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Correlated photon-pair generation via single-atom cavity-assisted spontaneous four-wave mixing
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We present a detailed study of the generation of photon pairs by spontaneous four-wave mixing in a bicavity
system with a single atom inside. Cavity modes lead to larger coupling strength than that of the normally assumed
thermal vacuum, and thus higher generation rates are expected. Unlike approaches that have emerged so far, this
paper presents an approach based on the solution of the master equation. This method allows us to investigate
the photon statistics more strictly, and we show that the choices of pumping detuning and leaking rate of the
cavities significantly affect the degree of the autocorrelation, and a higher-purity heralded single photon source
is possible. We also derive a concise expression for the output state and the generation rate for the extreme cases
where the cavity leaking rate is much smaller or larger than the rate of spontaneous emission.
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I. INTRODUCTION

Generating correlated photon pairs (biphotons) is of great
interest for developing advanced technologies in quantum in-
formation processing [1,2] and it is normally accomplished
by the nonlinear parametric processes, such as spontaneous
parametric down-conversion (SPDC) [3–5] or spontaneous
four-wave mixing (SFWM) [6]. The latter is commonly re-
ferred to as the atom-photon interaction with the atomic
configuration [7–10] shown in Fig. 1(a). The virtual tran-
sition |1〉 → |4〉 → |2〉 → |3〉 → |1〉 leads to the generation
of photons at frequencies ωs and ωas, which are named the
Stokes and anti-Stokes photons, respectively. Apart from the
Raman enhancement on the Stokes photon and the absorp-
tion on the anti-Stokes photon, there should be a one-to-one
correspondence between the two components. The Raman
enhancement can be effectively restricted by increasing the
detuning of the pumping field [�p in Fig. 1(a)]. As for the
absorption of the anti-Stokes photon, the coupling field at ωc

creates a narrow transparency window, which is well known
as electromagnetically induced transparency (EIT) [11], and
it effectively limits the linewidth of the generated photons.

Narrowband biphotons are particularly important for real-
izing efficient photon-atom quantum interfaces in a quantum
network [12,13], and for better efficiency and greater success
rate in quantum memory [14–16] and quantum phase gates
[17–19]. From this perspective, the advantage of the biphotons
from SFWM is obvious, in contrast to that based on SPDC,
which has a relatively large linewidth (∼THz) [20,21]. Using
optical cavities, a sub-MHz linewidth of the SPDC biphoton
can be achieved [22,23]. A similar strategy can be applied
to the EIT-assisted SFWM [24], which has not been widely
studied yet.

As an important application of the photon pair, heralded
single photons [21] promise to enable significant capabil-
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ities in, e.g., quantum communications [25–27], quantum
information [28], quantum metrology [29], and quantum com-
putation [30,31]. In the SFWM process that we focus on,
the scheme could be that the detection event of the Stokes
photon heralds the presence of the anti-Stokes photon. An
ideal single-photon source requires that for a defined mode,
the field does not contain more than one photon (high purity).
The degree of second-order autocorrelation function, g(2)

auto(τ ),
can be a measure of such purity [32,33] and, for the ideal
single-photon field, g(2)

auto(0) = 0. The high single-photon pu-
rity is crucial for the security of quantum communications
and minimizing errors in quantum computation and simula-
tion [34–37]. Normally, the SFWM biphoton source is based
on the atomic ensembles and, by its nature, low purity is
endowed [38].

The recent development of in-cavity quantum electrody-
namics, especially that with a single atom [39–42], motivates
us to investigate the biphoton source based on a cavity-
enhanced single-atom system. As shown in Fig. 1(b), the
generation of the photon pairs is triggered by the cavity
modes, instead of the thermal vacuum. The bandwidth of
the biphoton is determined by the spectral characteristic of
the cavities and, in principle, photons with ultralong coherent
time can be generated.

