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The properties of r-mode harmonic-oscillator coherent states are reviewed. In particular, the D-algebra
differential-operator realization of the creation and annihilation operators on the coherent states and their
diagonal projectors is constructed. A homomorphism between the algebra describing r-field modes and the
algebra describing r-level systems is exhibited explicitly. This homomorphism allows the projection of the
multimode calculus onto the multilevel calculus. In particular, multimode coherent states and projectors can
be used as generating functions for multilevel coherent states and projectors. In addition, the multilevel D
algebra is constructed directly from the multimode © algebra under this homomorphism. For illustrative
purposes, the D algebra for the diagonal coherent-state projectors for two-level atomic systems is presented
explicitly in terms of a parametrization in the Bloch angles 6 and ¢. Two classes of applications are treated:
(a) the mapping of atomic-density-operator equations of motion into phase-space equations of motion for the
quasiprobability weighting function P; (b) the construction of equations of motion for the diagonal elements Q
of the density operator in the coherent states. It is shown that the solution to either equation with the
appropriate initial condition gives complete statistical information for the atomic system. It is shown
explicitly that the functions P and Q are related by a convolution integral.

I. INTRODUCTION

The mapping of quantum observables into c-
number functions is an old problem in quantum
mechanics! that has recently found a wide range of
applications in quantum optics. It is well known,
for example, that, in terms of the Glauber? co-
herent-state representation, virtually every den-
sity operator W(a, aT, t) can be mapped into a c-
number function P(a,t), and that precise rules of
correspondence have been established to construct
the c-number equations of motion for P(a, {).® This
classical-quantum correspondence for Bose-Ein-
stein observables has stimulated a number of very
beautiful analyses that have led to the reformula-
tion of the entire laser theory in terms of c-
number differential equations.*

This classical-quantum correspondence is ef-
fected by introducing coherent states

l@)= 2 Fu(@im),

Fl@)=e= ¥ lam /T

(1.1)

as an over-complete basis, and then replacing the
action of creation and annihilation operators

@', a,[a,a’]=1I) on these states by first-order
linear differential operators acting on the function

JSm(@):

(oA =28(A)(al,
1.2)

D(a)= —— +3a, DE@")=ax,

o a*

12

A similar set of operator realizations may be ob-
tained for the action on ket coherent states using
the adjoint relation

DE(AT) = [DB(A)*, 1.3)

Coherent-state projectors | @){a| provide a basis
in terms of which most physically reasonable
operators may be expanded. D-operator algebras
also exist for projectors:

| o) alA = R (A)| a)(al,
(1.4)

DR (g) = +a, DF@")=a*,

3 a*
A similar operator realization is obtained for the
left action of the operators A. The left- and right-
operator realizations onto projectors are related
by

DEAT) =[DR(A)". (1.5)
The discovery of the coherent atomic states to
describe collections of two- and multi-level atomic
systems® has provided the motivation for more
recent work on the classical-quantum correspon-
dence for angular momentum operators.® In par-
ticular, it has been shown that the quasi-proba-
bility-density P (R, t), associated with an arbi-
trary density operator W(J* J,,t), can be used to
describe the time evolution of collections of two-
level systems.” Furthermore, moments of the
collective atomic operators, as well as multi-
time correlation functions, can be represented
in terms of phase-space integrals possessing a
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close formal similarity to classical averages and
correlation functions for stochastic processes,
respectively.

The main problems that we wish to pose in this
paper are (i) to map multimode Bose operators
and multilevel atomic-shift operators into linear
differential forms; and (ii) to identify the rule of

correspondence that maps the differential operators

of a multimode harmonic oscillator algebra into
those of the multilevel Lie algebra.

The main results of our analysis are that (a) the
multimode coherent states provide a generating
function for multilevel coherent atomic states,
and multimode projectors provide generating func-
tions for multilevel projectors; and (b) the multi-
mode differential operators map homomorphically
onto the multilevel differential operators for states
and for projectors.

As a consequence of these results, we provide
explicit expressions for the linear differential
operators corresponding to the quantum observa-
bles of the multilevel algebra and prove that these
differential operators also form an algebra (D
algebra).

This formalism finds a natural application in
connection with the dynamical evolution of c-num-
ber density functions. Here we summarize the
known results that have been derived in Refs. 6
and 7 for the P function, and introduce an alter-
native c-number description based on the diagonal
elements of the density operator in the coherent
atomic-state representations. The D-algebra
formalism can also be applied to equilibrium sta-
tistical problems. This is discussed in connection
with the so-called Bloch equation for the canonical
density operator.

II. THE r-DIMENSIONAL HARMONIC OSCILLATOR
A. Multimode Lie algebra

We consider a system with 7 independent oscil-
lator modes, each described by its creation and
annihilation operators a;r, a; (j=1,2,...,7). The
27 +1 operators a;.r, a;,/ span a Lie algebra with

commutation relations

[“j,a;r]=[5ﬂa,
[aj,ak]=0=[a;r,ajj, 2.1)
la;,1]=0=[1,a]].

