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Central structure of low-n Balmer lines in dense plasmase
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Stark-broadened profiles of the Balmer lines H~ and BBhave been measured by means of
a high-pressure electromagnetically driven shock tube, at electron densities N, -10 7 cm 3

and temperatures zT -1.5 eV. The measured profiles of H„, down to -5% of peak intensity,
are in much better agreement with the theoretical profiles of Kepple and Griem than with the
results of more recent computations by Vidal, Cooper, and Smith. This suggests that for
hydrogen lines with significant upper- and lower-state broadening, only elastic scattering
contributions to the upper-lower state interference term should be included in the line-
broadening operator. For HB, agreement is obtained with both theories except within the
central dip, the discrepancies between measured and predicted modulations being somewhat
larger than those obtained in recent arc experiments. Our results for H& can be interpreted
as indicating the presence of a transition layer of much lower electron density near the
walls rather than the necessity for including the effects of ion dynamics in the calculations.
The first-order dynamical correction to the Holtsmark profile for a single Stark component
is considered in analogy with stellar dynamics, and found to be of negligible importance
under our conditions. Additional measurements of the central structure of Da and the
He & 4471-L line ire consistent with these conclusions.

I. INTRODUCTION

In this paper we consider two types of problems
relating to the central structure in the Stark pro-
files of the lower members of the Balmer series:
first, the disagreements between the computa-
tions of Kepple and Griem'' and the results of
calculations based upon the "unified theory" of
Vidal, Cooper, and Smith'~; second, disagree-
ments between the results of both sets of calcu-
lations' ' and previous experiments, ' "as well
as the investigation reported in this paper. " "
We are not concerned here with the relatively
minor errors' resulting from the neglect of vari-
ous sources of profile asymmetry, but with more
substantial disagreements" "which can be traced
to considerations regarding some of the approxi-

mations" customarily made in Stark-broadening
calculations, and which drastically affect the
reliance which can be placed, for example, upon
the width of the H profile in determining the
electron density /, .

Figures 1 and 2 represent some of the results
of calculations by Kepple and Griem' ' (KG) and
Vidal, Cooper, and Smith'~ (VCS) for H and Hs,
for N, =10"cm and T =20000 K. Normalized
intensity S(o.) is plotted against o. , the wavelength
separation in A from line center divided by the
Holtsmark normal field strength (F, = 2.6leN,"').
We note that a procedure of best-fitting experi-
mental intensities to the H theoretical curve
should result in about 9(P%%d higher electron density
for the VCS calculation than one would obtain from
KG, whereas in the case of Hs only a -10%%up higher
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170 JOHN D. HEY AND HANS R. GRIEM

electron density is predicted by VCS. An incon-
sistency therefore exists soithin at least one set
of calculations.

A theoretical modulation for H& may be defined
as the difference between the maximum and cen-
tral-minimum intensities, divided by the maxi-
mum intensity. Values of 37% and 41% are pre-
dicted by the KG" and VCS' ' theories, at N,
=10"cm ' and T =20000 K. Earlier arc experi-
ments' ' had yielded modulations of only some
15/0 to 20%, depending upon the gas mixture in
the arc, and the modes of observation and arc
operation.

In attempting to account for the major dif-
ferences between the calculated and observed
central structure of H~, as measured in this ex-
periment" as well as in earlier work' "and other
experiments performed at the same time, '4 the
following considerations have been suggested:
first (from the theoretical point of view), the
neglect of the effect of time-ordering of collisions
in the evaluation of the line broadening operator
R (see below), the neglect of dipole terms in-
volving states of principal quantum number differ-
ent from those of the initial and final states in the
expression for X (i.e., neglect of "quenching"
collisions and quadratic Stark effect), ion dynami-
cal corrections to the static Holtsmark field, and
thermal or suprathermal field fluctuations. ' "
Second (from the "experimental" point of view),
the question of plasma inhomogeneity (the effect
of a transition layer near the walls or other den-
sity inhomogeneity) should be considered, at
least in the case of the electromagnetic shock
tube used in this experiment.

Of the various possible theoretical reasons
advanced, the first may indeed be of some im-
portance. However, judging from calculations"
with and without time ordering for the H and I &

lines, it should fall well short of explaining the

deviations quantitatively. For the second reason,
the addition of such inelastic terms to the effec-
tive Hamiltonian leads again to a reduction but
not elimination of the discrepancy within the dip
of H8, "'" but substantially poorer agreement is
in fact obtained over the profile as a whole. ' For
example, best-fit electron densities from line
profiles are -1(P/q below electron densities mea-
sured interferometrically after inclusion of in-
elastic terms, while the two values agreed"' '

within -3% before this modification. Moreover,
the "strong collision term"" already includes
some of these effects so that simply adding cor-
rections for time ordering and inelastic collisions
would clearly given an overestimate of their com-
bined influence. It seems therefore rather safe to
exclude these two mechanisms as major causes
for the disagreement. We shall consider the ques-
tions of ion dynamical corrections, field fluctua-
tions, and plasma inhomogeneity in some detail
below.

II. EXPERIMENTAL METHOD AND RESULTS

For the purposes of an experimental investiga-
tion of the disagreements discussed above, a high-
pressure electromagnetically driven shock
tube"" (length 86 cm, inner diameter 2.5 cm)
was selected as the plasma source, and line pro-
files were scanned on a "shot-to-shot" basis. "'"
Earlier investigations" showed that such devices"
can produce rather homogeneous plasmas in a
near thermodynamic equilibrium (LTE) state,
and operate reproducibly. "'" A thin transition
layer near the walls, of much lower electron den-
sity than the bulk plasma, had been detected inter-
ferometrically in an earlier experiment on a low-
er-pressure shock tube, but its presence was con-
sidered unimportant for the purposes of emission
spectroscopy. ' '" A later investigation ' verified
that the assumption of local thermal equilibrium
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12 CENTRAL STRUCTURE OF LOW-n BALMER LINES IN. . .