The commonly adopted theory for the SFWM is built on
the macroscopic nonlinear polarization of atomic ensembles.
The brightness and correlations can be described after solv-
ing a set of transformed Maxwell equations [43–46], where
the third-order (four-wave-mixing) nonlinear susceptibility
relates to the coupling between the Stokes and anti-Stokes
photons. Or, one can treat the potential energy held by the
nonlinear polarization as an effective Hamiltonian, and the
corresponding evolution operator acting on the vacuum de-
picts the state of the output photons [6,47]. Anyway, to obtain
the nonlinear susceptibility, we need to presume a preexistent
classical field for the Stokes and anti-Stokes photons and solve
a (semiclassical) master equation to quantify the nonlinear
response of the atoms. Such calculations ought to lead to
classical results.
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FIG. 1. (a) Four-level atom driven by the pumping field (ωp)
and the coupling field (ωc) to generate the photon pair (ωs, ωas).
(b) Schematic diagram of the double-cavity system where the size
of the atom and the wavelength difference between the Stokes and
anti-Stokes photons is dramatically enlarged for better demonstration

The above methods are not suitable for our system where a
single atom is coupled by the quantized cavity modes. To ob-
tain the quantum statistics, including the photon distribution,
auto- and cross-correlation of generated photons, we resort
to the density operator and corresponding (fully quantum)
master equation, which is the typical method for describing
the interaction between the quantum objects while in con-
tact with non-negligible environments [48,49]. By analyzing
the autocorrelation function, we found that the purity of the
Stokes or anti-Stokes photon can be controlled by the pump-
ing detuning and the cavity leaking rate, and a high-purity
heralded single-photon source is possible without introducing
additional nonlinear interaction. Similar to the photon pairs
generated by the atomic ensembles, the degree of the cross
correlation only acquires considerable values for large pump-
ing detuning. Moreover, by investigating the mean value of
atomic operators, we manage to find an effective Hamiltonian
for the biphoton generation, and the expression of the bipho-
ton state is derived.

We organize the paper as follows. In Sec. II, we intro-
duce the Hamiltonian and the master equation that depict
the dynamic evolution of the system. The brightness and the
correlations are discussed in Sec. III. In Sec. IV, we introduce
the effective Hamiltonian and the corresponding evolution
operator, using which the generation rate is analyzed. We draw
our conclusions in Sec. V. The full set of equations of the
density matrix elements is listed in the Appendix.

II. MODEL AND EQUATIONS

Let us consider a double-cavity system inside which sits a
single four-level 87Rb atom, as shown in Fig. 1. The atomic
levels are chosen as |1〉 = |5S1/2, F = 1〉, |2〉 = |5S1/2, F =
2〉, |3〉 = |5P1/2, F = 2〉, and |4〉 = |5P3/2, F = 2〉. We fur-
ther assume that the atomic velocity is small and the Doppler
effect can be neglected. Driven by a pumping field at fre-
quency ωp and a coupling field at ωc, the atom generates
Stokes photons at ωs and anti-Stokes photons at ωas as cavity
modes via the third-order nonlinearity. The Hamiltonian of the
interaction is

V̂ /h̄ = − �pσ̂44 + ωσ̂22 − ωσ̂33

− (gasâasσ̂31 + gsâsσ̂42 + �cσ̂32 + �pσ̂41 + H.c.).
(1)

Here, σ̂i j is the atomic operator defined as |i〉〈 j|. �α =
ωα − ωi j is the detuning of field ωα with α ∈ {c, p, s, as}
from its corresponding transition |i〉 ↔ | j〉. ω = �s − �p is
the double-photon detuning between the Stokes photon and
pumping field, and, based on the conservation law of energy
(ωc + ωp = ωs + ωas), we can write �as − �c = −ω.

The Rabi frequency of the classical fields (�α =
μi jEα/2h̄) and coupling strength between the cavity modes
and the atom (gα = μi jE+

α /2h̄) are defined in a similar way,
where the electric field of a single photon is represented
by Ê+

s = √
(h̄ωs)/(2ε0V ) and Ê+

as = √
(h̄ωas)/(2ε0V ). We as-

sume that the two cavities have the same volume (V ). As we
can see, the smaller volume leads to larger coupling strength.
The confined electric modes play an important role as the en-
vironment for the generated photons (instead of vacuum). This
ought to increase the efficiency of the photon-pair generation.
âs and âas are the annihilation operators for the Stokes and
anti-Stokes photons, respectively. Using the local approach to
the Lindblad superoperators [50–52], the dynamical evolution
of the system is governed by the master equation,

