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A molecular theory of two-dimensional liquid crystals is developed. Taking short-range correlations
explicitly into account, we show that in addition to isotropic and nematic phases, solutions representing
smectic and crystalline phases can also be constructed as the number density increases beyond certain
critical values. Relevant order parameters defined in a canonical ensemble are obtained as functions of

density at fixed temperature.

I. INTRODUCTION

In an earlier paper,! based on work due to Kirk-
wood and Monroe? and more recently due to Brout?
and Jancovici,* we developed a formalism which
can be used to study the nature of short-range
correlations and long-range order in liquid-crys-
tal-like systems. In order to preserve a certain
degree of simplicity, calculations were carried
out in two dimensions and the isotropic-to-nematic
phase transition was investigated. As a continua-
tion of this effort we discuss in this paper transi-
tions to smectic and crystalline phases.

From x-ray diffraction it is known that ordered
phases of liquid crystals are characterized by
density distributions appropriate to the symmetry
of the phases, and are such that the order persists
over macroscopic dimensions. On the other hand,
the disordered phase shows only a rapidly damped
local order about each molecule., We shall there-
fore identify the appearance of long-range order
and each nonuniform density distribution of a defi-
nite symmetry with a phase transition. In different
words, this means that order parameters suitably
defined in a canonical ensemble will assume finite
values with the onset of ordered phases; the de-
tails of which depend on the interaction potential
and the particular transition under consideration.

Similar to well known methods in classical lig-
uid® we formulate integral equations for the dis-
tribution function p(¥, ¢) which specifies the aver-
age density of molecules at T with orientation ¢.
The kernels of the integral equations will involve,
apart from the interaction potential, a pair corre-
lation function g(¥,, ¢,; F,, ¥,). This pair correla-
tion function, which is set equal to unity in the
usual mean field approximation, determines the
local order in the density at T, and along @, rela-
tive to a molecule situated at 7, with orientation

12

@,. We go beyond the mean field theory and obtain
the required correlation function from approxi-
mate integral equations proven successful in the
theory of classical liquids.

The major task begins with expanding p(F, ¢) in
a complete orthonormal set of functions appro-
priate to the symmetry of the problem. The in-
tegral equations for the density function can then
be shown to reduce to a set of coupled transcen-
dental equations which can be solved to obtain the
coefficients of expansion. These coefficients are
related to the relevant order parameters. It is
found that for a given potential and a chosen tem-
perature, the coefficients of expansion of p(r, ¢)
assume nontrivial values beyond a density which
we can identify with the critical density for the
phase transition. Each transition is characterized
both by the critical density at which it appears and
by the type of density distribution it takes up.
Obviously the disordered, or isotropic, phase is
represented by a constant p(¥, ¢) having complete
translational and rotational symmetry.

There exist in the literature a number of pa-
pers®71% on two-dimensional liquid-crystal-like
systems. There are certain similarities between
the results reported and ours, but it is difficult
to make meaningful comparisons. For one thing,
all of those calculations are on models featuring
hard cores and no attraction. And also, the meth-
ods used were vastly different from ours—cluster
expansion, scaled particle theory, Monte Carlo,
ete.

II. THE MODEL

We consider a system of N molecules lying flat
on a plane of area A and interacting through a
pairwise potential V(1, 2):
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VL, 2)=V(F, ¢;; T, 02)
=0y (715) +05(71,) c0S290,5, (1)

where T; = (x;, ;) denotes the position of the center
of mass of the ith molecule, and @; gives its
orientation. The angle ¢; is measured from the

x axis. 7;=|f;-TF,| and ¢;;=|¢; - ¢,|. The ther-
modynamic limit

lim (iv—)-n
N,a-wo\A
is assumed, and the average density » is taken to
be an input parameter. To give a feeling of the

order of magnitudes involved, we choose our pa-
rameters as follows!:

5, (r) =4€[(0/7)2 = (a/7)°], 2)
v, (r) =—ne” /10, (3)
o=5A4, 7,=20=10 4, )
€=1,5532X10"" ergs, €/kp=112,5K, (5)
1=3.1644X10"" ergs, n/ky=229.2 K, 6)
T =300 K, (7
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FIG. 1. Possible phases of the system.

where kg is the Boltzmann constant and the fixed
temperature T is taken to be roughly room tem-
perature.

