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Kinetic theory of spectral line broadening
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Recent developments in the kinetic theory of time correlation functions are applied to the problem of
describing spectral line broadening in a fluid. The width and shift operator of Fano's formulation for

dipole radiation is expressed in terms of the solution to a few-body problem, involving the shielded in-
teraction of a single perturber with the radiating atom. No approximations are required in this reform-

ulation, and previous theories of neutral and Stark broadening are shown to result from systematic

small-parameter expansions to low order, A plasma-parameter expansion is suggested for the Stark-

broadening case under usual experimental conditions, resulting in complete shielding of the atom-

perturber interaction.

I. INTRODUCTION

In the past decade a number of fruitful results
have been obtained in the area of spectral line
broadening with the application of new methods
developed in many-body physics and nonequilibri-
um statistical mechanics. ' Among these methods
are projection-operator equations, Green's-func-
tion techniques, and cluster expansions. These
results are of two types: (1) improved quantitative
predictions of line shapes obtained by deriving new
and tractable equations, and (2) improved under-
standing of existing equations by obtaining them
from well-defined approximations to a specific
theoretical formulation. Each type has played a
role in developing present theories that are both
predictive and descriptive. In this spirit, the
work presented below is an application of recent
developments in the kinetic theory of linear re-
sponse and transport in fluids to the line-broaden-
ing problem. The motivation and derivation for
these formally exact results are presented here,
along with a discussion of the appropriate expan-
sions leading to previously derived expressions
for the line-shape function and suggestions for
improvement. In a subsequent paper, application
of these results to line broadening in dense fluids
and plasmas will be described.

The problem of predicting the line-shape func-
tion for, say, dipole radiation from an atom in a
fluid (neutral gas or plasma), is complex not only
because of the atomic structure of the radiating
atom, but also because of the many-body nature
of the environment. The advantage of a kinetic-
theory approach to such a problem is that it yields
a reduction of the description to that of a few-
body problem. For example, the Boltzmann-type
equation for neutral pressure broadening' requires
only calculation of the scattering of a single per-
turber and the atom. While this is still a difficult
chore in general, it is relatively simple compared

to treating a large number of perturbers at once.
One of the shortcomings of most kinetic descrip-
tions is their limitation to weakly interacting or
dilute systems. In addition, even for experimental
conditions of sufficiently low density where usual
kinetic-theory results should hold, the ad hoc
assumptions often introduced in the derivation of
kinetic equations are not easily assessed and sys-
tematic corrections are difficult to formulate. For
this reason the low-density results are often better
understood in the context of other more complex
many-body approaches (e.g. , binary-collision ex-
pansion of the width and shift operator'). These
latter approaches have their own disadvantages
in that the full many-body problem must be con-
fronted at an early stage in the analysis. Here,
we wish to describe how a kinetic-theory approach
may be used to effect the reduction to a few-body
problem without the above-mentioned ad hoc as-
sumptions, and extract without approximation the
essential few-body ingredients of the line-shape
function. The many-body aspects are retained
in a form for which simple approximation leads to
good results even in lowest order; for example,
such approximations will (i) include all initial
equilibrium correlations between atom and per-
turbers, (ii) be "unified" in the sense that the
result is applicable over the whole frequency
range, and (iii) be asymptotically exact for high
frequencies. Property (i) means that this reduc-
tion to a few-body problem, which does not re-
quire the low-density or weak-coupling approxi-
mations, provides the potential for describing
dense and strongly interacting systems. The ad-
vantages of reformulating the problem to provide
a more suitable starting point have already been
appreciated in Fano's work4 and the subsequent
projection-operator formulations' which demon-
strate that better results are obtained from simple
approximations to the width and shift operator than
can be obtained easily from direct approximation

12 1084



KINETIC THEOBY OF SPECTRAL LINE BROADENING 1085

of the line-shape function. The reformulation here
provides an explicit expression for the width and
shift operator itself in terms of few-body opera-
tors before initiating any many-body analysis. As
mentioned, in this form even the simplest descrip-
tions lead to sophisticated descriptions of the line
shape.

The formalism presented here is a direct ap-
plication to line broadening of the recent work of
Mazenko' on time correlation functions for fluids.
The relationship of kinetic theory to the line-
broadening problem is well known, and has recent-
ly been applied with considerable success by Vos-
lamber. ' The connection with this latter work will
be noted below, and is discussed in the conclusion.