B. Multimode coherent states

Since the multimode Lie algebra is the direct
sum of single-mode Lie algebras, coherent states
for the multimode system are direct products of
single-mode coherent states (1.1):

|E> =I=Ilaj>
=I_zIIexp(a,» al - ata,) 0)
=] exp(- 2}, /2) exp(a;a])| 0) (2.2)
X lml""ymr>-

2.3)
Here @ is a complex 7-dimensional vector, and

T S *
o g:Zal a,.
=1

C. Multimode projectors

The diagonal “projectors” for the multimode
system are simply
e w
[a)al=e2 QZ“'ZI@

m=o n=o
(0))™e« = (@, )"re - '(a1*)"1' <« (akyr
(m, 1+~ cm,n 1o 12

IR 35 ) CIRGIREC <L o

m;=0 nj=0 j=1

X

(n]

(2.4)

D. Multimode D algebras

Since the multimode coherent states (2.2) are
direct products of single-mode coherent states,
the multimode D algebras are obtained directly
from the single-mode D algebras:

DK(aj) =Q; =5DB*(aJT),
(2.5)

D (a]) = +30f =0"*(a,);

9 Q;

D% (a;) = o, =9"*(a]),

. o . X 2.6)
L R

D (aj)=—a—(2—j- +0; =D (aj).
In fact, all properties of the single-mode D alge-
bras can be transferred to corresponding proper-
ties of the multimode D algebras. If A, B are
elements in the multimode Lie algebra (2.1), and
7,s are arbitrary complex numbers, then

DL (A 15B)=rDF @A) + sD (B), linearity

DE(AB) =¥ (B)D*(A), antihomomorphism

o* (A, B]) =[p*(B), D* ()], antihomomorphism.
2.7)

An identical set of properties holds for the alge-
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bra ©X, These properties hold even if the opera-
tors A, B are formal polynomial products of linear
elements in the multimode Lie algebra.

Furthermore, the relations between the single-
mode D algebras can be transferred to the multi-
mode system:

DI*A)=0rAT), oF*d)-p2@AT). .8)

Relations (2.7) and (2.8) immediately lead to the
properties

DR(rA +sB)= VfDR(AA) +s:DR(§), linearity

DF(AB) =DR(A)DR (B), homomorphism

DR((A, B]) =[D*(A), D*(B)], homomorphism.
(2.9)

Once again, these properties are Yalid for the
algebra D?, and the operators A, B may be formal
polynomial products of the elements in the Lie
algebra (2.1).

Finally, from (2.5) and (2.6),

[D*@A), 2B =0, [D*(A),DR(B)=0 (2.10)
for arbitrary A, B.

III. THE r-LEVEL ATOMIC SYSTEM
A. Multilevel Lie algebra

We now consider a single system with 7 internal
degrees of freedom |j), (j=1,2,...,7%). The
operators £,; effecting transitions from state |3)
to state |k) obey the commutation relations

[Ejk,Emn]=Ejn5km"Emk6nj . (3.1)

In this expression ¥ is the (¥ —1)X1 matrix
col(x,,...,x,), and the parameters x, and ¥,=y,,
are related by

%, =[v,sin(¥ 7))/ (y Ty )2,

(3.5)
xl - (1 _'ainibi)

where ¥y =279*y,. The phase factor ¢'® has been
explicit_ly—removed from the column vector on the
right. We define the vector® col(x,,...,%,,%,) to
be the coherent state for a single 7-level system
obtained by applying the unitary transformation
(3.3) to the ground state of the system.

It is clear that 7-level coherent atomic states

These are the commutation relations for the Lie
algebra u(¥) of the group U(r). As a result, the
multilevel Lie algebra is isomorphic to u (7).

It is very useful to observe that the Lie algebra
u(7) can be realized in terms of bilinear combina-
tions of boson creation and annihilation operators,
using the identification

Ep=ala,. (3.2)

As a consequence, we may expect a rather deep
and beautiful connection between multimode prop-
erties and multilevel properties.

B. Multilevel coherent states

In general, the ensemble of coherent states for
a system is obtained by applying the ensemble of
allowed unitary transformations to the ground
state of the system.®® For a single 7-level atom
with ground state |1)=col(0,...,0,1), the most
general allowed unitary transformation is an X7
unitary matrix. The action of an arbitrary »Xv
unitary transformation on the ground state can al-
ways be written

r
exP(Z (Yur B4y +y1uE1u)>
u=2
r r

xexp(z Vv Eu,,+quu> [1). (3.3)
u=2 v=2
Since £}, =E;rj , the ¥;, must obey the relation
¥} =—Y; in order for the argument of the exponen-
tial to be anti-Hermitian.®

The exponentials in (3.3) may be evaluated,®
resulting in the expression

(3.4)

r

exist in one-to-one correspondence with the space
of coset representatives U(¥)/U(r - 1)®U(1)
=SU(")/U(r —1). This space may be identified with
the 2(» — 1)-dimensional sphere S2¢"~1);

7
%2 +Zx,fx,,=1. (3.6)
u=2
A third parametrization for coherent states that is
sometimes useful is given by

Tu =xu/x1' 3.7)

Each of the three coherent-state parametriza-
tions described above involves ¥ —1 complex pa-
rameters or 2(r —1) independent (real) param-
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eters: x,x); v,,v¥ 7,,7F The coordinatization

involving the x, will be called the group paramet-
rization, since the x, are matrix elements in a
unitary group matrix. The complex numbers y,
will be called algebraic coordinates, since they
parametrize an element in the Lie algebra u (7).
The parameters 7, will be called projective coordi-
nates, since they are obtained by stereographic
projection from the sphere.'®

The three parameter spaces are bounded as
follows: f{Sl, g*gs(fr/z)z, 1T1< ©, These
three parametrizations are generalizations of
(3.13), (3.7), and (3.11) of ACGT,® respectively.
The relationship between these parametrizations
is shown in Table I.