∂

∂t
ρ = i

h̄
[ρ, V̂ ] + Latom(ρ) + Ls(ρ) + Las(ρ), (2)

with Latom(ρ), Ls(ρ), and Las(ρ) being, respectively, the
Lindblad superoperators for the spontaneous decays of the
atom, and the Stokes and anti-Stokes photons,

Latom(ρ) = �31
(
σ̂13ρσ̂31 − 1

2 {σ̂33, ρ})
+ �32

(
σ̂23ρσ̂32 − 1

2 {σ̂33, ρ})
+ �41

(
σ̂14ρσ̂41 − 1

2 {σ̂44, ρ})
+ �42

(
σ̂24ρσ̂42 − 1

2 {σ̂44, ρ}); (3a)

Ls(ρ) = κs
(
âsρâ†

s − 1
2 â†

s âsρ − 1
2ρâ†

s âs
)
; (3b)

Las(ρ) = κas
(
âasρâ†

as − 1
2 â†

asâasρ − 1
2ρâ†

asâas
)
. (3c)

The decay rate of the atomic transition |i〉 ↔ | j〉 is �i j , and
κs and κas denote the leaking rates of the photons from the
corresponding cavity. In the following discussion, we assume
that the two cavities have the same leaking rate, and the decay
rates of the optical transitions are of the same value as well:

κs = κas = κ, (4a)

�i j = �. (4b)

We use ρi j,msns,masnas to represent elements of the density
matrix 〈i, ms, mas|ρ| j, ns, nas〉, where |ns〉 and |nas〉 are the
Fock basis of the Stokes and anti-Stokes photons. Equation (2)
leads to a set of differential equations (see the Appendix)
taking ρi j,msns,masnas as unknowns. γi j in those equations rep-
resents the dephasing rates due to the interaction with the
environment (Latom), while D (ρi j,msns,masnas ) represents de-
phasing processes owing to the photon leaking from double
cavities (Ls and Las). Additional dephasing processes, e.g.,
from the finite linewidth of the pumping and coupling field,
are omitted since ideal lasers are assumed.

In this paper, we focus on the situation of the steady state
where ∂tρi j,msns,masnas = 0. Thus, the differential equations be-
come algebraic ones. However, finding the exact solutions
is still challenging because of the infinite series of the Fock
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FIG. 2. (a) Stokes photon number probability Pn and (b) the
corresponding Wigner functions at large pumping detuning �p =
160.0 �. The other parameters are κ = 0.2 �, �p = 10.0 �, �c =
1.0 �, ω = 0, �c = 0, and ga = gas = 1.0 �, � = 2π × 6 MHz. The
dipole moment of the optical transition (μi j) is 2.5 × 10−29 C m and
ω21 = 6.8 GHz.

states. Considering that the probability of finding one pair of
photons should be much larger than that of two pairs, and the
probability of two pairs much larger than that of three, we can
always choose appropriate parameters, such as the pumping
strengths, detunings, and leaking rates, to make the solution
reasonable if we truncate the Fock states at a particular one.
In the following calculations, we manage to set the boundary
at ns = nas = 5.

We first obtain the numerical solution of the master equa-
tion when κ = 0.2 �. A smaller leaking rate means a longer
lifetime of the cavity photon (∼κ−1), and the photon bounces
backward and forward between the cavity more times before
leaking out. The Stokes photon probability Pn = 〈ns|�s|ns〉,
with �s being the reduced density matrix for the Stokes field, is
presented in Fig. 2(a), with the corresponding Wigner function
in Fig. 2(b). Due to the weak interaction between the atom
and the cavity modes, the probability of the Stokes field on
single-photon state |1〉, namely, P1, is about 2.4%, in contrast
to P0, which is close to unity. The Wigner function has positive
values, takes (0,0) as the center of symmetry, and resembles
that of the ground state of the harmonic oscillator. For the
parameters we chose, the anti-Stokes photon has the same
quantum statistics as its Stokes partner.