II. GENERAL THEORY

A. The kinetic equation

The main structure of the intensity of dipole
radiation from an atom immersed in a surrounding
fluid is contained in the line-shape function,

sufficient to calculate the average dipole operator
D(t), or equivalently F(t), in the atomic subspace
rather than the many-body dipole operator d(t).
In the kinetic-theory method an equation for F(t)
is obtained; the solution to this equation then
determines I(&) through Eqs. (2.2) and (2.1). The
difficulty with this approach lies in the fact that
F(t) satisfies the first equation of an infinite hier-
archy (the BBGKY hierarchy') and some means of
closure of this set must be devised. A set of func-
tions satisfying this hierarchy is defined by

n' F"'(a; 1, . . . , s; t) = [N!/(N —s)!]Tr„, , „pd(-t),

(2.5)

where n =N/0 is the fluid density and the trace ex-
tends over the subspace of particles s+1, . . . , N.
The atomic operator F(a; t), defined by Eqs. (2.3),
is the s =0 member of this set. Direct differen-
tiation of Eq. (2.5) leads to the above-mentioned
hierarchy, the first two equations of which are

Bt F(a; t)+ iL(a)F(a; t)+n Tr, iI., (a,1)F"'(a;1;t) =0,

I( )=tdr 'Re J dte' '(d 'd(t)),
0

(2.1)

F"'(a;1;t)+ iL(a, 1)F"'(a;1;t)

(2.6a)

= Tr,d. [Tr~ pd( t)], -
(d ' d(t)) = Tr,d F(t).

(2.2)

Here p is the equilibrium density matrix for the
atom and fluid. The subscripts a and f denote,
respectively, traces over atomic and fluid sub-
spaces. Also F(t) is related to the average dipole
operator D at time t by

F(t) =f (a)D(t),

D(t) =f (a) '»&pd(-t),
(2.3)

where f(a) is the atomic density matrix,

where ( . ) denotes an equilibrium ensemble
average for the system of radiating atom and fluid,
and d is the atomic dipole operator. For clarity
of presentation we do not include here the Doppler
broadening, so that the average extends only over
internal states of the atom. However, it is
straightforward to include this in the same manner
as in Ref. 2. The dipole autocorrelation function
occurring in the integrand of Eq. (2.1) may be ex-
pressed in terms of atomic operators by first
performing the average over the fluid subspace:

(d d(t))=Trd d(t)p

L(a; 1, . . . , s)O=—[H(a, 1, . . . , s), O],

L, (a, 1)O=- [V, (a, 1),0],

L, (1,2)0= [V,(1,2), O],

(2 '7)

and H(a; 1, . . . , s) is the Hamiltonian for s particles
and the atom. V, (a, i) and V, (i,j) are, respective-
ly, the interaction potential for the atom with the
ith perturber and the interaction potential between
the ith and /th perturbers. Equation (2.6a) for F
depends on F"'; Eq. (2.6b) for F"' depends on
F"', etc. A closed equation for F(a;t) will be
obtained using the linear dependence of these func-
tions on the dipole operator d. To describe how
this closure may be made, we first note from Eq.
(2.5) tha, t at t =0,

F"'(a; 1, . . . , s; t =0) =f "'(a; 1, . . . , s)d, (2.8)

where f "'(a;1, . . . , s) are the equilibrium reduced
density matrices,

~ n Tr2[i I,(a,1 ) + i I.2(1,2)] 7 (2) (a; 1,2; t) = 0.

(2.6b)

The various Liouville operators are defined, for
arbitrary operators 0, by

f (a) = Trqp. (2,4) n'f"'(a; 1, . . . , s) =[N!/(N- s)!]Tr, +, „p.
The equilibrium coupling of the atom and fluid is
retained implicitly through the definition of f (a).
Equation (2.2) shows that to determine I(&) it is

(2.9)

Then, using the Liouville representation for d(-t),
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d( t) e-iL(a;1 "~,N)t d (2.10)

Eq. (2.5) may be written for t 0 0 in the compact
form,

F"'(a;1, . . . , s; t) =U(a;1, . . . , s; t)

xf"(a;1, . . . , s)d, (2.11)

U(a; 1, . . . ,s; t)—:[N!/n'(N- s)!]
xTr —fL(a;1f ~ ~ ~ QN)

S+gy ~ ~ ~ yhf &

K(a; 1, . . . , s; ~) —=K (a; 1, . . . ,s; ~)
—K'(a; 1, . . . ,s; ~ =~)

= U(a; 1, . . . ,s; ~)
x f"'(a;1, . . . ,sP' '(a)U '(a;~)
—f"'(a;1, . . . ,s)f '(a). (2.19)

A kinetic equation for F(a; t) follows by inverting
the transform in Eq. (2.18) and substituting into
the first equation of the hierarchy, (2.6a):

x[f"'(a;1, . . . ,s)] ',

or, using Eq. (2.8),

(2.12)

F"(a;1, . . . ,s; t) =U(a;1, . . . ,s; t)

x F~"(a; 1, . . . ,s; t = 0). (2.13)
with

F(a; t) + iI (a)F(a; t) = BF (a; t)
t

+ dvMt —T Fa;7,
(2.20)

g((o) =- dt e' 'g(t),
0

then Eq. (2.13) gives

F"'(a;1, . . . , s;&) =U(a;1, . . . ,s;&)

xF"'(a;1, . . . ,s;t =0),

F(a;~)=U(a; ~)f(a)d.

