgl(rl:""rsm, (2-6)
m - 1=0
=W(r°) exp (—— v > S_.(x°)
( 2 ,Zl VA with
X (@ X . (24) gl(;xf"'9—fs)=fd—fs*1'.° fd?sﬂ
an expansion for 8d3’/ot is obtained that contains
the reduced equilibrium distribution functions of X Ty Tl Tguy,enn, Tary)
the system defined by
Vs d i s (2'7)
g,y B = lim o | a7 Wo) (2.52) and in particular .
i 8oy T =exm (-85 600,) (2.8)

for s=1,2,..., where i
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and

gl(fu e 1?sl;s+1) =exp (_B Z ¢(rij)>
t;i

S S
OIEEDY
§=2 jy<ig<e e <iy
1

fil,si-lfiz,wl
Xf,'j,sn-

(2.9)

Here f(r;;) =f;; are the Mayer f functions defined by
flri)=etB20il 1, (2.10)

J]

2F ;0= [ @ T, 2z, Fulrerss Deolvs),

@7(V,; 1) = de fd3 T(1, 2)[gn(-fl, T, ?3)\‘11(*(17‘2["3; t) +g,(ty, Ty | To)au(x, 0,3 D]eoa)@o(vs)

fdzfdii fd4 T(,2)[ go(rl, T, T

vl,t

3 ?4)‘11(9‘1"21"3"45 t)
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For our hard-core potential, one finds, using Eq.
(1.5), a unit step function for f(»,;), viz.,

Jri)=-1 ifr,;<a
=0 ifr;;za. (2.11)

These two cluster expansions then lead to the fol-
lowing formal density expansion of 8&{?/a¢:

0dy

Y, =pm an@f+1(\71;t)le(po(vl), (2.12)
1=1
where
(2.13a)
(2.13b)

+g,(T,, Ty, Ty | T ) (%, | 245 £)

+g1(?1’ ;2, ;4 I ?3)%(’61"2 qu; £) +2g2(—f1, -fz | -fa, ;4)‘11«(’519‘25 )]00(v3) 9o (v3) @0 (vy)

G,D(\71; t)=

L=2)!
O T R

(l-—2)l -

(l gz(u"'y

+(1-2)1g,,(F,, T, Ts, . . .

Here 1 stands for T,,V,, etc., d2=dr,dv,, etc.,
while ¢,(v) is the Maxwell velocity distribution
function:

@o(v) = (Bm /2m)*/ 2 exp(~1 Pmv?) .

The @P(V,;¢), if Laplace transformed, formally
reduce to those in I, when these are specialized
to the case of hard-core systems.

The cluster expansion (2.12) for 8<I>§_,‘”/8t can only
be used to compute a<1>5,‘”/at for times of the order
of ¢, =a/{v), where (v) is an average velocity of the
particles and /, a time much smaller than the
mean free time ¢,, For a dynamical analysis of the
@P(V,;¢) in terms of the collision sequences be-
tween the particles that contribute to the integrals
reveals that they grow with time ~(¢/£,)' "2 as a
result of sequences of (I —-1) binary collisions
among the ! particles.®'!' An improved expression
for a@&,”’/at, where these collision sequences have
been eliminated, can be obtained by using the in-
version procedure described in I. For that purpose

(2.14)

1 - - -~
(l_—Z)_! de"'fle(l, 2) [go(rl,...,r,)‘u(xllexa'--x,;t)

(2.13c)
T, |T,) WXy [0 oo x, 5 8)
—fz—zl;z—n T,) Ulx, %, [g° + Kp-gyl) e
1
» T Ul Xy t)]H @o(vy) - (2.134d)
iz2

—

it is convenient to consider the Laplace transform
of Eq. (2.12), which is, using &{(v,; £=0)

=pmo,,4(v,),

ey = n (143 1160, ) onpnlvn),

=1
(2.15a)

where

896, 0= [ “de O ;1) (2.15b)

o

and

@>, ,(,; e)_f dte”<@P, ,(V ;1) (2.15¢)

We now define a new set of operators ®”(v,; €) by
means of the identity®'!2

o

L 3R, 0= (1= 3 n6P G o)

=1 1=1

(2.16)
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which yields

1
®7, (V35 0= Z (=1’ Z Gfﬁlafz“. . &gj”
j= {ai}
i=1 RCH
i

Ei=1“i=’

so that

&g(;ﬁ €)= ag(gﬁ €)= de T(1, 2)g0(;1, -1:2)‘11(7519525 €) 9o(v,)

(Bls)(;ﬁ €)= 65(61; €) - [(g(vu o

=fd2 fd3 T(1, 2)[80(Fy, T, To) UK, 2, %55 €) +2,1(F,, T

"go(-f'p Fz)‘u(xlxz; aT(, 3)go(F1: ;3)‘“(’51"3; €) ]9 (va) @o(vs)

J. R. DORFMAN AND E. G. D. COHEN 12

(2.17)

(2.18a)

-

ra)ux,x,; €)

(2.18b)

(Bf(;l; €)= af(“;l; €) - asb(‘;ﬁ €) ag(;ﬁ €) - &5@15 5)35(615 €) + [&g@ﬁ P

fdz f d3 f A4 T(1, 2H{[go(Fy, Ty, Ty, TIUG %, [ 4575 €)

+2g,(r,, _fz’ -fa | ?4) Ux, X, Ixs; €) +2g2(f1, ;2 Ty, ;4)"11(9‘1"2; €]

- Z[go(;ly Fz; ;3)‘11(371352 ‘xa; €) +g1(;1; Fg lfs) ‘u(xlxz; €)]T(1, 4)go(Fu ;4)‘u'(x1x4; €)

=2g,(F,, T)ulx X, OT(1, 3) g, (T, Toy T) Wlx %, | x5 €) +2,(T,, Ty | T)u(x, %55 €)]

+2go(f1, ;2)‘11(951952; €>T(1, 3)g0(?1, -{'z)m(xlxg; €) T(, 4)g, (?1; ?4) W, ¥y 5)]}

X(po(vz)ﬁoo(va) ‘Po(v4) ’

where U(x,, X,; €), U(X,, X5 | %, . . . ; €) are the La-
place transforms of u(x,, x,; ), W(xy, %5 | %g, . . . ;£)
defined by Eqgs. (2.3a)—-(2.3c).

One can show, by using Eq. (1.14) for N
=2,3,..., that these expressions for ®2,,(V,, €)
are identical with those given in I, if one replaces
the ¢;; operator in I, by T(, j).

Using (2.16) in (2.15a), we obtain

© -1
PF,; €)=pm (e - Y on'edr,, (v e)) V1,0 (V1) .
1=1

(2.19)

Although the collision sequences which lead to the
secular growth of GJV,,¢) do not contribute to the
®?, and for hard spheres (i.e., d=3) indeed €®2
and e®? exist in the limit €0, the higher e®} do
not, since e®?~loge and in general €®P ~ e ¢~9
for [>4.1%:1% Similarly for hard disks (i.e., d=2),
665‘2’ exists as €0, but e&?ﬂoge, while in gener-
al €@~ e U9 for I>3 as €-0.15"16

Therefore also the expression (2.19) for <I>$,‘” can-
not be used to obtain the behavior of ®{/(¢) for € -0
or of ®{#(t) for large t. In I we showed that a rear-
rangement of the ® series can be made, by sum-
ming the most divergent contributions to the (Bf'
as €-0 over all I. We obtained an expression for
& ,; ) that leads to an exponential-like behavior

(2.18¢)

r

for short times and a behavior (t/to)"’/z for long
times, but the coefficients occurring in both could
only be determined to lowest order in the density.

In Secs. III and IV we will sketch a more ex-
tended rearrangement, in which not only the most
divergent but also what we consider to be the most
important less divergent contributions to the e®;
as €-~0, are summed. We will obtain an expres-
sion for <I>§,“)(t) that can be used to obtain the short-
and the long-time behavior of () and p{@(¢) valid
for higher densities than the corresponding expres-
sions in L.

Ill. SHORT-TIME BEHAVIOR OF pf§/(r): THE ENSKOG
THEORY

The extended resummation of the B? series men-
tioned in Sec. II requires a detailed study of the
sequences of binary collisions that contribute to
the ®?. However, there is a simple and easily
identifiable class of collision events, that deter-
mines the initial slope of p%)(t) exactly and its
short-time behavior to a good approximation.
Before going into a more detailed analysis of the
®? in Sec. IV, we discuss in this section this
above-mentioned class of events and the short-
time behavior of p{’(¢).

The initial value of p{’(¢) follows directly from
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the definition (1.1): p{#’(0)=1. The initial slope
can also be found directly from (1.1), using (2.1),
(2.5), and that g (T,,T,) is only a function of 7,,
=|T, =T,/ . One obtains

d (@) (¢ - .
( F;Dt ( )>t=0=n3mx(a)fdvlvu A2 (v, vy, 9o @,)

=-x(a)/ﬁmDo,o (301)

where D, ,, the first Enskog approximation to the
Lorentz-Boltzmann-equation value for the self-
diffusion coefficient, is given by'7' 18

D,, ,=[2na(@mm) /2] if d=2
=3[ 8na?(Brm /2] f d=3. (3.2)

Here x(a)=g (¥,, =a) occurs, because the 0 func-
tions in T(1, 2) require that 7, =a. A%(v,) is the
Lorentz-Boltzmann operator defined by

xg,(vl):fdvzfdrﬁ(l,z)%(uz)

i1 [ = Ale A
=a fdvzﬁ _d3| vy, 6l
Vip* 620

X[Ra(l; 2) - 1]§00('02) .

(3.3)
Using Eqgs. (2.6)-(2.9), one has for X (a)
x@=1+3 #'x, @, (3.4)
1=1

where

X 1(“) = f d;a' A fd;l +2gl(;1’;2l Fsy oo ;;l +2)|r12=a

(3.5)
and in particular!” !®
Xol@) =1, (3.6a)
X, (@)= f d;sfmfza‘rlfa
3(4-V3 /mma® ifd=2
T)g e ifd=3. (3.6b)

The X;(a) (!=1) take into account excluded volume
corrections to the low-density result x,(a)=1.
Thus X, (a) corrects for the fact that the two par-
ticles 1 and 2 can only touch at 7,, =a, if no third
particle is in the way. In fact, the Mayer f func-
tions occurring in (3.6b) require, for a non-
vanishing contribution to the integral, that par-
ticle 3 overlaps simultaneously with the particles
1 and 2, so that 7,,<a and 7,,<a.

Note that x(a)A2(V,) is just the multiple colli-

sion correction of the Lorentz-Boltzmann equa-
tion according to the Enskog theory for a dense
gas of hard spheres. One can therefore also say
that the initial slope of p,‘,’”(t) is given correctly
by the Enskog dense-gas theory.!?

For short times (i.e., time ¢<3¢,) one could hope
that the same excluded volume effects would give
the leading contribution to p{#’(f). The T and
WY, , Xy|X,, ..., X, ; €) operators and the functions
&1, 15,l Ty, ..., T, +,) occurring in the integrand
of the ®? operators, Eq. (2.18), appear in such
a way that those parts of the ® which lead to the
Enskog theory can be immediately identified.
These terms are those that take into account only
the excluded-volume corrections to the binary
collision between particles 1 and 2, and thus have
the structure T(12) g,(F,, F,lT5, . . ., Ty +5)U,, %,; €)
in the integrand, since the factor g,(T,, T,| T,

..., I;,,) incorporates I -particle excluded-volume
corrections to the (1, 2)-binary collision event
described by T(1, 2).