for excitation and ionization of hydrogen atoms
would be valid under our conditions. (The tem-
perature, however, plays a very minor role com-
pared with electron density, in the Stark broaden-
ing of spectral lines. ) In the present experiment,
helium was used as the carrier gas (ambient gas
pressure -20 Torr), with small (1% or less) ad-
mixture of molecular hydrogen in order to ensure
that optical depth corrections remained small even
near the center of H (since such corrections tend
to suppress the major disagreement between the
two theories). A plasma of electron density N,
-10" cm ' and temperature kT -1.5 eV was pro-
duced by discharging a bank of total capacitance
108 p. F and firing voltage 8.5 kV, typical shock
speeds being about 1 cm jpsec and the discharge
period about 20 p. sec. The useful lifetime of the
plasma behind the reflected shock wave (the pri-
mary shock wave is not luminous) was 10-15 gsec
for the profile measurements which were made
by means of standard Jarrell-Ash half- and quar-
ter-meter monochromators with auxiliary photo-
multiplier attachments. Corrections of tabulated
profiles for Doppler and instrumental broadening
were found to be of no practical significance, and
it could readily be verified that other broadening
mechanisms (van der Waals" and resonance broad-
ening" ")were completely negligible in the pres-
ent experiment. Long- range collective ef-
fects"" "were ignored. Thermal field fluctua-
tions are readily estimated not to change by much
the instantaneous ionic field at the position of a
given radiator, under the conditions of this ex-
periment. Furthermore, there is no known mech-
anism to drive suprathermal field fluctuations
(plasma instabilities) in this experiment. (In the
case of nonhydrogenic systems one would expect
the presence of plasma oscillations to be detect-
able as discrete resonances in a given line pro-
file as)

Additional corrections of measured profiles for
variations in window transmission throughout a
given scan were kept small by observation of the
plasma along a line of sight perpendicular to the
axis of the shock tube, within approximately 1-3
mm of the reflector (an adjustable aluminum plate
of diameter slightly less than that of the tube,
which was used to define the total path length of
the primary shock wave). A pair of pin-holes
(500 p, m in diameter), placed on the optic axis
by a holder attached to the end of the tube (within
which the reflector was now also housed, see
Fig. 3), was separated by a distance equal to the
inner diameter of the tube (2.5 cm) and besides
defining the slab of plasma under observation,
formed the outlet for the gas which was leaked
into the tube through the discharge electrodes at

a constant rate until a given firing of the bank,
after which the inlet valve was closed and the
tube evacuated (a rotary pump with liquid-nitrogen
cold trap was adequate for the ambient pressures
in this experiment). For further details on the
circuitry associated with and operation of our
electromagnetic shock tube, the reader is re-
ferred to Refs. 17, 28, and 29.

We now proceed to discuss diagnostic methods,
the experimental results and their interpretation.
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FIG. 3. Reflector housing and window attachment.

A. Diagnostic methods

The primary method of determining electron
density involved a procedure to best-fit mea-
sured intensities at various wavelength points
over the Hs profile, to theoretical tabulations of
S(a) versus a (Sec. I above) with appropriate
interpolation when necessary. Reproduc ibility
of the plasma on a shot-to-shot basis was thus
strongly relied upon; homogeneity (i.e. , the possi-
ble effect of a tenuous cold layer near the walls
or pin-holes) could be checked by omission of
points near the center of the profile. The transi-
tion layer is discussed below; we point out here
that on the whole a small change (a roughly 4-10%
increase) in electron density was obtained from
the computer program when points between the
two H~ peaks were omitted. As will be seen from
the tabulations' ' ' considered here (as well as
the results of earlier calculations" ")the method
is temperature insensitive. The largest source
of systematic error (of the order of 10%%uo) was,
however, found to be the actual choice of tabulated
S(a) versus a. This is discussed in the section
dealing with results, Sec. II G.

The best-fit program may be summarized as
follows. For a set of m measured intensities
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I;(A,;), one considers the corresponding theoretical
intensities (after converting to X space) (1/Eo)
x S;(o.',.), where n; =

~
&; —A, ~ /E, and A., is the wave-

length at line center as measured by the particular
monochromator, denotes the continuum intensity
by C and the normalization factor by A. , and forms
the standard deviation squared:

For these purposes it is adequate to treat C as
wavelength independent; "best" values of C and
A may now be found from the conditions Bo'/BA
=so'/sC =0. For the computer program, the
electron density is "guessed" (from a rough mea-
surement of the linewidth) and this value is used
at the start of a cycle of iterations on density
which continues until successive values of 0' differ
by sufficiently small amounts. This process is
repeated for a series of X, values in the vicinity
of the apparent line center, until the minimum of
v' in the two-dimensional subspace (Xo, N, ) has
been found. The corresponding value of E, is
taken to be the best-fit electron density; per-
centage errors in the mean were found to be far
smaller than the major systematic errors indi-
cated above [choice of S(n), use or omission of
points near line center]. In some cases (in con-
nection with the measured H„profile) it was found,
owing to the large weights carried by the near-
central points, that satisfactory continuum levels
were not obtained by the above procedure, but

that the measured continuum level should then
rather be used as the value of C. The best-fit
electron density was now determined subject to
this constraint, with 8&'/&A =0.

In view of the importance of the full width of the
H8 profile for diagnostic purposes in this experi-
ment, it was of interest to make some assessment
of the effect of the neutral-helium line A.4922 A
on the red wing of H&. Detailed calculations of the
profile of A. 4922 A for conditions at which the for-
bidden component (arising from mixing of the 4'D
and 4'E levels by the plasma microfield) becomes
important, have been performed by Barnard et
a/. " It was found that with omission of H~ points
beyond about 4890 A, the error in electron density
from additional helium-line radiation should be
below about 5%.

Additional estimates of the electron density
were obtained from the full widths of neutral
helium lines"; of these, the most suitable ap-
peared to be He I A.6678 A, in spite of the pres-
ence of a forbidden component in the vicinity of
A,6630 A on the blue wing which, according to re-
cent measurements, "could result in about 10/o

reduction in width at N, =1.6~ 10" cm '. Some
correction for optical depth at line center was
also expected (-10%%uo), and this was found to com-
pensate to some extent for neglect of the for-
bidden component in width estimates. Owing to
its narrow peak, this line is far more susceptible
to the effects of shot-to-shot fluctuations than is
HB, and one would not expect an accuracy of great-
er than 10-15% in a value for N, obtained in this
way. Owing to the presence of the 500-pm pin-
holes on the optic axis, reliable values for elec-
tron density could only be obtained with great dif-
ficulty" from absolute continuum intensities" in

0
the vicinity of &5400 A, and so this method was
not generally adopted.