The coherent states for an ensemble of N identi-
cal 7-level atoms, evolving simultaneously from
the ground state under identical unitary transfor-
mations, are given by

N

N\ SITeft it =3 [Ty, (x). (3.8)

x p=1 m=N
In this expression, the tensor product ® is taken
over the N identical 7-level atoms, I‘”({) is the
fully symmetrized Nth-order tensor representa-
tion of U(r) of dimensionality (N +7 -1)!/Nl(r -1)!,
and the states | m) are the basis vectors for this
representation, defined by

lﬂ) =|m1,mz’ oo ’mr>

S s O P LA (3.9)

all P (mI!mZ!...mr!)llz

The sum extends over all N! permutations of the
m, +m,+* - +m, =N single-particle basis vectors
involved in the tensor product. In particular, the
N-particle ground state is |N,0,0,...,0).

The only important matrix elements in the sym-
metric representation I'*[U(r)] are those belonging
to the column acting on the ground state of the
total system. These are homogeneous mono-
mials.5 The coherent states for N identical 7-level
particles in the group parametrization are then

IR

XCmy, oo, m,)@,)™ e e (x,)™,
(3.10)

.o 12
o my o em,)]
C(ml,...,m,)—<——-—1———————ml!._,mr!’ .

These coherent states can be expressed in terms
of the algebraic and projective parametrizations
using the correspondence given in Table 1.

C. Multilevel projectors

The diagonal projectors for the multilevel sys-
tem are simply

SAWAEEY 2 lm)Cm)
x m=N n=N

=

Xy )mee e e ) () e e ()
xCm)(n|. (3.11)

Here the summation Z}T y indicates a sum over all
values of all m; subject to the constraint
my+**c+m, =N,

D. Multilevel D algebras

The D algebras for atomic coherent states can
be constructed by the same techniques as the D
algebras for the single-mode oscillator coherent
states. That is, we construct first-order linear
differential operators ®*(4) (x=B,K, L, R) having
the same effect on the states or the projectors as
the operatorfi in (7)., In this case, we must con-
struct differential operator realizations for the
shift operators £, which span the Lie algebra
u(7). We shall illustrate this construction explicit-
ly for DL (E,,).

The effect of the shift operator £;, on the basis
vector |m,,...,m,) can be determined using the
boson operator realization (3.2) on the symme-
trized states (3.9):

TABLE I. Relationships between the group, algebraic, and projective multilevel atomic

coherent-state parametrizations.

Group Algebraic Projective Bound
sin(yty)!/? Ty
" Vu @iyt 72 (L+rinv2 xx =1
in-l(_ﬁgT_{)l/Z tan'1(1T1)1/2
Xu (£$£;I72 Yu o)t 72 yTZE(LW)Z
X tan(yfy)!/? - e
A=z e T K o
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Eplmy,...,my, ... my,...,m,)
= (m; +1Y2mie
X|my,...,m;+1,.. . m=1,...,m,).
(3.12)

As a result, the effect of £;, on the coherent-state
projector

YN N -3 imom,, (x)al
N x m n

of (3.11) is
Ep EZ | ) My () il
= ZM:Z l@_)—%’jﬂ My q(2)2].

(3.13)

The differential operator producing the same ef-
fect on the functions My ,(x) can be determined to
be

. 9 N
DE(E;) “Frox, +2xp XN = 3(x 2V 4x% V¥),

(3.14)

In this expression, we have defined

- 9 9
oV 4x¥eV* = — ix*
XV 4% uiz(xu o, +Xi g %) (3.15)

In addition, since x, =(1 —{* '91)‘/2 is not an inde-
pendent variable, 9/8x, is not defined, and D*(E,,)
must be discussed separately. One finds that

oL (E,,) is given also by (3.14), provided one de-
fines the symbol 8/0x, to be

-1 * *) = 9
(£ V-x*v )=- axx

9
ox,  2x;

(3.16a)

The realization ¥ (£,,) is obtained from D*(£,,)
by the substitution N— 3N and the definition

(3.16b)

This definition is not unique in this case; however,
it leads to the simplest algebraic form of the
operators. In addition,

oP*A)=2FAT), D**A)=-2r@A"). (3.17)

The construction of the multilevel D algebras
by these considerations is anything but straight-
forward. Furthermore, the direct verification of
properties (2.7)-(2.10) for these D algebras is an
extremely involved procedure.

For the reasons cited, it is useful to observe
that the multimode calculus can be used as a gen-

erating function for the multilevel calculus. In the
next section we will establish a homomorphic
mapping of the multimode calculus (Lie algebra,
coherent states, diagonal “projectors,” D alge-
bras) onto the multilevel calculus, As a conse-
quence of the results of the following section, all
the results of this section will be seen to follow as
trivial consequences of the corresponding results
of Sec. II.

IV. MULTIMODE TO MULTILEVEL MAPPING

A. Lie algebra homomorphism

The multimode Lie algebra described by (2.1)
is actually only the spectrum-generating part of
the full multimode Lie algebra. The full Lie alge-
bra contains homogeneous polynomial products
of the boson creation and annihilation operators
of order 0, 1, and 2. In addition to the identity /
and the operators a;.r, a; which add or remove one
photon from mode Jj, there are 72 second-order
operators of the form a}ak , which transfer a pho-
ton from mode % to mode j, 37( +1) operators
of the form a;’a;' ( <k), which add one photon each
to modes j and k or two photons to mode j =&,
and their adjoints a,a;, which remove pairs of
photons. The set of operators I, a}, a;, ala,,
a}a;r, a,a; closes under commutation and therefore
spans a Lie algebra.

This Lie algebra has a variety of subalgebras
of interest. One such subalgebra is spanned by the
72 photon number-preserving operators a}ak. This
subalgebra is isomorphic with #(¥). The homo-
morphism % of the full multimode Lie algebra onto
the number-preserving subalgebra, given by

h(a;rak) =a}\0z,e ,
h(ajai)=h(a,a;) =0, @4.1)
h@])=h(a;)=h{I)=0,

provides also a homomorphism of the full multi-
mode Lie algebra onto the multilevel Lie algebra
given by ajak ~F,, (cf. 3.2).

