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Universality of critical behavior in gases
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P- V-. T data in the critical region of six fluids ('He, 'He, Xe, O„CO2, and H20) have been analyzed in terms of
two scaled equations of state using the methods of statistical analysis. The results confirm the hypothesis of
universality of critical behavior for these gases to within the current experimental accuracy. The results also
support the validity of hyperscaling relations between thermodynamic and correlation function exponents for
gases. Using the hypothesis of universality we then present critical-region parameters for fourteen fluids in terms
of a universal equation of state.

I. INTRODUCTION

The hypothesis of universality of critical behavior
asserts that in the vicinity of a critical point all
systems belonging to a universality class obey the
same scaled equation of state'apart from only two
adjustable reduction factors. "' For lattice models
the principle of universality has been confirmed
theoretically by the renormalization theory of cri-
tical phenomena. " Experimental tests of the hy-
pothesis of universality have been reported for a
number of magnetic systems. ' '

Since lattice models yield a rather artificial pic-
ture of the gas-liquid phase transition in fluids, the
question whether different fluids belong to the same
universality class cannot yet be answered a priori.
However, the available experimental material can
be tested as to the plausibility of such a universali-
ty hypothesis for fluids. We have made such a test
by conducting a detailed statistical analysis of the
experimental data for six different fluids, namely
'He, He, Xe, O~, CO„and H, O. The method of
analysis is described in Sec. II and the results are
reported in Sec. III. The experimental data ana-
lyzed correspond to a range

~
rip*

~

«0.25 in re-
duced density bp~ = (p —p,)/p, and a range 10~
«

~

hT*~ «3x10~ in reduced temperature 4T*
= (T —T,)/T, We conclud. e that for the data of
these six fluids the hypothesis of universality is
valid within error, thus confirming earlier expec-
tations. ' ' The "best" values for the universal
critical exponents, however, differ from those for
the three-dimensional Ising model.

Closely related with the hypothesis of universali-
ty are the postulated hyperscaling relations be-
tween the thermodynamic critical exponents and
the critical exponents that characterize the anom-
alous behavior of the correlation function. '" The
fact that the fluids do not seem to fall in the same

universality class as the Ising model makes it all
the more urgent to investigate the validity of the
hyperscaling relations for fluids. In Sec. IV we
show that the available experimental results for
fluids obey these relations.

Assuming the validity of the hypothesis of uni-
versality for fluids, we present in Sec. V parame-
ters for a universal scaled equation of state in the
critical region of 14 fluids. These parameters
should be useful in describing the equation of state,
compressibility, and density profiles of these
fluids in the ranges of density and temperature
specif ied above.

II. METHOD OF ANALYSIS

Scaled equations of state for the reduced chemi-
cal potential hp*= [p(p, T) —p(p„T)]p,/P, in the
vicinity of the gas-liquid critical point can be
brought into the form"

x
(la)

(1b)

In addition to the critical pressure P„critical
density p„critical temperature T„and the criti-
cal exponents p and 5, this equation contains at
least two free parameters, namely D and x, . The
critical exponent ~ for the constant-volume specific
heat and the critical exponent y for the isothermal
compressibility are related to the exponents P and
5 by the exponent relations

(2a)

(2b)

The coefficient D in (la) is the amplitude of the
power law for the critical isotherm so that h(0)

12
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=1. The parameter x, is chosen such that y = —1
along the coexistence curve. According to the hy-
pothesis of universality, the critical exponents
and also the function h(y) would be the same for all
gases; only the two scale factors D and x, would
vary from substance to substance. "

For magnetic systems one can devise a form of
the scaling function I2(y) from the theoretical re-
sults for the Ising or Heisenberg models. "" For
fluids we have evidence that the critical exponents
differ from those of the Ising model, and we need
to resort to phenomenological equations.