Values of C and A obtained by means of the min-
imizing procedure discussed in connection with
the Hs profile [Eq. (1) above] provided a conven-
ient way of obtaining the temperature (the line-to-
continuum method""). The -10%%uq errors" in-

curredd

by the neglect of deviations from LTE of the
helium level popul. ations were of minor importance,
and other approximations" for the total. continuum
emission from ionized helium were quite satisfac-
tory for our purposes. (See Sec. IIF for further
non-LTE effects. )

Estimates of corrections owing to optical thick-
ness, in the density and temperature ranges ap-
plicable to this experiment, show that radiative
transfer is of some importance in the line core
of H„but a relatively minor effect for the higher
series members. In comparing experimental re-
sults with theoretical profiles, the most conven-
ient way to account for radiative transfer was
first to apply optical depth corrections to the cal-
culated values, and then compare these with mea-
surements. The correction factor for optical
depth to be applied to tabulated profiles is

(1 —e 'x)/T~,

where r~ =k~l is the total optical depth of the (ho-
mogeneous) slab of plasma under observation
(thickness l approximately equal to tube diameter),
and kq is the effective absorption coefficient of
the line.

Beproducibility of our plasma was monitored by
selection of shots on the basis of fluctuations in
total intensity of either a narrow neutral helium

0
line (HeI 33889 A) or the continuum in the vicinity
of A, 5400 A, and also fluctuations in arrival. time.

B. Measurement of the Hp profile

Since the profile of HB was the primary means
of obtaining electron densities for scans of H„,
we first discuss some detailed studies of its cen-
tral structure. Table I presents a summary of
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the results obtained from scans in which a half-
meter monochromator (except in the case of the
first run) with instrumental width generally about

0
0.4 A was used to scan the central region of the
line profile, while a quarter-meter monochroma-
tor provided a detailed [f(X), Xj plot of the profile
as a whole, from which values for the electron
density and line-to-continuum ratio could be ob-
tained. Distortions of the measured red wing of

0

He owing to the Hei ~4922-A line could be elimin-
ated satisfactorily by omission of points in the fit
to theory.

Deviations between measured and theoretical

points were, however, much more serious in the
vicinity of line center, and a method of fitting was
adopted whereby points were omitted from line
center (also determined by the fit program) out-
ward until. good agreement, within a few percent,
could be obtained with theory at, the first included
point. This generally occurred when the line peaks
were reached; Figs. 4 and 5 show the excellent
agreement obtained with, for example, the KQ"
calculations once the central points had been
omitted. The change in apparent electron density
is shown in the fourth column (Table I), where
&N, /N, is the "final" value (with omission of cen-

TABLE I. H& profile measurements.

Run
No.

Ne
(10'~ cm ~)

Error
(%%uo) N,

Peak
Modulation Error separation

(%) (%) (A)

P
(%%uo)

1.94 0.07 16 000 16.5
(12,5)

2 (a)

2 (b)

2 (c)

3(a)

3(c)

4(a)

4 (b)

5(a)

6(a)

1.94

1.70

1.51

2.0

1.73

1.51

1.04

0.71

0.97

0.63

1.40

0.91

0.01 18 500

0.04 18 500

0.10 17 500

0 ~ 04 18 000

0.04 17 000

0,03 16 500

0.07 17 500

0.10 15 500

0.13 17 000

0.10 17 000

0.09 17 000

0.08 16 500

17
(16.5)

18
{17.5)

18
(17)

13.5
(12.5)

15
(13.5)

15.5
(14)

14.5
(14)

8
(7)

12.5
(12)

8
(7.5)

12
(11)

13
(12)

21

29

25

13

16

22

17

1.04

1.04

1.04

1.04

1.0$

1.04

Run
No.

1
4(a)
4(b)
6(a)
6(b)

Additional electron-density values

Ne
(10 cm )

2.0
0.97
0.66
1.5
1.0

Method

Width of Hei ~3889 A
Ab«lute A. 5400-A. continuum
Absolute A5400-A continuum
Width of Hei A, 6678 A
Width of Hei A. 6678 A
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FIG. 4. Measured profile of HB Pl~ =1.0x 10~ cm ).

tral points) minus the "initial" value, divided by
the final value of the electron density. The stan-
dard error in the mean for the final profile is
given in the third column; the effective error in

N, from sca.tter of the points is thus about 1.5
times as great (from the error in the width), and
this in turn is now cl.early smaller than the error
from systematic sources, one of the largest of
which would be due to inclusion (or exclusion?)
of the central points. The tabulated temperature
(approximated to within 300'K of the calculated
value) is clearly susceptible to errors in the con-
tinuum level; these are estimated to result in an
error below 1000'K, probably about 500'K. The
reliability of the best-fit continuum level could
readily be checked by comparison of the mea-
sured with theoretical" points on the blue wing.

The effect of an attempt to fit within the dip as
well was most noticeable on the wings, where the
theoretical curve then lies systematically above
the experimental.

Another major source of systematic error in X,
would result, as was pointed out above, from the
initial. choice of theoretical profiles. For Table I
we chose the KQ" calculations. Fits to the VCS'
computations are considered below; here we
merely note that values of N, obtained from the
latter should be about 10%%ug higher than those given
in Table I. An error of -s 4% could typically be
placed upon our tabulated N, values provided that
sources of systematic error have been properl. y
dealt with. Additional electron-density estimates
appear at the bottom of Table I, together with the
method in each case. In spite of the larger uncer-
tainties involved (see Sec. IIA above) these values
tend to confirm the above error estimate.

