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Elastic scattering of electrons by oxygen and nitrogen at intermediate energies
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The total and difFerential elastic scattering cross section of electrons by atomic oxygen and nitrogen is
calculated for energies between 1 and 500 eV in the distorted-wave (DW) approximation. The DW method
has been modified by the inclusion of a polarization potential with an adjustable cutofF parameter which is
determined variationally. The relative importance of polarization and exchange effects are compared for a
variety of energies, These calculations show that the DW method is reliable above about 10 eV and with the
inclusion of the polarization potential improves the estimates even below this energy.

I. INTRODUCTION

The occurrence of natural auroral and/or man-
made regions of enhanced atmospheric ionization
provide a unique means of studying the response of
the atmosphere to the deposition of energetic elec-
trons. The electrons upon entering and interacting
with the atmospheric constituents exchange energy
through inelastic collisional processes and local
plasma heating. The result of this energy exhange
usually manifests itself in a spectacular visual dis-
play of auroral emissions. These emissions pro-
vide the necessary information for understanding
the complex of mechanisms occurring in the dis-
turbed atmosphere.

The path actually traversed by these incident
electrons is determined principally by elastic col-
lisions in which there is very little energy ex-
changed in a single encounter with the atmospheric)
constituents. It is clear that knowledge of these
atomic parameters for both types of encounters is
essential for the construction of reliable energy-
deposition rate profiles as well as height profiles
of the auroral light emissions.

A survey of the existing total and differential
cross-section data reveals that both the experi-
mental and theoretical results are too restrictive
in energy and almost entirely omit the important
region of intermediate energies, i.e. , 10-500 eV.
In the absence of reliable estimates of these quan-
tities, many problems of contemporary auroral
physics are done in a very approximate and often
unsatisfactory fashion.

The purpose of this investigation is to provide
estimates of the total and differential elastic-scat-

tering cross sections for atomic oxygen and nitro-
gen over a fairly broad range of incident-electron
energies for application to auroral-deposition prob-
lems. The cg,culations are performed in the dis-
torted wave (DW) approximation. In addition, the
DW method is modified by the inclusion of a polar-
ization potential. Finally, the relative importance
of exchange and polarization are compared, and a
comparison is made with the available experimen-
tal and theoretical estimates.

II. METHOD OF CALCULATION

The elastic cross section is calculated in the DW
approximation described by Saraph e t al. ' and by
Eissner and Seaton. ' However, our approximation
differs from theirs in two respects: first, in order
to satisfy the orthogonality condition for the free-
electron orbitals, we use Lagrange multipliers in
the radial equation for the colliding electron, and
second, we introduce a polarization potential in
which the cutoff parameter x~ is determined varia-
tionally.

We consider the elastic scattering by an atom in
the state ls'2s'2P' SL Let 4(.ls'2s'2P'SL, I,
SrL rMsrM~r) be the wave function of the total sys-
tem consisting of an atom in the state SI and a col-
liding electron with orbital angular momentum l.
4 is antisymmetric in all @ +5 electrons and in our
approximation, 4 is constructed in the usual way
from one-electron orbitals containing radial func-
tions I'„, for the atomic electrons, which are solu-
tions of Hartree-Fock equations for a single con-
figuration 1s' 2s' 2p', and radial functions I"» for
the colliding electron. The E» are solutions of the
equation

r ——4y,(P', r) -4y,(P', r) —24 y,(P'r, «) —2 yr(r) r 2')P„(r)
d' l(l+1) && I 2

dy' y' y

i5(1,0)p~P~(r)+5(1, 0)p„P„(r)+5(1,1)p~P~(r) =0, (1)
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with the asymptotic form

F»- k '~'sin(kr —,'m—l +g),

where g is the phase shift, Z is the nuclear charge,
k' the energy of the colliding electron in Hy, q is
the number of atomic electrons in the 2P shell, and
the Lagrange multipliers p are introduced to sat-
isfy the orthogonality of P„, and E». (If not speci-
fied otherwise, atomic units are used throughout
the paper. ) Functions yz are defined by Saraph et
al. ' and by Eissner and Seaton. ' V~(r) is a polari-
zation potential for which we adopt either of the
forms

Vp = —(o'g/2&') (I —exp[- (~/r, )'] J, (2)

V~
= —,'a—,(r', +r') '. (3)

The cutoff parameter r~ will be determined from a
variational principle, and n~ is the static dipole po-
larizibility of the atom. For small r, the potential
(2) behaves like r', while (3) approaches a con-
stant value.