Thus, approximating ®? by this one term [cf.

Eqs. (2.17) and (2.18)]:

(B?.E=fd2° . le(l,Z)g, —2(-1:1’;2' Fa; ey Fz)
1
XU x5 €) [ @o5)
ji=2

=X -, (@) fdzT(l, 2)(x,%,; €)0, v,)

= (1/€)x; -5 (@2 (V) (3.7

leads to an expression for ®4)(7,; €) of the form
© -1

3, (702~ 3 w0 @R ) oo
1=1

=[€ —”X(a)hg(i)] _lle (po(Ul). (3.8)

The subscript E indicates that ®4),(V,;€), when
used to compute the coefficient of self-diffusion
D, leads to a value given by the Enskog theory of
hard-core particles. In arriving at Eq. (3.8), we
used that the operator U(x,x,;€), when acting on
a function of V,, alone, can be replaced by 1/€, on
the basis of the Eqs. (2.3a) and (A7c).
Inversion of the Laplace transform leads to

W), (Vi3 1) =expltnx @2 (3,)]v, 9o0y) ,  (3.9)

so that, with Eq. (1.1), the corresponding expres-

sion for p{’ is given by

P g (t) = Bmf dv,v,, expltnx (@2 (v,)]v,, 9, ,) .
(3.10)

The initial slope of p$!’,(¢) equals that of p{’(¢).

A good approximation to p$f),(¢) is given by?°
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P (t) = exp(~t/BmDy ) , (3.11)

where Dy, , is the first Enskog approximation to
the coefficient of self-diffusion according to the
Enskog dense-gas theory, given by'®

DE,():Do,o/x (a) ’

where D, , is given in Eq. (3.2) for d=2,3. Since
BmDyg , is proportional to the mean free time
ty, PS5 (t) decays in a few mean free times. Equa-
tions (3.10)-(3.12) are a good approximation to
the short-time behavior (i.e., for times ¢=< 3{))
of p'¢) (¢), and they agree well with the computer
results over this period of time,5’®

In the next section a more complete resummation
of the ®? series will be made.

(3.12)

IV. CLASSIFICATION OF DYNAMICAL EVENTS:
RESUMMATION

In this section we consider the dynamical events
that appear to determine the behavior of the veloc-
ity autocorrelation function for long times, in addi-
tion to those we considered in the previous sec-
tion that dominate the short-time behavior.

In I it was shown that the resummation of the
most divergent terms in the series

J

€@ (%,;€) = X, (@D (¥,) +¢ fdz fdsTa, ) g, (%, 7,

- go (;1,;2)(;0(961,96'2)7(1, 3) Go(xl,xg)] (po(vz)(po(vg) ’

where

Goloy, Xgy oo %g ) =[€+3C (0, %y, . o0, % )] 7T

Z en'®7 4,
=1

leads to the result that
pl()d )(t )~ az()d) (to/t )d /2 ,

where the coefficient ) is determined to O(n¢ -1),
In this section we will also take into account in
the resummation several classes of less divergent
dynamical events, which we believe on physical
grounds, to give the dominant contribution to the
long-time behavior for higher densities. The con-
sequences of this resummation will be discussed
in Sec., VI,

To carry out this resummation, one has to
make a dynamical analysis of each operator e®?
as to the collision sequences that contribute to it;
then one has to determine the long-time (or small
€) behavior of the (BI,’ for these collision sequences
and finally one has to sum the divergent contribu-
tions of all [ in the series. We have only been
able to carry this out for a restricted class of
collisional events. We shall sketch the procedure
followed on €®2 and €®2 and refer the reader to
Appendix B for more details.

(a) e®? is given by Eq. (2.18b). Using the Egs.
(3.8) and (3.7), we can rewrite €®2, using Eqs.
(A7c) and (ATe), as follows:

, Tg) WK X, %45 €)

(4.1a)

(4.10)

The dynamical analysis of 605?, and in fact of all €®}, is facilitated if one uses the binary-collision

expansion of the operators U(x,, %, | X, . .

.,%;€) (I=3,...)1in terms of the T operators as well as the cluster

expansions of the equilibrium correlation functions g,(%,,7,), & (¥,, ,| ¥,) in terms of the Mayer f functions.

Thus expanding the operator U(x, x,| x,; €) in terms of the operators T(i ,j) one finds, using the Eqs. (2.3b)

(2.8), (2.10) and (A7a), (A7c), (A7f), and (AT7i),

’

@27 ) =X, @ (7)) + [ a2 [ d3T(1,2) £ (2, 316,51, %2, 5T, 3)00(0)040)

+ [a2 [a3T(1,2)G,x, 21212 | 31G,(ey, 5T, 2, 0,) +- - (4.2)

with
AP(12[3) =[T(1,3) + T(2, 3)(1 +P,,)]l ¢, v5) ,

(4.3)
where P,, is a permutation operator that exchanges
the indices of the particles 2 and 3. In (4.2) we
have not written down the terms involving four
or more collision operators or terms involving

r

three or more collision operators combined with
one or more Mayer f functions. A complete dis-
cussion of €®2 has been given by Sengers ef al.,?
and we shall mention only those points relevant
for our discussion. The first term on the right-
hand side of Eq. (4.2) represents the first density
correction to AJ(V,), which was already dis-
cussed in the previous section. The short-time
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behavior of the second term on the right-hand side
of Eq. (4.2) can be neglected compared to the first
term.?? In Appendix C, we take the long-time be-
havior of this term into account and show that it
does not contribute to the =% /2 behavior of p{’(t).
The third term is the three-body ring term, al-
ready discussed in I. This term diverges ~Ine

in d =2 and is finite in d=3 as € =0, It should be
noted, that although this term differs from that in
I, in that there only T operators occurred, the
dominant behavior of both forms of the three-body
ring term as € -0 is the same, since the difference
between the expression in I in terms of T oper-
ators and the expression here is terms of T and T
operators is determined by collision sequences with
overlapping configurations of the particles. Such
configurations do not contribute to the dominant
behavior of €®2(V,;€) as €~0.2® We remark that
although the three-body ring events also contribute
to the short-time behavior of p,(,d )(t), their con-

€B2(V; €) =x(aN2(F)

tribution can be expected to be small in this case
compared to the excluded-volume corrections con-
tained in the first term in Eq. (4.2).%2

(b) e®? is given by Eq. (2.18¢c). We expand
Wy, %, | x5 €), U(xy,x, | x,;€), etc. in terms of T
operators and the equilibrium correlation func-
tions in terms of Mayer f functions. Many of the
resulting terms can then be shown to cancel or to
vanish with the help of the Eqs. (ATa)-(ATg) and
(ATi). Of the remaining terms, we shall restrict
our attention to (i) the excluded-volume correction
Xz(@A2 to A2, already discussed in Sec. II; (ii)
the four-body ring events that give the leading
divergent contribution as € -0 and were already
discussed in I, (iii) a certain class of excluded-
volume corrections to the three-body ring term,
that would appear to incorporate the leading den-
sity corrections to the long-time behavior of
p(g)(t) obtained in I. We then obtain the following
expression for €®2:

+ fd2fd3fd4 TQ, 2)[ G, AP(12 |3)Go7\D(12 |4)G,T(1, 2)(/’0(7-’2)*f14fz4co AP(12 ’3iGoT(1 » 2)@o(v)@4(v,)

+fo3Go AP(13 '4)‘GOT(1 y 3)(00(02)(P0(U3)+f13f_>3qq 7\7D(13 [4)G,T(1, 3)§00(112)§00(U3)]

+€®P+LDT,

where G, in (4.4) is G(x,, %,, X;, x,) defined in Eq.
(4.1b). The first term on the right-hand side of
Eq. (4.4) represents the second density correction
to A2(¥,), which was already discussed in the pre-
vious section. The second term is the four-body
ring term, the most divergent term in €®? as
€—~0 (~¢"'in d=2 and ~1n€ in d=3), which was
already discussed in I (the difference between T
and T operators for the dominant behavior as € -0
can be ignored again®). The third term represents
an excluded-volume correction to the three-body
ring term. That is, the particles 1, 2, and 3 per-
form the same sequence of binary collisions as in
the three-body ring term, but in addition particle
4 overlaps with both particles 1 and 2 at the mo-
ment of the (1,2) collision described by the oper-
ator 7(1,2). These dynamical events are sketched
schematically in Fig. 1(a). We shall refer to a
configuration of three particles, where two are
colliding while the third overlaps both, as a double
overlapping configuration. Dynamical events that
contribute to the fourth and fifth terms on the right-
hand side of Eq. (4.4) are sketched schematically
in Figs. 1(b) and 1(c). We remark that the third,
fourth, and fifth term have the same € dependence,
for € -0, as the three-body ring term. The term

(4.4)

r

€®2 contains the contributions of products of five
T operators, which also contain excluded-volume
corrections to the three-body ring term and will
be discussed below. The last term, indicated by
LDT (less divergent terms) contains the contribu-
tions of all neglected terms. Since these contribu-
tions are less divergent in two and three dimen-
sions as € -~ 0 than those taken into account in the
previous terms, they will not be considered here
for the long-time behavior of %(¢).

We remark that although e@®? is finite in three
dimensions as €-0, it is convenient to include it
in the resummation of the divergent terms.

Of all the contributions contained in €®?, we
have examined in detail those that consist of a
sequence of three binary collisions with an ex-
cluded-volume correction due to a double over-
lapping configuration at one of the collisions in
the sequence (cf. Fig. 2). All these terms incor-
porate excluded-volume corrections to the three-
body ring term. They subdivide into two classes:
(i) simple excluded-volume corrections, where
the “double overlapping” particle is not involved in
any other collision in the sequence; (ii) connected
excluded-volume corrections, where the “double
overlapping” particle also participates in one or
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FIG. 1. Schematic illustration of some of the dynamical

events which contribute to (a) the third term, (b) the
fourth term, and (c) the fifth term on the right-hand side
of Eq. (4.4). In these diagrams we consider the inverse
Laplace transform of the right-hand side of (4.4). The
vertical direction indicates the direction of increasing
time. We have arranged the events such that the (1,2)
collision described by the 7' (1, 2) operator takes place at
time ¢, the middle collision, which illustrates one of the
collisions included in the AP operators, takes place at
time 7(7 <t) and the collision described by the T' operator
on the extreme right, takes place at time? =0, with
(¢>7>0). The shaded particle indicates the overlapping
configuration in each figure.

both of the other two collisions that occur in the
-sequence [ cf. Fig. 1(c), 2(c), and 2(d)]. We have
assumed here that over the time scale relevant for
comparison with the computer calculations, the
excluded-volume corrections to the most divergent
terms give the dominant density corrections to
these terms. For this reason we consider in

[Go(%iy Xy Xy . )Ty ) Gy Xiy Xy Xy -

+ Go(xi; xjy xk; L )T(], k)Go(xi, xj; xk’ .

= Go(xiy Xy Xps - -

_fi jGO(xi, Xjs Xpy «

. )T(], k)Go(xi) xj, Xpy -
. )T(Z’ j)Go(xi’ Xjs Xy =

FIG. 2. Schematic illustration of some of the excluded
volume corrections in €®? which are retained in our
analysis. The times of the dynamical events are ar~
ranged as in Fig. 1. Shown here are (a) a simple ex-
cluded-volume correction to the middle collision in a
three-body ring event; (b) a simple excluded-volume
correction to the collision at¢ =0; (c) a connected ex-
cluded-volume correction to the middle collision; and
(d) a connected excluded-volume correction to the colli-
sion at? =0. The shaded particle indicates the overlap-
ping configuration.

e(Bf only the Enskog term, the ring term, and the
excluded-volume corrections to €®? contained in
€®?.