We wish to establish through this model the
existence of the phases shown in Fig. 1.

III. INTEGRAL EQUATIONS FOR ONE-PARTICLE DISTRIBUTION FUNCTION

We define the v-particle distribution function in the conventional manner>®:

NI [aexpl=(1/kaT) Ty VUi, )] d@y sy * + * doy dFyey -+ diEy

P(")(I’Z,,,_,V)-_—.(Z'n)" (N—V)!

T [, exBL= (/B T) Loy, Vi, )] depy -~ A dFy -+ oy ®)

In particular we have the one- and two-particle distribution functions:

2" . . - >
PUY1) =27N J:)z fA exp[—(l/knT)Eio Vi, J)]d% cc-doydr, - -dry

S exbl= (/B T) Sy VUE, D)1y iy iy 00 9 ®

and

RN Jo " Jaexp[=(1/kpT) F2yes VUi, 1)) dgy * - * dopy dFy - + - dF
PO 2) = COPNW =)o e = /e Sy, VT, Dy dgy dF. -

=10 (F,, 90 (F,, 05) &(Fy, 915 T, 05) (10)
where for convenience (1,2,...) is written to denote (¥,, ¢,;7%,, ¢¥,;...). The functions
by e - 1 27
PO, .. )=y [ P2, V) de, dy, (1)
4]
and
1 - -
PPgyy.0) =g [ PUL2,. L v)dE e dE, 12)
A

are v-particle distribution functions defined respectively in the coordinate and the orientation space.
From Eq. (9) we obtain by taking derivatives two integrodifferential equations known as BGKY (Born-
Green-Kirkwood-Yvon) equations® for the one-particle distribution function. They are

8 n_ 2" S - - 3
—kyT 3 Inp(F,, ¢,) = ‘z_f de, f dr, p(Fy, ¢,) 8(Fy, @15 Ty, 95)0,(715) = cos2¢;, 13)
121 ™ Jo A 8¢,



12 SHORT-RANGE CORRELATIONS IN TWO-DIMENSIONAL...II... 247

and

- n 2" - - -
~kpT Y, Inp(F), ¢,) = 27 f de, Ldrzp(fz, ©,)8(ry, @, 15, ‘pz)Vl[vo(”lz) + (rlz)c°82</’12]’ 14)
0

where we have made use of Eq. (1), and V, =(8/0x,,8/8Y,). We recognize that the above equations are
nothing but equations for forces. The first of these expresses the torque due to the orientation-dependent
part of the potential and the second the force due to the spatial parts. From Egs. (13) and (14) we may de-
duce two equations for forces separately in the orientation and the coordinate space:

1 4., 8 - n (2" - - . . - )
—kBT—A"f drl—é-(ﬁzlnp(rl, ‘pl)zmj; de, Ldrl Ldrzp(rz"f’z)g(rn Pr; Ty ¢2)UZ(712)_8_¢;COSZ¢12 (15)

and
1 2m . n 27
kel 57 ), deulne (G, 0= g |

This procedure has the immediate advantage that
it leads to a decoupling of Eqs. (13) and (14), re-
taining at the same time a simple physical inter-
pretation. Equation (15) determines the orienta-
tional dependence of p(T, ¢) due to the orientation
part of the potential and an average spatial effect.
On the other hand, Eq. (16) determines the spatial
dependence of p(T, @) due to the spatial part of
the potential and an average orientational effect.
From now on we shall consider Eqs. (15) and (16)
instead of the pair (13) and (14) while fully recog-
nizing that the decoupling represents an approxi-
mation which omits position-orientation corre-

J

2T
dy, f do, jA dr, p(T,, ¢,) 8(F,, @15 Ty, ¢,)
0

le[uo('rm)+U2(712)0052‘p12]- (16)

;
lations.