(2.14)

(2.16)

This result may be formally inverted for d and
substituted into (2.14) for general s so that

F"'(a; 1, . . . ,s tu) =K'(a 1,s; &)F(a; ~),

(2.16)

K'(a;1, . . . ,s; &) =—U(a;1, .. . ,s; ~)

xf"'(a; i, ,s)f '(a)U '(a;~)

(2.1"I)

Noting that K'(a; 1, . . . ,s; & =~) is nonzero, it is
convenient to rewrite Eq. (2.16) as

F"'(a; 1, . . . ,s; &) =K'(a; 1, . . . ,s; &u = ~)F (a; &)

+K(a; 1, . . . ,s; &u)F (a; ~),

(2.i8)
where

Therefore, U(a;1, . . . ,s; t) is the time-development
operator in the subspace of the atom and the s
perturbers. Furthermore, it is clear from the
definition (2.12) that U is a linear operator. Be-
fore proceeding, we note that it is actually the
Laplace transform of F(a; t) that is required for
the line-shape function [Eq. (2.1)], and it will be
convenient to consider as well the Laplace trans-
formed F"'. Denoting the transform of a function
or operator g(t) by g(~),

B —= -n Tr, iI, (a, 1)f'2'(a, 1)f '(a), (2.21)

M(t) =-n Tr, iL, (a, 1)K(a;1;t). (2.22)

Equation (2.20) is a closed equation for F(a;t)
although the operator M(t) is not as simple as the
operators occurring in the hierarchy. Further-
more, from the definitions (2.19) and (2.22) the
second term on the right-hand side of Eq. (2.20)
vanishes at t-0, so that [B—iL(a)] may be con-
sidered a generator of time translations that is
exact in the short-time limit; i.e., Eq. (2.20) with
the neglect of the last term on the right is an
asymptotically exact kinetic equation for short
times. Such an approximation leads to a quite
simple result for the line-shape function that is
exact in the far wings. Further investigation
shows, however, that this result is not applicable
to the present experimental range so that contribu-
tions from Imust be retained. It is apparent
from Eq. (2.21) that B is a mean field, or Hartree-
Fock type of term. It will be shown that I is of
second order, or higher, in the atom-fluid inter-
action and represents collisional effects that re-
quire finite times. For this reason M will be
referred to as the "collision operator. "

B. The collision operator M

The formal definition of the Laplace transform
of M is readily identified from Eqs. (2.22):

M(to) —= nTr, iL, (a, 1 )K (a; 1;&u).— (2.23)

To expose the structure of M(~), an equation for
& will first be obtained and then substituted into
Eq. (2.23). The idea here, due to Mazenko, is to
make use of a formal closure of the second equa-
tion of the hierarchy in much the same way as that
used to get the kinetic equation (2.20). To do this,
we take the Laplace transform of the second equa-
tion of the Bogoliubov-Born-Green-Kirkwood- Yvon
(BBGKY) hierarchy to get
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[-i~+ iL(a, l)] p "'(a;1;to) +n Tr, iL(a, 2)F"'(a;1,2; &) = f"'(a; 1)d. (2.24)

Then, recognizing that P"'(a; 1, . . . ,s; (u) and K(a; 1, . . . ,s; &) are related by Eq. (2.18), an equation for
K(a; 1;&) may be obtained

[-iu&+iL(a, l)]K(a;1; (u) —f"'(a,l)f '(a)n Tr, iL, (a, 2)K(a; 2; +)

+n Tr, [iL, (a,2)+ iL, (1,2)]K(a; 1,2; &u) = f"-'(a, i)i2(a, l)f '(a). (2.25)

The effective atom-perturber interaction operator iZ(a, l) is defined by

iZ(a, l) = iL, (a,l)+[f"'(a, 1)] 'n Tr, [f"'(a;1,2) f"-'(a;1)f '(a)f' '(a; 2)]iI., (a,2). (2.26)

Equation (2.25) is equivalent to the second equation of the BBGKY hierarchy; it is not a closed equation
for K(a;1;&) since it is coupled to K(a;1,2;~). However, a closure relation expressing K(a;1,2;&) in
terms of K(a;1;~) is obtained by noting that K(a; 1;~) and R(a;1,2; ~) may be written in the form [see Eqs.
(A4) and (A6) of Appendix A]

K(a;1;~}=G(a;1;~)iI., (a, l)f-'(a),

K(a;1,2; ~) =G(a;1,2; ~)iL, (a,i)f '(a),

where G(a;1;u) and G(a;1,2; &) are defined by Eqs. (A5) and (A7). Then,

K (a; 1,2; (u) = G(a; 1,2; z) G ' (a; 1; z)K (a; 1;g).