One might have thought that the only terms of the
above type would be those written out explicitly on
the right-hand side of Eq. (4.4). However, the
€®? also contains terms of this type which are
hidden in certain products of three T operators.
For, one has the following relation:

o)
D] TG, k)
. )fijfjk T(i, ) +fijf/kco(xi, Xy Xy o v VT(Z, k)
. )fjkT(i9 k) —fjkGo(xi, Xy Xpy o - )fijT(i’ k) +e+e-

(4.5)

where the dots at the end indicate contributions from non-double overlapping configurations. For an
outline of a proof and further details, we refer to Appendix B. Using (4.5), one can extract the double
overlapping contributions. A brief 1nd1cat10n of how this is done is also given in Append1x B. Then one
finds for the contribution, e634 i, of the simple excluded-volume corrections of class (i) to E(B

[Gy = Gylxy, Xy, Xs, %,)]:

«df= [ az [as [aaT0, 260 {[fufuT(1,3) +fu o T, 31+ Pl GoT(L, Do) +32(1213)Go i iuT(L, 20}

X@o(V5)@4(0,)

(4.6)
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while the contribution, e(ﬁf_ﬁ, of connected excluded-volume corrections of class (ii) to e(ﬁf is

e&f'n:fdz fd3 fd4 T(1, 2)[ Gy fog £os T(3, 4) G T(1, 4) () + GoAP(12[3) Gy FiafoaT(L, D] 05(v,)06(vy) . (4.7)

In (4.7) the first term on the right side gives the
contribution of those sequences of three successive
binary collisions, where the double overlapping
configuration occurs in the middle of the three
collisions [ cf. Fig. 2(c)], while in the second
term this configuration occurs at the bottom colli~
sion, i.e. the one taking place at #=0 [ cf. Fig.
2(d)]. The restriction to double overlapping ex-
cluded-volume corrections to the three-body ring
term in e(Bf is supported by Sengers’?' calcula-
tions of 603;’ , Where the double overlap terms gave
the overwhelmingly dominant contribution to 66330 .
In addition, Alder, Gass, and Wainwright’s com-

J

€®? = f a2 f ds3 f d47T(1, 2)Gy(x,, %) \2(12]3)Golx, NP (12 | 4)Gy(,, %,) T(L, 2) 04 3)

is the four-body ring term;

puter calculation® of D for a gas of hard spheres
over a very wide range of densities showed at
most 30-40% deviations from Dy, given by the
Enskog theory. Since the Enskog theory only takes
double overlap corrections to the Boltzmann equa-
tion into account, these corrections appear to give
the dominant corrections to the Boltzmann result,
even for dense hard-sphere gases.

Combining Egs. (4.4), (4.6), and (4.7), we can
write €®. in the form

€®Y =X,(A) M) + €®L g + €®BY gy + €®L p +LDT,  (4.8)

where

(4.92)

eaf,E,:fdz fds[d4 T(1, 2)[ frafoaGol X1, %5) xD(12|3)l‘co(x1, %,) T(1, 2)

+Go(%,, %) [T(l, 3)f14f34 +(1+ Pyy + Py,) 34 f3, T(2, 3)] Go(x,, %,) T(1, 2)@4(v,)

+Go(x,, X4;) AP(12 | 3)';Go(x1, %) fra foa T(1, 2)] 0ol V) @o(,)

(4.9pb)

represents the contributions from the excluded-volume corrections of class (i) to the three-body ring
term, as given by the third term on the right-hand side of Eq. (4.4) and by Eq. (4.6), as well as the con-
tribution from the connected excluded-volume correction of class (ii) to the middle of the three collisions
occurring in the three-body ring term from Eq. (4.7). Here we have rewritten this term as given in Eq.
(4.7), with the help of the permutation operator P,, and Liouville’s theorem. Finally,

calp= [ a2 [a3 [a4T, D] full+£)Golnr, 5, %) A2(13 4G, 5)T(L, B)erlvy)

+Go(xy, %5, 2,) XP(12] 3)Go(x1’ %3, %4) Fia Foa T(1, 1) 0o(0,)] @o(0,)

represents the contribution from connected ex-
cluded-volume corrections of class (ii) to the first
and the last of the three collisions occurring in the
three-body ring term, as well as from the fourth
term on the right-hand side of Eq. (4.4). All other
contributions to e(Bf are denoted by LDT and are
neglected.

(c) An analysis of €®2, e®?, ... can be made,
similar to that of e®? sketched in (b). The enor-
mous number of terms that appear, especially
after the binary collision expansion and the Mayer
f expansion have been made, has prevented us from
a systematic analysis.?*® One can convince one-
self, however, that the same types of terms that
have been considered in e®? are also present in
€®?, e®?, etc. In particular, they contain contri-
butions X,(a) A2, x,(a) A7, etc. respectively. These

(4.10)

r

contributions, together with A2 and x,(a) A2 from
e®? and 603? , respectively, yield upon summation
the operator x(a) )\é’ considered already in the pre-
vious section. In addition, the operators e®?>,
€®?, ... contain the five-, six-,...particle ring
terms of the form:

fdz T(l’ 2)Go(xl, xz) < fd3})\D(12 ‘3)‘Go(xu xz))’-z i
x T(1, 2)¢o(v,) |

for 1=5,6,... . Finally e®? will also contain the
excluded-volume corrections of class (i) and (ii) to
the ring operators in e®? with 2 <l — 1.

(d) Before proceeding with the resummation of
the above-mentioned operators from which we will
obtain the ¢*%2 behavior of o9 () for long times,
we remark that e®?  will not contribute to this be-
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havior. For, by a partial resummation of terms of
this type in the ®7 series, we show in Appendix C
that the resummed expression will not contribute to
the coefficient of %2, Therefore the following
types of dynamical events will be included in the
resummation to be carried out below: (1) All ring
operator terms. This will lead to a resummation
of the most divergent contributions in each order
of the density and has already been carried out in

I; (2) all simple excluded-volume corrections to
the ring operator; (3) all connected excluded-vol-
ume corrections to the intermediate collisions in
the sequence of collisions that occur in the ring
operators, i.e., to all but the first and the last
collisions in the sequence. These events are, for
€®;, contained in €®), and €®? . .

We carry out the resummation in a sequence of
steps:

(i) We combine the three-body ring operator
with all the simple and connected excluded-volume
corrections to it, that are contained in €®,,
€®;,... in order to obtain a “modified” three-
body ring operator.

(ii) By including in a similar fashion simple and
connected excluded-volume corrections to the [ -
body ring operators, we then construct modified
! -body ring operators.

(iii) Finally all the modified I -body ring oper-
ators for [=3,4,... are summed to give the re-
summed ring operator.

To show how this is done, we first rewrite e®3 .
in a different form. The simple excluded-volume
corrections to the three-body ring operator con-
tained in it can be rewritten in the suggestive form:

f a2 [ 3T (1, 2)[x, @Gy, 5, A"(12] 3Gyl )
+Gylxy, %,) X, @NP(12]3)Gy(x,, %,)
+Gy(x,, %, )AP(123) Gy (xy, 2%)x, ()]

XT(1,2)p,@,). (4.11)

X Gy(xy, %,)X (@)T (1, 2)@,,), 1=3,4,...,

Here we have used Eqs. (3.6) and (4.9b). Further-
more, the remaining term in €®? 5., i.e., the
connected excluded-volume correction to the three-
body ring operator, can be rewritten in the form

fdzfd3fd47(1,2)Go(x1,x2)P24gl(Fz,F3li,)

XT(2,3)Gy(x,,%,)T(1,2)0,,)0,0,)0,0,) .
(4.12)

Hence, resummation of all the simple excluded-
volume corrections to the three-body ring oper-
ator, and all the connected excluded-volume cor-
rections to the middle collision in €®2 contained
in the ®? series will lead to a modified three-
body ring operator 6&13’ of the form

ecﬁg:fdzfdsx(a)T(l,z)Go(xu"z)

X[x @T(1, 3)+x @T(2,3)(1 +P,,)
+T(2[3)T(2,3)] 9, )G, (x,, %) (a)

xXT(1,2)p,w,) , (4.13)

where

I‘(2l3)=2n’fd4- .
1=1
de(l+3) [P, +Py 400t 4Py 4]

Xg(Fyy Tyl Tyyott) Frug)  (4.14)

Note that the contributions of this type must be
symmetric in the particles 4,5..., [ +3 and that
any one of these particles can participate in the
“bottom” collision, i.e., the collision described
by the T operator on the extreme right of Eq.
(4.13).

We have now obtained the modified three-body
ring operator. In a similar fashion one can con-
struct a modified ! -body ring operator given by

603?(71;6)=de><(a)T(l,Z)Go(xl,xz){f“[X @T (1, 3)9o(3) +x (@)T(2, 3)(1 +Pz3)%(va)+r‘(2|3)7'(2,3)%(1)3)]}1_2

(4.15)

Summing these operators over all [, one obtains an approximate expression for the ®? series which
takes into account the above mentioned three classes of dynamical events. This expression reads

Z ' e®P ., (Vy; €) 2nx @AB(F,) +ne®B(F,; €)
1=1

with

w
ne@g(Vy; €)=y n'e®y4, (Vy;¢)
1=2

(4.16)

=nfd2T(1,2)x (a)[e +3€0(x1,x2)—nx(a)fd3AD(12f3)goo(vs)—n J’d3r(2,3)T(2’3)(po(va)]'l

X x@T(, 2)g,0,) ,

(4.17)
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where we have included a term n [ d2 T (1, 2)x(a) G, (x,, %,)x(@)T(1, 2), which is identically zero.
Thus rb(Dd)(’w;l; €) from Eq. (2.19) is now given by the equation

‘I’(I:;i)(‘71; €)=Pm[e _nX(a)Ag(;l) "nemg(;ﬁ O] v @o(v,y) - (4.18)

It is convenient for a discussion of the long-time behavior of pS)"(t) to use a Fourier representation of
€®R2(V,; €). Using that e®2(V,; €) does not depend on T, and by inserting & functions on the right-hand side of
Eq. (4.17) and using their Fourier representation, one can write eaag(ﬁ; €) in the form:

€RR(W,; €)= f dv, f (Td%,r?_g(1,2)x(a)[e+¢§«§m_nx(a)xg(\a)_nx(a)x_;@z)_nA_;(GZ)]-lx(a)T-;(l,z)%(vz).

Here
T 1(1,2) =de12 e TLT(1, 2),
T;(l,z):fd?lze"’f"’mm, 2),
A2 (¥ = f 4%, [Ty(2, 3) + T_1(2, 3) Py 0o(03) -

and

A_K(Vz)zznlfdva“'fdvusfdfzs"'fdfz,lm
=1 *

(4.19)

(4.20a)

(4.20b)

(4.21)

>, 3 I+3 -
xe' " Ta szigl(rzy Ty [Ty, .., Traa) T2, 3)H X CACLED

The operator A_t(v,) when acting on a function of
the form ¢,(v,)g(¥,) can be further simplified and
expressed as®P

A (3050l 7,)
== C) - (@ f(®)] - [ aF, g0 )s(F) V.,
(4.23)

where C(k) is the Fourier transform of the direct
correlation function and f(k) is the Fourier trans-
form of the Mayer f function [ cf. Eq. (2.10)]

C(r) = fd? e kT ow), (4.24a)

FR)= j at e F T r0), (4.24b)

where C(r) is the direct correlation function. A
derivation of Eq. (4.23) is given in Appendix D.