The kernels of the integral equations (15) and (16)
contain the yet unknown pair correlation function
&, ¢,;T,, ®,). In the next section we shall out-
line a method to determine g(T,, ¢,; T,, ¢,).

IV. PAIR CORRELATION FUNCTION

As explained in Ref. 1, it is possible to obtain
the following generalized Ornstein-Zernike equa-
tion relating the pair correlation function
g(T;, ¢,; T, ©,) to the direct correlation function

C(an (2% Fzy (pz);

- - - n (27 - - -~ - >
g(Fla(Pl?rza(Pz)']':C(rv P15 Ty, (pz)"'ﬂf deg, Ldrsp(rs’ (pa)[g(rl’ @15 T3y ws)’l]c(rm @33 Ty, @) 1m
0

'We can then use a generalized PY (Percus-Yevick)

approximation to further connect g(F,, ¢,; T,, ¢,)
tO C(Fl’ (Pl; r29 ¢2):

c(,, ¢;; T, (Pz)zg(Fl’ @15 Tay 05)
x[1 _eV(?l-wl;?2.¢2)/kBT‘]. (18)

Equations (15)-(18) form a closed set and can be
solved self-consistently. This is a prohibitively
difficult task and further approximations are nec-
essary in order to render the problem numerical-
ly tractable.

We choose to neglect the difference between the
short-range correlations in the disordered and

ordered phases. This ansatz has been used before

with a certain amount of success?®'® and leads to a
tremendous amount of simplification. It implies
that the information regarding long-range order
can be lumped into the one-particle distribution
function so that the pair correlation function re-
tains only information regarding short-range, or
local, order. Clearly such an approximation is

—
implied in the mean field theory where

T, 913 T, @,) is set equal to unity identically.
Even then it works quite well.’* Thus for the pur-
pose of our paper we write

gGl’ <,01;-f2’ ‘pz)zgl('rlz;ﬂalz) (19)
and
c(f, 901;;2; @)= (T1p;5 04,) (20)

where the subscript I stands for the isotropic
phase (of a system made up of anisotropic mole-
cules). Equations (17) and (18) then reduce to

81 (23015)~1=¢; (055 915)
n 2" -
+ a7 f dy, Ldrg[gz(”m;%s) -1]
0

xcr (%5 04,)  (21)
and
01(7’12;9012) =g1(712;(P12) [1- e’ it '(Pz)/kBT]-

(22)
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Thus for any input density » we solve the corre-
sponding isotropic phase equation to obtain the
pair correlation function.

Symmetry considerations, explained in Ref. 1,
lead us to the following expansions

81(123915) = Go (,) + 2 Z Gym(r,) cos2me,  (23)
m=1
and
Cr(25015) = Co(1,) +2 ZCZ,,,(VIZ)COSZWL(/JIZ. (24)
m=1
Substitution of Eqs. (23) and (24) in Eq. (21) yields

Gy(1,) -1 =Co(7’12)+nf dFa[Go('rls) - l]co('rzs), (25)
A

]

Gym(%5) =Com(,) '”"L dt, Gom(13)Com(%5), m#0.

(28)

We can then use Egs. (23), (24), and (22) to ob-
tain relationships between the coefficients G,,(7,,)
and ¢,,(%,) and rewrite Eqs. (25) and (26) in terms
of G,,(%,) alone. This procedure gives rise to an
infinite set of coupled nonlinear integral equations.
As in Ref. 1, we retain only the first two terms

of the expansions of g;(%,;¢,,) and ¢;(%,, ¢,,).