Under the restriction (i.e., homomorphism) of
the full multimode Lie algebra to the number-pre-
serving subalgebra, we should expect the irreduci-
ble representations of the full algebra, with cor-
responding basis vectors |m,,...,m,), to decom-
pose into a direct sum of irreducible representa-
tions of the #(¥) subalgebra, characterized by the
constraints m, +*+++m, =N, N=0,1,2,.... We
should therefore also expect that the multimode
coherent states decompose into a direct sum of
multilevel coherent states; that the multimode
projectors provide a generating function for the
multilevel projectors; and that the multimode D
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algebras map homomorphically onto the multilevel
D algebras.

B. Coherent state homomorphism

The relationship between the oscillator coherent
states and the atomic coherent states is made
manifest by the change of variables

Q; :xjaei¢’ a= (ng)l/zy e*= a1/| all . 4.2)

The effect of this transformation is to express the
7 independent complex parameters @; (j=1,2,...,7)
describing multimode coherent states in terms
of the 7 -~ 1 independent complex parameters x,
#=2,3,...,7) describing multilevel coherent
states. Two additional real parameters are re-
quired to make the transformation one to one.
These are @, the modulus of @, which provides
the spherical condition (3.6) on the variables x;,
and the phase ¢ which is explicitly extracted from
@, to make x, real and thus completely dependent:
X, =(1- x*-x)l’2 [cf. (3.4) and (3.5)l.

This change of variables relates the multimode
(2.3) and multilevel (3.10) coherent states:

I

mlo

m,

_ i oo (Ole"b)" <(ml G +m,)! )1/2

N=0 m=N Nl mylesem,l
X @)™, ) my, L m,)
"
_ - a?/ (ae‘ )
Z 7__ (4.3)

As a consequence, the multimode coherent states
can be used as generating functions for the multi-
level coherent states. The explicit homomorphism
from the multimode coherent state | @) onto the
multilevel coherent state |}) is given by

g d ez N '

imle ‘N"’<?&> JNT lE) = . (4.4)

o !
x

C. Projector homomorphism

The coherent-state homomorphism provides a
projector homomorphism as follows:

2\ M+N(,ip\M- N
a)xol = —a? & (Cigg) M
laXa| 5‘:2@ g [ ) (|

4.5)

o2 (W IN N
N1 :

$laxa I‘; Nm e .6)

I

IR

The multilevel coherent states are Poisson distrib-
uted in the ¢ average. The homomorphism onto a
specific multilevel projector is provided by the
limit

lim<aaz> fla)(a_é;ﬁzM M|

dz"’() X

4.7

This homomorphism can also be constructed from
(4.4) and its adjoint.

D. D algebra homomorphisms

The homomorphisms (4.4) and (4.7) also provide
homomorphisms from the multimode D algebras
onto the multilevel D algebras. This connection
is made very simply; as an example, we construct
the homomorphism explicitly for the D algebra:

DL(E,;, ) =D (a]a,) by (3.2)
=% (2,)D"(@@]) by (2.7)
=ak<8?)l< +a,*> by (2.6). (4.8)

The 8/0a, are expressed in terms of /0@, 9/89,
a/ox,, and 9/8x} using (4.2) and the chain rule
(cf. Appendix A):

8  _1,%,-i0 0
da, =P T Ga
1 1 9
ae® 2x (am —z',V_+£*'Z*>
x,e” % *, ok
SRS (x0T %9,
1 9
-16_9_ —
da, =svie pa T ae® ox,
*,=iP
Kl (x4t 9. (4.9)

As a result, we find for all values of j, k:

9 a 9 .
DB ) =5y 5= + %% ] ( 2 %a * "2)
7

- 3% (% Y 4x%+ V¥, (4.10)
where we have defined
7] _ 1 9 . * %
ox,  2x, (a(i¢) RN Z)
_ 9
_—B_XIT . (4.11)

We now apply the operator D (£,,) =% (a]a,) to
the diagonal projectors (2.4), and follow by pro-
jecting the result onto the diagonal projectors
(3.11) using the homomorphism (4.7). Under the
@ average, the derivative 8/8(i¢) vanishes. In
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addition, we have

b 2 [02)¥
2 o N7 )
(a Yo +a2>e ;

- o? (az)h'
N! N

N!

4.12)

As a result, the o’ algebra homomorphism is
given explicitly by

N
lim ( 312> e"‘zf o (a]a,) @)X g—f

a2—>g
N
=<xk—8—— + X, X (N=3(xV +x*-V*)]> N ,
0x; - ="z =
x/ \x
(4.13)
where we have defined
b 1 £ ok _ 3
—_—— -V_ = o — . 4
T Pl G AR A AR A bl v (4.14)

The result (4.13) is obtained simply but indirectly;
it is identical to the result (3.14) which is obtained
more directly but less simply.

Analogous calculations can be carried out for the
algebras ©f, DF, DB, The realization D¥(£,,) is
obtained from D (£,,) by the substitution N—~zN
and the definition (3.16b) for 3 /dx,. The algebras
DF, D8 are constructed from D, ¥ using (3.17).