In the next section we will consider the eigen-
values and the eigenfunctions of the operators
ik T, —nx(@2(F,) and —ik- ¥, - ny(a)_7(¥,)
- nA_%(¥,) which appear in the e®2 operator, so
as to make a spectral decomposition of this oper-
ator.

V. HYDRODYNAMIC MODES
We are interested in the long-time behavior of
p@(t) or in the small-¢ behavior of p%(e). There-
fore we study e€®2(V,;€) only for small e. For

i=3

(4.22)

such values of € the dominant contributions come
from small %= |k| values or that region of the k
integration in Eq. (4.19) where k<! say, where
1 is the mean free path. In this region the leading
contributions to the integrand come from the hydro-
dynamic modes of the operators ik- ¥, - ny(a)A2(V,)
and —ik+ ¥, - nx(a_;(¥,) =nA_1(¥,). These hydro-
dynamic modes are obtained from the zero-eigen-
value eigenfunctions of the operators —ny(a)Ad(¥,)
and -ny(a)r,(¥,) respectively, by using ik-¥, and
"iE' .‘72 - nx(a)[A—T((vz) - >\0(-‘72)] - nA-i:(.‘?z)’ respec-
tively, as a perturbation for small k. They lead
to perturbed zero eigenvalues of the form c,#?,
where ¢, is a constant independent of k. For
small € and & these contributions then give the
dominant contributions to the integrand of ® 2(¥,; €),
since they lead to integrals of the form f;«kodE
X (€ + ak?)"t.

The hydrodynamic mode of the operator ik- ¥,
- 722 (¥,) has been derived and discussed in I. The
result obtained there can be used here if one re-
places n by ny(a). Thus the hydrodynamic mode
solution of the eigenvalue equation

[l_lz 'vl —=nx (a)x(l)) (71)]x(“’)(E: V1)900(1.)1)

= w(k)x(w)(E, v1)990(7)1)
(5.1)
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can easily be shown to be®®

w(k) = wy + Wk + Wk -0, (5.2)
with
w, =0, (5.3a)
w, =Dg =Do/x(a) , (5.3b)
for the perturbed zero eigenvalue and
X &, T) =xF,) + kxR, V) 4 - (5.4)
with
X (@,) =1 (5.5)

for the eigenfunction.

The hydrodynamic modes of the operator ik- ¥,
- nx(@)A;(¥,) - nA7(¥,)—we replaced -k by +k—
cannot be determined in the same way as was done
in I for the operator 7K+ ¥, — nA,(¥,) since, unlike
this operator, the present operator is nof sym-
metric.?® Consequently, we will also consider the
hydrodynamic modes of the adjoint operator: ik- ¥,
= nx(a{(¥,) - nA{(¥,) where the adjoint I'"(V,) of
an operator I'(V,) is defined by

f Cﬁ1 f(vl)r(vﬂg (.‘71)(90(01) dvl

=f %, g WITT@)f (7))o (v,)

(5.6)
for functions f(V,) and g(¥,) of V.

Therefore we have to distinguish between right
and left eigenfunctions of the operator ik - v,
—nx(ag(V,) =nA3(F,). The right eigenfunctions
0 (k,¥,) are defined by
(k- ¥, =nx (@ (F) =247 (F) 10O (K, ¥,) 0, (v,)

=Q(R)OF (K, ¥ ,)p,(v,),

(5.7)
while the left eigenfunctions are defined by

(iR 7, = nx (@ (7) = A£(7,) 105 (K, F1) o (2)
= Q(k)eim(ﬁ, v1)(#70(111) .

(5.8)
Using (5.7) and (5.8), one can easily show that
right and left eigenfunctions corresponding to dif-
ferent eigenvalues are orthogonal, i.e.,

fdvl e(LQ’ )(E: Vl)O}eQ)ﬁ, ¥)@o(v,) =0

if Q(B)#Q' (k) (5.9a)
and conversely, if

[ 49,607 &, 700 &, 7,)¢q(v) 0

then

Q) =9’ (k). (5.9b)

Therefore for every nondegenerate eigenvalue Q,
there is a right eigenfunction 8{’(k, ¥) and a left
eigenfunction ©*’(k, ¥); and for every degenerate
eigenvalue Q, there is a set of right eigenfunctions
oy (K, ), i— ., 8, and a set of left eigenvalues

“” (&, %), i= ., &, where g is the order of the
degeneracy of the eigenvalue. These eigenfunc-
tions can be taken to satisfy the orthonormality
relation

de@“’ (K, 705 (K, V)po(v) =641, 004,55, (5.10)

where § is the Kronecker delta.

In order to find the hydrodynamic eigenfunctions
and eigenvalues, we expand all 2-dependent quan-
tities in the Egs. (5.7) and (5.8) in a power series
in k. Using that A\J(¥,) =1,(¥,), we obtain

QR) =Qo +FQy +E2Qy ++ 00, (5.11a)
O (K, V) =00y (k, 7)) + kO, (B, 7)) +- -+,  (5.11b)
O (K, ¥,) =0, (k, 7)) + kO (B, T,) ++ - - , (5.11c)
AT =X (F) + 0 F) + BP0 F )+ o -, (5.11d)

I(%)) =0o(F)) + IAI () + AT (F) 4 -+ (5.11e)
Ap(F)=A() +RAV) +FPA,T )+ -0, (5.11f)

1(7,) = AV, + kAT ) +RPAZ(T ) + - -+ (5.11g)

Here we have not indicated explicitly the possible
2 dependence of the expansion coefficients

Xiy A, Ay, and AT (i = 1). Furthermore, from
Eq. (4.22) by expanding the exponents in powers
of £, one has that

AO(Vx) =A2(V1) =Ag‘(-\71):0 (512)

while for functions f(¥,) we show in Appendix D
that

kA7) (%) 0o(v,) = - inTa (dx(@) )

X<d; L ><ﬂo(v1)

AU APXNN
(5.13)

Similarly, expressions for 1 ,(¥,) and 7\2(\71) can be
found from the Eq. (4.21) (replacmg k by —k) and
by expanding the exponent in powers of & and using
Egs. (4.20b) and (1.11). From A,(¥,), A,(¥,), and
X,(V,) their adjoints AN¥,), A%(¥,), and AT(¥,) can
be found using their definitions with Eq. (5.6).

The hydrodynamic eigenfunctions and eigenval-




ues can now be obtained by substituting the ex-
pansions (5.11) into the eigenvalue equations (5.7)
and (5.8), equating the coefficients of equal powers
of 2 on both sides of these equations for 2,=0,
and using the orthonormality relations (5.9) and
(5.10).

Then the following results for the (hydrodynam-
ic) eigenvalues are obtained?®?:

2,=0, (5.14a)
Q=00 i=1,...,d-1 (5.14b)
2,9 =zxic (5.14c)
Q) =y =ny/nm; i=1,...,d-1 (5.14d)
92(”)=DT'E=)\E/nc,, , (5.14e)
Q%) =3Ts 5 =3 1 —E(y-1)
d-1
+—[§E+2<———~d >7IE]}
(5.14f)

Here the V; indicate the (d - 1) shear modes, H
the heat mode and % the two sound modes;

L))"

m\on/y

is the adiabatic sound velocity in the gas, where
y =¢,/c, is the ratio of the specific heat at con-
stant pressure p and at constant volume, respec-
tively, and p is given by the equation of state

Bp =n[1 +nbPx(a)], with b2 =7a?/2 for d=2 and
bP =27a%/3 for d=3. vy =ng/mm, Ay and ¢ are
the values for the kinematic viscosity, heat con-
ductivity, and bulk viscosity, respectively, ac-
cording to the Enskog theory of dense gases.””
Dy, and T'g ; denote the thermal diffusivity and
the sound absorption coefficient in the Enskog
theory. It should be noted that the factor x(a) as
well as the k dependence in the operator x(a)r;(¥,)
are together responsible for the appearance of the
complete Enskog-theory transport coefficient in
the expression for the eigenvalues given by

(5.14). In particular, the k dependence of the
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operator A} incorporates the collisional transfer
effects, while the x(a) take into account the density
dependence of the collision frequency.
For the (hydrodynamic) eigenfunctions one finds

the following. For the shear modes,

Oy, 7,) =67V, 7,) = (Bm) 77, -k,

i=1,...,d-1; (5.15a)

for the heat modes,

) G a(a) (aret-9)-1],
(5.15b)

o) = Grmlz(a) (vi-3 1]

(5.15¢)
for the sound modes,

ok, %) =y (5) (5 01-5) 5

+BG 3 ] (5.154)
A . b 9 \1/2 d\ 1
OF ok, 7,) = c(2fm)7? [(d ) (fgz‘mvi "2 ) 5
icim( I)J (5.15¢)
Here B and b are defined in d=2, 3 by
} 3(31»)
() 510
and
B g- 1/2@
b—( d> : (5.17)

and &, 2, ..., B2~V form a set of mutually or-
thogonal unit vectors. In the low-density limit
these eigenfunctions and eigenvalues reduce to
those given in I.

We can now give a spectral decomposition of the
operator

[€+1k -¥ 5 - mx(@M2(F,) - mx (e £ (F,) - nA _7(F,)]

in the form

[€ +k *F,, — mx(N2F,) - mx(@ (T,) = nA £ (F)] ™ £, T2)00(0,)00(v2) =S BF (1, V) 0(v ) 0o(03)

with

SBF (7,5 ¥2) @00 (v2) =) ' € + w(k) + Q)]

w,

Xf v, f Fo X, )0 (- k, 7)) £, V) 0ow)9o(@s)

+ S ¥1, ) 00(v,) 9o(v2) (5.18)

U)K, 7)08 (=K, 7,)0,(v,) @o(0,)

(5.19)
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where the prime on the summation symbol indi-
cates that only hydrodynamic modes are to be in-
cluded in the sum and where f(V,,V,) is a function
of ¥, and V,. The second term on the right-hand
side of Eq. (5.18), with S?, contains the contribu-
tions involving all other eigenfunctions, i.e. where
at least one eigenfunction is not a hydrodynamic
eigenfunction. These nonhydrodynamic modes
are obtained, for small &, by perturbing the non-
zero eigenvalues of A2 and A, and appear to lead
to contributions to p@(¢) which decay exponen-
tially over a few mean free times.

In the next section we shall use the representa-
tion (5.18), (5.19) of the operator [€ +ik°V,
- nx(@WJ(¥,) - nx(a) _z(¥,) - nA_3(¥,)] ~* to obtain
the long-time behavior of g2(¢).

VI. LONG-TIME BEHAVIOR OF pfs/(r)

behavior of

@)= [ atepP0)= [ d¥0,00@ ;5 0
0
=Bm f av v e = nx (@M (F,) - ne®i(F,; €)]

XV,00(v,) . (6.1)

The operator ne®p(v,; €) can, on the basis of the
discussion in the previous section, be divided into
two parts: a hydrodynamic part necﬁg,” and a non-
hydrodynamic part ne®y . defined by

ne@ ,=n |

k<lz0

di -
—(—Z—Wfdvzx(a)T_;(l,Z)Sf,

X x(a) T (1, 2)¢o(v,)

The long-time behavior of g@(t) can be ob- (6.2)
tained, in our approximation, from the small-€ and
J
neRy | =ne® —ne®: ,
dk . - Py - S
=%/; . @ avyx(a)T-z(1, 2)[e +ik * v,, = nx(a)rg (V) = nx(@) 7 (V,) = nA _§(¥,)]
ko
dk . o
n [ [ #EH@T 21, 252 x(@) T (L, () (6.3)
k<kg m)

The first term on the right-hand side of Eq. (6.3)
includes contributions of collisions that take place
on a space scale small compared to the mean free
path I and which should not be relevant for the
long-time behavior of p{#)(¢). The second term
includes contributions of nonhydrodynamic modes,
which will decay exponentially in a few mean free
times. We shall therefore neglect #ze®% | in ob-
taining the long-time behavior of p{f\¢).