This reduces the infinite set to a set containing
only two coupled nonlinear integral equations given
below:

YoM (BL, (7)) + 27, (r)4,(By, (r)) =1 + 2n fw s[7o(s)y(s) = 27, (s)9( By, (s DIX(7,5) ds, @)

Yo )BY, (7)) +7, (V) 9(Bv, (")) +92(sz(7’))]=2"f s (Vfs(8) = 7,(s)9,(BL, (DY (7,5) (28)
where B denotes 1/kgT, and should be of the form

P, @) =prF)py(@). 37

X0,5)= [ {rolF - 31 +£(F- ) - 1} a6, (29)

V0,9 [ nlF-301A(F-30d0,  (30)
Yol?) =Gy (7)eP ™ v, (r) =G, (r)eb%m, (31)
fir)=e B 1 (32)
5, @) =g~ Bvo(m) - 9,(Bu,(7)), (33)
f,r)=e™ B _ g (Bu, (7)) - 4,(By, (7)), (34)
4,(a)= 2:”' § e(a/z)(t+1/t)t_(’mié_i_ . (35)

6 denotes the angle between ¥ and §. Thus, for
any given density #z we solve Eqgs. (27) and (28)
obtaining ¥,(r) and 7,(¥), and from Eq. (31) the
corresponding G,(7) and G,(7). At the end we have
the truncated series

g(fl; (pl;-fzy (Pz)zgl("iz’ (Pm)
= Go(75) +2G,(%,) cos2¢,,.  (36)

In the next section we shall use Eq. (36) to solve
Egs. (15) and (16) for p(F, ¢).

V. SOLUTION OF EQUATIONS FOR ONE-PARTICLE
DISTRIBUTION FUNCTION

As mentioned before, Eqgs. (15) and (16) form a
decoupled set. This suggests that their solution

J

Recalling that p(T, @) is a probability density, it
seems as if the translational order is achieved
completely independently of the orientation. Strict-
ly speaking this is of course not true: The kernel
of Eq. (16) contains an average effect of the orien-
tational part. Similar arguments can be made for
the orientational order. Based on Eq. (37), we
write
© + 00
InQp(F, ¢) =2 Z Bo,am COS2MQ + Z ’B;,O etker
m=1 -l:=-°°

(38)

where the constant term has been absorbed in the
factor © which is to be determined from the nor-
malization condition:

1 -~ o
2—nAfAdrfo dop(F, 9) =1. (39)

In Eq. (38), k represents the set of reciprocal-
lattice vectors given by

k=Q@mm/x,,2m/N); m,n=0, 41,42, ..., (40)

and the prime on the kK summation indicates the
omission of k=0, A represents a unit cell. The
expansion in ¢ is based on certain symmetry con-
siderations explained earlier in Ref. 1. From
Egs. (38) and (39) we determine Q; thus

1 2m = - i ’ I i
Q= [—2—.[ exp<22 Bo_zmc052m(p> dcp] {i f drexp(Z B;,oe”‘"ﬂ =QyQp. (41)
m V] m=1 A A -
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Then
T T 1 3 1 S ikeT
P(F,9) =py(@)pr(F) = [Q—exp 2, Bo,zmcos2mq)>} [5— exp( 2 Bi.0c . (42)
N m=1 T -
For the sake of convenience we also make use of the expansion
© +00 o Fo > >
p(T, )= Qo +2 Z Q) m COS2MQ + Z' az., eiker Lo Z Z' Ol‘ﬁtzmcos2m(peik°r @3)
m=1 -0 m=1 -
in intermediate steps of our derivation. Then, from Eqs. (42) and (43), we find
1 em =
Uoam= G f cos2mg exp(ZZBO'Z,,COSZn(p) , 44)
N 0 n=1
> 1 Ko T S »  ileT
ag o= X fAexp -ik r+; Br.o€ , 45)
Q% 2m = A% 0% ,2m- . (46)

Substitution of Eqs. (42), (43), and (36) in Egs. (15) and (16) finally results in the following transcendental
equations:

+ o0

- to '—b ->
Bﬁ_ozwo(k)ag,‘):wo(k)[Ld?exp(—iﬁ-?+ Z Bg,oe”’">/fA d?exp(Z’B;,oe'h"ﬂ, @)

2T
fo dp cos2¢ exp(28,,, 0s2¢ +28,,, cosdy) 48)
JZ" do exp(2B,,, 0829 +26,,, cos4g) ’