The percentage molecular hydrogen is given in
the last column, with addition, for the last four
runs, of the (here unimportant) percentage of
ba, ckground hydrogen as estimated for this de-
vice by Elton. "

Experimental values for the central modulation,
as defined in the Introduction, are given in paren-
theses in the sixth column of Table I. They are ob-
tained from a best fit to a quartic equation of the
form

of points lying in the vicinity of the central region,
up to the peaks or slightly beyond, where the con-
tinuum (C) has been obtained from the fit to the
"total" profile from which the electron density
was determined. The (percent rather than frac-
tional) modulation is thus
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i IOO—
lA 90—
w

80—
w 700

60—
w 50—
K

40—

PROFILE OF H
P

'IILX

x x/

'i /
V
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and the peak separation is given by (2b/a)'~'.
The (absolute) errors in this modulation are

found in the next column, and are estimated by
twice the error in the mean of the fit to Eq. (2).
Two factors clearly tend to reduce the modulation
below the "true" value, first a finite instrumental
width and second, radiative transfer. The first
of these was unimportant except for the first run
where subsequent correction resulted in a =1.5/0

increase. The second correction factor was com-
puted from the measured temperature and density,
with an effective plasma length equal. to the inner
diameter of the tube minus 1 mm at each wall.
Resultant "corrected" modulations are listed
above the measured value for each run. The total.
error in these is typically about +3%%uo, and they are
seen to be fairly consistent with the results of
earlier work, "' apa, rt from the rather low values
obtained with lower electron densities [runs 4(b)
and 5(b)], although the interPretation placed by
some authors" upon the observed disagreement
with theory requires careful. consideration, as
we show below.

C. Measurement of the He i 4471-A profile

For greater insight into the problem of plasma
homogeneity, it appeared to be of some interest

0
to examine the profile of the Hei A.4471-A line,
whose theoretical profile under our conditions is
quite similar to that of Hs. In Table II, some re-
sults are listed of measurements of the dip be-
tween the allowed and forbidden components. For
N, =10'" cm ' and T=20000'K, a value of 35/0 for
the modulation is predicted by Griem and Bar-

0
nard et al. ,

"with a separation of 15 A between
the allowed (4'D-2'P) and forbidden (4'E-2'P)
peaks; the width obtained from the more recent
tabulations" is, however, smaller by about 8%%up

than that found by Griem. '4 Note that "trivial"
sources' ' of profile asymmetry, neglected in
the calculations, would tend to reduce the apparent
red-blue asymmetry. (More recent calculations
by Deutsch et al."are essentially in agreement,
for our purposes, with the earlier work mentioned
above, for electron density 3 &&10" cm '.) To
emphasize their similarity, we include a best fit
of A4471-A points to the HB theoretical profile for
N, =0.7&&10" cm ' (Fig. 6); an excellent fit is ob-
tained, leading essentially to complete agreement
in the predicted electron density from the two
lines once an appropriate scaling factor has been
introduced (from interpolations between given
theoretical profiles' ) for the dependence of width
upon density. Note the appearance of the weaker
4'P- 2'P forbidden component on the red wing.

The format of Table II fol.lows exactly the de-
scription in connection with the HB measurements;
optical depth corrections were also estimated and
found to be appreciable in one case only [2(a)].
For comparable densities, the modulations ap-
pear on the whole to be larger than in the case of
Hs., however, the larger scatter in the points is
clearly indicated by the seventh column. The rel-
evant continuum level was ha.rder to estima, te in
this case, owing particularly to the presence of
the higher Balmer-series members of hydrogen,
and errors in C coul.d affect the tabul. ated modula-
tion by an additional. percent or more.

D. Measurement of the D& profile

Experimental values of the modulation of the DB
line from a helium-deuterium plasma, of compara-
ble electron density and temperature to those al-
ready considered, are of interest in connection
with the question of the importance of ion dynam-
ical effects"'" on the central structure of the

TABLE II. Her 4471-A measurements.

Run
No.

Error
(%)

Modulation
(%%uo)

Error
(%)

Peak
separation

(A)

P
(%)

1(a)
1(b)
2 (a)

0.83
0.51
1.36

0.91 0.07 16 500

0.08 17 000
0.11 17 500
0.09 18 000

18
17
14.5

(14)
15.5

12
10
17

14

1.04
1.04
1,04

1.04

Additional electron-density values

Run
No.

N~
(10 cm )

2(a)
2 (b)

1.4
1.0

Width of Hei A, 6678 A
Width of Hei A. 6678 A
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Balmer lines. Some results for such a plasma
are listed in Table III; the notation is consistent
with that explained in Sec. IIB above. A complete
profile of Ds is shown in Fig. 7, and may be com-
pared with the very similar one for Ha (Fig. 5).

E. Discussion of profile discrepancies

We proceed now to the contention' '" that dis-
crepancies between measured and calculated mod-
ulations for the lines discussed in Secs. IIB-IID
above, can be related to neglect of ion dynamical
effects in the computations. It should, however,
be stated that we have been unable to substantiate
this contention on theoreticai grounds"'9 (see
Sec. IV), at least as far as particle-produced
fields are concerned.

When one attempts to find experimental evidence
for a dependence of fill. ing-in of the central dip
upon reduced mass of the radiator-perturber com-
bination, it is important to note the variation of
predicted" modulation with electron density and
temperature. In Table IV are listed values for
the measured modulation, corrected for radiative
transfer, and the relative modulation (the ratio of
measured to interpolated theoretical modulation).
Since we have various perturbing ions, we consid-
er effective reduced masses p, ,«, where

QH+ +g(I„+
'

Pf~+ ++ ), +

for example, in the case of HB. NH+ and XH„+ are

TABLE III. DB profile measurements.

Run
No.

Ne

(10 7 cm 3)
Error

(%) Ne
Modulation

(%)

Peak
Error separation

(%) (&)

1(a) 1.40

0.90

0.90

0.06

0.11

17 000

16 500

0.07 16 000 13.5
(11.5)
13

(12.5)
12.5

(12)
18

1.08

1.08

1.08

Additional electron-density values

Run
No.

Ne
(10 cm 3) Method

1(a)
1(b)
2

1.3
1.0
0.9

Width of Hei A, 6678 A
Width of Hei A, 6678 A
Width of Hetkss78 A
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TABLE IV. Central modulations.