The restriction imposed upon 4 by the require-
ment of orthogonality of F» and P~ can be removed
if the complete wave function C of the system con-
tains an "atomic term" representing a capture of
the colliding electron to the 2P orbital. %'e there-
fore adopt 0 in the form

y(SL I, ,
S'L'M, M~r) =e(ls'2s'2P'SL I S'L'M'Mr)

+c5(l, 1)5(L,L')5(S, S') (5M ~M~)5(M~, Ms) C (1s22s 2P'" S'L'~'~MI). (4)

Atomic orbitals in both C(ls22s'2P'"S L,') and C(is'2s'2P'SL, E,.S L ) are identical. The parameter c is
determined from the condition

g(SLll'S—L ) =0
Bc

with

g(SL II'SrL r) =(@(SL,I, SrL MsrM&r) ~H-E ]4(SL, l', S L M~ M&)).

H is the Hamiltonjan of the total system, E is the total energy, and 4' is defined by (4). The condition (5)
leads to the result (for ground states of 0 and N)

g(SL II'SrLr) =(C(Js'2s'2P'SL, l&S L )~H-E(C (Is'2s'2P'SL, l', S L ))

—5(l, 1)5(l', l)5(L 'L')5(S', S')(q +1)(p'SLpS'L'Jp"S'L')'
2

x g p@l + P2p VpFk idr + SL, S I R PapFnt +—R I PjsP@Fat + 3R j P~,P@,F

[E'(1s' 2s' 2P'"S'L') -E'(1s' 2s' 2P' SL) —~P

where (p'SLpS'L') p"'S'L') is the coefficient of
fractional parentage, V~ is given by (2) or (3), p»
is found from the solution of (1), and the radial
integrals Rz are defined in Ref. 1. F.' are the
expectation values for energies of the correspond-
ing configurations, calculated in both cases from
the same orbital basis. For the scattering from
the ground state,

g'L'—= ~P and Q(SL, S'L')=5 for oxygen,

S'L'= 'P and Q(SL, S'L') =0 fo—r nitrogen.

Generally, a partial wave describing the scatter-
ing can be written in an asymptotic form propor-
tional to

r 'k, ' [5«sin(k, x —,'ml, +v,)—

where i specifies the channel k,SI l&S~L and
phases 7', may be arbitrary. The matrix p charac-
terizes the scattering and, for each value of S,L,
and parity, it is related to the reactance matrix
R by

& =[sins+(cost)p][cosa —(sins)p] ',

where sins and cosr represent diagonal matrices.
The asymptotic form of our approximate wave

function (4) is proportional to

r 'k, ' 'sin(k, r ——,'vl, +q, ),
and q& depends on the cutoff parameter r„ in the po-
tential (2) or (3). With the choice 7, =q„ the ap-
proximate matrix p' describing the scattering is

pt P

+ pg(i cos(k(t —gwlg + 7()] ~ (8) Our procedure is to find the "best" form of &'»
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by determining the parameter r» and consequently
the phase v& for each channel so that, for small
variations of x»,

5[pf) -2g(SL I,l)S~L )]=0, (10)

III. RESULTS AND DISCUSSION

In the calculation of elastic scattering by oxygen
and nitrogen in their ground states, we have used
Clementi' wave functions and dipole polarizabilities
u~ obtained by Stevens and Biliingsley' (0.69 A' for
0 I and 1.01 A' for N I).

The variation of g —2g(SL II SrLr) with the cutoff
parameter r, in the potential (2) is shown in Fig. 1

for oxygen, for partial waves with l=0, L =1 at
the energy 10 eV. The phase shift g monotonically
increases with decreasing r», while the expres-
sions g —2g reach maxima at such values of r» that
the quantity [M~ is small compared with unity and

generally much smaller than the corresponding
value calculated without any effect of a polarization
potential, (i.e. , for r„-~) Partial w. aves with I =1
and 2 show similar behavior, but in some cases the
stationary values of g -2J correspond to very large
r», i.e. , to the absence of V&. For /=2, the maxima
of g —2g are less pronounced, and for l =3 the ef-
fect of polarization potential is barely noticeable.
We have therefore ignored V~ in (1) for all I & 3. At

energies higher than 50 eV, even the lowest partial
waves are not affected by the inclusion of V~ into
(1).