The homomorphism (4.4) and (4.7) preserve the
properties (2.7)-(2.10) of the multimode D alge-
bras. As a trivial consequence, the multilevel
D algebras possess these properties as well,

V. DALGEBRA FOR TWO-LEVEL ATOMIC SYSTEMS

As an illustration, we specialize some of the
general considerations developed in Secs. III and
IV to the case of two-level systems. First, we
observe that the coherent states (3.10) for N
identical two-level systems can be expressed in
the familiar form

J 1/
Q)= Z o (sinz 6)™* 7 (cosz6)! ~me it/ Tme

m==I \m +d
x|Jm) (5.1)

using the algebraic parametrization
%, =coszf, %,=e ’sin30. (5.2)

The states |2) in Eq. (5.1) are the coherent atomic
states extensively discussed in Ref. 5 and paramet-
rized on the surface of the Bloch sphere. The
diagonal projector A(Q)=|QXQ| takes the form

J

2xel-3 3

m==J m ==

, |J, mXI, m’| fu(@) ns @),

(5.3)

where the c-number functions f,(R) are defined by

o 1~ A
fa@) = (sinz6)’ "™(cosz ) " Me I TM Y,
m +J

(5.4)

As indicated in Sec. III, we are interested in map-
ping transformations of the form

RA@)= 22 Fnl@)F @K, m)T, m|

=X (X)AQ) (5.5)

and
AR =2 ful@)F 5 @I, mXT, m!|X

=DRRX)AQ), (5.6)

where the superscripts L and R refer to the posi-
tion of the operator X with respect to the projector
A(R). The differential operators D ()Z’ ) and DF(X)
are first-order differential operators acting on the
c-number functions f,(®) and f% (2). As shown in
Sec. III [Eq. (3.14)], the left differential operator
corresponding to £;, (J, k=1, 2) is given by

d
DX (E) =g +6, XF [N = 3(x° YV +x*- V)|
i

(5.7)
where 3 /dx, is defined by
0o ___1 (.. * . g% =
ox, 2%, (£:V-x7-¥%)=- oxx " (5.8)

In the present case, a familiar realization of the
operators £, is provided by the set of angular mo-
mentum operators J*, J,

T+ T -

2 (5.9)
Epp—Eyy = 2J,.

Keeping in mind the parametrization (5.2) and the
explicit form of the partial derivative 8 /dx,

8 _ e 1 8 1 ¢ 9
ox, (cos(@/Z) 90 T2 sin(6/2) o¢)’
(5.10)

Eq. (5.7), for j =2 and k=1, reduces to
DF(£,,)=DF(J*)
o\ o i 6\ o
= ie J i 2 — ) — —_—
e l: siné +cos <2> 203 cot<2> 3(/1]'
(5.11)

We now consider the indices j =1 and k=2, In this
case, Eq. (5.7) must be supplemented by the defini-
tion of 3/0x, given by Eq. (5.8). The result is
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DF(E,) =DE(F ")

6\ o A 6\ o

— o= JTaing — -2_)_____ i T
=e [Jsmf? sin <2 50 2tan<2)8¢}.
(5.12)

In a similar way we can construct D% (£,,) and

S)L(Eu):

6 2 i 9
L _ in2( Y, L @ b 9
D (E,,) =2J sin <2 >+z sinf 5677 99 (5.13)
6 ) i 9
L — 2( )L z L 2
DY (£,,)=2J cos <2> zsmeae TR
(5.14)
Thus it follows that
:DL (jg) =%[DL (Ezz) - DL (Eu)]
_ 1ginp o b 9
——Jcos9+2s1n989+2 5 - (5.15)

The explicit form of the right operators :DR()Z )
follows from the symmetry relation

oF(X) =[p* (XM, (5.16)

VL. THE QUASI-PROBABILITY FUNCTIONS
P(S2,¢) AND Q(£2,7)

A useful application of the D algebra is the map-
ping of operator equations into c-number differen-
tial equations. Here we consider two types of
quasi-probability functions associated with the
density operator W in the Hilbert space of angular
momentum: the P function, defined by the integral
representation

W(t) = f aQP©,HAQ), A@)=|eXel,  6.1)

and the @ function defined by the diagonal elements
of the density operator in the atomic coherent-
state representation

QQ, £) = (2|W)e)
= fdn'P(sz', Hi@len. 6.2)

The P function has been used to describe the evolu-
tion of a single-mode superradiant system,” as
well as the approach to thermal equilibrium of a
(2J +1)-level atom.® The @ function is analogous
to the function Q(a, t) = (@|W| @) discussed in the
context of the Glauber coherent-state representa-
tion,!!

Here we focus on the formal derivation of the
equations of motion for both P(,t) and Q(, £),
starting from a fairly general class of master
equations, and then relate the physically relevant
expectation values of the dynamical variables to

these density functions. In Sec. VII we provide
an inversion formula for Eq. (6.2). For future
use, consider the following identity

[ aap@, 0ot d*n@) - [ da @ Jo)pel,

(6.3)
where @ stands for +, or z and where
) =e“"[(J+1)sin9— cos2<?6>3%
_%cot<§)—a%], 6.4)
:I-)"(f')=e“"’[(J+1)sin9+sin2<—g—>-é%
+%tan<§>—a—%} 6.5)
3')L(fz)=-(J+1)cos9—§sin9—E%—%%. 6.6)

(The general properties of the D operators for
multilevel atomic systems are discussed in Ap-
pendix B.) We consider a class of master equa-
tions of the form

~

W=Z cn.mAnﬁ]ém ) (6'7)

where C,, , are c-number coefficients and ff,, and
B,, are arbitrary products of angular momentum

operators. In terms of the P representation, Eq.
(6.7) becomes

f dQA(Q)%:Z Coom f a2 PQ) A, AQ)B,
=2 Cp.m [ 42 @)D" A, )0" B, AE)