Run Ne P eff
No. (10' cm ) (~H= 1)

Modulation
(%)

Relative
modulation

2 (a)
2 (b)
2(c)
3(a)
3(b)
3(c)
4(a)
4(b)
5(a)
5(b)
6(a)
6(b)

1.94
1.94
1.70
1.51
2.0
1.73
1.51
1.04
0.71
0.97
0.63
1.40
0.91

0.54
0.68
0.69
0.63
0.65
0.59
0.63
0.65
0.55
0.62
0.65
0.60
0.59

16.5
17
18
18
13.5
15
15,5
14.5

8
12,5

8
12
13

0.52
0.52
0.55
0.54
0.42
0.45
0.46
0.40
0.22
0.35
p.21
0.35
0.37

1(a)
1(b)

1.40
0.90
0.90

1 ~ 05
1.14
1.10

13.5
12.5
12.5

0.40
0.35
0.35

(iii) Her A4471 A

1(a)
1(b)
2(a)
2 (b)

0.83
0.51
1.36
0.91

1.32
1.58
1.47
1.16

18
17
14.5
15.5

0.53
p 44
0.48
0.46

the total particle densities of the hydrogen and
hei. ium ions, respectively. These densities are
comparable, because hydrogen is almost fully
ionized, helium only 1-2% for our conditions.

In comparing the results for Hs and D~ and noting
the 1-5%experimental errors discussed in connec-
tion with Tables I-III, it is clear that on the whole,
apart from two exceptional low-density runs, there
is little evidence in these data for an increase in
relative modulation with reduced mass. However,
the higher accuracy of the three Da runs compen-

sates for their small. er number, a,nd one can con-
clude that changing the reduced mass by -2 gives
at most a 4%%ue change in the modulation. This upper
limit is consistent with Ref. 14.

A systematic trend is observed when one at-
tempts to classify the HB data in groups of roughl. y
the same electron density. Then, one finds that,
in general, largest modulations are observed for
the group with highest electron density and vice
versa. Within the subclass N, = 10"cm, mod-
ulations do in fact appear systematical. ly lower
than corresponding points for He I A4471 A, and
noticeably so for N, & 8~10" cm ', say, by at
least 3% in this case. This compares with an -5%%ue

effect interpolated from the results of Ref. 14 for
a factor -3 change in the reduced mass.

It seems clear, however, that the spread within
the Hs points cannot merely be discounted on the
grounds of statistical fluctuations. For self-con-
sistency, it now appears necessary to look for an
explanation of these effects in terms of plasma,
homogeneity ra, ther than ion dynamics. The trend
noted above in connection with the Hs "points"
would be an immediate consequence of the transi-
tion-layer "hypothesis" discussed below (since
the shape of a narrower profile would be more
readily affected by a given inhomogeneity).

When comparing our measured modulations with
those given in Ref. 14, one finds that although the
latter are systematical. ly larger, they exhibit the
same trend as we have already discussed, viz. ,
for the relative modulation to increase with elec-
tron density.

F. Transition layer

We now proceed to what the present authors con-
sider, at least in the ease of the electromagnetic
shock tube, to be the most plausible (experimen-
tal) explanation for the observed discrepancy be-
tween theory and experiment for the central struc-
ture of Ha.
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FIG. 7. Measured profile
of Ds (N~ =1.4x 10~~ cm 3).
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First, an attempt was made to construct an
elementary bvo-layer model for the transition
layer which could account for its main observable
properties. Initially, two basic assumptions were
made, viz. , that the total pressure is uniform
radially and that the percentage of atomic hydro-
gen (2P) is the same in the transition layer as in

the main body of the plasma. Subject to these con-
straints, and with the further assumption that a
semicoronal' model could be used to compute
ion-to-neutral density ratios in the transition
layer (with Saha decrements for hydrogen and
helium, based upon the calculations of Drawin"
and Drawin and Emard"), a relation" could be
obtained for the electron density in the transition
layer in terms of an assumed transition-l. ayer
temperature and given bulk parameters N, and T.
This equation could be solved by an iterative pro-
cedure alone, and yielded a plot of density versus
temperature for the transition layer at the given
bulk plasma conditions. The shape of the curve
suggested a model" whereby the average behavior
is represented by a two-step function, i.e., that
the transition layer might be treated as a single-
layer homogeneous slab maintaining pressure
balance with a hotter, more highly ionized homo-
geneous plasma. For example, for N, =10'' cm 3

and K T = 1.55 eV, one couM deduce a transition-
layer electron density of =10" cm ' and tempera-
ture =1 eV.

The effect on such additional cool layers near
the walls upon the H~ profile could be computed in
the following manner. Assuming LTE for the up-
per level (energy E„: even near the walls, the
Saha decrement for hydrogen remains close to
unity), one has for the intensity from some tran-
sition layer

1(x) ' Hi, s(a)exp( " " ")(2v),

~ ~~ ~ ~ ~ ~
~ ~

IQ cm

((o
2

I-
V)
X
hl

I

LV

LLJ -50 -20 -IO Og (A)
10 20 30 4Q

effects near the edge of this layer, as well as ex-
perimental resolution. The reason for the inter-
mediate layer becomes apparent when one consid-
ers diffusion of helium ions (see below). ]

The transition layer as described above wouM
be too cool to radiate the neutral helium lines sig-
nificantly. However, an important consideration,
viz. , gradient effects near the walls, has been ig-
nored up to this point. Whereas the hydrogen-ion
concentration, as computed above, would decrease
by a factor rather less than an order of magnitude,
the helium-ion concentration is calculated to de-
crease from N„„+-N, to a negligible amount,
1V„,+«N„ from the bulk plasma to the walls. A
diffusion of helium ions towards the walls would
therefore be expected and their concentration
thus wouM be above that calculated by the above
procedure. The thickness of the transition layer
may then be estimated by the mean free distance
d for ionizing collisions, the calculation requiring
merely the appropriate generalization 9 of results
obtained earlier for a single species. " With ap-
proximate values for the relevant elastic and
charge-exchange cross sections, one finds that
d= 1 mm. When one considers the total neutral:

where E is the ionization energy for an isolated
atom, reduced 2 by ~E„owing to plasma effects,
and l' is the layer thickness. A similar relation holds
for the bulk plasma, with the length 2l' replaced by
l —2L', wherel is the tubediameter. Figure 8 demon-
strates that, with lengths L' of the order'
1 mm (l =25 mm, /'=/"=1 mm), an effective mod-
ulation of some 15%%u() is readily obtained with a
simple extension of this model to three layers,
and that the corresponding change in measured
electron density resulting from such a superposi-
tion of line profiles is in agreement with typical
values for 6N, /N, in Table 1. [Note the smooth-
ing out of the dip in the narrower profile produced
by the outer transition layer, which becomes
plausible when one considers enhanced gradient