III. BRIGHTNESS AND CORRELATIONS

The SFWM process is not the only nonlinear process
supported by the atom; others include the third-order (even
fifth-order) Kerr effect, Raman process of the Stokes photon,
and the linear and nonlinear absorptions on the anti-Stokes
photons. For the inappropriate parameters, the SFWM process
might even not be the dominant one.

Presume that SFWM dominates the interaction between the
atom and photons; then larger P1 means that there is a higher
probability that the cavity modes are on the biphoton state.
There is another quantity similar to the photon probability,
which is the (spectral) brightness—the number of photon pairs
per unit angular frequency, and time [10,53]. For example,
the brightness of the Stokes photon can be represented by
the trace of ρâ†

s âs. In Fig. 3(a), we plot the brightness of
the Stokes and anti-Stokes photons at κ = 0.2 �, for different
pumping detunings. As �p increases from zero, the bright-
ness, for both the Stokes and anti-Stokes photons, begins

FIG. 3. (a) Spectral brightness, (b) cross correlation, (c) au-
tocorrelation, and (d) the ratio R = (g(2)

as,s)2/(g(2)
s,sg

(2)
as,as) of the

cavity-enhanced biphoton generation. We use the same parameters
as in Fig. 2 with the cavity leaking rate κ = 0.2 �.

to decrease. This is a typical result that the larger pumping
detuning weakens the interaction. In addition, the brightness
of the Stokes photon is larger than that of the anti-Stokes
photon. This is basically due to the fact that the Stokes photons
experience Raman enhancement during propagation. As �p

gets larger (�p > 150�), the SFWM becomes the dominant
effect and the brightness of the two components takes ap-
proximately the same value. As another important figure of
merit, the generation rate can be interpreted as the number
of photon pairs observed per unit of time. For example, the
generation rate of the Stokes photons can be obtained via
Rs = tr[ρLs(ρ)] = κ〈â†

s âs〉. The left axis of Fig. 3(a) shows
the corresponding generation rate, as we can see, for �p =
200 γ , Rs = 150 kHz (for � = 2π × 6 MHz), which is much
larger than the dark-count rate of the commonly used detectors
[53–55].

The one-to-one relation between the Stoke and anti-
Stokes photons is essential in the biphoton preparation.
The degree of cross-correlation function g(2)

cross, defined as
〈â†

asâ
†
s âsâas〉/〈â†

asâas〉〈â†
s âs〉, is shown in Fig. 3(b); as we can

see, when the Stokes and anti-Stokes photons acquire the
same brightness, their cross correlation effectively increases
as well.

The autocorrelation reveals the nature of the light. Taking
the Stokes photons as an example, the degree of the auto-
correlation function is gauto = 〈â†

s â†
s âsâs〉/〈â†

s âs〉〈â†
s âs〉, which

can be measured in a Hanbury Brown and Twiss experiment
[56]. Using the number operator n̂s = â†

s âs, it can be rewritten
as gauto = 〈n̂(n̂ − 1)〉/〈n̂〉2. Thus, for the single-photon field,
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FIG. 4. (a) Spectral brightness, (b) cross correlation, (c) autocor-
relation, and (d) the ratio R under large pumping detuning. Here,
κ = 1.0 � and the other parameters are identical with that in Fig. 2.

gauto = 0. The data we presented in Fig. 3(c) show that the
degree of autocorrelation is above zero, indicating that there
are multiple photons in the Stokes field, and likewise for the
anti-Stokes partner. They begin to decrease when pumping de-
tuning is larger than 30 � and keep decreasing as � increases.
However, they are still above unity for �p as large as 200 �.

The violation of (g(2)
as,s)2/(g(2)

s,sg(2)
as,as) � 1, widely known as

Cauchy-Schwarz inequality, is commonly regarded as an un-
ambiguous feature of the nonclassical correlation between the
generated photons [57]. The quantity

R =
(
g(2)

as,s

)2

g(2)
s,sg(2)

as,as

is plotted in Fig. 3(d). It has an initial value of R ≈ 9.8 and
increases almost linearly with the pumping detuning.

