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We derive and discuss the dispersion relation and polarization of waves in a one-component, cold,
homogeneous plasma moving at arbitrary speed. The relevance to wave propagation (both low fre-
quency and radio) through the pulsar magnetosphere is briefly discussed.

I. INTRODUCTION

Whereas most astrophysical and laboratory
plasmas are, on the average, charge neutral (due
to the long range and strength of electric forces),
the plasma in a pulsar magnetosphere is probably
charge separated to a very high degree' (due to the
strong homopolar induction field). An understand-
ing of the origin of pulsar radiation therefore
seems to necessitate an understanding of wave
propagation in a charge-separated plasma. We
will provide such an understanding within the
framework of electrohydrodynamics (EHD).

For a neutral, cold plasma, Ohm’s law? j,
=0,,E, leads to a Hermitian, wave-vector-indepen-
dent dielectric tensor

€ap ™ 6ab + (4ﬂi/w)oab

with eigenvalues

(-3 e 1- T @ raa
[¢2 o

for waves of angular frequency w in a local rest
system, where o numbers plasma.components,

Dy =w(dTe 0,/my) Y2, and &, = w(dncp,/B)™ . This
same relation can be shown to hold for a one-
component plasma, with just one term occurring
under the summation sign. However, a one-
component plasma cannot be (globally) at rest in
any inertial system, and in view of the applications
one would hesitate to restrict the analysis to local
rest frames. We thus work in a general inertial
system, and start directly from the linearized
equation of motion plus Maxwell’s equations.

Our main result is contained in Fig. 1 which
shows the dispersion relation of a cold one-compo-
nent plasma. Unfamiliar are three descending
branches ending in three zero-frequency (i.e.,
static) modes: They correspond to the fact that we
work in a global inertial system in which matter
must necessarily move (in order to be in station-
ary equilibrium), and that there are three phase

12

velocities which can compensate the velocity of the
medium. More importantly, the diagram shows
no resonances, but shows three “cutoffs” (break-
offs) at the Larmor frequency w,, the plasma
frequency w,, and at the low-frequency w, =w}/w,
which roughly equals the rotation frequency & of
the homopolar inductor (w, =2y28-B/B for corota-
tion where y is the Lorentz factor of the plasma).
We prove the completeness of our modes, and
evaluate their polarization and energy-flow
velocities.
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FIG. 1. Dispersion diagram w;(k) for fixed angles, in
double-logarithmic representation, for § <1, B,
=|cos(, B)|™®, B4=|Bcos, B)|7%. The dashed and dotted
branches correspond to cos(#, B) {2}0 respectively.

n = ck/w grows versus the lower right-hand corner. The
approximate direction§> of 6jf(k) are also_znarked; +1B
means “6E normal to B, rotating around B in the Larmor
sense”,
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ELECTROHYDRODYNAMICS OF A
II. DISPERSION RELATION

We will study waves in a plasma which satisfies
the following four conditions: (1) The plasma con-
sists of only one component (i.e., is 100% charge
separated); (2) only electromagnetic forces are
acting (i.e., gravity is neglected); (3) the plasma
is cold (i.e., peculiar motions of particles are
neglected); (4) the unperturbed plasma is homoge-
neous and stationary.

Condition (4) is not strictly compatible with con-
ditions (1) and (2); but we will show later in the
deduction that its necessary violation is negligibly
small.

In an inertial system, such a medium is de-
scribed by Maxwell’s equations:

FaB'B=(41T/C)ja, F[aﬁ.7]=0; (1)
by the conduction law,
7% =pou’; @)

and by the equation of motion,
(3)

moc u® guP =eF“Pug,

where four-current j%, four-velocity u®, rest
charge density p,, and field strength F*®are re-
lated to their familiar three-vector equivalents
via:

i“=(i,cp), u*=c¥(3,1), p=pov,
EEV/C’ YE(I_BZ)-I/Zy

F*ug=cy(E +BxB,-E). (4)
In three-vector language, Egs. (1)-(3) read
vxE=-c"13,B, v-E=4mp
vxB=4rc'j+c 10, E, v-B=0, ()
and