(2.27)

(2.28)

T»s is the desired closure relation. Use of Eq. (2.28) in (2.25) gives the kinetic equation for K(a;1;~)

[-i&u+ iL(a, l)+ iV(a; 1; (u)]K(a; 1; &) =-fi'~(a, l)iZ(a, l)f '(a),

where

iV(a;1; &) = f"'(a, l-)f '(a)n TriL, (a,2)P„+n Tr,[iL, (a,2)+iL, (1,2)]G(a;1,2; &)G '(a;1; e).

(2.29)

(2.30)

This kinetic equation may be solved for K(a;1; &) and substituted into (2.23) to give the desired form for
the collision operator.

In summary, the line-shape function, as given by Eqs. (2.10), (2.2), (2.20), (2.23), and (2.29) is

I(&u) =z 'Re Tr,d[-iu&+iL(a) —I3 —M(&)] 'f(a)d,
M(&u)=n Tr, iL, (a, l)[-i&u+iL(a, l)+iV(a;1;&)] 'f"'(a, l)iZ(a, i)f(a) '

(2.31)

(2.32)

and where & and 2 are defined, respectively, by
Eqs. (2.21) and (2.26). Equations (2.31) and (2.32)
are the main results of this paper. The collision
operator M(~) has been expressed without approxi-
mations in terms of a one perturber-atom scatter-
ing problem and an effective interaction V(a; 1;~).
As will be demonstrated in the next sections, the
most important contributions from V(a; 1;&) are
contained in V(a; 1; (o =~) for which an explicit form
is obtained. Of course, it is possible to display
more completely the structure of V(a;1; ~) itself
by repeating the above analysis using the third
equation of the hierarchy. This will not be re-
quired here.

III. SMALL-PARAMETER EXPANSIONS

The line-shape function given by (2.30) and (2.31)
is exact and in a form suitable for approximation, "

only the operator M(~) causes any difficulty in the

calculation, and that through its dependence on the
formal operator V(a;1; &). However, even if
V(a;1; ~) is neglected entirely one is still left with
a description of pressure broadening that is an
improvement over the usual Boltzmann-impact re-
sult in that it (i) describes both the impact (~-0)
and quasistatic (&-~) limits and (ii) includes cor-
relations [through Z(a, i)] between atom and per-
turber. Thus, in this form the crudest approxi-
mation to the theory leads to very good results;
hence it may be expected that systematic approxi-
mations to the line-shape function can be generated
through expansions of V(a;1; &) and 2(a, l). [In
this way properties (i) and (ii) may be preserved in
any order approximation. ] An important point
with regard to (i) is that strong collisions are al-
ways represented in each approximation through
the presence of L, (a, l) in the denominator of the
expression for M(&) [Eq. (2.31)]. Such theories
have been termed "unified. " Before describing the
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i V(a; 1; (d) = i V(a; 1;& = ) + i & (a; 1; (d ), (3 1)

where Eq. (3.1) defines &(a;1;(o). The separation

expansions of V(a; 1; o)) and Z(a, 1), it is convenient
to write U(a;1; &) as

of the high-frequency limit from the remainder is
useful because U(a; 1; (o =~) has a relatively simple
structure, and most of the low-order contributions
come entirely from V(a; 1; & =~). The form of
V(a;1;(o =~) may be identified from Eq. (2.29):

iV(a; 1; (o =~) =-f"'(a,l)f '(a)n Tr, iL, (a,2)P„+n Tr, [iL, (a,2)+iL, (1,2)][G(a;1,2; (())G '(a; 1; (o)] „. (3.2)

The operator [G(a;1,2; &)G '(a;1;(d)] = may be written as

[i(dG(a;1,2; o))] ~ „[i&kG(a; 1; (d)]

where [see Eqs. (AB) and (A9) of Appendix A]

[io)G(a; 1; (d )]~ = f"'(a; 1) + n Tr, [f"'(a; 1,2) —f"'(a; 1)f ' (a)f"'(a; 2)]P(»

[i(oG(a; 1,2; &)]„=„=f"'(a; 1,2)(1+P„)+n Tr, [f("(a; 1,2,3) —f "'(a; 1,2)f '(a)f "'(a; 3)]P„.