For the purpose of our analysis we used two
representations of the scaled equations of state.
The first is an equation proposed by Vicentini-Mis-
soni et al."which we refer to as the MLSG equa-
tion:

alt — 1+z (1+@) a)( -ul a

Qp)k
l
Qp2c l6 1 ( +y)

The equation contains one extra free parameter
E» in addition to x, and D. For convenience, we
introduce a coefficient Ey such that

=$7/(], +& )&"-'&&26

The second equation is the linear-model parametric
equation proposed by Schofield':

6p.*= r™a8(1—8')

hp*= r ~Re,

sr+ = r(1 —I 282)

which also contains three free parameters, name-
ly a, k, and b. They are related to the parameters
D and x, by

y 6t 6&(b2 1)

x =k '~6(b2 —1) .

By analyzing the data in terms of two different
equations, we have some check on possible bias
that might be introduced by the use of a phenome-
nological equation. If we require that the two equa-
tions yield the same coefficients of the power laws
for the critical isotherm and for the compressibili-
ty, we obtain a relationship between the parame-
ters of the MLSG equation and those of the linear
model:

b28(6~) / (r-i)
2 (Q2' I )26

a(b2 = I)"
y6E (y-z) /2 g .

2

For four of the gases studied, namely 4He, Xe,
CO„and H,O experimental P-V-T data" "were

converted earlier to chemical potential data. "'"
For He and CO, we found it necessary to make a,

few corrections in the chemical-potential data pre-
sented earlier; they are incorporated in tables of
chemical-potential data which will be documented
elsewhere. " For 'He we used the chemical-po-
tential data" that were deduced by Wallace and
Meyer from their experimental P-V-T data."
Those data were taken that refer to a range of l

temperatures and densities where the chemical
potential p is antisymmetric with respect to the
critical density" while data points perturbed by
gravity effects were rejected. The data available
for the analysis usually span a range of approxi-
mately +25% in reduced density hp*, while the re-
duced temperature is in the range 10~&

l
hT*

l

&3x10~. For the sixth Quid, O„we analyzed den-
sity-profile data that were determined by Weber"
in the rage I

~p*l &0.2 and 6&&10- & I&&*l & 2
x10~.

A fit of the experimental 4p, *, 4p*, 4T* data
to each of these equations was achieved in the fol-
lowing steps. An error assignment was made to
each triplet (&p, *, d~*, d,T*) on the basis of the
estimated experimental accuracy. Starting with a
best estimate for T„coexisting liquid and vapor
densities (p~~ and pa) were analyzed by a weighted
fit in terms of"

yielding optimized values for p and x,=B '~ For.
the six fluids studied it was verified that the ex-
ponent P was independent of the temperatur erange. '

The critjL'cal density p, was determined either as
the yoint of antisymmetry of the hp isotherms or
from the diameter of the coexistence curve; it was
checked whether both procedures yield the same
values for p, within the precision of the analysis.

As a next step the fn, p, *,Ap*, hT*) data were
fitted by a weighted fit to each of the scaled equa
tions, varying 6 and T, steywise on a grid. In the
case of the MLSG equation, the constants E, and E,
followed. from the fit. In the case of the linear
model, b' was also varied stepwise and the con-
stant a with its standard deviation was determined
by the fit. For each point on the grid we obtained
a value of the reduced variance X'. The best fit
was the one that minimized X~ If weights have
been properly assigned and if the functional form
of the equation is adequate, the minimum value
of g2 should be close to unity. It was checked
whether the optimum value obtained for T, is con-
sistent with the value used in (10). The critical
pressure P, appears only as a normalization fac-
tor in 4p, * and is, therefore, not important in the
analysis. It was simply taken as the experimental
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pressure corresponding to the density and temper-
ature attributed to the critical point.