J
6B =Ax0E,
0B =ioB Y 6F - n26,E -B(A-0E)],

[va?(1+y?BB-) +idbx ][ OE —n? , E - B(

or

0={0,5(1 = @) + v, B, + D[ n%gy + (0% = 1) ¥?B,0, | = 1V 1D€ 15gb° (0F = n2h%,) — i cid(vyw,) 1 (85 — %S, )(vB,)

where

®=w/w,, w,=4mpc/B~ rotation frequency,

- 0E)]+ (icd/yw,)[6E ~n26 E - B(7-6E
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i=cpB

(cB+v +a,)y5=(e/moc)(-E' +BxB). (6)

Weak waves are solutions of the first-order per-
turbed system (5), (6). Using 8y =%3+ 68 we get

v+ ok =47 6p
vx6B=4nrc'6]+c %, 68, v-6B=0,

v x0E =— ¢7'9, 6B,
(7

and

63 =c(6pB +p0B),
(cB+v +8,)[ v0B +v*B(B- 6P)] + c(6B+ V) vB

= (e/moc)[ O + 6B xB + B x68].
(8)

This linear system of first-order perturbations
is solved by Fourler analys1s, i.e., by assuming
the vectors 6E GB 66 to be (real parts of complex
vectors which are) proportional to exp[: (k% - wt)];
we find, using (6) with E +3xB =0,

-

Ax6E=0B, #-0E =-(47mic/w)dp ,

Ax6B = ~0E +B (7 0E) - (4micp/w)0B ,

> -

y(B-1 - 1)[68+y?BB- 6B)] - (ic/w) (5B V)vB

= —(ie/mycw)[6E + B xB +A (B OE) - (B A)OE],

where

f=ck/w
is the dimensionless wave vector. Elimination of
OB and 68 results in one vector equation for éﬁ,

and explicit expressions for 6B and 6B in terms of
SE:

(10)

(11)
)] - VyB=voE +7(@B - 0E),

(12)

) <JOE?,
(13)

w=w/w,, w,=(4mep/m)"?=relativistic plasma frequency,

m=ym,, v=1-1-B, b=B/B,

5, E=n"%1X (OE i) = projection of 6E normal to 7,
hab = 6ab -n

0, =By +1,(v =y 2

2(n, — By, = projection three-tensor normal to 1 for B <1,

)(n? = 1)"! =a vector of magnitude 8 for |7 — 1| not too small .
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Note that the Larmor frequency w; =eB/mc and the
classical Alfvén velocity ¢, are related to w, and
w, by

wy =wi/w,, (15)
Ba=wy/w,=w; /w,=BAmpuc?) 12, (16)

where p=mp/e is the mass density; i.e., the
plasma frequency is the geometric mean of w,
and w,. w; and w, have the same sign as the charge
(according to our definition). Note further that the
last (inhomogeneity) term in (13) is of order
iBw/vB, because B varies on the length scale ¢/w,.
It has negligible influence on all results discussed
below; we therefore drop it from now on, but give
explicit estimates in the Appendix.

Equation (13) has the form

0=Q2(n26ab—nanb—€ab) éEba (17)

J

where &,,(w, ) can be shown to be related to the
(for 8=0 wave-vector independent!) dielectric ten-
Sor €, (w) of the plasma by

%38 (M0y — Moty — €4p) = (020, — Mgny — €qp) (18a)
with, for g=0:

Kap =D,0p + (1 = D72)71( 0, + P07 e 0%

Léabaﬁab—babby J)Ew/wL . (18b)

€, is Hermitian, and has the eigenvalues men-
tioned in the Introduction.

The dispersion relation is obtained by equating
to zero the determinant of {+++} in (13). Either
by straightforward calculation, or by first
Lorentz transforming to the local rest system of
the plasma we obtain (ordered with respect to
magnetic, and nonmagnetic effects):

G2 = D[ 131 = B2) = v = 2*(n? = D2 (1=F2)] =vH{ 1+07 200% = 1) = v*2] + 2% (0% = 1)(n® = 1 = 20%?)

- 0%(n? -

1)%w 22} (19)

with ||, L referring to the magnetic field B, v,=1-10-B,. The result (19) can be written in a manifestly

four-covariant form (after multiplication 'by w? y2):

(R2/47 11y ) (RO*F o gu® 2 = SF g F¥P (kw2 (1 +72)] = (k- w)P[ 1 = (k- w)*] (1 +#%)2, (20)

where

k%=(K, (w/c)), u®=cy(@,1);

Bru=k%, Rk=k% I;“Ew;‘k“;

o L 5.
Fop=3€apysF°;

(21)

sgn(gop) =(+++,-).