(3.3)

(3 4)

The important point here is that the operator
iV(a; 1;+ =~) is linear in the interactions L, and
I„and otherwise depends on the perturbers only
through low-order equilibrium distribution func-
tions f"'. Furthermore, it also follows from Eq.
(2.29) that iA(a; 1;&) is second order in these
interactions. This separation of iV(a;1; &) into its
high-frequency part and i&(a;1; (d) is similar to
the separation of the interaction term in the kinetic
equation for F(a; &) into the terms with B and

M(&), respectively. Analogous to the latter case,
iV(a;1;& =~) may be considered as a mean-field
contribution for the atom and a perturber colliding
in the presence of the remaining perturbers, while
i&(a; 1;&) describes genuine multiple perturber
collision effects. It is now straightforward to
consider some results obtained by expanding
iV(a;1;(o) and Z(a, l) in the various parameters
available. Only the lowest-order results will be
given, rather than a discussion of the general
structure.

A. Density expansion

Here f,"' is the low-density limit of f"' and use
has been made of the fact that B does not con-
tribute to this order Th.e results (3.5) and (3.6)
are similar (although not identical'o) to the unified
theory of pressure broadening' and is seen here to
result from the low-density limit to i V(a; 1; (d)

and iZ(a, 1). It is also the leading term in the
density expansion of M(&) itself, as is well known.
It is not very profitable to pursue the corrections
to the lowest order in the density as there appear
to be nonanalyticities like n'inn in subsequent
orders. An alternative suggestion for dense fluids
will be given elsewhere.

B. Expansion in the interaction

For a weakly coupled fluid (small momentum
transfer), a direct expansion of iV(a;1; &) and

iZ(a, i) may be considered. If we introduce cou-
pling constants ~, and ~, for the atom-perturber
and perturber-perturber interactions, respective-
ly, then

If the perturbers form a low-density gas, and if
the range of interaction among perturbers is not
too large (e.g. , excluding Coulomb forces) a densi-
ty expansion of i V(a; 1;&) may be appropriate:

i V(a 1 &) = i V" '(a; 1;&') + A. i V""(a;1; (d )

+& iV""(a 1 (())+'2 f

i2(a; 1;&) =i2""(a,l)+A.,iZ""(a;1) (3.7)

x f (() (a 1)iL (a 1)f (a)-( (3.6)

i V(a; 1; (d ) = i V"'(a; 1; &) + n i V"' (a; 1; (d) +

ii'(a; 1) =i Z"'(a; 1)+nig"'(a; 1)+

It is readily seen from Eqs. (2.29) and (2.25) that
iV"'(a;1;o))=0 and iZ(o)(a; I) =iI., (a, l); so to
lowest order in the density, the line-shape function
is

I' '(&) =n' 'Re Tr,d[-i(()+iL(a)-M' '((d)] 'f (a)d,

(3.5)

M(o)((o) =n Tr, iL, (a, l)[-i(o+iL(a, l)] '

ig""= iL, (a, l), i V().o) 0 i V(o. ) H(1)

where H(1) is the Vlasov operator,

H(1) = nTr, iL, (1,2—)f (1)P».

The line-shape function to lowest order in this
expansion is therefore,

+A iZ(o" (a 1)+

Equations (2.29) and (2.25) show immediately that
i V' "=i S"' ' = iS' "=0. Furthermore, since
b, (a; I; &) in Eq. (3.1) is of second order, iV""
and iV"" may be determined from (3.2). The
results to first order are
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I'"((u) = a 'Re Tr,d[ i-&u+iL(a)+B"'-M"'((u)] '
T(a; 1; (u}f"'(a;1)RO(a; 1; &u) =iL, (a, lp'"'(a)l)

x f(a)d, (3.8)

M(0'(&u) = n Tr,L (a,1 ) [-i(u+ i L (a,1)+II(1)] ' xR(a; 1; (u), (4.2)

x f(a)f(1)L,(a, l)f '

(3.9)

This result is similar to that of the density expan-
sion except for the presence of the Vlasov opera-
tor H(1). This is important if the perturbers in-
teract through long-range forces as in a plasma
since the mean field of the background distorts
the straight-line motion of the perturbers between
collisions. However, the expansion in the per-
turber-perturber interaction is not suitable for a
plasma, except for "soft" collisions. A more
suitable expansion parameter is the plasma pa-
rameter (nLD) ', where Lu is the Debye length,
and is typically of the order of 10 ' for most pres-
ent experimental conditions. In Sec. IV the opera-
tor M((u) is expressed in a form suitable for the
introduction of an expansion in the atom-perturber
interaction and the plasma parameter.