III. TEST OF UNIVERSALITY

From the results of our fits we have reached the
following conclusions: (i) the two equations fit the
experimental data equally well, generally within
the experimental error; (ii) the two equations
yield minimum values of y' at the same position
(5, T,) on the grid; (iii) the value of E, is small
and roughly the same for the six gases, while the
optimum linear-model fits generally occur for b'
close to the restricted value proposed by Schofield,
Litster, and Ho (SLH)":

5' „=(5 —3)/(5 —1)(l —2P) .
Thus, in addition to the critical exponents, two
free constants, D and xp, are indeed sufficient to
fit the experimental data for the six gases, which
confirms the first part of the hypothesis of univer-
sality.

Having verified the basic equivalence of the two
scaled equations, our further considerations are
based on one of them, for which we choose the
linear model. In order to test the universality of
the critical exponents, it is necessary to know the
accuracy of the exponent values deduced. This is
done by expanding the linear-model equations to
linear order in all adjustable parameters in the
vicinity of the optimum parameter set; then, a
linear least-squares problem results that permits
calculation of the variance-covariance matrix of
the parameter adjustments by standard means.
The details of this procedure will be published
elsewhere. "

In Table I we report the linear-model parame-
ters for the six gases. The error in a is the stan-
dard deviation of the fit, while the errors in all
other parameters were obtained from the diagonal
elements of the variance-covariance matrix. The

a = 0.10+ 0.04, P = 0.355 + 0.007,

y-1 19+0 03 g —4 35y0 $0
(12)

span all the individual values as well as many val-
ues reported in the literature for these gases"~"
and other gases; for a review see, for instance,
Ref. 8. We conclude that the hypothesis of univer-
sality is valid for these gases to within the current
experimental accuracy.

IV. HYPERSCALING

In the critical region the correlation length be-
comes much larger than the range of the intermo-
lecular forces. Hence, the detailed shape of the
molecules is not expected to affect the mathemati-
cal character of the thermodynamic anomalies. "
This leads, on the one hand, to the hypothesis of
universality, and, on the other hand, to a connec-
tion between thermodynamic anomalies and the
singular behavior of the correlation function. The
latter is characterized by the exponents v and g.
A relationship between these exponents and the
thermodynamic exponents is provided by the pro-
posed hyperscaling relations' &"

procedure for determining the errors in the pa-
rameters was developed specifically for the fit to
the P-V-T data and was not applicable to the den-
sity profile data for oxygen.

It is seen that the exponents listed in Table I
have the value P = 0.355 in common within one stan-
dard deviation and the value 5=4.35 within two
standard deviations. The "universal" values P
= 0.355 + 0.007 and 5= 4.35 + 0.10 agree within com-
bined error with all experimental values reported
here. From the individual values of P and 5, the
values of the exponents n and y are obtained with
the aid of the relations (2). The "universal" val-
ues

CO,

TABLE I. Linear-model parameters from statistical fit, b = bs&& .

3He H20 02

n =2-Pg+1)
y=Pg —1)

0.480 +0.02

4.16 +0.1
1.364 *0.003

0.369+ 0.02

6.4 + 0.1

1.389 ~ 0.006

4.26 ~0.04 4.34 + 0.06

0.115

1.168

0.101

1.188

0.358 +0.005 0.356 + 0.006

0.186 +0.1
17.7 +0.5
1.407+ 0.04

0.350 + 0,04

4.46 +0.3

0.089

1.211

0.142 + 0.006

21.8 + 0.4

1.382 + 0.006

0.100 +0.01

24.5 ~0.3
0.184

15.5 + 0.7
1.429 + 0.004 1.383

4.44 + 0.06

0.104

1.199

4.50 +0.13

0.075

1.225

4.37

0.104

1.190

0.349 ~ 0.005 0.350+0.013 0.353
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2 —g 5-1
dv= 2 —Q (13)

tally from scattering data; this supports the validi-
ty of the hyperscaling relations (13) for gases.