Using then #€®} , from Eq. (6.2) for ne®} in
Eq. (6.1), we obtain

P €)= [ dF, vile = nx(@NEF,) - ne®2 ;) ™

X0, @0(v;) . (6.4)

oShE)=m [ a%, v [e ~nx(@AZF) ] unpy(o,)

and

We proceed by iterating the operator [- ]~ on
the right-hand side of Eq. (6.4) about [€ —ny(a)
XAZ(¥)] "t We will restrict our discussion to the
first two iterates, which are given by the Eqgs.
(6.6a) and (6.6b). This restriction is necessary,
because we have neglected dynamical events which
give contributions to pg’) that are of the same or-
der in the density as those of the third and higher
iterates in Eq. (6.5). This, in turn, may limit the
time range over which our results are valid. We
will discuss this point further in Sec. VIII.

Thus

piD(€) =pli(€) +ph(€) 4+« -, (6.5)
where
(6.6a)

PS5 (€) = pm f av, v, € =nx (@A (7)1 ne®2  yle — nx(@)rg ()] v, 00(0))

=Bﬂmfd7'1fd%f . (g;%a—vu [e =nx (@A TN x(@)T-z(1, 2) SHx(a) Tz (1, 2)[€ = nx(a)rd F,)]™*
k< 0

X 01, 04(0,)@o(V2) -

(6.6D)



12 VELOCITY-CORRELATION FUNCTIONS IN TWO...II... 307

Laplace inversion of p(g)o(e) given by Eq. (6.6a) yields exactly the exponential decay of p'?(¢) discussed in
Sec. III, Eq. (3.10).
Using Eq. (5.19) and taking into account that the summation in this equation involves only combinations of

one diffusive mode x’(k,¥,) and the d +2 hydrodynamic modes ©‘”(~K,¥,), one obtains for p@ ,(e)
pig2e) = | a7, [ az, f iy (Z,Ta Z Ve [€ = nx(@AY (7)) (@75 (1, 2) X0 (&, 7)ORY (= K, 72)@o(0)9o(v,)

f av, fdvz X (k,

xle(po(vl)(po(vz)[e+w(k)+9(k)]-1 . 6.7)

To obtain the dominant behavior of p‘”(t) for long times or the dominant behav1or of p (e) for small €, one
can expand in & the operators T (1, 2), T;(1,2) as well as the functions @ - k, v,) and keep only the lowest
order terms in k, since the neglected terms lead to a faster decay with t1me than those kept.?® In addition,
since we will be interested in times £>{,, one can neglect the terms of order € in the operator

[e —=nx(a@)A2]™*. Then we obtain

7008 (=&, ¥,) x(a) T (1, 2)[€ =nx(@AD(F,)] ™

NS [0 [ a5 [ e (eewll) 00 008G Tt DO~ Tl

< [a¥, [ a7,000= 7 Tooll, DDEFII 000o()002s) - (6.8)

Here we have used Eq. (5.5) for x(“’)(k, v,), re-
placed the operators 7_ and Ty by their common
value at £=0, wl}lch we have denoted by Ty, in I
and replaced © ; by GR,LO

The expression (6.8) for p{f)(¢) can be analyzed
further in exactly the same fashion as was the
corresponding expression (5.8) in I, by using the
fact that the ©) , are linear combinations of sum-
mational invariants in a binary collision. We only
quote the results:

NBm
pg’,}(t) Z fk<ko @ny

X[ [ @t 0= b, Ty |

e-tlo(®ra(r)]

<[ [, 0,08k, o) | . (6.9

In two dimensions one finds that for > ¢,

PE (1) =p5A (1) = afk(p)(to/1) (6.10)
where
a2} (p) =[87n(Dg + vg)ty) (6.11)
with the mean free time £, given by
_(Bm/m)"®
°= " anax(a) (6.12)

The express1on (6.11) for a(Z) is plotted as a func-
tion of p =na® in Fig. 3. The theory seems to be in
very good agreement with the computer results of
Alder and Wainwright® and of Wood and Erpen-
beck®2® over the entire range of densities, for
which these are available.

r

In three dimensions one finds that for ¢> ¢,

P (1) 2pP)(1) = aBL(p) L/t (6.13)
where
alik(p) = (1/120)[7(D 5 + vg)t,] ™2 (6.14)
with
_(Bm/m)'"*
[ 471(12)(((1) . (615)

The expression (6 14) for a(s’ is also plotted as
a function of p =%a® in Fig. 3 and is consistent with
the computer data of Wood and Erpenbeck.®?°

VII. BEHAVIOR OF p{?/(r) AND p?/(z) IN TIME

The short- and long-time behavior of the veloc-
ity correlation functions g?(t) and p{(¢) that de-
termine the kinetic parts of the time-correlation
function expressions for the viscosity and heat-
conductivity coefficients, respectively, can be
found in a similar fashion as for g'¥(t). We only
give a brief outline of the procedure before we
quote the results.

The correlation functions g?(¢) and p¥(¢) are
given by

(D= G0N T G5(1))
(Y IGO0 ’

where for the shear viscosity n
J(3) = 0505 (7.2)

while for the heat conductivity A

P = (7.1)
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FIG. 3. af) s/ (V,/ V)*72 plotted as a function of the re-
duced volume V,/V, where V; is the volume at close
packing, for d=2 and d=3. The crosses indicate the
computer results of Alder and Wainwright for d=2,

Ref. 5.

- Bm d+2
J(Vi)zvix<7'u%— d > . (7.3)
One can write p2(t) in the form
p$t) = f R AL AT (7.4)

where

v
D= 1i 2(F )\ "1,d
7O= lim (J*@)"m

N/V=n

N
Xf dxN-1 S_t(xN)e-BH(xN) Z J(¥;)
i=1

(7.5)

since [d¥,J(V,)g,@,) =0.

Proceeding as in Sec. II, one obtains for the
Laplace transform ®{(%,;€) of ®(¥,;¢) the
equation

J

Q(})(§1;€)=_<J_—fi€il_)_>_-f_ (1 + i—:; n' @, (61;6))

X J(V)@,(v,)
=(J3(¥,)) -1(6 - i ale®,, (Vy; e)>-1
1=1

XJ ()@, ,) . (7.8)

Here the @,(V,;;€) can be obtained from the ex-
pressions for @7 (V,;€) given by Eq. (2.13), by
replacing

1
11 #.@)

there by
1 !

H on(vj) Z P]_i[(Po(vl)]—l )

i=1 i=1

while the ®; are related to the @, in the same way
as the ®? are related to the @2 [cf. Eq. (2.17)].

To compute the short- and the long-time be-
havior of @4)(¢), only certain classes of dynamical
events are taken into account in the sum

o
Z n'€®,, (7, €)
=1

on the right-hand side of Eq. (7.6). After making
a binary collision expansion as well as a Mayer
f expansion of the integrand of the operator
€®, ., (V,,€), one keeps (a) the Enskog correc-
tion X, _, (@)X, (¥,), to the linearized Boltzmann
collision operator €®,(v,,€)=2,(V,); (b) the most
divergent terms, in the limit € -0, in each order
in the density, i.e., the ring terms; (c) the simple
excluded-volume correction to the ring term; and
(d) the connected excluded-volume corrections to
all but the first and last binary collision operator
in the ring terms.

Thus we use the approximation

D ne®, 4 (Vy; €) =nx@n,(V,) +neqp(¥,; €),

T 1.7)
where

€G%E(‘71;€)=fd@fg—:)d'x(a)T-;(l,f!)[e+i§-3m—nx(a)kt(i%nA;(Vl)’—nx(a)A_a(%)—nA-z(i)]”

X x(@)T%(1,2)1 +P15)@,(v,) .

Comparing with Eq. (4.19) for €®2(V,;¢), we see
that this expression for €®g(V,; €) is of the same
form, except that A2(V,) in Eq. (4.19) has been

replaced by A7 (V,) and that additional operators

r
-nA%(v,) and (1 +P,,) appear in Eq. (7.8).
Separating the k integral in Eq. (7.8) into re-
gions where k< k; and where® k>k, (k,~[7) and
analyzing the operator [+ - +]~! on the right-hand
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side of Eq. (7.8) for ®z(V,; €) into hydrodynamic
and nonhydrodynamic modes, and taking into ac-
count only hydrodynamic modes, one obtains,

in a similar fashion as in Sec. VI; by iteration
the following expression for p(‘”(t):

P =) ) +05) @)+ - -, (7.9)

where the short-time behavior is given by
p(Jd)E(t ) =<J2(§1)>-1 fd‘71 J(‘71) gtnx(a) xo(VI)

X J(¥,)@,@,) . (7.10)

Using the method outlined in Sec. III, one can
easily show that the initial slope of p(" )(t) is given
exactly by the initial slope of p(j’,)o(t).

I... 309

In first Enskog approximation,
P (t)=e tx(@) /Bmrg, 0 (7.11)
and

(d) (t) -tX(a)/BmDTO' 0, (7.12)
where v, , and Dy are the kinematic viscosity
v and the thermal d1ffus1v1ty D, [cf. Eq. (5.14e)]
computed on the basis of the Boltzmann equation
in first Enskog approximation.?® We expect that,
like Egs. (3.11) and (3.12) for p{¥’(¢), Egs.
(7.11) and (7.12) are good approximations to the
short-time behavior of p{)(¢) and p{®(¢).

The long-time behavior is given by

J2( - a% _ ' o ~
ps_d)(t)gp(',d‘)l(t) ( V )) Z f (2:) gt [0(k) +Q(k ”(delJ(VJ@z(es.))o k¥ v, R’o( ? VI)‘PO(U )>
<ky

(fdvlJ(v )00 (F, 7,000 (= £, 7,)0, 0, > (1.13)

where the prime on the summation symbol indicates that only hydrodynamic modes are to be included.

Thus one finds for the long-time behavior of p'®)(t)

p®)=pW, (1) e )(—ti)”z (1.14)
P nd(d+2) Bl 7? (@nTs gty N\t :
and
/2
@) ()= pld) g(d‘FZ)kB( a-1 v-1 (ﬁ;_)d 715
P (E)=pSE), () 2ndc, [47T(VE+DT.E)to]”2 + (4ﬂrS,Eto)dﬁ 3 ’ (7.15)

where I'g, ¢ has been defined in Eq. (5.14f).

VIII. DISCUSSION

The comments made in I concerning the long-
time behavior of the p¥(t) at low densities are
equally valid for the results for p®’(t) obtained
here and we will not repeat them. A few remarks
can be added, however,

(i) In view of the neglect of many dynamical
events as well as of the limited number of itera-
tions used, it is not possible to make any state-
ment about the “true” asymptotic behavior of the
p@(t) for the systems considered. However, in
so far as the computer results are not for “true”
asymptotic behavior either, it is not a priovi
clear which of the theoretical formulas—those
derived here or those derived on the basis of
quasihydrodynamical considerations®**—will best
describe the computer results for pi*(¢) for the
time interval of 10¢,<¢<50¢, over which they

have been obtained. In two dimensions, of course,

r

no theoretical quasihydrodynamical results are
available since they lead to an inconsistency,®
and only the results derived here are available.