For oxygen, we have also calculated g —2Z with
the form of V~ given by (3). The effect of different
forms of V& at small r on the stationary values of
q —2J and consequently on the cross sections was
found negligible.

There is some uncertainty as to which value of
the polarizability n~ should be adopted in (2) or (3).
Several values have been reported in the litera-
ture. ' However, our calculations for 0 I show that

while v, is not varied. Equation (10) is equivalent
to

5[@,-2g]=0,
and from this condition we find x» and v&.

With such E„, in conjunction with (9), the im-
proved approximation to the p matrix is

pgg = —M(SLI, I, S L ).

The cross sections are calculated from the transi-
tion matrix T, given by

T= —2iR(l-iR) '.

For the scattering on the ground states, we have
three channels associated with a given S L for ox-
ygen and one channel for nitrogen.
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FIG. 1. Full curves: quantity g-2S calculated for
oxygen at 10 eV for two values of S~ and for 1=0, as a
function of r& (a.u.) in the polarization potential (2).
Dashed curve: corresponding s-rvave phase shift g (rad).

the stationary values of g -2Q are only slightly
sensitive to 0,». The effect of increasing z» from
0.69 A' (our adopted value') to 0.77 A' (experimen-
tal value') is to change the maxima of q —2S by
less than 0.01, and the resulting change in the
cross sections may be considered negligible.

A difficulty arises in the case of oxygen for the
matrix element (7) with I = 1, S = 2, Lr = 1, and in
the case of nitrogen for / = 1, 8~ = 1, L = 1, because

E'( Is' 2s 22 P'" S' L') -E'(1s 2s'2P'SL) —'-k =0

for —,'k' = 0.1529 (4.16 e V) in 0 I and 0.2036 (5.55 eV)
in N I. As a consequence, the variational correc-
tion to the matrix element (11)for energies below
10 eV is not small compared to unity. This sug-
gests that the representation of the trial wave func-
tion by (4) in this energy region is not adequate and

that the contribution obtained from this element to
the cross section is not correct. Under these cir-
cumstances, we believe that a more reliable value
of the cross section is obtained if we ignore the
atomic term in (4), i.e. , if we set c =0 and conse-
quently omit the second term in (7).

Results of calculations are given in Table I. Col-
umns labeled (a) and (b) compare cross sections
obtained by the method described above, without
and with the atomic term in Eq. (4), respectively.
In oxygen, the effect of the atomic term is much
less pronounced than in nitrogen, despite the sin-
gularity of the matrix element (7) at 4.16 eV. In
nitrogen, the inclusion of the atomic term in (4)
results in a broad shape resonance with the maxi-
mum of -34.4ma', at 2.5 eV. Even if we cannot
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TABLE I. Total elastic cross sections (~a02) for scattering from ground states of oxygen
and nitrogen.

S (eV) (a)
Oxygen

(c) (d)

Nitrogen
{b) (c) (d)

1
2

10
20
45

100
500

8.83
9.09
9.58
9.16
7.50
4.95
2.96
1.02

9.55
11.0
12.1
9.95
7.63
4.96
2.96
1.02

10.0
10.2
10.6
9,80
7.60
4.89
2.96
1,02

16.3
19.9
10.3
4.42
2.46
0.97

12.5
13.0
13.5
12.1
9.13
5.40
3.09
1.04

15.7
28.5
19.7
14.6
9.45
5.41
3.09
1.04

14.1
14.5
14.6
12.6
9.04
5.37
3.09
1.04

18.6
19.4
10.0
4.51
2.66
1.00

~With polarization potential and without atomic term in Eq. (4).
bWith polarization potential and with atomic term.
cWithout polarization potential and without atomic term.
~Scattering by a static potential.

place much reliability on the cross sections in col-
umns (b) for reasons given above, it is interesting
to note that a similar resonance for the elastic
scattering on nitrogen was found by Henry et aE. '
and by Thompson near 1 eV, by Hunt and
Moiseiwitsch at 0.23 eV, and at least an indica-
tion of a resonance by Ormonde et al. '0 (see Fig.
3). Recently, Burke et al."obtained the value
0.062 eV for the position of this resonance. In our
model of scattering, the resonance is caused en-
tirely by the inclusion of the potential V~ into Eq.
(1): We did not investigate in detail possible im-
provements in the formulation of the D% approxi-
mation in this region, since our main concern was
in energies above 10 eV, where the importance of
the atomic term rapidly decreases.