Bo,z =%w2(o)ao,2 =%w2(0)

2T
f:, do costy exp(2p,,, c0s2¢ +28, , cosde) 49)
J " dg exp(2,,; c0s2¢ +2B,,, c0s4¢) ’

Bo.a :%wq(o)ao a= %“"4(0)

and B,,;=8y,s =***=0. In the above,

w, (k) =27 kZT J;w%(;ﬁ-<co(7)diy vo(r)+Gz(r)£—; vz(r)> vidr, (50)
w2(0)=-27r?% jo ) G, (v, ") v dr, (1)
w4(0)=-2n-k;’:—T f: G, v, dr, (52)

where J;(z) is the usual Bessel function of order 1. The solution of Eqgs. (47)-(49) gives us complete in-
formation about the distribution function p(r, ¢). However, it is evident that Eq. (47) forms an infinite set
of coupled transcendental equations, and further truncation is necessary. If we assume that w,(k)=0 for
k>27(1/X2 +1/X2)“2 then it follows that B3 ,=0 for k>2m(1/A2 +1/X2)*2, As remarked by Kirkwood and
Monroe?® the vanishing of the coefficients g% , for k>2m(1 /A2 +1/7\f,)1/2 is due to the neglect of w,(k), and
does not imply the vanishing of the corresponding coefficients @3 ;. Numerical work shows that up to the
density considered this assumption is very well justified. This then reduces the infinite set of transcen-
dental equations to a set of only three:

Ax x
B y= 0 (“) Jo"dx Jo” Y cos @ /0T (Be s By oo Beygi %, ) 53)
AN, [P dx [Ty F (B 105 Bysos Presioi ¥, Y) ’
Ax Ay
b —w (ﬂ) o [, dy cos@my ANF By g By Bey g ¥, ) 6
AT T [T T By0r By Brsaoi ¥59) ’
P— (211(——1— +L>1/2) fomdx f()’\ydy cos(2mx/A,) cos 2V /X)) F (B, .0, By.os Brvaos X5 Y) ) (55)
.0 ° Aﬁ A’i J{;)Ax dx fo)\ydyf(ﬁxlo’ By.O’ BX'.V.O; xl y) ’
where
27x 27y 2mx 2T
S (Bx,05 By,o0s x,_o;x,y)=exp<23x,(,cosT +2By,0 COS—-Xl +4Bxy,ocosT cos )\y>- (56)
x y x y
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In these derivations, we have clearly made use of
the reflection symmetries of the lattice, namely,
Be.0=B1o.0=B-10.00

67

By,0= Bor,0=Bo-1,0s
Bry,0= Br1,0=B=1-1,0=B1-1,0 = B-11,0-

Various order parameters are defined in the
following way:

1 = ("
(2) _
i fAdrfo dg cos2¢ p(F, @)
1 "
= ﬂ. d(p COSZQD pN(¢)’ (58)
2m
T EL do cosdo py(p), (59)
T Jo

1 . cos(2mx /A ) -
Ts= 217AfAdrfo d‘P{ p(F, @)

cos(2my /)
1 ~ (cos(2mx /A, -
= dr{ @nx/ *)} o2 (P, (60)
& leos(2my/r,)
and
1 - 271x 2Ty -
Tx=% fAdrcos , cosTpT(r). (61)

Existence of these parameters implies the exis-
tence of corresponding phases with their charac-
teristic distribution functions.

In summary at any given density we first solve
the coupled integral equations (27) and (28) to ob-
tain G,(¥) and G,(). The values of G,(r) and G,(r)
are next used to evaluate w,(k), w,(0), and w,(0)
from Eqs. (50), (51), and (52). This enables us
to solve the set of Eqs. (48), (49), (53), (54), and
(55), and use the results in Eq. (42) to find the dis-
tribution function p(¥, ¢). Finally, order param-
eters are calculated with the help of Eqs. (58)-
(61), In this way we obtain the order parameters
as function of density. An analysis of Eqs. (48),
(49), (53), (54), and (55) shows that the following
classes of solutions should exist.