oK

-50 - 20 -IO 20 50
I

40

FIG. 8. Typical three-layer model for He modulation.
The solid curves represent calculated line profiles for
homogeneous layers of the indicated electron densities
and temperatures, the dotted curve their weighted sum
according to Eq. (4), except that the lowest density pro-
file was smoothed as indicated by the dashed curve. As-
sumed lengths of the emitting layers are 21 mm for the
bulk plasma and 1 mm each for the two transition layers
on both sides of the bulk plasma. Hydrogen-ion densi-
ties are 3.8x 10 cm in the bulk plasma and 1x 10
cm 3 in the transition layers, charge neutrality being
provided by helium ions.
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helium density near the walls, this diffusion
represents a minor change in the total helium
pressure, while providing a plausible mechanism

0

to account for the filling-in of the Her ~4471-A
dip similar to that for Hs and De.

G. Measurement of the 8 profile

In Table V results are given for measurements
of the profile of H from which the best-fit elec-
tron density N„was obtained for the KQ" and
VCS' calculations; values of ~„were then com-
pared with those (NB) from the coxresPonding Ha' '

profile for each case (according to the method
outlined in Sec. II A, with instrumental correc-
tions applied where necessary). Before fitting
the measured H„profiles to theory, tabulated
values of S(n) were first corrected for the effects
of radiative transfer (see Sec. II A above) with the

electron density and temperature as obtained from
the corresponding H8 profile. Approximate cor-
rections at line center (for a homogeneous plasma)
are given in the seventh column of the table.

For consistency, points in the immediate vicin-
ity of the line center of H were also excluded
from the H~ fits, as these would be most strong-
ly influenced by the presence of plasma inhomo-
geneities. For numerical reasons, the magnitude

of the effects of the latter on the H profiles is
much harder to assess than in the case of HB,
where one has typically several points of com-

0
parable intensity within about 10 A on either side
of line center. However, by attempting to ensure
that those near-central points on the H~ profile
are omitted which correspond to the omitted points
within the dip of the HB profile, one is assured
that possibl. e effects of the transition layer are
greatly diminished and one is then no longer con-
cerned with the exact nature of the transition layer
to the plasma under consideration (thickness ?,
effect of pin-holes '?, etc. ).

A suitable criterion for included points there-
fore appears to be:

as=
~
Z-Z, j ~ n,„,,Z, [(o.„,), /(n„, )H, ],

0
where' n,„,„(=0.033 A per cgs field strength at
N, =10" cm ') corresponds to the peak of Ha and

a«2 is the half-width, in a. space, of the respec-
tive lines. Thus (using KG" for N, = 10" cm '),
one should include only those points for which

0
~A. & 2. A under our conditions. Although this
criterion was adhered to, excluded points ( in
the fit program) are plotted as well in Figs. 9
and 10 for H„, and the corresponding theoretical
curves extended up to line center from the regions

TABLE V. H~ profile measurements.

Run
No.

Ns
(10"cm-')

Error
(%)

N~
(10"cm-')

Error
(%)

Opacity
(%)

P
(%)

Kepple-Griem

1(a)
1(b)
2(a)
2 (b)

1.62
0.91
0.91
0.66
0.60

18 000
17 500
17 500
17 200
16 500

1.44
0.88
0.97
0.78
0.70

22
11
11

8
13

0.89
0.97
1.07
1.18
1.17

0.23
0.23
0.23
0,23
0.23

Vidal, Cooper, Smith

1(a)
1(b)
2(a)
2 (b)

1.77
1.01
1,03
0.74
0.68

18 200
17 700
17 700
17 500
16 500

2.96
2.00
2.04
1.70
1.16

34
17
18
11
26

1-.67
1.98
1.98
2.30
1.71

0.23
0.23
0.23
0.23
0.23

Additional. e lectron-density values

Run
No,

N~

(10 cm 3) Method

2(a)
2 (b)

0,86
0.68

Width of Hei A.4471 A
Width of Bet A4471 A

Percent correction for optical depth.
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FIG. 9. Measured profile
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in which the fit was performed.
The major observation in Table V is the clear

demonstration of inconsistency" of the electron
densities obtained from the VCS' calculations for
H„with those from their HB profiles for N, =10"
cm '. By comparison, the KQ" values for N
and NB are satisfactorily consistent. Apart from
possible theoretical arguments (see Sec. III below),
deviations of N jNS of this order from unity could
be attributed to statistical fluctuations (always of
greater importance for H„), remaining effects of
the transition layer, and errors in opacity esti-
mates and in instrumental corrections. These
deviations are, however, clearly minor in com-
parison with the inconsistency in the VCS calcu-
lations.

Support for these conclusions regarding the width
of H~ is found in the work of %iese et al. ' and ear-
lier experiments summarized in Hefs. 2 and 8,

while our observations are in strong disagreement
with the recent arc experiment of Behringer"
(where one notes that few measured points lie
within the critical range about line center in
which theoretical disagreements are the most
significant). Behringer" reports "much better"
agreement with the unified-theory calculations
(VCS~) than with KQ. '2 Ehrich and Kusch, "on
the other hand, have recently published results
of measurements of the widths of H~ and HB from
which electron densities N and NB were obtained
(using the KG" computations). Their values for
N~ are consistently greater than those for Na,
the ratio N„/NB increasing with decreasing density,
up to a factor of 5 for NB ——10" cm '. Disagree-
ment between N„and NB, using the VCS computa-
tions, should thus be as large as an order of mag-
nitude, for Na = 10" cm ', provided one were to
assume that their experimental values for NB are

I 20

~ IOOI-
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FIG. 10. Measured pro-
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correct. Referring, however, to an earlier paper
by Kusch, one finds a similar disagreement be-
tween densities determined from the widths of
HeI ~5016 A. or HeI ~3889 A, and values for Na,
the latter being smaller by a factor of 1.7 in this
case.