The columns labeled (c) in Table 1 represent
cross sections calculated without polarization po- .

tential and without the atomic term in Eq. (4); col-
umns (d) show results of scattering by a central
potential field which corresponds to the solution of
(1) with V~ = 0, g„=p„= p~ = 0, and with 2
(SI O'S~L ) =0. Cross sections given in columns
(d) are identical with values of Wedde and Strand. "

A comparison of columns (a) and (c) shows that
the effect of the polarization potential is to de-
crease the cross sections for energies below 20
eV. However, as we took into account only the in-
fluence of V~ on the colliding electron and ignored
any distortion of the target wave functions, the ef-
fect is rather small. A reference to Figs. 2 and 3
will show that below 10 eV and especially below 5
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FIG. 2. Elastic cross section for scattering on the
ground state of oxygen. Curve A, present result f Col.
{a) of Table Il; B, Saraph {Ref.1), single configuration
target (also Henry et al. , Bef. 7); C, Saraph (Bef. 1),
multiconfiguration target; D, Bountree et al. , (Ref. 15);
E, Thomas and Nesbet (Bef. 13) (with inelastic contribu-
tions); F, Wedde and Strand {Ref.11) talso Col. (d) of
Table II. Circles-measurements by Sunshine eI; al.
{Bef.16).

FIG. 3. Elastic cross section for scattering on the
ground state of nitrogen. Curve A, present result [Col.
(a) of Table It; B, Henry et al. (Ref. 7) {with inelastic
contributions); C, Thompson (Ref. 8); D, Henry (Ref.
17); E, Wedde and Strand (Bef. 11) lCol. (d) of Table II.
Triangles-Ormonde et al. (Ref. 10); circles-measure-
xnents by Neynaber et al. {Ref.18) (only values with high-
est weight are shown).
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portant for energies below 30 eV, but at 100 eV
they still contribute as much as 20% to the cross
section derived from the potential theory using a
central potential.

ACKNOWLEDGMENT

This work was supported by the Defense Nuclear
Agency.

H. E. Saraph, M. J. Seaton, and J. Shemming, Philos.
Trans. R. Soc. Lond. A 264, 77 (1969).

2W. Eissner and M. J. Seaton, J. Phys. B 5, 2187 (1972).
~E. Clementi, IBM J.Res. Dev. 9, 2 (1965).
W. J. Stevens and F. P. BQlingsley, Phys. Rev. A 8,
2236 (1973).

~R. R. Teaehout and R. T. Pack, At. Data 3, 195 (1971).
~B. A. Alpher and D. R. White, Phys. Fluids 2, 153

(1959).
~R. J. W. Henry, P. G. Burke, and A. L. Sinfailam, Phys.

Rev. 178, 218 (1969).
SD. G. Thompson, J. Phys. B 4, 468 (1971).
SJ. Hunt and B. L. Moiseiwitsch, J. Phys. B 3, 892

(1970).
S. Ormonde, K. Smith, B. W. Torres, and A. R.
Davies, Phys. Rev. A 8, 262 (1973).

T. Wedde and T. G. Strand, J. Phys. B 7, 1091 (1974).
R. C. Dehmel, M. A. Fineman, and D. R. MQler, Phys.
Rev. A 9, 1564 {1974).

'~L. D. Thomas and R. K. Nesbet, Phys. Rev. A 11, 170
(1975).

~4G. J. Kutcher, P. P. Szydlik, and A. E. S. Green,
Phys. Rev. A 10, 842 (1974).

~5S. P. Rountree, E. R. Smith, and R. J. W. Henry, J.
Phys. B 7, L167 (1974).

'8G. Sunshine, B. B. Aubrey, and B. Bederson, Phys.
Rev. 154, 1 (1967).

~~R. J. W. Henry, Phys. Rev. 172, 99 (1968).
~SR. H. Neynaber, L. L. Marino, E. W. Rothe, and S. M.

Trujillo, Phys. Rev. 129, 2069 (1963).
~OP. G. Burke, K. A. Berrington, M. Le Dourneuf, and

Vo Ky Lan, J. Phys. B 7, L531 (1974).