=fdQA(Q)ZC,,,,.ﬁL(A,,)ﬂ')R(EM)P(Q,t),

(6.8)

where we have used the identity (6.3). The equa- -
tion of motion for the function P(, ¢) follows at
once from Eq. (6.8):

=2 Cr P AP (B,)P(@). (6.9)

Notice that the order of the left and right operators
in Eq. (6.9) is immaterial, since the left and right
operators D commute with one another. In gener-
al, we may expect the operators A,, and B,, to be
produgts of elementary angular momentum opera-
tors J% 1In this case, it is easy to verify that the
differential operator DF corresponding to

Y s s 5
A,=d % s Jon
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is given by
BE@A,) = D)+ BE (), 6.10)
Similarly, if B, =J% -+
D (By) = D) -~ BETW). (6.11)

In conclusion, the mapping of a master equation
of the form given by Eq. (6.7) follows from the
formal replacements

W~ P@Q,t),

Ao Jone SA) =) - DI,
Bn=d®e .o JOmo SR(B ) = BRIy -« SRS,
A, WB,~ B A, )R (B,)PQ, t). (6.12)

J%m  we have

It follows by inspection that the order of the par-
tial differential equation for P(R,¢) is the same as
the largest number of elementary angular momen-
tum operators J% contained in the term A, W53,

of the master equation.

In a similar manner we can construct the dif-
ferential equation of motion for Q, ). To this
purpose we multiply Eq. (6.7) by the diagonal pro-
jector A(Q) and take the trace over the angular
momentum degrees of freedom.

It follows that

alia@)= 2420

—chm

(W (8,)D7(A,)A@).

6.13)

The equation of motion for the @ function is
R T C o B RE, . 6.14)

Thus, the mapping procedure for constructing
the equation of motion for Q(2, ¢) from the master
equation (6.7) can be summarized by the following
formal replacements:

W)~ Q@, t),

A, =J% e JoneDRA,) = DR(I) - - - DR(I7),
Bp=Jd% .- J%m. DL(B,) =L (JOm). e« DL (JU),
A, WB, - (B,)D*A,)QE, t). (6.15)

>

Once again, the order of the right and left opera-
tors is immaterial, because D% and DF commute
with one another,

The expectation values of arbitrary functions of
angular momentum operators can be calculated in
terms of the P function from the integral form

Xy = j ag P, 1)(2|2 (¢)|2). (6.16)

The diagonal matrix element of X has been eval-
uated in Ref. 5 and is usually no more involved
than trigonometric polynomials for physically rele-
vant operators.

In terms of the @ representation we have instead

2J +1

<)E>=tr<

2J+1

f s W(t)XA(Q))

fdsz E (R, ). 6.17)

Thus, in the Q representation the trigonometric
functlon (QleSZ) is replaced by the differential
operator DZ(X).

As a final application of the techniques developed
in this paper, we consider the mapping of the Bloch
equation of equilibrium statistical mechanics. Let
W= exp(—BH) be the (un-normalized) canonical
density operator corresponding to the formal
solution of the Bloch equation

oW

9B
According to the mapping rules summarized in
Egs. (6.12) and (6.15), the equilibrium c-number

functions P(2, B) and Q(, 8) satisfy the following
differential equations:

=L (@W +WH). (6.18)

—3%%’—3) - —Re[5* (A) P(@, 8] (6.19)
and
&%ﬁ - _Re[p*(B) @@, B, (6.20)

where Dr and ® are constructed as indicated in
Eqgs. (6.12) and (6.15), respectively, and where the
“initial conditions” for 8=0 are given by

P,0)=1, Q,0)=1, (6.21)

As an elementary illustration, consider the equilib-
rium density operator for a (2J +1)-level system
described by the Zeeman Hamiltonian

H=—gugicd,. 6.22)

The @ function satisfies the differential equation

9 9
a—g; =—§s‘m9%=—Jeos@Q (6.23)
B/ =ﬁg#53(3

whose solution takes the form

g’ B’ J
Q(Q’B)ze_B'J<(1+e )+(12—e )cos@)2

= [cosh(%) k— sinh <%,> cos BTJ. (6.24)

After imposing the normalization condition
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2J+1

deZQ(Q B)=1, (6.25)

the moments of interest can be calculated accord-
ing to Eq. (6.17). It goes without saying that in
this elementary case, the partition function of in-
terest can be calculated much more directly. The
differential equations (6.19) and (6.20), however,
appear to offer some advantage over the operator
equation (6.18) in more complicated situations
where the partition function is not so readily ac-
cessible.

VII. TRANSFORM BETWEEN P AND Q

In this section we derive the explicit transform
relations between the @ and P representations
discussed in Sec. VI. The generalization to multi-
level systems (¥>2) is shown to be straightfor-
ward.

It is useful to compare the relations between the
® and P representations for field systems and for
two-level atomic systems, which are given re-
spectively by

Q@)= [@pPEal @)l (7.1a)

and

QQ) = fduQ’P(Q’)Ks’z'lﬂ)lz. (7.1b)

Since |{B| @)|2 =exp(~| @ - B|2), (7.1a) is a convolu-
tion and may therefore be inverted by standard
techniques. If q(k) is the Fourier transform of
Q(a), i.e., F{@ =q(k), then the convolution trans-
formation theorem gives

q (k) = p (k) exp(~| k|%/4), (7.2a)

where we have used F{e~! %} =¢~1#1%  Ag a re-
sult, P(B) is given explicitly by

P(B)=Ft{q(k)exp( k|%/4)}. (7.32)

A similar procedure is used to invert (7.1b).
Since

@'Q)= Z

Eq. (7.1b) has the form of a convolution on the
Bloch sphere SU(2)/U(1). As a result, (7.1b) may
also be regarded as a convolution on the group
SU@2). If F represents the Fourier transform on
SU(2), then the convolution theorem assumes the
form!?