In three dimensions the quasihydrodynamical
results® for the long-time behavior of p‘®’(f)

are given by Egs. (6.13), (6.14), (7.14), and (7.15),
except that the full transport coefficients D, 7, A,
and ¢ occur where in our case their Enskog values
Dg, ng, Mg, and {; appear. Over the range of
densities studied so far on the computer, the dif-
ference between the two formulas is too small to
be noticeable with the present computer accuracy.

We remark that very recently expressions for
p3)(¢), containing the full transport coefficients
have been obtained on the basis of kinetic theory
" by Pomeau and Résibois® and van Beijeren and
Ernst.3®
(ii) An essential feature of the analysis pre-

sented here is the appearance of the two factors
x(a) in the numerators of the resummed operators
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ne®L(V,,€) and ne®,(V,, €) each, as given by Egs.
(4.17) and (7.8), respectively. These factors
have their origin in the fact that we have taken
into account excluded-volume corrections to each
of the collisions in the ring events considered in
I. A derivation of the £~3/2 term in p)(¢) for a
gas of hard spheres, in which one of the x(a)
factors seems not accounted for, has recently
been given by Mazenko.>* Using a method based
on the BBGKY hierarchy equations he arrives

at an expression for aﬁ,”(p) that differs from ours
given by Eq. (6.14), by a factor x(a)™*(D/D;),
where D is the full self-diffusion coefficient. The
precise origin for this discrepancy is not clear

at this moment, 343

(iii) Although the computer results of Alder and
Wainwright,® and of Wood and Erpenbeck,® as well
as the results obtained here apply only to hard-
disk and hard-sphere systems, it was suggested
in I that the t?/2 decay should hold for a larger
class of intermolecular potentials. This has
been confirmed recently by a computer calcula-
tion of Levesque and Ashurst,* who found a t=3/2
behavior of pE,”(t) for a system of particles that
interact with the repulsive part of a 12-6 Lennard-
Jones potential.

(iv) We have considered here only the ring events,
their excluded-volume corrections and the first
two iterates in Eq. (6.5). It would be inconsistent
to consider the contribution of higher iterates to
Eq. (6.5), without taking into account also con-
tributions from other dynamical events in the lower
iterates.’” This restriction makes it difficult to
determine the precise interval of time over which
the results obtained here are valid. In three di-
mensions the work of Pome&au and Résibois® and
of van Beijeren and Ernst®® indicates that the t-3/
behavior persists for asymptotically long times.
For two dimensions, it is not yet clear what the
true asymptotic behavior of p®’(t) is.

(v) Very recently a beginning has been made of
the computation of the behavior of pgd)(t) for inter-
mediate times, i.e., for times of the order of 3¢,
to 10£,, so that the full time behavior of p{P(¢) is
obtained. Such an analysis has been undertaken
by Resibois and Lebowitz,*® using hierarchy equa-
tion methods and Lieberworth and Cohen,* using
the Eq. (6.1) for p{*’(¢) as a starting point. This
may well lead to a microscopic explanation of the
negative part of p’ () for times £25¢,, which have
been observed in computer calculations.®
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APPENDIX A: BINARY COLLISION OPERATORS
FOR HARD-CORE SYSTEMS

(a) For systems of hard disks or hard spheres
the streaming operator S_,(x¥) is not defined, when-
ever any two particles, say ¢ and j, are within
each others’ interaction sphere. To avoid having to
deal with such configurations, one considers the
operator S_,(x¥) combined with the function

N
W) = exp( 83 6071) -
i
where ¢ (r;;) is the pair potential for a hard-disk
or a hard-sphere system.

For simplicity we consider first a system con-
sisting of two particles moving in infinite space,
i.e., the case that N=2. Then the operator
W(F,,L)S.,(x,,x,) is defined for all phases of the
particles 1 and 2, and for all time ¢. The binary
collision operator 7'(1,2) is defined by the relation

W(E,, TS 400y, %,) =W (F,, T,)S2, (v, ,x0)

+W(E,T,) f “ar 8% (x,, %) T(1,2)
0

xse(t-fr)(xl ’xz) ’
(A1)

where S%,(x,,%,) is the free-particle streaming
operator

S9,(%,,%,) = exp[ —£3C,(x ,,x,)] . (A2)

Since the left-hand side of Eq. (Al) is well defined
for all phases of the two particles, it is possible
to calculate the result of W(T,T,)S_,(x,,%,)f(¥,,%,)
for any function f(x,,x,) and for every phase point
(x,,%,). By using the fact that two particles moving
in infinte space may collide at most once, one ob-
tains an expression for the operator W(¥,, T,)
xS_;(x,, x,) which has the structure of the right-
hand side of Eq. (A1) with 7(1,2) as given by Eq.
(1.11).

A formally simpler and more convenient expres-
sion for W(¥,, T,)S_,(x,,%,) can be obtained from Eq.
(A1), if we use the fact that 7(1,2) can be shown to
satisfy the relation*

T(I,Z)S%(xl’xz)T(l;z)=0 (A3)

for any time #, which expresses the fact that the
two particles cannot collide more than once.
Equation (Al), when combined with Eq. (A3), is
equivalent to
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W(F]_’Fz) S_t(xpxz)

=W(F,, &)exp{-t[3c,(x,,x,) - T(1,2)]}

A4)
which is a special case (N=2) of Eq. (1.8). (

In order to prove Eq. (1.8) for arbitrary N, one
makes a formal expansion of the right-hand side
of Eq. (1.8) in powers of the T operators. Then,
using the explicit representation of the 7'(Z,) oper-
ators, given by Eq. (1.11), and Eq. (A3), one
shows that when the right-hand side of Eq. (1.8)
acts on a function f(x¥), it correctly determines
FG&N (=) for all x¥.3

In a similar fashion, using Eqs. (1.9) and (1.14)
for N=2, one can define a T operator:

S _t(xl ;xz)W(?‘l ) Fz) = S‘i,(xl yxz)W(Fl ) -{'2)
t —
* [ drS° sy, )T (1, 2)

X820y, %,)W(T,,T,) . (A5)

Using that Eq. (A3) holds for T as well as T opera-
tors, one can write Eq. (A5) in the form

S_s(xy, %)W (F,, T,) = exp{~#[3Cy(x,,x,) - T(1,2)]}

XW(F,,T,) , (A6)

which is a special case of Eq. (1.9) for N=2. The
generalization to arbitrary N can be performed in
a similar fashion as for the T operators by making
a formal expansion of the right-hand side of Eq.
(1.9) in powers of the T operators. We remark
that this expansion is equivalent to the inverse La-
place transform of the binary collision expansion
given in I [Eq. (3.1)], if the 6 operators there are
replaced by T operators. One can show that the
right-hand side of Eq. (1.9) is equal to the right-
hand side of Eq. (1.8).* From this it follows that
the right-hand side of Eq. (1.9) correctly generates
F&N~t)), when acting on f(x"), and that Eq. (1.14)
is satisfied by this representation. The derivation
of the explicit expressions (1.11) and (1.12) of the
T and T operators given in the text is straightfor-
ward but rather lengthy. For this we refer the
reader to the literature.?

(b) We now give a number of relations, which are
satisfied by the binary collision operators 7'(1,2)
and T(1,2) and the Mayer f function and that are
used in the text. They can be proved, using the
explicit representations of the binary collision op-
erators Eqgs. (1.11) and 1.12).>%° They are

T(I,Z)Go(xpxz)T(l;z):O ) (A7a)
T(1,2)G,(x,,x,)T(1,2)=0, (ATb)
T(1,2)Gy(x,,%,)T(1,2) =0, (ATc)

fr,)T(1,2)=0, (A7d)
T(1,2)f(r,,)=0, (A7e)
Fr2)Go(x,,x,)T(1,2) =0, (ATf)
T(1,2)G,(x,,x,)f(7,) =0, (A7g)

S 2)Go(y,%,) + Goley,x,)T (1, 2)G (x|, x,)
=Gy, , %, (r1p) + Gy ,x,)T(1, 2)Gy (%, ,%,)

(ATh)
1
T(1,2){ ¥,+%, » =0, (A7)
v+ 02
1
fdvlfdvz V47, 0 T(1,2)s(x,,%,) =0, (A7)
vf+v§/

and

Jatara, 20, %)= (45,70, 200, 7),  (AT)

where s (x,,x,) and 2(V,,¥,) are functions of the
phases x,,%, and of the velocities V,,V,, respec-
tively.

APPENDIX B: EXTRACTION OF DOUBLE OVERLAPPING
TERMS IN ea?

In this appendix we briefly outline the method we
use to extract those contributions to e(ﬁf coming
from sequences of three binary collisions, with an
excluded-volume correction from a double over-
lapping configuration at one of the collisions in the
sequence. The € dependence of the contributions
to e(ﬁf from these events is the same as the € de-
pendence of the contribution to e€®? from the three-
body ring events. Therefore the contributions
from the events considered here represent ex-
cluded-volume corrections to the three-body ring
contribution.

The above-mentioned contributions are contained
in products of five binary collision operators in
€®P. Our analysis of these terms is based on the
fact that many of them contain products of the form
T(,j)GoTG ,R)G T, k) or TG ,k)GoT(,7)CoT ()
where ¢,j,k are any three particles in the set
(1,2,3,4) and G,=G,(x,,x,,%5,%,). These products
contain nonvanishing contributions from configura-
tions of the three particles (¢,7,%) where particle
i is simultaneously overlapping both particles j
and £ at the time of the (j,%) collision. Conse-
quently, s(ﬁf contains many contributions from
double overlapping configurations, that are hidden
in the products of collision operators of the type
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given above. We will proceed by first showing that
products of three T operators, as given above, do
contain double overlapping contributions. Then we
will discuss which products of five binary collision
operators occur in s(ﬁf and in particular, which of
those contain the relevant products of three T op-
erators. Finally, we will briefly outline the meth-
od by which Egs. (4.6) and (4.7) are obtained.
We begin by considering the products

T(1,2)G,T(1,3)G,T(2,3) and T(1,3)G,T(1,2)G,T(2,3).

To see that these terms contain a double overlap-
ping configuration at the instant of the (2, 3) colli-
sion, we first consider the geometry of the binary
collision described by the operator T(1,2), and
for later convenience also of T(1,2).

The operators T(1,2) and T(1,2), defined in
(1.11) and (1.12) can be written as a sum of two
parts: an interacting part, containing the operator
R (1,2) and a noninteracting part: 7(1,2)=T%(1,2)
+7T"(1,2) and T(1,2)=T%(1,2)+T"(1, 2) where T,
T", and T" follow from the Eqs. (1.11) and (1.12).
Of these three operators, only 7" leads tothe over-
lapping configurations in which we are interested
here. To see this we have to discuss the three op-
erators in some detail. This is done in Fig. 4.
Here we fix the relative velocity V,, of particle 1
with respect to particle 2, which is placed at the
origin. The points on the action sphere, i.e. the
sphere of radius a about the center of particle 2,
where the 6 functions occurring in the T operators
are evaluated are indicated in Fig. 4 for the three
cases. Since the binary collision operators in
€®2 appear in combination with Gy(x,, %,, X35 %,),
we are really interested in the operators
Ti(19 z)so_g(xu xz); Tn(1; Z)S?-t(xn xz)s

™ 1,2) 7" (1,2)

T 4,2)

(a) (b) (c)

FIG. 4. Schematic illustration of the action of the
operators: (a) T%(1, 2)SY, vy, %5); (b) T, 2)SL, (x4, x,);
(c) T"(1, 2)SY%, (%4, %) in the relative coordinate system of
particles 1 and 2. The relative motion of particle 1 with
respect to particle 2 is traced back in time in Figs.
4(a)—4(c), starting from a point on the action sphexLe,
where the relative velocity of particle 1 is vy, and ry,
=ab,a6, —ab, respectively, to a point Tyy(~t)=ab—V,t,
ab—%yyt, —ab—Y,t where the relative velocity is ,,
Vig, V49, respectively. 8, is the unit vector in the direc-
tion Vy,.