IV. PLASMA LINE BROADENING

Typically in plasma-line-broadening theories
the ions are essentially static over most of the
line profile, and their effect is treated approxi-
mately through the introduction of an ion micro-
field distribution. This separate treatment of the
ions and electrons will not be made explicitly in
the following, with the understanding that the free-
atom Liouville operator iL(a) may be generalized
to include an ion microfield contribution. To in-
troduce a suitable systematic approximation
scheme based on the atom-perturber interaction
and the plasma parameter, the width and shift
operator will be expressed in the suggestive form
of an effective binary-collision operator. It is
shown in Appendix B that the collision operator
M((u) given by Eq. (2.32) is of the form,

M(&u) =n Tr, iL, (a, l)f "'(a,l)
x [-i(u +i L (a) +i L (1) +i Z (a, 1) + C (a; 1; (u)] '

(4.1)

The essential point of Eq. (4.1) is the observation
that the operator iV(a;1; (u) contains a term iZ(a, l).
The remainder, denoted by C(a; 1; (u), is defined
in Appendix B and contains Vlasov-like mean-field
operators and the multiple collision effects of
h(a;1;(u) [see Eq. (3.1}].A generalized binary-
collision„operator, or T matrix, may be defined
as

R (a; 1; (u) = [ i&—u + iL (a) + iI (1)+ i Z (a, 1 )

+C(a;1;(u)] ',
R (a; 1; (u) =[ i-(u+iI. (a) + iI (1) + C (a; 1; (u)] '.

Use of the identity R =R, —RiZRO in (4.2) yields

Tf (1) iL f (1) Tf (1)R ig (4.3)

Iteration of this equation shows that T consists of
a sum of terms each representing a sequence of
interactions represented by i 2 (except for the
first one), with propagation between interactions
represented by R,. The effect of the surrounding
fluid on the atom-perturber collision is twofold;
the interaction iL, (a, l} is replaced by the shielded
interaction, iZ(a, l), and the "free" motion of
atom and perturber is replaced by propagation R,
in the background of the surrounding fluid. The
utility of this T operator may be seen by writing
the total width and shift operator, B+M((u), given
by Eqs. (2.21) and (4.1), as

B+M((u) = nTr,-[iL, (a,l)f"'(a, l)
—iL, (a, l)f "'(a,l)R(a 1 (u)

xi'(a, l)]f '(a). (4.4)

i'. (0) (a, 1)y (a}= [V,(a, 1),y (a)], (4.6)

V (a() = r (a.,r, ) + n )dr, (d(r, —r, ) —1]V(a,r, l,

(4.7)

Use of Eqs. (4.2) and (4.3) give the desired result,

[B+M((u}]= nTr, T(a; 1; (u-)f "'(a,l)f '(a). (4.5)

This is of the same form as the binary-collision
approximation, with the two-body scattering opera-
tor replaced by T(a;1; (u) and the initial correla-
tion of atom and perturber included through
f"'(a,l). The result (4.5) is exact and holds
both for quantum systems and in the classical limit.

Approximate forms for T(a; 1; (u) may be ob-
tained by expanding iZ(a, l) and R,(a; 1; (u). Here,
these quantities will be calculated to lowest order
in the atom-perturber interaction and the plasma
parameter. In the following, classical mechanics
is used to represent usual experimental conditions.
For quantum systems there is, in addition to the
plasma parameter, another dimensionless param-
eter characterizing the degeneracy. To lowest
order in this expansion, one finds, for an arbi-
trary atomic operator y(a),



1090 HUSSEY, DUFTY, AND HOOP ER

where V, (a, l) is the shielded potential and g(r) is
the Debye-Hiickel radial distribution function. "
Similarly, to lowest order Ro is given by

H&»(a ~ 1 ~ &4)) = [ i-&4)+iL(a)+ iL(1)+H(1)] ', (4 8)

where H(1) is the Vlasov operator defined by Eq.

(B9) of Appendix B. Equation (4.8) shows that to
lowest order the propagator in the T operator is
simply the free propagator modified by the back-
ground through the mean Vlasov field of all the
other perturbers. The resulting approximation to
T yields a width and shift operator, to lowest
order,

[B M(ta)]"'=-a Jdp dr T' '(a 1 ta)f"'(a 1)f '(a)

or

[B M(ta)]' ' B+a
=Jdadp

(B(a 1)f"'( al)[- taa~(1 (a) ~ ((41)+ (B1)+ (B' '(a 1)] (B™(l)fa'(a). (4 9)

The second term is essentially the result of Voslamber, with one significant difference. The interaction
operator in the denominator of this term is the shielded interaction, iX&0)(a,l), rather than the "bare"
interaction, iL, (a, l). As shown by Voslamber, the effect of the Vlasov operator is to dynamically shield
the remaining bare interaction, so Eq. (4.9) represents a binary-collision operator with all interactions
shielded.