Enlarging the decay rate of the cavities naturally reduces
the energy stored in the cavity. As can be seen in Fig. 4(a),
the brightness of, e.g., the Stokes photon for κ = 1.0 � is
almost 10 times smaller than that for κ = 0.2 �. At the price
of this, the brightness of the Stokes and anti-Stokes photons
takes almost the same value, suggesting that the efficiency of
the Raman effect on the Stokes photon is effectively reduced
for larger κ , and the degree of the cross correlation, as shown
in Fig. 4(b), is correspondingly enhanced. The result of the
cross correlation and the autocorrelation leads to a surprising
result that the Cauchy-Schwarz inequality could be violated
by a factor over 104 at � = 300 � with a generation rate of
approximately 75 kHz, according to our idealized theoretical
calculation.

IV. EFFECTIVE HAMILTONIAN AND GENERATION
RATES

The numerical results show the characteristics of the sys-
tem in a straightforward manner, such as the data presented
in Figs. 2 and 3. As long as the Fock states are reasonably
truncated, the solution of the master equation, equivalently the
plotted data, to some extent, is exact. However, these results
are not transparent for revealing the underlying physics of the
atom-photon interaction. The analytic solutions may provide
us with useful information, but it is difficult to obtain.

Fortunately, as we discussed in Sec. III, a large cross cor-
relation relies on the large pumping detunings, and this means
that the atom most likely remains on the ground level |1〉,
which allows us to make a series of assumptions to find an
effective Hamiltonian and evolution operators. First, let us
examine the motion equations for the atomic operators in the
Heisenberg picture,

∂t σ̂44 = −(�41 + �42)σ̂44 + [i(gsâsσ̂42 + �pσ̂41) + H.c.],

∂t σ̂33 = −(�31 + �32)σ̂33 + [i(gasâasσ̂31 + �cσ̂32) + H.c.],

∂t σ̂22 = �32σ̂33 + �42σ̂44 + [i(gsâ
†
s σ̂24 + �∗

c σ̂23) + H.c.],

∂t σ̂34 = i(γ̃34σ̂34 − gasâ
†
asσ̂14 − �∗

c σ̂24 + gsâsσ̂32 + �pσ̂31),

∂t σ̂24 = i[γ̃24σ̂24 + gsâs(σ̂22 − σ̂44) − �cσ̂34 + �pσ̂21],

∂t σ̂14 = i[γ̃14σ̂14 − gasâasσ̂34 + �p(σ̂11 − σ̂44) + gsâsσ̂12],

∂t σ̂23 = i[γ̃23σ̂23 − gsâsσ̂43 + �c(σ̂22 − σ̂33) + gasâasσ̂21],

∂t σ̂13 = i[γ̃13σ̂13 + gasâas(σ̂11 − σ̂33) − �pσ̂43 + �cσ̂12],

∂t σ̂12 = i(γ̃12σ̂12 − gasâasσ̂32 − �pσ̂42 + gsâ
†
s σ̂14 + �∗

c σ̂13).

In the above equations, we omit fluctuation terms, as we
only focus on the mean values in the following calculation.
The complex decay rates are defined as γ̃34 = (�p − ω) +
iγ43, γ̃24 = �p + ω + iγ42, γ̃14 = �p + iγ41, γ̃23 = 2ω +
iγ32, γ̃12 = −ω, and γ̃31 = −ω + iγ31.

Under the assumption of �p � �, we can treat σ̂11 = Î,
where Î is the unit operator, and the other population opera-
tor σ̂22, σ̂33, and σ̂44 as zeros. The transition operator σ̂41 is
non-negligible due to the fact that the optical response of the
atoms at the frequency ωp relates to the population on ground
level |1〉. The natural broadening of the transition |4〉 ↔ |1〉
suggests a typical Lorentz line shape as σ̂41 = σ̂

†
14 = α41Î,

with α14 = α∗
41 = −�p/(�p + iγ41). On the other hand, the

optical response at frequency ωc is negligible (σ̂32 = 0) since
the relevant atomic levels are empty.