We prefer the three-space form (19), and order it with respect to powers of w:

2= x?{BE(1 -p2) = 1 = 1) 202+ 2+ x(n® - 1) Yy 2{BA[n2 (1 - B2) = v2 ]+ 2 = 1) tuH2~ 202}

where x= (v®)?. B3 is the ratio between magnetic
and plasma energy density, which should be large
for stationary charge separation:

Bi=B/4nuc®=eB/mycw,y = 10®Bym g0, hvet > 1
(23)
holds for typical® values of a pulsar magnetosphere

near the stellar surface (at least in a negative,

J

-2 =1)"2p4y72=0,
(22)

corotating charge sector). We therefore assume
B% >1 in what follows.

The dispersion diagram wj(ﬁ) will be constructed
as follows: Unless |n%— 1< 332, the third-degree
polynomial (22) is well approximated by dropping
all terms in the curly brackets except the first
ones. This truncated polynominal has two large
coefficients; its zeros x; are approximately ob-
tained by equating consecutive terms; they give

B;lyz

n?-1

SRR I (e e R
IR ’ 7{

1-8%

For |n? - 1| «B,2, one finds analogously

@;zt%(lfl-nzy/z, (1_1n2>1/2, (w)"}- (25)

Note that all roots x; of (22) turn out to be real,

24
("2—1)["?‘(1-81)—@]}1/2}- (24)

r

though only positive x; lead to dispersion branches
(real k, arbitrary w). In the n interval defined by

n>1, nzll(l_ﬁi)" Vi <0

there is only one positive x, (i.e., only one dis-
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persion branch).

Figure 1 gives a dispersion diagram w,(k) for
fixed angles. Such a diagram is determined by the
five parameters B8,4,8,8,, | cos(#,B) |, | cos(H, B)|,
one of which sets the scale. For 8 <1, only two
of them determine the shape of the branches,
which do not change vigorously when the parame-
ters vary. The most severe differences are ob-
tained when the straight line n%(1 —8%)=v2
“moves” towards n=1, or approaches v=0 (cor-
responding to wave normals parallel to _]§, and
normal to B respectively). An exceptional case is
B=0. The diagram is obtained by starting with the
limiting cases # <1 and n>1, and using (25) for
the immediate neighborhood of =1 at ®= 1. Spe-
cial attention is needed for the possibility v - 0 for
which opposite signs of cos(#, B) give markedly
different branches drawn as broken and dotted
lines, respectively. Note that for fixed n, there
are one or three branches.

There are no complex branches (K =real,

w =complex), as expected on physical grounds.

This can be proved by noting that our diagram is : -

complete: A general initial disturbance
[6E(X),6B(X),58(X)] at =0 can be Fourier trans-

J

formed, and then expanded with respect to the
proper modes [GI-E'(E),O,E(E),G,E(E)] to be ob-
tained (uniquely up to a common factor) for the
respective dispersion branches (numbered by j):

5_E.(E) = Za,(E)5,E(E) ’

-

0B (k)= Y a,(K),B(K), (26)
i
5B = D a,(K)0,B(E) .

There have to be as many free amplitudes aj(E) as
independent equations in the system (26); the
latter number equals 8 (in our case) as there is
just one primary constraint k - 5B(K)=0. The
reader confirms that for each %, there are exactly
8 branches tw, (k).

The diagram shows that there are three break-
offs (cutoffs) at the frequencies

w; ={ w, (1=, w,[(1-8%)/(1 -B2)]Y2, w,},
(27)

no resonances, and three falling branches leading
to three static modes at the wave numbers &;
given by

’

(28)

ck.{% (1-p%)"" w<1—52 )1/2[cosz(ﬁ,'ﬁ)(l-Bi)—BicosZ(ﬁ,BL)l“z
! Blecos(i, )|’ "\1-8% Blcos(H, B) |
B|cos(, B)| ]
“rcos? (@, B)(1 - p2) - B2 cos?(@, B,)] "2

These static modes correspond to (phasewise)
counter moving disturbances at exactly the (nega-
tive) rotation speed, at wavelengths roughly of
order 2mc(wz!, w, !, w,!). We also observe that
electromagnetic waves with frequencies as low as
the rotation frequency can be propagated.

