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Stimulated collective scattering from a magnetized relativistic electron beam
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We analyze stimulated scattering of a right-circularly-polarized electromagnetic pump wave, of frequency sp,
from a cold relativistic magnetized electron beam. The pump wave is chosen to satisfy the dispersion relation
associated with the magnetized beam. The scattered waves consist of collective plasma oscillations as well as
right- and left-polarized electromagnetic waves, traveling parallel and antiparallel to the beam. The frequency
of the forward-scattered electromagnetic wave is Doppler shifted up twice and is of order yo', coo, where

yo, = (1—vo/c') '" and vo is the beam's speed. Enhanced stimulated scattering results if the frequency of the
pump, in the beam frame, is approximately equal to the electron's cyclotron frequency. Enhanced growth rates
for the scattering process are obtained for the scattered radiation. This theory describes a mechanism which is
a plausible explanation of a recent experiment in which —100 kW of submillimeter radiation was observed. In
view of the large up-conversion in frequency and enhanced growth rates of the scattered radiation, a new high-
frequency generative device based on this mechanism seems possible.

The stimulated Compton scattering of an elec-
tromagnetic wave from relativistic electrons has
evoked interest' ' because of the very large fre-
quency conversion which accompanies the process.
In particular, Pantell et al. ' have suggested that
scattering of microwaves from a relativistic
electron beam would result in emission of power-
ful radiation at submillimeter wavelengths. This
suggestion was elaborated by Sukhatme and Wolf,
who considered the effect both of boundaries' and
of an external magnetic field', when their analysis
was applied to specific existing relativistic elec-
tron beams, the stimulated Compton scattering
was found to be strong enough to be of practical
importance.

However, intense electron beams' are often
characterized by Debye lengths that would be much
smaller than the scattered wavelengths. In such
cases, the usual stimulated Compton scattering
result is inapplicable. Rather, the dominant
scattering will be a collective phenomenon in
which the incident wave scatters off plasmons in-
stead of individual electrons. The present paper
presents a relativistic analysis of electromagnetic
scattering from plasmons in a magnetized electron
beam.

This work is related to analyses of stimulated
Raman scattering off plasmons in laser-pellet
plasmas and in the ionosphere. ' However, gener-
ally, in those studies neither resonant external
magnetic fields nor relativistic effects are con-
sidered. The presence of an external magnetic
field has been included in the formulation of
Forslund et al. , and cyclotron resonance effects
have been shown to lead to significantly enhanced
growth rates when compared to the usual Raman
scattering situation. " The extension to a rela-
tivistic formulation in the present paper makes

the analysis applicable to a wider range of phe-
nomena including, in addition to submillimeter
radiation from relativistic electron beams, "'"
astrophysical phenomena, such as radiation from
pulsars, "which have relativistic electrons
streaming along magnetic fields as high as 10"
kG. Indeed, relativistic effects (but not magneti-
zation) have been considered in treating wave
propagation in a pulsar plasma. "

The frequency conversion, which occurs when
an electromagnetic wave is scattered by a beam
of relativistic electrons, may be appreciated by
considering the following one-dimensional con-
figuration. In the laboratory frame, an incident
electromagnetic wave. of frequency , and wave
number k, propagates antiparallel to a beam of
relativistic electrons with speed v,. In general,
both a backscattered wave (~, , k, ) and a forwardS~ 0 Sy

scattered wave (&u, , k, ) can result; for the time'2'
being, let us concentra/e on the backscattered
wave,

It is a simple matter to show that the wave which
is backscattered off plasma oscillations has a
frequency given by

&u, = y„(1+P,)[y„(1+v,/v„„)(u, —(u,], (1)

where P, = vJc, y„=(1—P', )
' ', vp„=~,/k„

~, = ck, , and &~ is the invariant plasma frequen-
1

cy. Cle~arly, from Eq. (1) for a highly relativis-
tic beam with (u~«y„(l + v,/v~„) ~„ the scattered
frequency +, = y'„(1+p,)(1+v,/vp„) u, and the up
conversion of frequency in the laboratory frame
can be impressively large. It should also be
noted that from conservation of wave action, the
energy of the backscattered wave is also enhanced
by the factor y'„(1+P,)(1+vo/v~„). In what follows,
we carry out a, detailed analysis of the relativis-
tic scattering process.
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We take for our model an infinite, homogeneous,
neutralized, electron stream which is drifting
parallel to an external magnetic field B00,. The
electrons are illuminated by a supraluminous
right-handed circularly polarized (RHCP} pump
electric field. We choose to perform the analysis
in a reference frame in which the pump's wave
number along the z axis vanishes. For supralu-
minous waves, such a transformation is always
possible. "

A subluminous RHCP pump could have been
chosen, " "since for a magnetized beam such a
wave is a normal mode of the system. In this
case a transformation to a reference frame in
which the frequency of the pump vanishes would
be possible. Choosing a luminous pump, on the
other hands, leads to inconsistencies, since for
a magnetized beam there are no waves traveling
at phase velocity c, and hence the pump would
not be supported by the system.