The Stokes (anti-Stokes) photons are generated through
the polarization of |4〉 ↔ |2〉 (|3〉 ↔ |1〉). The relevant atomic
operators, based on the motion equations, are coupled with
each other as

∂

∂t

⎛
⎜⎜⎜⎜⎝

σ̂34

σ̂24

σ̂31

σ̂21

⎞
⎟⎟⎟⎟⎠ = i

⎛
⎜⎜⎜⎜⎝

γ̃34 −�∗
c �p 0

−�c γ̃24 0 �p

�∗
p 0 γ̃31 −�∗

c

0 �∗
p −�c ω

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

σ̂34

σ̂24

σ̂31

σ̂21

⎞
⎟⎟⎟⎟⎠

+ i(α14gasâ
†
as, 0, gasâ

†
as, α41gsâs)T, (5)
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where (·)T stands for the transpose of the vector. As the pump-
ing detuning gets larger, all atomic operators in Eq. (5) tend
to zero, except for σ̂31, which can be written as σ̂31 = α31âs,
with

α31 = �∗
c�

∗
pgs

[|�c|2 + ω(ω − iγ31)](�p − iγ41)
. (6)

Then we can rewrite Eq. (1) based on the above conclusions,
and find that the effective Hamiltonian is

V̂eff = h̄α31gasâsâas + h̄α13gasâ
†
s â†

as, (7)

where α13 is the complex conjugate of α31. The corresponding
evolution operator in Schrodinger representation on the first
order of perturbation [49] is

Û (ti, t f ) = Î − i

h̄

∫ t f

ti

dt V̂eff e−i(ωp+ωc−ωs−ωas )t . (8)

The biphoton state can be represented by the evolution oper-
ator acting on the vacuum. After omitting the trivial operator
Î, the output state reads

�out = Û (ti, t f )|0s, 0as〉 = β|1s, 1as〉. (9)

Note that β, whose magnitude represents the strength of
the four-wave-mixing process, plays a similar role as the
nonlinear susceptibility in the atomic-ensemble situation. The
conservation of energy (ωp + ωc − ωs − ωas = 0) is always
fulfilled; therefore, Û and β are determined by the time of
evolution �t = t f − ti [see Eq. (8)]. Ideally, ti can be the time
when the applied lasers are switched on, and t f is the time
of turning off. This is only reasonable when the evolution is
unitary [49]. In our case, the condition means negligible Lind-
blad superoperators [Eqs. 3(a)–(3c)]. However, interactions
between the main system and the unobserved ones [48] always
exist in our model, and leaking photons are even necessary
for the biphoton generation. All in all, the evolution time is
determined by the finite coherent time, which, in turn, relies
on the strengths of the damping processes (� and κ). However,
the detailed relation could be complex. In the following, we
only discuss two extreme cases:

(i) κ � �. In this case, the generated photons escape and
quickly impinge on the detector. The coherence time depends
on the reciprocal of κ; consequently, β denoted as β1 in this
case, based on Eq. (8), is

β1 = −iα13gas/κ. (10a)

(ii) κ � �. This means that the generated photons have
a relatively long lifetime in their cavity. It is the vacuum as
a reservoir coupling directly with the atom that shortens the
coherence time; thus β in this case takes the value of

β2 = −iα13gas/�. (10b)

Let us apply Eqs. (10a) and (10b) to analyze the generation
rate of the photon pair. In Fig. 5, it is plotted using the dark-
blue solid line as a function of the leaking rate. For a vanishing
κ , the generated photons are trapped inside the cavity, and thus
the generated rate tends to zero. The result in case (i) based on
Eqs. (10a) and (9) is Rs = κ〈�out|â†

s âs|�out〉 = |α13gas/�|2κ ,
increasing linearly with κ as shown by the green dashed
line. As we can see, it matches the numerical result quite

FIG. 5. The results of the generation rate obtained using the
method of the effective Hamiltonian, under the assumption of κ � �

(dashed line) and κ � � (dotted line). For ease of comparison, the
result of tr[ρLs(ρ )] based on the numerical solution of the master
equation (solid line) is presented as well. Here, �p = 100.0 � and
the other parameters are identical to that in Fig. 2.

well. In case (ii), the generation rate is Rs = |α13gas|2/κ . It
corresponds to the limit of the bad cavity. In such case, the
confinement of the electric field is hampered, the strength of
the reduced atom-photon interaction is reduced, and so is the
generation rate.