Isotropic phase:

Beio =By, =Bey,o=0 and B, ,=8,,,=0.

This represents the solution p(¥, ¢)=1.
Nematic phase:

Br,o=By,0= ev0=0 and By ,#0, B, ,#0.

This represents the solution
1
p(T, @) “q, exp(2B,,,cos2¢ +2p, ,cos4y).

(62)
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The corresponding order parameters 7’ and 7§
are obtained from the numerical solution of the
transcendental equations (48) and (49).

Smectic phase:

Beo*0, By,o=0, Byy,=0 and B, ,#0, B, ,#0.

(It is easy to see that there is also a similar solu-
tion with 8, ,=0, B,,,#0.) To see that such a solu-
tion really exists, note that

>\I
[ ]
0 [

Ax Ay
f dx dy cos
0 0

Ay 9
ay cos—zir—y- exp<23x,ocosTnx>=0, 63)
v %

2Ty 27x
~ COS—

y %

X exp (23,,0 cos —2)—?) =0.

(64)
The distribution function is now given by
1
p(T, @)= o exp(2B,,, c0s2¢ +28,,, cosdy)
1 2mx
x?z? exp(Zﬁ, .oCOST>- 65)

The order parameters 72’ and 7§’ are obtained
in the same way from Eqs. (48) and (49), and 7
is obtained from Eq. (53) which reduces to

27 4,28,
0}":: 90(2Bx.0)’

and can be solved graphically. Note that the den-

sity # does not determine A, uniquely. We take

that value of A, which maximizes w,(27/X,). This

in all cases turns out to be nearly the value for

which the potential is minimum. In our case it is

5.6 A within the limitation of numerical errors.
Crystalline phase:

Bro=0, By,=0,
To see that this solution really exists, note that

J"‘xdx fxydy {cos(an/Ax)}
0 0 cos(2my/A,)

Beo=w (66)

BZS’,O:#O and '80;2:#0’ BO'4¢0'

2 2
Xexp(4.8xy.0 cOS-—F- cos ;Ty) =0.
x y

®7)

The distribution function is then given by
1
p@, ¢)= . exp(2B,,,c082¢ +2B, , cosdp)

1 2mx 2my
x oL exp<4[3xmcos ., cosTy>. (68)

As before we obtain 7’ and 7{’ from Eqs. (48)
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and (49), and 7, from the solution of Eq. (55) whick
reduces to

_ 1 _—Ll/z 9. (28, )
omen(n (g g) a0

with the help of the integration formula'?
/2
J’ cos[(u —v)6)9,.,,(2z cos6) =379,(2)9,(2).
[+

(70)

In this case the density » determines A, and A,
This point will be discussed further in the next
section.

Finally we must mention that there should also
be a solution of the form g, ,#0, 8,,,#0, B,,,,#0
and 8,,#0, B,,,#0. Since this gives us no new
physical information, we will omit it from our
present discussion,

VI. NUMERICAL RESULTS

Equations (27) and (28) were solved numerically
on a computer. The method used was iterative.
Starting with the nth-guess functions vy and v, we
calculated the integrals appearing on the right-
hand sides and then solved the resulting linear
simultaneous equations to obtain new functions
y¢" and 7;". The (r+1)th-guess functions were then
obtained in the following way:

Yal=myyet+ (L =mgy)yy, 0<m,s1, (71)

Y oyt (1 =m,)Ye, 0<m,<1. (72)
The iterations were continued until

|7/‘0+1—'yg|<10'5, (73)

- vils107 (74)

2

were satisfied for every single point. In this way
G,(7) and G,(7) were obtained for 13 different den-
sities between #=0.5/10% A~2and 7 =2.55/102 A2,
The rate of convergence depends of course on how
good the input guess is. At the lowest density we
started off with a guess obtained from cluster ex-
pansion. m, and m, were chosen to stabilize the
iteration process. At such low densities good
convergence was obtained regardless of the values
of m, and m, chosen. At higher densities, in order
to assure convergence, the initial guess was taken
to be the converged output of the previous, lower
density. Even so, at the highest density n=2.55/
102 A~2we had touse m,=m,<0,25 in order to keep
the iteration process stable. While it took only
nine iterations for 7 =0.50/102 A~2 to converge, at
n=2.55/10% A~2 50 iterations were needed.