T"(1,2)8%(x,,x,), if we invert the Laplace trans-
form and ignore the irrelevant particles 3 and 4.
For the effect of these three operators we refer

to Fig. 4. We remark that for 77(1,2)S%(x,,x,)
particle 1 penetrates the action sphere, so that for
a range of values of ¢ the particles 1 and 2 are
within their action sphere.

Using these geometrical properties of the T' op-
erators, we now show that the product
T(1,2)Go(x,,%5,%5,%,)T(1,3)Go(x,,%,,%5,%,)T(2,3)
contains nonvanishing contributions from collision
sequences where particle 1 is overlapping with both
particles 2 and 3 at the time of the (2, 3) collision.
To see this we consider the inverse Laplace trans-
form:

t
f ATT(1,2)S%,(x,, %, %) T(1,3)
0

XS ) (s, %5, %5)T(2,3) (B1)

where we have ignored the irrelevant particle 4
(cf. Fig. 5). We have arranged the time such that
the (1,2) collision occurs at time #=0, the (1,3)
collision at time -7, and (2, 3) collision at time

—¢ with £>7>0. Writing in (B1) each T operator as
the sum of a T% and a T" operator, we see that only
the combination of the 7™ parts of the (1,2)- and

2 | 3

FIG. 5. Schematic illustration of the double overlap-
ping configuration contained in 77(1, 2)S°_.,.(x1,x2,x3)
X T™(1,3)S% 4 -r) 6y, %5, £9)T?(2,8). The vertical direction
indicates the direction of increasing time. We have ar-
ranged the time such that time¢ =0, the T'(1,2) operator
requires that particles 1 and 2 are separated by a molec-
ular diameter. At time —7, the particles 1 and 2 are
within each others interaction sphere, and the particles
1 and 3 are separated by a molecular diameter. At
time -, the particles 2 and 3 collide, while particle
1 overlaps both of them. In the figure only the result
of the T part of the T(2, 3) operator is indicated.
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(1,3)-collision operators with 7'(2,3) leads to a
configuration, where particle 1 is overlapping with
both 2 and 3 at time —-#, when the (2, 3) collision
takes place.

A similar dynamical analysis shows that also
the product T'(1,3)G,T(1,2)G,T(2,3) contains non-
vanishing contributions from configurations where
particle 1 is overlapping with the particles 2 and 3
at the time of the (2,3) collision. One can convince
oneself that, apart from permutations of the in-
dices, these are the only products of three binary
collision operators occurring in e&f that lead to
double overlapping configurations.

We will now consider the products of five binary
collision operators occurring in €®?. Since a com-
plete analysis is too lengthy to give here because
it involves the consideration of several hundred
terms, we will only give a brief discussion here.
The operator €(§f contains all products of five bi-
nary collision operators of the form

T(1,2)G,T()G,T(B)G,T(¥)G,T(5)G, (B2)

where a, 8, v, 6 represent pairs of particles chosen
from the particles (1,2,3,4), such that (a) a#(1,2)
by virtue of Eq. (A7c); (b) the T operator on the
extreme right, 7(5), must contain particle 1 as a
member of the pair 5, by virtue of Eq. (ATi); (c)
all four particles must be contained in the pairs
(1,2),a,B,v, since the product is canceled other-
wise; and (d) all four particles must be contained
in the pairs @, B, v, 6, for the same reason as in
(c).

(a) We first look for all products of five bi-
nary collision operators which lead to a sequence
of three binary collisions with a double overlapping
contribution at the collision described by the T'(5)
operator. Using the geometrical arguments made
earlier in this section, we see that the products

T(@1,2)G, T(a)G,T(,1)G,T(i,k)G,T(1,k)G, (B3a)
and
T(1,2)G,T(@)G,T(,k)G,T(, 1)G,T(1,k)G, (B3b)

contain such contributions, where particle 7 is
J

overlapping with both 1 and %2 at the instant of the
(1,k) collision. It should also be noted that while
a product like T(1,2)G,T(,1)G,T(@)G,T(i,k)
XG,T(1,%)G, also contains a double overlapping
configuration at the (1,%) collision, its contribution
to e®? is less singular, for small €, than the con-
tribution from (B34a) and (B3b), and will therefore
be disregarded. For, by inverting the Laplace
transform, we see that for all such double over-
lapping configurations, the ordering of the T op-
erators requires that the T'(a) collision takes place
at the same time that particle 7 overlaps with par-
ticle 1. Furthermore, the particles 1, 7, 2, and
the pair o must contain all four particles, 1, 2,
3, 4, due to condition (c) above. Thus it follows
that for the product of T operators we are consid-
ering, the double overlapping configuration is part
of a configuration where all four particles are
within a molecular diameter of each other. This
condition imposes a dynamical restriction on this
collision sequence. On the other hand, inspection
of the inverse Laplace transform of (B3a) and
(B3b) shows that there is no such restriction on
the double overlapping configuration at the (1,%)
collision. Consequently, we retain in our analysis
the contributions from the double overlapping
events in these products only.

To extract, finally in an explicit form, the
double overlapping contribution to the two products
(B3a) and (B3b), we consider their sum

T(1,2)G,T(a){[G,T(#,1)G,T(i k)G,
+G,T(i,k)G,T(,1)G,]T(1,R)G}

(B4a)
and examine the terms in the curly bracket, S:

S$=[G,T@,1)G,T(,k)G,
+G,T(,k)G,T(,1)G,]T(1,k)G,.
To extract the double overlapping contributions to

S, we use (ATh) and G,fTG,=G,fG;*G,TG, to write
S in the form

S=8§,+8S,
with

S, =Gof (i, 1)f(i,k)T(1, k)G, +£(i, 1) (i , k)G, T(1,k)Gy = £(i , 1)Go f (G, B)T(1,k)G, - f(i, k)G, f(i , 1) T(1, k)G, , (B52)

S, =[G, TG, 1)G,T(i, k)G o+ G, (2, k)G, T(E,1)G, + G, TG, 1)f(i, k)G + G, TG, B) £ (i, 1)Gy - £ (i, 1)G, TG, )G,

-f(,k)G,T(,1)G,]T(1,%)G, .

A dynamical analysis of S; and S, shows that only
S, can contain contributions from double overlap-
ping configurations at the instant of the (1,%) colli-
sion. For, the T operators occurring on the right-
hand side of Eq. (B5b) always lead to configurations
where particles 7 and 1 or ¢ and 2 are not overlap-

(B5b)

r
ping at the time of the (1,%) collision described by
the T'(1,%) on the extreme right.

Moreover, only the first term on the right-hand
side of Eq. (B5a) for S, leads to a double overlap-
ping configuration contribution to (B4a) that we re-
tain, since the events that contribute to the other
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three terms are dynamically more restricted. To
see this, one considers the inverse Laplace trans-
form of Eq. (B4a) with S, replacing S. Then one
notes that if there is a double overlapping configu-
ration at the (1, %) collision, the structure of all
terms but the first requires that the @ collision
takes place while particle ¢ is overlapping parti-
cles 1 and k2. Since « contains at least one of the
particles 1, ,k, it follows that the last three terms
on the right-hand side of Eq. (B5a) have additional
restrictions placed on them for a nonvanishing con-
tribution to (B4a), when compared to the first
term. Therefore the last three terms can be ne-
glected for the long-time behavior of pi¥(¢) and the
only contribution to €®? retained from (B4a) is

T(1,2)G,T()Gof(1,4)f(k,i)T(1, k)G, . (B6)

When this analysis is applied to all terms of the
form of (B3a) and (B3b) in €®?, the last terms on
the right-hand sides of Eqs. (4.6) and (4.7) for
€®P; and €®? ;;, respectively, are obtained.

(b) A similar discussion can be given for all
terms in €®? of the form

T(1,2)G,[TG,/)G,T (i, k)G,

+ TG, k)G, T(i,5)G,]T(j,k)G,T(6)G,.  (BT)

n2€m£=n2fd2fd3{7‘(1,2)f(2,3)[1 +f(1,3)][€ +3C,(x,, %,5)

+T(1,2) [€+Gco(xl,x2)

term

n[d4 AD(12|4)ﬂ_1f(1,

Here we have added a finite term n? [d2 [d3 XT(1,2)f(2,3)G,(x,,x

These terms lead to double overlapping contribu-
tions of the type

T(1,2)Gof(,) /@, R)T(§, k)G, T(8)G, (B8)

and give the remaining terms on the right-hand
side of Eqs. (4.6) and (4.7) for €®2; and €@?,;, re-
spectively.

Terms of the form given by (B6) and (B8) are the
only terms in €®2 which we retain.

APPENDIX C: THE REMOVAL OF
&7 r—EQ. (4.10)

In this appendix we sketch how, after a resum-
mation, the term €®) ., as given by Eq. (4.10),
does not contribute to the #-¢/2 behavior of p{@(¢).
To do this we consider &2 4, r to be the first term in
an (infinite) series of terms from €®?, «®2,... in
which all powers of the ring operators G,(x,,x,)

X [ d421P(13]4) and Gy(x,, x,) [d31P(12]3) succes-
sively appear. Then n’e®]  can be incorporated
in a resummation which leads to #*¢®2 given by

fd4 ?\D(13|4J T(1 3)%(1;3)

2>f(z,3)m,3")}%(7}3)}%(%). (C1)

x3)T(1,3)0,(v,)@,(v,) from e®? as well as a

Jaa [a371,2)(701, 972, 316, 2) + Goloy ) 111, D12, )IT(, 3) (0 24(0) (c2)

that, with the Eqs. (A7f) and (A7g),

can be shown to vanish. For simplicity, we have not included in this

resummation the various excluded-volume corrections, but as will be argued below, to do so would not

change our conclusions.

way as with ne®2(V,,€). Thus (a) expressing n*e®2

(d) using that

fdrzfdrsf(z 31 +/(1,3)]TA,2) = fer(z 3)[1+£(,3)]

and that

In order to extract the long-time behavior of #®¢®2, we can proceed in a similar
in Fourier representation; (b) applying a spectral de-
composition to #n*€®2; (c) setting #=0 everywhere except in the denominators of the form [€+ w(

k) + (k)]

fdr T(1,2)=[x, (@) - 268]T,,(1,2) . (C3)

Jaz, [at.r0,272,970,9)= [a%./0,272,3)],, ., [17.70,3) =4 @Te(1,3); | (c4)

(e) neglecting the nonhydrodynamic parts of
n®e®2, one is lead to an expression for n?¢®2 that
contains the opcrator

fdvlfd sté“")(ie\, V1)T00(1 1 3)@o(v,) 9o (v3)

r

acting on a function of ¥, (and €) and
fd ¥, Too(1, 2)X4§w) (&, V) @0(0,)@0(v,)

which, using Eq. (5.5), can both be shown to van-
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ish due to conservation of particle numbers in a
binary collision. Consequently, unlike from ne®2,
there is no long-time contribution ~#-¢/2 from
n?e€® to piP(#). The inclusion of excluded-volume
corrections does not alter this conclusion because
it does not affect the conservation of particle num-
bers in a binary collision.