Our additional measurements of the widths of
several neutral helium lines (Tables I-III, and V)
lead to no such disagreement, supporting earlier
results. ""One is thus led to suspect that possible
experimental reasons can be found for these dis-
crepancies, "'~ such as plasma inhomogeneities,

instrumental broadening, or errors in optical.
depth corrections (where necessary).

III. SURVEY OF COMPUTATIONAL PROCEDURE

Equation (6) is the standard expres-
sion"'""' " '" for the shape of a Stark-
broadened spectral line, where the notation of
Baranger44 has been employed, viz. , that the set
of initial (upper) states (I i& $ =- fI a&, I 0&, I c&' ' '}'
which contribute to the line be denoted by Latin
letters, whereas Greek letters indicate fina, l (low-
er) states, (If&) =(I ~&, I P&, Ir&"'):

W«& & «eRg e '""&eldl-e& &&I l&be& &b&& I
e e — "' — lee")).H„, F) —H~(F) -X

Q,by IX' 8

(6)

If a diagonal. representation is used for the atomic
Hamiltonian H&, the complex conjugate operation
on H~ may be omitted. Here Z(T) is the atomic
partition function, W(F) the ionic field-strength
distribution function and d the atomic dipole mo-
ment. The line-broadening operator X (non-Her-
mitian) is approximated' by

4g 2m 1/2 g 2

X= —ih —— — N,(v ') '
3 jTKT m

x v r, r, -2r, 'r +r& r

x —+1

where a,r is the position vector of the atomic elec-
tron; p,„and p are maximum and minimum
impact parameters for broadening by electron
collisions. The electron-velocity (v) distribu-
tion is usually taken to be Maxwellian. In the
unified theory" (VCS), X becomes X(Et'), where
&~=0 at line center.

It will be found that outstanding theoretical dis-
agreements relating to hydrogen-line-profile cal-
culations can be traced to the manner in which
some of the various approximations implied by
Eqs. (6) and (7) are applied. '""", In particular,
controversy still exists as to whether (a) it is
adequate (incorrect? ) to treat elastic and inelas-
tic electron col.lisions on an equal footing in the
evaluation" of X, and (b) whether or not dynam-
ical corrections should be applied to the static
ion field &2~&4~ 46 48

For the conditions of our experiment, we con-
tend that inelastic electron collisions causing
transitions between Stark-split sublevels of the
same principal quantum number, are not in gen-
eral consistent with the requirement of energy

conservation except on the line wings (b.«» ~~)."
Such terms should thus be omitted from the "in-
terference" term in X. The difficulty of the inter-
ference term is closely related to the neglect of
perturber-perturber interactions in the impact
approximation, ' and some suggestions" can be
made for an improved theory which employs
quantized van Kampen4~ modes for the background
plasma. Also in this connection it should be noted
that because of the existence of an energy gap in
the plasma spectrum corresponding to frequencies
intermediate to ion and electron plasma frequen-
cies, some objections" to the arguments in Ref.
13 are not conclusive. (A detailed discussion of
these effects with numerical calculations wil. l be
the subject of a separate publication. ") Further-
more, we attempt to show that ion dynamical. cor-
rections are of negligibly small magnitude" in
comparison with the discrepancies ' ' ' ' be-
tween several experiments and both computa-
tions '4 for the central structure of HB.

IV. ION DYNAMICAL CORRECTIONS

Lastly, we consider the importance of correc-
tions for ion motion in a high-density plasma
(N, -10" cm '). When one treats for simplicity
the Holtsmark profile of a single Stark component,
it can be shown'o"4' by analogy to stell. ar dynam-
ics, ' that the first-order dynamical correction is
given by

(d
i(P) -H(J3) = —' I+~ r (P)+ 'r" (P)

(ds - m mr

subject to the condition that Debye shielding may
be neglected (the masses m~ and m„refer to those
of a single perturber and radiator, respectively).
Here P is the reduced ion field-strength F/Fo,
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arith

E, = 2v(~)"'
~
Z e

~

N"', (9a)

(9b)

(9c)

25
(@ 256 dP' H(P') dP'++3P 'H —2—

dP

(9d)

H(P) =— x exp[- (x/P)". '] sinx dx,
mP

~(P) =—d, (P-"'[G(P) -I(P)]},

diagonal matrix elements of the perturbing Hamil-
tonian, could be ignored. The results of the pres-
ent theory can therefore only be expected to hold
provided that the magnitude of the correction term
is small compared to the Holtsmark function H(P);
this condition is found to be satisfactorily fulfilled
over most of the line profile except in the immedi-
ate vicinity of line center (P =0), where a(P)/H(P)
and d'(P)/H(P) become very large. For example,
in the case of a hydrogen atom perturbed by hy-
drogen ions, with N, = 10"cm ' and ~T = 1.55 eV,
substitution into Eq. (8) leads to

I(P) =- x "'exp[- (x/P)'"] (sinx —x cosx) dx, l(P) =H(P) 1+0.0713 +
H

»(P) &'(P)
(12)

G(P) =P + ~1(P) .dI
(9f)

The square of the ratio of characteristic fre-
quencies for field fluctuations and Stark splitting
is

(
4 KT Vl~

9(2.603) Es m~

Z 2
/ Ogpu'gggg

Z„+1

d = ~'P d =0.
0 0

Third, it reduces to the Holstein result" for
pair collisions on the far wings.

Two approximations of physical. significance'
were, however, made in this treatment. It was
assumed that rotation of the axis of quantization
(the instantaneous field direction), as well as off-

Z~ and Z„being perturber and radiator charges,
and the various n-s principal and parabolic quan-
tum numbers.

The above treatment of the dynamical correc-
tion has several attractive features. First, it
accounts for many-body interactions with the
radiator, a requirement for small field strengths,
i.e., near line center. (This is in contrast to sev-
eral other treatments ""of the dynamical correc-
tion. ) The many-body nature of the problem in
fact implies, g priori, that one cannot expect the
dynamical. correction to be inversely proportional
to the reduced mass of a radiator-perturber pair,
as some authors try to show. "

Second, the correction pres erves the normaliza-
tion of the line profile. From the limiting behav-
ior of H(P), G(P), and I(P) for small and l.arge P,
one can verify that

and using appropriate numerical values for H(P),
b(P), and 6'(P), one finds that the correction term
is negative for P & 1 and that l(P) remains close to
H(P) for Pa 0.25, where H(P) is already less than
10%%uo of its peak value. Only within the range P =0
to P =0.2 is the magnitude of the correction com-
parable to or greater than that of H(P).