where d is the dimensionality of the system. These
relations play a fundamental role in the renormal-
ization theory of critical phenomena. '~ They are
satisfied for the two-dimensional Ising model and
the three-dimensional spherical model for which
the exponents are known exactly. However there
exists some uncertainty about the validity of the
hyperscaling relations for the three-dimensional
Ising model 2'

We will now investigate the validity of the hyper-
scaling relations for gases. The experimental val-
ues for the exponent v obtained from scattering
data for such gases as argon and carbon dioxide
center around v=0.63 +0.02."" From neutron
scattering data an accurate value for the exponent

g of neon, g=0.11+0.03, was recently reported by
Warkulwiz, Mozer, and Green"; x-ray-scattering
data of argon, recently obtained by Lin and Schmidt
are in agreement with this value. " Substitution of
the thermodynamic exponents n= 0.10+0.04 and 5
=4.35 +0.10 into (13) yields, on the other hand, v

=0.63+0.015 and g=0.12+0.02, in remarkable
agreement with the values determined experimen-

V. UNIVERSAL SCALED EQUATION OF STATE
PARAMETERS

On the assumption that the hypothesis of univer-
sality is valid for gases, we have composed a table
of critical-region parameters for a number of
gases. For this purpose we accepted the values
P= 0.355 and 5= 4.352 and the corresponding values
E.,= 0.289 and b'= b2»„= 1.3908 in accordance with
(8) and (11). From the coexistence-curve data we
calculated the parameter x, corresponding to P
=0.355. For the six gases discussed above, we
then determined the parameter E, by refitting the
MLSG equation to the experimental chemical-poten-
tial data keeping the other parameters fixed. The
corresponding linear-model parameter a then fol-
lows from (7) and (9). For the other gases the
parameter a, and hence E„was estimated from
whatever information we could find on the shape
of the critical isotherm or the compressibility
along the critical isochore. " The results are pre-
sented in Table II. References to the sources con-
sulted in preparing this table are also included.

TABLE II. Critical-region parameters for 14 fluids based on "universal" exponents.

Ic
(MPa)

Critical-point parameters
~c

(kg/m3)
C

(K)

Critical-region parameters

3Hea
4Heb
Az~
Krd
Xeof
N28
CH4"
C~H4

'
P-H, ~

k

NH 1

H Om

D OQ

0.116 78
0.227 42
4.865
5.4931
5.8400
5.043
3.398
4.595
5.0390
1.285
7.3753

11.303
22.06
21.66

41.45
69.6

535
908

1110
436.2
313.9
159.6
215
31.39

467.8
235
322o2
357

3.3099
5.1895

150.725
209.286
289.734
154.580
126.24
190.555
282.344
32.935

304.127
405.4
647.13
643.89

0.489
0.369
0.183
0.183
0.183
0.183
0.164
0.164
0.166
0.260
0.141
0.109
0.100
0.100

4.63
6.42

16.5
16.5
16.5
15.6
18.2
17.0
17.5
9.6

21.8
21.4
22.3
22.3

2.99
2.68
2.34
2.34
2.34
2.21
2.17
2.03
2.13
2.34
2.06
1,37
1.24
1.24

P =0.355 6 =4.352
y =1.190 0,' =0.100

&srH =1 3908
E =0.287

~ References 21, 22.
"References 15,34.
c Reference 35.
d Reference 36.
~ Reference 16.
~ Reference 23.
& References 37-40.

"References 41,42.
' References 43-46.
& References 47, 48.
"References 17,44.

References 49-51.
References 18, 52."References 52, 53.
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The critical temperatures are expressed in the
currently accepted international practical tempera-
ture scale (IPTS-68) with the exception of those of
'He and 'He which are expressed in terms of the
1958 4He vapor-pressure scale.

Note added in Proof. Our analysis shows that the
critical exponents deduced from the density-pro-
file data of 0, are in good agreement with those
deduced from the P-V-T data of other gases.
whether this is generally the case has been put
into question as a consequence of recent density-
prof ile experiments. ~
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