A (o)) &

m,=j

(Q') = rij -3 (Q’-IQ),

FlQ@)] = FP@)] - F((1d|2)]?). (7.2b)

As a result, P(Q) is given formally by

P@Q) = F~{F[Q]/F[|(1a|2)|?]}. (7.3b)

To make (7.3b) more explicit, we resolve the

“functions Q), P(), and [(R’|Q)|? in terms of a

complete set of functions defined on SU(2):

PO)=P@N) =3 e Phewr T @), (1.4)

where d(J)=2J +1 is the dimensionality of the uni-
tary irreducible representation I'Y of SU(2), V(G)
is the volume of SU(2), k= U(1), Q €SU((2)/U(1),
and Q% represents an arbitrary group element in
SU(2). The Fourier coefficients of P(2) are

Pl 4= f PQR)TL o @1)]*d, @R). (1.5)

The Fourier coefficients of the weighting function
lQ'|2)|? are

R, u= f T4, _@h)TY, @RI o @R)*

du@dy ()

V@)

(7.6)

This integral can be expressed in terms of Cle-

"bsch-Gordan coefficients'?

R VG i T ili d
mm =T g 4 1 . ) . .
(27 +1) - m'| Y O -
(7.7)

The only nonvanishing terms in this expression
are those for which J =L (integer), 0<L <2j,
m’=m"=0, Then,* using V(G)/V(H)=V[SU2)/U1)

4r jl i L\|?
R - ——
00 9
27 +1 <_j oo
J{J L\|*_ 27 +1)!1(24)! (7.8)
l<i o T @j+1+L)IQ2F-L) " M

The explicit form of (7.2b) is then Q% =P% RE.
As a result,

2j XL L
P(Qh):Z S ?/gé; %;a T'L (@h). (7.9)
=0 m=~L

Since P(Qk)=P@Q) and T'% (k) =T% mo (@), the argu-
ment 24 in (7.9) can be replaced by the coset rep-
resentative Q. In addition, (7.9) can be expressed
in terms of the more familiar spherical harmonics
using!®

/2
740) - (Jriom) T (1.10)
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Q%L = ] QQRTE @A) *d, @h)

~V(H) j QETL@1*d, (@)

K(Elé"_(f!l\z

v (95 [e@lrielta,@.

(7.11)

As a result,

PQ) = fk(n,ﬂ’)Q(Q')d“ @, (7.12)

where
k(ﬂ’ﬂl)__ (2.7 +1)Z J J L
-j|{=j O
+I

x Y. YE@[Yi@' ).

m==L

-2

Since the kernel 2(Q2,Q’) is a function of the
group operation 2'7'Q only (by the addition theo-
rem for spherical harmonics), the inverting rela-
tion (7.12) has the form of a convolution. In fact,
in the field case, (7.3a) can also be put into the
form of a convolution.

Finally, we exhibit explicitly the symmetry be-
tween the convolutions in (7.1b) and (7.12) as fol-
lows:

Q@)= [k.@,2)P@"), @),
P@)= [k.@,210@"4, @),

24
k.01 =) ] RE)™ Z YL@[YEQ)N*. (7.13)
L=0
This result generalizes immediately to the case of
the multilevel coherent states for v>2.

VIII. CONCLUSION

Coherent states for an ensemble of N identical
7-level atoms® are defined in terms of the coherent
state for a single 7-level atom generated by a uni-
tary transformation applied to its ground state
[Eq. (3.4)]. The coherent states for an ensemble
of identical 7-level atoms are given as the tensor
product of the individual atomic coherent states
[Eq. (3.8). A linear combination of these 7-level
coherent states was shown to represent the 7-
mode harmonic oscillator coherent state [Eq.
(4.3)], and in particular, the diagonal projectors
for the 7-level coherent states were shown to be
Poisson-distributed in a phase average of the
diagonal 7-mode coherent-state projectors. [Eq.
(4.6). We have exploited the multimode-to-multi-
level homomorphism (4.1) and used the multimode

coherent States, the projectors, and the D alge-
bras as generating functions for multilevel co-
herent states, projectors, and © algebras [(4.3),
(4.5), and (4.13), respectively].

Diagonal projectors appear frequently in quan-
tum statistical calculations, where one represents
operators, and particularly density operators,
using the coherent states as a basis.®”” The D
algebra for 7-level systems allows the replace-
ment of any operator by an equivalent c-number
differential operator. The D algebra has already
proven extremely useful in mapping reduced atomic
density operator equations of motion into differen-
tial equations for the quasi-probability distribu-
tion function P().%*7

For the purpose of establishing the D algebra in
the most familiar terms, we have specialized in
Sec. V to operators and coherent states in SU(2),
with the natural parametrization® of the coherent
states in the Bloch angles 6 and ¢. The D opera-
tors correspondmg to the angular momentum
operators J * J‘, and J, are given explicitly in
these varlables by Egs. (5.11), (5.12), (5.15), and
(5.16).

These results were applied in Sec. VI to the
mapping of a rather large class of density opera-
tor equations of motion [cf. (6.7) into c-number
partial differential equations [cf. (6.1) and (6.9)].
This we call the P representation. In a similar
way, a mapping of the equations of motion for the
diagonal elements of the density operator in the
coherent states, called the @ representation, was
derived [cf. (6.2) and (6.14)). It was shown explicit-
ly that the P and @ representations are equivalent.
A simple illustration was given in terms of the
mapping of the Bloch equation of equilibrium sta-
tistical mechanics.