The group velocity of a perturbation is given by

Ve=Viw (29)

as follows from the Fourier representation of an
arbitrary space-time function f(X,1):

f(‘i’t),__fdskf('l;)ei(i&-wt)
:e‘(;O';’“’O”dekf(E)e‘ég(;'vi“"”

et X-wh) (R Vrw-1). (30)

It gives the velocity of energy propagation when-
ever the latter can be reasonably defined. __
From Egs. (24), (25), or (19) we find for Vg
=c§gr, approximately for the (pieces of) branches
numbered 1,2,. .., the expressions of B, shown in
Table I. The case distinction for branch 6 is nec-

r

essary because the approximation in the first line
gets bad when the denominator in f, vanishes; the
case n,=n was treated more carefully by starting
from the exact relation (19) [ rather than (24)],
which is necessary if one wants to differentiate
the result once more (in order to get the frequen-
cy-dependent signal delay). Note that an energy
flow almost in the direction of the wave vector
occurs only along the velocity -of-light branches
4, 5, and 6. Along the neighboring branches 8 and
9, the energy propagates in some direction in the
(%, B) plane.

For branches 6 and 8 respectively, we find for
ny=n

2 2,2 2
wzck<1— Ay > Gl OV (1+(w,v)>

I -o0v5%) " ack T2 8c2k?
(31)
whence
1[v( -338-8)~p%/2 vyB o \2
wawﬁg,=§l:( oF "3(1_5)2;2),2) .

(32)
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TABLE L Egr for various branches. An upper index “0” at a vector denotes unit norm,
(J&°| =1). For branches 5 and 6, “lin(*-+)” means a linear combination of the vectors in pa-
rentheses; the corresponding terms are lengthy, and of magnitude comparable to the small
term in braces, so that their contribution to the norm is in general small.

-

Branch B
1,10,13 B
2 bB,+ 1,
3 —b(By—ny) + &
4 70
- ~ - ~ -+ > 1= \/2 2 = 31— 3)
? A A € S e~ o
n @~ 13 &™21in(, B, b _————'———UZ “ee
: 801572, @)1 +07 1@, By B),  fe=gprm gy for UL
6 ) ,
a0l —pBr 0B v 51 N
(" [1_4(1—[(DV7]2)+2® 4&;2] B5g. form ~n
8 | Bueba-pDen (v @@ -pDVIL A - gV irp, P
x{Buln Boan =g £ BIA-pDVAR B 2ny 1 =pDY)F 12 =1)/2m)] -1}
’ B+bajl[1-1/2231+n% 1 [1-38/2nf] for B« |ny | «1
1 E"‘[E—(ﬁ—ﬁ)n”/(nz—l)]yn” ’
12 E+[B'(E-E)n:;/(nz—l)]Vnﬁi
14 B+1b-n"%n " vnjl[1-n2p2 nj2!
15 B+ [D+n003 —2n22) fun, ) vniil1—n2p? /nd]~t

1II. POLARIZATION OF PROPER MODES

So far we know the phase and group velocity of
all proper modes. An understanding of their prop-
erties needs a calculation of their amplitudes
6J—E.(E), 6,§(E), G,E(E) which follow from Eqgs. (10),
(11), and (13) up to a common (scalar) factor.
More precisely, once we know G,E, we get 6,§
from (10) (by left exterior multiplication with 1),
and 6,8 from (11) (in a transparent way). We
therefore concentrate on solving (13), which will
have to be done separately for each branch because
in each case, different terms in the matrix in (13)

J

1-i(®/vn B+ @i —vy)+n, B /v |- G&/v)(n® = 1)+n,B,/v

WO/ v)nE - v,) +@*n,B,

—@%in, +n B, /v 1y By/V
From here we find the (arbitrarily normalized)

approximations for the electric-field amplitudes

SE(K) (see Table II). For branches 7 and 9, 8E

was not evaluated within order 3, (hence the sign

~). Note that 6E || f holds approximately for

branches 7, 10, 11, 13, 14, and 15, while 6E L#i

1+@%(n® - 1)

are dominating.