The result is found to be

M&o)((u) =n, , iZ(a; k; ~) 9(k,k'; &4))iX&0)(a;k)f '(a),
2)r B 27r 3 (4.10)

with

9(k,k'; (d) = dr, dp, e'"'"f (a, l)[-i(d+iL(a)+iL(1)+ iZ&o)(a;1)] 'e '" '&, (4.11)

dk'
i2(a; k;(d) = —,iL, (a,k')e '(k', k; ~)

2)r B (4.12)

and e '(k', k; &4)) is a generalized dielectric function
that reduces, to lowest order in the atomic-pertur-
ber interaction, to the usual dielectric function
e(k, & —L(a)). Thus Z(a; k; &) is a dynamically
shielded interaction. The results, (4.9) and (4.10),
are equivalent, although the latter shows explicitly
that all interactions are shielded.

V. DISCUSSION

The line-shape function I(~) has been expressed
in terms of the solution to an effective two-body
atom-perturber collision problem using kinetic
theory The ma. in results, Eqs. (2.32) or (4.5),
are exact and valid for both classical and quantum
mechanics. Some of the advantages of this formu-
lation are that (i) the two-body nature of the colli-
sion operator is displayed explicitly and separated
from the more complicated many-body effects
befoxe any approximations are introduced; (ii)
the initial static correlations of the atom and fluid
are included through low-order equilibrium dis-
tribution functions such as f"'(a, l); (iii) the atom-
perturber interaction occurs through iZ(a, l)
shielded by the equilibrium distribution functions;
(iv) the simplest approximation to the effective

binary-collision operator T"'(a; 1; &d) is unified,
fully shielded, and the leading term in a systematic
expansion procedure; (v) the exact formulation is
sufficiently general to provide the framework for
discussion of more complex line structure and to
suggest phenomenological descriptions of such
problems. An example of this last advantage is the
prediction of line spectra from atoms in dense
fluids which, as mentioned above, will be dis-
cussed elsewhere.

It was noted in the last section that the approxi-
mate collision operator obtained from expansion
in the atom-perturber interaction and plasma
parameter differs from the theory of Voslamber
mainly by the appearance of iZ(a, l) instead of

iL, (a, l) in the denominator of the integrand in Eq.
(4.9). This difference may be traced to the uni-
form application of the plasma-parameter expan-
sion of the fluid properties rather than an expan-
sion in the perturber-perturber interaction. It is
interesting to see how this result provides justifi-
cation for the assumptions of Smith, Cooper, and
Uidal in their unified theory. The latter is essen-
tially the low-density result, Eq. (3.6), applied to
a plasma by assuming the charged perturbers be-
have as "quasiparticles" with short-ranged inter-
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action. To see that this assumption is justified,
consider the results (4.10)-(4.12) with the dielec-
tric function e '(k, k'; ~) approximated by neglecting
its dependence on L, (a,1). Then it is easily shown
that

So, with this estimate for S(a; k; &), Eq. (4.10}
becomes

I' '(v)- n
Jl dp, dr, i2"'(a 1)f (a, l)

x [-i(u+ i L (a) + iL (1 ) + i 2 ' ' (a; 1)] '

K(a;I; ~) = U(a;I; ~)f"'(a,l)f-'(a)U-'(a; ~)
-f"'(a,1)f '(a)

=[(N/n) Tr, ~ pR(4 }][Tr,, ...,„pR(&}] '

—f"(a, 1)f '(a) . (A1)

Here R(~) is the resolvent operator, R(&)
=( ice-+ iL} . Using the identity

R{~)=[1—R(&)iL]( ia-)) ',

Eq. (Al) may be written, after some algebra, as

K(a;1; &) =U(a;1; &)f"'(a,l)f '(a)U '(a; (u)

x sZ"'(a, 1)f-'(a). (5.1) x Tr, „pR(&)piL, (a,a)f '(a)

This is just the low-density result (3.6) with the
actual atom-perturber interaction replaced by the
shielded interaction iZ' '. In this sense, Eq.
(5.1) represents the collision operator for an atom
in the presence of a noninteracting gas of "quasi-
particles" that interact with the atom through the
shielded potential given in (4.7); this is precisely
the assumption of Smith, Cooper, and Vidal. The
effect of the frequency dependence of the shielding
in i2(a; k; ~) on the line shape is presently under
study for the Lyman-& line, and will be presented
elsewhere.
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APPENDIX A: PROOF OF EQUATIONS (2.27)

In this Appendix, it will be indicated how the opera-
tors K(a; 1; u&) and K(a; 1, 2; ur }may be written in the
form givenby Eqs. (2.27), and identify the operators
G(a;1; &) and G(a;1,2; ~). Since the proof is simi-
lar for the two cases, the operator K(a;1; &) will
be analyzed, and only the results for K(a;1,2; u)
will be quoted. From Eqs. (2.17) and (2.19),

—(N/n) Tr, „pR(&)giL, (a, a)f '(a).