-
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APPENDIX D: DERIVATION OF (4.23)

We consider here the operator nAz(¥,) acting on
a function ¢,(v,)g(V,), which according to Eq. (4.22)
with K~ =K, and a relabeling of the particles is
given by

Ll > - +2
nAE(;l)goo(vl)g(vl): 2 :nl’llfdz .o .fd(l+ z)e-ik ~r12gt(r2,r3|r1,r4, v ,-I",+2)T(2,3) ' |<p0(vi)g($2). (D1)
=1 =1 o

If we now use the explicit form of the T'(2,3) operator as given by Eq. (1.11), and carry out the integration

over ¥,,...,V,,,, in (D1), we obtain

nAz (¥ @o(v,)g([@,) = - 3 n**att f v, f PEREE f dF, 0% [ do6(F,, - ao)
=1

1

Xgl(f‘z’-f3 |-f15-f4, L ;-f“z)(a"vz)qpo(vz)g(vz)'

(2)
Then using the following identity, derived by van Beijeren and Ernst®:

B = Al > Al AN e o = = -

'é—r-;;[c(?’lz) - X(a)f('ru)] = Z;"“llad-lfdofd rye*: fd T}, 06(Tys — a0)g, (5, T, l FS JRS I (D3)
whex.‘e C(r,,) is the direct correlation function, we limnC(k)=1- B<3_P> (D5)
obtain from Eq. (D2) the result that =0 m /),
nAz (7,) 0402 F,) and

=ikn[C (k) - x(a)f(%)] - f PAARNORI AR Bp =n[1+nbP%(a)] (D6)
with
(D) b = - 3lim f(k) , (D7)

For Eq. (5.13) we need the % expansion of Ax(V,).%¢
Using that

k=0

Eq. (5.13) is recovered.

*Work supported in part by the National Science Founda-
tion under grants No. NSF-GP-29385 and GP 38965 X.
13, R. Dorfman and E. G. D. Cohen, Phys. Rev. Lett. 25,

1257 (1970).

2J. R. Dorfman and E. G. D. Cohen, Phys. Rev. A6, 776
(1972).

3(a) M. H. Ernst, J. R. Dorfman, W. R. Hoegy, J. M. J.
van Leeuwen, Physica 45, 127 (1969). (b) We are using
here a mixed notation, where the S operators are writ-
ten in terms of the canonical variables x =;, f), while
the T operators, which are related to the Boltzmann
operators [cf. Eq. (3.3)], are expressed in their natural
variables T,V=p/m in u space. Although it is possible
to adopt a uniform notation, in view of the later sec-
t.ons, it is not convenient to do so.

U1t is also possible to compute pﬁ”(t ) by finding approxi-
riate solutions to the BBGKY hierarchy equations satis-
fied by ®{@X¥,t). While elegant, this method has the
disadvantage that the resulting expressions for Qg’”(t)
must be carefully examined as to whether they are
consistent in the density. Cf. J. R. Dorfman, in Funda-

mental Problems in Statistical Mechanics, edited by
E. G. D. Cohen (North-Holland, Amsterdam, 1975),
Vol. ITI, and references contained therein.

5B. J. Alder and T. E. Wainwright, Phys. Rev. A 1, 18
(1970); B. J. Alder, D. M. Gass and T. E. Wainwright,
J. Chem. Phys. 53, 3813 (1970); Phys. Rev. A 4, 233
(1971).

6W. W. Wood and J. J. Erpenbeck (unpublished); see also
W. W. Wood, in The Boltzmann Equation, edited by
E. G. D. Cohen and W. Thirring (Springer, Vienna,
1973), p. 451; and in Fundamental Prvoblems in Statis-
tical Mechanics, edited by E. G. D. Cohen (North-
Holland, Amsterdam, 1975), Vol. IIL

"We tacitly assume that there is a wall potential. Al-
ternatively, we can assume that the system has per-
iodic boundary conditions.

8Although it is convenient to introduce a mixed T and T
expression at this point, it is not necessary. One
could follow the method used in I to obtain an expression
where only 7 operators appear. This would make the
analysis given in Sec. IIT and in Sec. IV, more compli-



316 J. R. DORFMAN AND

cated however, since the extraction of the Enskog x
factor would be considerably more difficult.

9Note that the cluster expansion in Eq. (2.2) is based
on fixing two particles 1 and 2, in contrast to that in
Eg. (2.8) in I, where there is only one fixed particle.

In fact, the cluster operators ‘u(x1x2|.x3,, .« %;;t) become
identical with (x| %3, ..., x;;¢) if the particles 1 and 2
are replaced by particle 1. A similar cluster expan-
sion, but for the case of continuous potentials has been
given by M. H. Ernst, L. K. Haines, and J. R. Dorf-
man, Rev. Mod. Phys. 41, 296 (1969). For a further
discussion of cluster expansions in nonequilibrium
statistical mechanics, see E. G. D. Cohen in Funda-
mental Problems in Statistical Mechanics, edited by
E. G. D. Cohen (North-Holland, Amsterdam, 1968),
Vol. II, p. 228 and references contained therein.

¢t J. DeBoer, Rep. Prog. Phys. 12, 305, (1949);

G. E. Uhlenbeck and G. W. Ford, Studies in Statistical
Mechanics, edited by G. E. Uhlenbeck and J. DeBoer
(North-Holland, Amsterdam, 1961), Vol. I," p. 123.

1N, N. Bogoliubov, in Studies in Statistical Mechanics
(North-Holland, Amsterdam, 1961), Vol. I, p. 1.

2R, Zwanzig, Phys. Rev. 129, 486 (1963).

133, R. Dorfman and E. G. D. Cohen, J. Math. Phys. 8,
282 (1967).

145ee Ref. 9 for a bibliography on the divergences. For
a more recent discussion cf. Y. Pomeau and A. Gervois,
Phys. Rev. A 9, 2196 (1974).

153. V. Sengers, Phys. Fluids 9, 1685 (1966).

181,, K. Haines, J. R. Dorfman, and M. H. Ernst, Phys.
Rev. 144, 207 (1966).

173, V. Sengers, in Lectures in Theoretical Physics,
edited by W. E. Brittin (Gordon and Breach, New York,
1967), Vol. 9¢c, p. 335.

18g, Chapman and T. G. Cowling, The Mathematical Theo-
7y of Non Uniform Gases, 3rd ed. (Cambridge U. P.,
London, 1970).

19This was first noticed by J. Lebowitz, J. Percus, and
J. Sykes, Phys. Rev. 188, 487 (1969).

Nstrictly speaking the right-hand side of Eq. (3.11)
should be replaced by a sum of exponentials. A similar
remark holds for Egs. (7.11) and (7.12).

2w, R. Hoegy and J. V. Sengers, Phys. Rev. A 2, 2461
(1970); J. V. Sengers, M. H. Ernst, and D. T. Gillespie,
J. Chem. Phys. 56, 5583 (1972); and J. V. Sengers,
in The Boltzmann Equation, edited by E. G. D. Cohen
and W. Thirring (Springer, Vienna, 1973), p. 177.

2In this connection it is relevant that for short times the
Enskog-theory value for pg”(t) is in good agreement
with the computer results (Refs. 5,6) and that for three
dimensions the total contribution of this term to E(Bg
is a few percent of the contribution from the first term
(Ref. 21) alone. A similar remark holds for the short-
time contribution of the three-body ring terms to pg‘)(t).

%Y. H. Kan, Ph.D. dissertation (Department of Physics
and Astronomy, University of Maryland) (unpublished).

24(:41) For a more systematic analysis see H. van Beijeren,
thesis (University of Nijmegen, 1974) (unpublished);
and H. van Beijeren and M. H. Ernst (unpublished).

(b) H. van Beijeren and M. H. Ernst, Physica 68, 437
(1973).

%This can be verified by direct computation. A discus-
sion of the coefficient w, has been given by W. W. Wood,
J.J. Erpenbeck, and J. R. Dorfman (unpublished).

%(a) This operator appears also in the theory of the

E. G. D. COHEN 12

short-time behavior of a class of functions called
“memory” functions. Cf. Ref. 24 and references there-
in; J. Sykes, J. Stat. Phys. 8, 279 (1973); and K. Mo
and J. Dufty, Physica 77, 777 (1974). (b) H. H. U.
Konijnendijk and J. M. J. van Leeuwen, Physica 64,
342 (1973).

2’See S. Chapman and T. G. Cowling, Ref. 18 for the
Enskog theory transport coefficients for three dimen-
sions. For two dimensions see D. M. Gass, J. Chem.
Phys. 54, 1898 (1971).

BThe neglect of the # dependence of the T3, T} operators
imposes the restriction that 2 <a™'. For high densities,
it is this restriction which determines the upper limit
on the k integral, in Eq. (6.8), rather thank<k;~1/!
=1/(v)}t,, since for high densities [ <a.

®n fact, Wood and Erpenbeck (last reference of Ref. 6)
have shown that the computer data are in excellent
agreement with the full result, Eq. (6.9), when account
is taken of the fact that for a finite system the k inte-
gral should be replaced by a sum.

%cCf, M. H. Ernst, E. H. Hauge, and J. M. J. van Leeu-
wen, Phys. Rev. Lett. 25, 1254 (1970); Phys. Rev.

A 4, 2055 (1971).

SIThat is, if one assumes that the linearized Navier-
Stokes equations are valid in two dimensions, one is
lead to the conclusion that the transport coefficients
appearing in them are infinite (cf. Ref. 30).

%Y. Pomeau and P. Résibois, Phys. Lett. 44A, 97
(1973), Physica 72, 493 (1974); P. Résibois, Physica
70, 413 (1973).

33M. H. Ernst and H. van Beijeren (unpublished).

%4C. F. Mazenko, Phys. Rev. A 7, 209, 222 (1973).

$C. F. Mazenko, Phys. Rev. A 9, 360 (1974); and
C. Boley, Ann. Phys. (N.Y.) 86, 91 (1974).

%D, Levesque and W. T. Ashurst, Phys. Rev. Lett. 33,
277 (1974).

31t is worth mentioning that the dominant long-time be-
havior of the higher iterates of the ring events are
exactly cancelled by the long-time contributions from
what have been called repeated ring events (H. van

Beijeren, private communication). See M, H. Ernst
and J. R. Dorfman, Physica 61, 157 (1972) and J. R.
Dorfman, Ref. 4 for a discussion of the repeated ring
events.

Bp, Résibois and J. Lebowitz (unpublished).

3D, Lieberworth and E. G. D. Cohen (unpublished).

OFort =0, the left-hand side of Eq. (A3) is not well de-
fined since squares of Dirac 6 functions occur. To
avoid this difficulty and to ensure that Eq. (A3) is satis-
fied for ¢ =0, it is necessary to incorporate infinitesi-
mal free Streaming operators limy_, S& 7(*1, %) into the
definitions of T'(Z, j) and T (i, j) as given by Egs. (1.11)
and (1.12), respectively. These infinitesimal streaming
operators serve to define the binary collision operators
when they act on functions, like the Mayer f functions,
which are discontinuous at the surface of the action
sphere 7;;=a. In addition they are necessary to ensure
that Egs. (A7a)—(A7g) are satisfied. For details see
Ref. 3(a). For the analysis of this paper, the extended
definition is not used: the identities (A7a)—(A7g) are
used instead.

“To show this is tedious and involved for large N. In
Ref. 3(a) an alternate and shorter presentation is giv-
en, which uses that S_t(x”) w(r") can also be defined as
the adjoint of the operator W(rMs ., (x™.