Finally, we have shown in Sec. VII the explicit
connection between the quasi-probability distribu-
tion functions P and €. The two functions were
shown to be related to one another by a convolu-
tion integral.

APPENDIX A: CHANGE OF VARIABLE

It is necessary to express the ¥ complex vari-
ables @, and the derivatives 8/0¢a, ®=1,2,.,.,7)
in terms of the ¥ ~1 complex variables x;, the
derivatives 9/3x, (j =2,3,...,7), and the two real
variables @, ¢, and 3/6@, 8/d¢. The relations
between the variables themselves are straight-
forward:

= iy
aj‘xjae ’
r
2: Xy — 2
auau"a’ (Al)
u=1

a]_/l a]_‘ =eft,0.
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The relationship between the derivatives is deter-
mined using the chain rule. For example,

) aa 9 d9p 9
= -+
da, 9o, da  9q, 9@
7 *
9x; 9 X j 6>
+ — " 5 ) (A2)
]Z:; (aau 9x;  oa, oxf

The partial derivatives in (A2) and their complex
conjugates are most conveniently determined im-
plicitly, according to the following example:

7

2 _ *

o _2 a,a,,
n=1

2ada=) (o dof+ o} da,), (A3)
u=1
oa o e a,

o, 20’ Tear 2"

The other partial derivatives may be determined
in a similar way. It is possible to establish the
following identities:

ax,'
da, ’

aX
i 1
0= 50 Yit Sara Yt

ij a* ij
aeg*’ 20:2 o, ’

(A4)

202797 2axa, T dax’

0=

ax,-
2a2 %;+0+ say
A similar set of equations involving x} is ob-
tained from the set (A4) by complex conjugation.
As a result we obtain, after a little algebra,

8 1 ie 1 d
=3 — e =
day 1 oa  2x.e 8(ig)
x, e
- 1€ (x-V+£*'V*)
1
XV —x*V*
W( x* V¥, (A5)
8 L% _1p 0 18
8a, =2% sa T ae® 0%
xje * \
- (5 ext YY), (a6)

In these equations, we have defined

T
) 2]
XV ax*ev¥= Xy—— X —
- == - ;(’axj ¥ ox} ) (AT)

Expressions for 8/5a are obtained from (A5) and
(A6) by complex conjugation.

APPENDIX B: THE D OPERATORS

The D operators are defined by the identity

J‘dzx2 -+ d?%, P(x,t) D ()2)1\({)

= fd'“’x2 ceed?x, A({)ﬁL()Z')P(f, t),
(B1)

where X is an arbitrary operator in the Hilbert
space of the 7-level atoms and A(x) is the co-
herent-state projector defined by Eq. (3.11).

A special set of D operators appropriate for two-
level coherent states was introduced in Sec. VI
to construct the equation of motion for the quasi-
probability-function P(Q,t). Here we discuss the
5~Doperators for multilevel systems and summarize
their properties. First we observe that if A and
B are elements in the multilevel Lie algebra, and
7 and s are arbitrary complex numbers, the fol-
lowing properties hold for the left operators:

DLWA +sB)y=rD*(A) +sDE(B), linearity

DEAB) =H* (A)DF (B), homomorphism
DA, B)=[®*(A), DL (B)], covariant
commutation
relations. (B2)

The right operators D® [also defined by Eq. (B1)
satisfy the properties

DRA +sB)=rDR(A) + sDR(B), linearity
DR(AB) =D (B)DF(A), antihomomorphism
DR[A B]=[DR(B), D*(A)], contravariant

commutation
relations. (B3)

The construction of the explicit form of the D
operators is a straightforward but lengthy process
which is based on an integration by parts of the
left-hand side of Eq. (B1). In view of the proper-
ties (B2) and (B3), we only need to restrict our
attention to the operators D(£},) given by Egs.
(3.14) and (3.16). We notice that the element of
volume contains 2(7 - 1) differential elements
d(Rex,) and d(Imx;) with j#1. Accordingly, one
must treat D(E,,) separately from D(£,,) (J #1).
The operators D(£,,) and D(£,,), however, can be
expressed in the compact form

9
DL(E ) = = —— By TR XN +7) +3(x 0 9 4x%- %)

- 6k.i’ (B4)

ﬁn (Ejk) = [“bL (E;rk)]*,
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where 3 /3x, is defined in the usual way, i.e.,

9 1 . ox
ox, 2%, (2 ¥ -x7-97). (B5)
The algorithm connecting D and D operators can
be summarized by the following elementary re-
placements:

N-N+7,

— - (j=1:"'7), (B6)
i

and add -9, ;.

Note added in proof. Many-atom systems have
been previously described by Bonifacio, Kim, and
Scully in terms of coherent boson states.’® The
formal connection between their representation

and that of Arecchi ef al.’ is provided by Eqgs.
(4.3) and (4.7) specialized to the case a=(a,, a,)
and x=(cos6/2, e~ ?sin6/2). It is worthwhile to
point out that, while the atomic coherent states

| 6, @) ; correspond to a fixed specification of the
total cooperation number (or angular momentum),
the states | @,, @) correspond to an undetermined
value of the angular momentum, i.e.,

I aly d2> = Z Cl(ala az)l 9, (P>J .
J

The coefficients |C,|? form a Poisson distribu-
tion with parameter |@,|%+| a,|2. The relative
dispersion of the angular momentum AJ /J for
a state |a,, a,) is (| 0|2 +| @, |?)™'/2. We are
grateful to Professors Bonifacio and Scully for
their stimulating comments.
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