Effectively, therefore, the region where the
present theory is invalid corresponds to points
wel. l within the central dip of H(P), where broaden-
ing by electron collisions dominates the actual
line shape.

For the plasma conditions N, = 10"cm ' and zT
=1.55 eV, the percentage correction to the Holts-
mark profile referred to the peak is plotted in
Fig. 11 for four radiator-perturber combinations:
H-H', H-He', He-H', and D-D'. This correc-
tion is seen to be extremel. y small, and could
clearly not provide an explanation for the large
discrepancy between the measured and calculated
central dip of H8. We note that dynamical correc-
tions are largest outside the central dip and would
probably first be observed as a steepening of the
HB shoulders. Furthermore, the corrections are
in fact negative near the line center (while positive
on the wings), thus tending to enhance rather than
reduce the dip.""While this conclusion differs
from other predictions, ' ' the typical. magnitude
of our correction is of the same order as those
derived in rather different manners for H & by Lee4'
and for He I A.4471 A by Segre and Voslamber. "

An estimate of the importance of Debye shield-
ing is of some interest in the present context, and
may be obtained through use of a screened Coulomb
potential [screening length pD = (KT/4', e')"']. As
discussed in Refs. 10, 29, and 46, the correction
terms 4(P) and 4 (P) in Eq. (8) are directly related
to fluctuation moments involving first time deriva-
tives of the reduced field strength P [viz. , (Pal),
(PP)', etc. ], where &(P) is the correction which
one would obtain on the assumption of a stationary
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radiator, whereas bl(P) arises when one accounts
for the additional effects of radiator motion against
the background of perturbing particles. Upon eval-
uation of the fluctuation moments to order pD', one
finds for example that at line center (P =0) the con-
tribution to (Pl'l)' from the "stationary-radiator"
term now increases by about 50%%uo above the pre-
vious "unshielded" value, whereas the contribution
from the "radiator-motion" term increases by a
factor of about 2. While the correction to the
Holtsmark profile is seen to remain unimportant
under our conditions, we note that in this case
Debye shielding tends to enhance the importance
of the radiator-motion term or, in other words,
further reduces the dixecI' dependence, upon the
reduced mass of the radiator-perturber pair
(i.e. , the many-body nature of the problem is
enhanced, as one would expect).

A more compl. ete calculation of the effects of
Debye shielding is perhaps of interest for possible
application of the present theory to astrophysical
and laboratory plasmas of lower density, where
dynamical corrections to the quasistatic broaden-
ing by ions would be more important.

V. CONCLUSIONS

Our conclusions regarding the central structure
of H„and Hs refer basically to questions regard-
ing: (i) the inclusion (or exclusion?) of inelastic
electron scattering contributions to the upper-
lower state interference term in the expression
for the electron broadening operator; (ii) the im-
portance of ion dynamics in accounting for dis-

crepancies between theory and experiment, par-
ticularly in the case of H8, (iii) other possible
mechanisms such as plasma inhomogeneities
which might account for these differences.

In connection with (i) above, our measurements
of the H profile indicate that although plasma in-
homogeneities could account to some extent for the
disagreement between theory and experiment, the
presence of a transition layer to our shock-tube
plasma plays a minor role in comparison with the
very large disagreementbetween the two theories. ' 4

An inconsistency in the more recent computations
for H„and Hs is clearly demonstrated. This
seems to suggest also on experimental grounds
that the exclusion of inelastic electron scattering
contributions to the interference term in X is
warranted.

We believe that a more complete theory, ac-
counting for interactions between the perturbing
electrons and the background plasma would be ex-
pected to diminish drastically such inelastic terms
for frequency separations from line center less
than the plasma frequency (i.e. , except on the far
wings). Other effects, like time-ordering and col-
lision-induced transitions to states of different
principal quantum number should be numerically
less important. For example, a recent calcula-
tion" gives an increase in the half-width by a fac-
tor -1.2, rather than a factor -1.6 as found experi-
m entail. y.

Referring next to (ii) above, we must state that
our measurements of the central modulation of
Hs could not confirm, but are within experimental
errors consistent with a simple relationship' be-

PERCENTAGE DYNAIVIICAL CORRECTION

H-H' 1oo(—"","' ')=1s.4(m ) (1+m')~lP)+m', &lP)

0

0

CITl

5eV
) /IO

0.0715( " )
Np FIG. 11. Percentage dyn-

amical correction for a typ-
ical Stark component (arrows
indicate approximate positions
of H8 peak and half-intensity
points).

50 IO 20 I/2 40 hX(A
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tween deviations from theory and the reduced
mass of the perturber-radiator combination.
Our measured profiles seem to be influenced by
a thin transition layer to our plasma which, while
affecting the HB linewidth to a minor extent only,
could account quite plausibly for the discrepancy
between measured and cal.culated"' modulations
[point (iii) abovej. Computations""'" of ion dy-
namical corrections to the Holtsmark profile of a
single Stark component indicate that the quasi-
static approximation for ions remains a very good
one under our conditions even in the immediate
vicinity of line center. While these calculations
do not include Debye shielding, our estimates of
the fluctuation moment (Pi'~)2 to second order in
pD' show that allowance for screening effects will
not alter our basic conclusion.

Although our estimates indicate that the effect of
thermal field fluctuations is small in our plasma
in comparison with individual ion contributions to
the effective field strength at the position of the
radiator, we suggest that a laser scattering ex-
periment could be undertaken to determine the
level of such fluctuations. A study by Kato" indi-
cates that even in a plasma with as few as two
electrons in a Debye sphere, the usual light scat-
tering theory (derived for the condition ~mph%, » 1)
obtains, and thus the fluctuation spectrum in laser
light scattered from such a shock-tube plasma
could perhaps also be determined in a similar
manner. Any nonthermal density fluctuations
(arising from plasma instabilities), which we
have already discounted in our case, would be
detected in such an experiment.
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