The 7-grid had to be chosen in such a way that
a point fell on the position of the potential mini-

mum. Since the integrands vanished fairly rapidly
with distance the integrals were truncated at
Vmax =6.160=30.8 A, FOr Vmux <7 <2%max, We took
G,(r) = G,(*mix) and extrapolated G,(v) by curve
fitting at every single iteration. This precaution
was very important, especially at high densities
where the calculation became precociously sensi-
tive.

Two different grid sizes were chosen:

(i) A7=0.050=0.25 A, A6=0.07854,

Vinax =30.8 A=6.160; (75)
(ii) A7=0.180=0.90 A, A6=0.07854,
Fmx =30.8 A=6.160. (76)

The finer grid took up 12 times more computer
time, while improving the accuracy by less than
1%. Consequently for most of our calculation
grid-size (ii) was employed.

Figures 2—-4 show G,(¥) and G,(7) at three typical
densities.

Equations (48) and (49) were solved numerically
with the help of another iterative procedure. Sub-
stituting 28, ,=2 we see that Eq. (66) can be re-
written as

z 9, ()
20,21/%) T 9,(2) D

2.4 —

22—

20 |-

Golr)
08
06
04 —
02
Ga(r)
| |
(o} 10.0 200 300

r(R)
FIG. 2. Gy(7) and G,(¥) for n=0.70/10% A =2,
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2.4 — And since
d (9,(z) 1
22+ Lo (2= -
= (23)..2 -

by the recurrence properties of modified Bessel
functions, a solution of Eq. (77) will exist if

w,(2m/2,)>1, (79)

which can then be found graphically from the inter-
section of the straight line f(z)=2/2w,(27/A,) with
the curve 9,(z)/4,(z). Similar considerations
applied to Eq. (69) lead to the condition for the
existence of a solution of the latter in the form

Go(r)
° W (2m(1/22 +1/22)2) > 1, (80)
Thus we obtain all the order parameters as func-
08 - tions of density, as shown in Fig. 5.
For the crystalline phase we chose
06
A=a, \=V3a, (81)
04 - so that the resulting lattice is made of equilateral
triangles. The sides of each triangle is of length
02
a=(2/nV3 )2, 82)
G,(r)
I I !
o] 100 200 300
' (2) VII. CONCLUSION
FIG. 3. G,(7) and G,(¥) for n=1.50/102 A2, Based on the formalism due to Kirkwood and
Monroe?® and taking into account short-range cor-
24 relations, we have been able to develop a theory
which predicts liquid-crystal-like phase transi-
221 tions for systems composed of anisotropic mole-
cules. We have shown by examining a prototype
20 problem in two dimensions that the relevant order
parameters can be obtained in a natural way. As
1.8 stated in our earlier paper,! we realize that phase
transitions in two dimensions have intriguing im-
1.6 -
1.0 —
14 -
09—
1.2 - 08
10 |- -—- o7 -
06 -
08 |-
05 r»
06 - 04 |-
03
04 |-
o2t
02 |-
L G (r) ol =
1 1 | 0 l
0 10.0 200 30.0 0.5 1.0 1.5 20 25 30
r (K) n (molecules /10 A?)

FIG. 4. Gy(v) and G,(¥) for n =2.25/10% A2, FIG. 5. Order parameters as functions of density.
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plications!® in rigorous statistical-mechanical
theories. Our work is clearly not sufficiently
exact to make any significant statement regarding
those fundamental questions. Further work re-

lating to measurable thermodynamic properties of
liquid crystals must be performed on more realis-
tic three-dimensional models. It is there that the

ultimate test of our theory will be met.
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