For economy’s sake we content ourselves with
the special case of nonrelativistic plasma veloc-
ities: B <1, but include correction terms of order
B. In each case, the matrix in (13) is simplified
first by row multiplication with factors, and then
by linear combination of rows. We express all
three-tensors in the following orthonormal triad:
[fi-b(b-1),bxA,bP, ie., in orthonormal compo-
nents in which B points in the three direction, and
1 is normal to the two direction. The matrix in
(13) then reads, with #%,=n, - 8,, and with the
inhomogeneity term dropped:

—({E@/V)ny By — &Py ng +n,B, /v
-/ V) iy + @70, B, (33)

1+ @ (2 = 1 +n,B,) +n,B,/V

r

holds for one of the two modes of branches 4 and
5, and 6E | B holds for branch 2. Circular proper
modes normal to B occur for branches 1 and 3,
and approximately for branch 9. For branch 8 and
n,—0, 6E approaches the second transverse

mode (1,0,0).
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TABLE II. 6E for various branches. The (approxi-
mate) dispersion relation is given whenever it was used
to simplify matrix (33).

Dispersion
Branch OF ¢ OE, OE relation
1 1 -1 0
2 0 0 1
3 1 i 0
A
5 {’;a 0 A i1
6 0 1 0
T~ ny 0 n,
8 '71 —B, ""161”:/[”3[ ":}i’(l—ﬁ}):’ﬁz_
9~ ion?-1) 1 0 O¥m’-1) (g -1)=0
10,11 %y -B, 7y vRQ
12 nyB, -1 n3B, VR0
13,14,15 n, 0 ng

In a pulsar magnetosphere, w? is believed® to be
of order

~eBw,/mc~ (10** sec™")B,w, m.},,

so that for typical radio pulses (in the range
w=~108-10" sec™!), & ranges from fractions of a
percent to unity or more (depending on the strength
of the magnetic field, the type of the charged par-
ticles, and their average y factor). For such re-
gimes branches 6, 8, and 5 are of special interest.
In particular for - 6, branch 8 approaches
branch 6, and the two polarization states (with

6E 1B) can interfere to yield Faraday rotation of
the plane of polarization (spanned by fi and 6E).
The difference ¥ in phase increment (for the 2
modes with wave vectors Ej) along a path of line
element dX is described by

->

zpzfpmdmkl_kz). (34)

For k, || B we get from Eq. (31):

ck+ v v B2 -1
@ [Hz_w <1+W)i|(1_4(1—6)2u2y2)> ’

(35)

whence

d 2 2
Zl)*‘ wa V<1+r1_€32—2'}/j 8: ) (36)
and
d 2

s~ [F 5| (e 2) (1-2i-p) - S8 B]

(37

for the differential change of y with w; which is

smaller by a factor <107!° than the differential
Faraday rotation® caused by the interstellar

~ medium.

As an outlook, let us mention that to follow the
pulsar radiation through the magnetosphere we
must—as a next step—take into account the cur-
vature of the magnetic field lines, and also possi-
bly the variation of field strength. At the velocity-
of-light cylinder and beyond, the plasma is likely
to become more and more neutral and sheared,
and the propagation of low-frequency waves
through this part of the magnetosphere poses addi-
tional difficulties.*
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APPENDIX

We promised to estimate the effect of the last
(inhomogeneity) term in Eq. (13) on the dispersion
relations. For 1<®<p%, the leading correction to
the determinant (22) is obtained by keeping the last
two terms in (13); it adds to the right-hand side of
(22) the small imaginary term

ix3/28,6, 6= (c/yw,-)(-l;f V)vBy, (A1)

where 0 is of order B. This leading correction,
and all the other imaginary ones vanish for
B-B=0.

Writing x=x,,, +Ax in (22), we find for the
leading first-order corrections to the dispersion
branches (24), due to (Al):

Aw 1Ax
@ 2 x
4 1
Ba(l-p3)32
o) 1
~zmx __—_VG)(I—Bi) , (A2)
Vz,}/Z(nz _ 1)1/2
G TART
or
4 1
V(l B%)
- 1
Aw~z—B—Ax CSAoE) (A3)

vy
| A=A

Aw/w and A® are imaginary, hence correspond to
damping, or antidamping. They are, however,
small, of order 8,8;°, where b varies between 1
and 3.
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