I =1+ (AS)

Eq. (A2) may be written in the desired form,

K(a;1;~)=G(a;1; ~)iL, (a,l)f (a),

G(a;1;(u) =U(a;1; +)f"'(a,l)f '(a)U '(a; &)

(A4)

x Tr, , „pR (v)P (N/n) Tr, -„pR(v)P.

(A5}

Similarly K{a;1,2; ~) is found to be

K(a;1, 2; &) =G(a;1,2; ~)iL, (a, l)f (a), (A6)

G(a;1,2; &) =U(a; 1,2; &)f"'(a;1,2)f '(a)U '(a, &)

X Tr z pR((d)P

—[N(N —1)/n'] Tr, „pR(~)P. (A7)

Equations (A4) and (A6) are the desired Eq. (2.27}
of Sec. II. The formal operators G(a;1;~) and

G(a; 1,2; ~) simplify considerably in the high-fre-
quency limit,

(A2)

Use has been. made of the fact that the domain of
operation of K(a;1; &) is the atomic subspace. In-
troducing the permutation operator I',

limG(a;1; &) -(i~) 'f f"'(a,l)f '(a) Tr, „pP —[N/n] Tr, „pPj

or

limG(a;1 ~)- (ice) '(f"'(a, l)+n Tr,[f"'(a 1,2)-f"'(a, l)f '(a)f"'(a,2)]Pi2] .

Similarly,

limG(a;1, 2; &o)-(i+) '(f 2'(a;1,2)(1+P»)+n Tr,[f'"(a;1,2, 3) —f"'(a;1,2)f '(a}f"'(a 3)]P ]

(AS)

(A9)
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APPENDIX 8: PROOF OF EQUATION (4.1)

The general expression for the collision operator M(&u) [ Eq. (2.32)] can be put in a form where the atom-
perturber interaction appears in the denominator of the trace as the shielded interaction ig(a, 1). It is con-
venient to rewrite Eq. (2.32}as

M(cu) =n Tr, iL, (a,l)f (a, l)R(a, l; a)ig(a, l)f '(a),

where

(Bl)

(B3)

Inspection of (3.3) and (3.4) shows that the second and third terms in (B3) may be written as the sum of a
multiplicative operator and integral operator,

R(a, l; &) =[f"'(a,i)1 '[-in+ iL(a, l)+ iV(a;1; ~)] 'f"'(a, l) =[-i~+ iI (a, l)+ iV(a;1; &)] '. (B2)

Here the tilde over an operator 8 means 8=—[f"'(a,l)] '8f~'(a, 1). Consider now iL(a, l)+ iV(a;1; ~), using
the definitions (3.1) and (3.2),

iI (a,l)+ i V(a, l; &) = iL(a, l)+[ f "'(a,l)] 'n Tr, [iL, (a, 2)+iL, (1,2)] [G(a; 1;2; &)G '(a;1; +)] „[f(a, l)]

f '(a)n—Tr, iL, (a,2)P„f"'(a,l) + ib, (a; 1;&).

[f"'(a,l)] 'n Tr, [iL, (a, 2) + iL, (1,2)]f"'(a; 1,2) +n Tr, &(a; 1,2)P», (B4)

where &(a;12) denotes the kernel of the integral operator. Equation (B3) then becomes

iL(a, l)+ iV(a; 1; (u) = iI (a, l)+[f"'(a,l)] 'n Tr, [iI,(a, 2)+ iL, (1,2)] f+'(a;1,2)+n Tr,A(a;1,.2)P„+i4(a; 1;&).

(B5)

The first two terms in (B5) may be transformed
using the second equation of the equilibrium
BBGKY hierarchy to give

i L (a, 1 ) + i V(a 1 &) = i L (a) + iL (1)+ ig (a, I)
+C(a;1; &),

with

C(a;1;~)= f '(a)n Tr,f"'(a,2)iI., (a, 2)

+[f"'(a,l)] 'n Tr,f "'(a 1,2)iL, (1,2)

+n Tr,X(a;1,2)P»+ig(a;1; ~) (B7)

This is the desired result, Eq. (4.1) of the text.
The contributions from C(a; 1;~) are of a different
nature than the others in (B6). The leading term of

C' '(a; 1;&) = H(l),

where H(l) is a Vlasov operator

(Ba)

H(1)=f '(1)n dr, dp, iL, (1,2)f(l)f(2)P». (B9)

(B7) is simply related to the operator B defined
by Eq. (2.21) and represents a mean-field effect
of the plasma due to initial correlations. The
second and third terms are modified Vlasov opera-
tors giving mean-field effects on the free motion
of the perturber. Finally, the last term contains
all the multiple collision effects.

To lowest order in the atom-perturber inter-
action, the first two terms in (B7)vanish and the
second two become, to lowest order in the atom-
perturber interaction and the plasma parameter,
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