For the supraluminous pump wave of the present
analysis and in the reference frame where kp 0
(laboratory frame),

f,(t) =Eo(cos2oot 5, —si n2tdot, ), (2)

where E, and &0 are constants. The electron or-
bits in the presence of Bg, and f,(t) are given by

Vo = Vo, (sino}ot 0„+ cos2to5o, ) + 2}oP„

where

(3}

qE0
y, m, ( ,—o}f),/r, )

'

"o= ro= 1 —Po-
- /

Slpc c

and mp is the electron's rest mass. In obtaining
Eq. (3) it was assumed that the pump field had
been turned on adiabatically and that the beam is
cold. In what follows it will be assumed that
P„=V„/c is small. Since the infinite-wavelength
pump field is assumed to be supported by the mag-
netized beam, the pump frequency 0 must satis-
fy the linear dispersion relation for the system,
vl z. ,

where the invariant plasma frequency +~
= (42}q'ngromo)'i', and no is the beam density
measured in the laboratory frame.

To obtain the dispersion characteristics of the
scattered waves, we assume first that these
waves propagate solely along the magnetic field,
hence we neglect electrostatic cyclotron waves.
Also, the scattered waves are assumed sufficient-
ly weak as to be considered perturbations on the
time-dependent equilibrium outlined in Eqs. (2),
(3), and (4). The scattered electric field 5f(z, t)
satisfies the wave equation

v'5f —v(v 5f)-+1 825f 422 }}5J

where

8
V=—0

ez

and 5J(z, t) = qno5v(z, t) +q5n(z, t)V, is the per-
turbed nonlinear response current density which
drives the scattered fields. In the expression for
6J, ~n is the perturbed number density of the
beam and 6 v is the perturbed velocity which obeys
the linearized relativistic equation of motion

d5v q - 555f +Vo x—+ 5vx—'
d~ ypmp C C

- iiv 2„+v I!2)—V c

, dVo 5v e,—p, r', dt' (6}

where terms of order p'„ times a perturbed quan-
tity have been neglected.

Defining &Ez L=BE,yi5E, , hvar I, = ~ x+ ~ ~

and Vo'~= Vo„+i Vo, (where Vo„and V„are the com-
ponents of Vo}, the wave equation (6} and orbit
equation (6} take the form

82 PE 85 . 8-,—+ c't2 5E„L= —422qno 2|R L
—ik (V~—~L5E,), —

[1+(1+4&o'y'/0')' 'ID
0 (4)

825E,

B'av,

. ~DE,
gt2 ~0 et 0 et (vb}

5VR L
2

)R L q pp} E 2po 2 Vox . 8
(8a)

~R B 0& gV + ~L&L 0& gVc'y' c ~ 2 c'k' c
(8b}
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where

$R L = C k (kv() 6 Qo/yo+pa(dt)/Ck} and tt)R L = C k [(dt/Ck 7 p()((d() —0 O/ yo}]/( RL.

In writing Eqs. (8), the relation bv, = —(ikvo+ 8/]]t) 5E,/4ttqn„obtained from the continuity equation and
Gauss's law, was used. The scattered quantities in Eqs. (7) and (8) were assumed to have a spatial depen-
dence of the form e'". Equations (7) and (8) can be combined to give coupled equations for the scattered
BHCP and LHCP waves 6F-„~ and electrostatic wave 6E', :

~ ~ ~

~

8, 8 8
, ee)e„,+v —+ei„ I!Z = e((„—e , ' e —+el)„) Ilk. (9a)

~ ~ ~—eivk +, 5Z, = —l3, e' ' ()„,+i) ——i„ I!Z ——i)„e ' '
k —,+i) —

i
—k ) kk, (9b)

Vpg—

where

iLR L —-kv +Q /y, v=c k +(dt)

o)R,L
—Ck T. yo(d~ p

p„L=ck(kv +0 /y +p (d~~/ck+yn(d )

X Re=L(&t)/C )(1 —popR L)

and

R eL (+P Po 4R,L)'

Since P„ is small, the solutions of Eqs. (9a)
and (Qb} can be expressed as a product of the
homogeneous solutions with a slowly varying am-
plitude, i.e. ,

te(m), ,( tv(e) ee, ,—()„,])"*
"~L 2 (d(n) —kv,

(e, ,v'(m), ,—k„,te(m). ..+k„,)V'
8+ (m}R,L 2tLR, L+(m)R, L

(12)

where (d (n) a td, —(d (m) „L= 0.
An explicit dispersion relation governing the

scattered electromagnetic waves can also be ob-
tained. To accomplish this the fields in Eqs.
(9) are assumed to have the form

e t(v'„t-
6ZR L(k, t) = Q a(m, t)„Lexp[- i(d(m)R Lt], (loa)

6E,(k, t) = g b(n, t)exp[- i(d(n) t],
n=l

where

(10b)

dlna(m, t)R L, dlnb(n, t)R'«(d(m „, and
' ' «(d(n).

where n =0, + I, +2, . . . , and 6C„and &d„= (d+n(d,
represent the Fourier coefficient and frequency
of the nth mode, respectively. Substituting the
above expression for the fields into Eqs. (9) leads
to the following dispersion relations, valid to
order P'„, for the RHCP and LHCP waves:

(&d' —p, td' —v(d+ $ )[(&d v &d, —v k}' —&d /y'„]

The frequencies (d(m}R L and (d(n} are solutions of
the linear dispersion relation for the RHCP and
LHCP waves, and electrostatic waves in the ab-
sence of the pump, P„=O, viz. ,

[&u'(m}R L —c'k'][(d(m)R L
—vp+ 00/yo]

—[(d(m) „L—vp](dt, = 0,

(11a)

[~(n) —vp)' —(d', /y'. .= 0. (11b)

Assuming a solution for the mode amplitudes
a(m, t)„L and b(n, t) of the form erR.Lt and keep-
ing terms to lowest order in the small parameters
I'R L/(d(m)R, L, I"„L/(d(n), and P„, we arrive at
the following expression for the growth rates:

=--.'p'„[ .,( ~ .) —p„,,]

~ (O' R,L~ —XR,L~++R,L)

A pictorial representation of the decay of the
pump wave into supraluminous LHCP waves
and plasma waves is given in Fig. 1 in the refer-
ence frame of the beam. We see that the pump
wave, located at point P on the dispersion curve
of the fast RHCP cyclotron wave, decays into
LHCP fast waves S„S„and two corresponding
plasma waves C, and C, . The pump wave together
with the two scattered LHCP waves are supra-
luminous. Transforming from the beam frame
back to the laboratory will increase the frequency
of the backscattered wave at S„while the fre-
quency of the forward scattered wave 8, is de-
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FIG. 1. Dispersion curves showing decay of pump wave
into LHCP electromagnetic waves and plasma waves, ~,'0
= (1+4& &2y02/i)0)~~2 + 1 (in reference frame of beam).
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creased. Hence, in the laboratory frame,
corresponds to anti-Stokes scattering, while S,
represents Stokes scattering. A diagram similar
to Fig. 1 can be drawn for scattering into the
RHCP modes.

For the backscattered LHCP wave S„ the beam
temperature can be neglected if the thermal veloc-
ity along the z axis in the beam frame v& is much
less than I (o~/k~I. Transforming to the laboratory
frame, this restriction becomes ~y„/y„«o~/y„~„
where Ay„ is the thermal spread in y„.

An example of the growth-rate spectrum in the
laboratory frame for the RHCP electromagnetic
waves is shomn in Fig. 2. The tmo peaks in the
growth rate correspond to the wave S„which is
scattered parallel to the beam, ~, =(1+P,)y',~„
and the wave S„which is scattered' antiparallel
to the beam, &, =, . It is noteworthy that the

2
growth rates in Fig. 2 for S, and S, are approxi-
mately equal. The growth-rate spectrum for the
LHCP wave is simply the mirror image (about
the +=0 axis) of the RHCP waves. Note that, if
a change of reference frames were made such
that the pump mere traveling antiparallel to the
beam (k,&0), the scattered RHCP wave would be
supraluminous. Hence, by a simple change of
inertial frames, both scattered electromagnetic
waves can be made supraluminous.

The parameters chosen in Fig. 2 pertain to a
regime presently realizable in the laboratory.
For example, if one were to generate the pump
wave with a klystron amplifier of the type used on
the Stanford linear accelerator (peak power =24
MW; &o,/2m=2. 856 GHz), then Po, =0.1 is achiev-
able. The corresponding beam parameters [viz. ,
QJ2e=4. 8 GHz (B,=1.1 kG), (u~/2m =3.2 GHz, y, =3]

FIG. 2. Growth rate versus frequency for the scattered
RHCP electromagnetic wave.

are compatible with modest examples of present-
day intense relativistic electron-beam accelera-
tors. For this choice of parameters, the beam
can be considered cold if b,y„/y„«20/g. The
high-frequency scattered wave would be at a wave-
length of 8 mm and the e-folding length of the
scattering instability would be (P/c) ' =20 cm.

In a recent experiment using a relativistic elec-
tron beam with y =5.3 and &o~/2m=3. 5 GHz, sub-
millimeter radiation (390—540 pm) having a total
power of =10' W was observed. " The submilli-
meter radiation varied with the uniform guiding
magnetic field and was maximum at B0=16 kG.
By a mechanism described elsewhere, "a pump
field E,= 8 x10 V/cm and frequency wg2w = 14 GHz
was generated, making P„=0.15 and
~J(~,—0,/y, ) = 2.8. Applying these parameters
to the present theory, we find that the high-fre-
quency scattered mave has a growth rate
I'=10'o sec ' and wavelength 1.=2mc/sr=440 p,m.
Hence, the scattered submillimeter radiation e-
folds in 3.0 cm, whereas the experimental
scattering region was -30 em. It should also be
noted that in the experiment the output window
was 50% reflecting to submillimeter radiation
and hence multiple reflections were possible
during the 50-nsec lifetime of the beam. Hence
the present paper describes a mechanism which
is a plausible explanation of the observed sub-
millimeter radiation.

The authors express appreciation to W. M.
Manheimer, A. T. Drobot, and R. K. Parker for
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