Based on Eq. (9), one can calculate the auto- and cross
correlations, and find that

g(2)
cross = 1

|β|2 , g(2)
s,s = g(2)

as,as = 0. (11)

Since �p → ∞, we have β → 0. It explains the tendency of
the cross- and autocorrelations at larger pumping detunings,
as shown in Fig. 4.

V. SUMMARY

In this paper, we investigate the SFWM process supported
by a single atom in the double-cavity system. The generated
photons are induced by the optical modes of the cavities, in-
stead of the thermal vacuum. The numerical results show that
the cavity-enhanced nonlinear interaction leads to a consider-
able biphoton generation rate. Using reasonable parameters,
such as large pumping detuning and large cavity leaking rate,
the purity of the heralded photon should be increased and this
is important for the quantum communication and quantum
computation. The large pumping detuning allows us to sim-
plify the description of the biphoton generation, and leads to
an effective Hamiltonian and reasonable expressions for the
biphoton states in the extreme cases with weak and strong
cavity leaking.

Filtered by the cavity, only the photons within the range of
κ arrive at the detectors. Thus the linewidth of the photon pair
can be further reduced if a high-quality cavity is used. The
maximal generation rate should be obtained at the double-
photon resonance ω = 0, where the anti-Stokes photons are
able to transmit out of the system, thanks to the EIT window
created by the coupling field. The depth of the EIT (resid-
ual absorption) depends on the decoherence rate between the
ground levels. Without collisions between atoms and cavity
walls, the decoherence rate vanishes. In the realistic setup, the
pumping and the coupling lasers have finite linewidths, which
leads to the finite decoherence rate and certainly reduces the
generation rate due to the absorptions.
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APPENDIX: THE EQUATIONS OF THE ELEMENT OF THE DENSITY MATRIX

Based on the master equation (2), the elements of the density matrix obey the following equations:

d

dt
ρ11;msns;masnas = �31ρ33;msns;masnas + �41ρ44;msns;masnas − i

(
gas

√
nasρ13;msns;mas,nas−1 + �pρ14;msns;masnas

− gas
√

masρ31;ms,ns;mas−1,nas − �∗
pρ41;msns;masnas

)
,

d

dt
ρ22;msns;masnas = �32ρ33;msns;masnas + �42ρ44;msns;masnas − i

(
gs

√
nsρ24;ms,ns−1;mas,nas + �cρ23;msns;masnas

− gs
√

msρ42;ms−1,ns;mas,nas − �∗
cρ32;msns;masnas

)
,

d

dt
ρ33;msns;masnas = − (�31 + �32)ρ33;msns;masnas − i

(
gas

√
nas + 1ρ31;ms,ns;mas,nas+1 + �∗

cρ32;msns;masnas

− gas

√
mas + 1ρ13;msns;mas+1,nas − �cρ23;msns;masnas

)
,

d

dt
ρ44;msns;masnas = − (�41 + �42)ρ44;msns;masnas − i

(
gs

√
ns + 1ρ42;ms,ns+1;mas,nas + �∗

pρ41;msns;masnas

− gs

√
ms + 1ρ24;ms+1,ns;mas,nas − �pρ14;msns;masnas

)
,

d

dt
ρ21;msns;masnas = − (γ21 + iω)ρ21;msns;masnas − i

(
gas

√
nasρ23;ms,ns;mas,nas−1 + �pρ24;msns;masnas

− gs
√

msρ41;ms−1,ns;mas,nas − �∗
cρ31;msns;masnas

)
,

d

dt
ρ31;msns;masnas = − (γ31 − iω)ρ31;msns;masnas − i

(
gas

√
nasρ33;msns;mas,nas−1 + �pρ34;msns;masnas

− gas

√
mas + 1ρ11;msns;mas+1,nas − �cρ21;msns;masnas

)
,

d

dt
ρ32;msns;masnas = − (γ32 − 2iω)ρ32;msns;masnas − i

(
gs

√
nsρ34;ms,ns−1;mas,nas + �cρ33;msns;masnas

− gas

√
mas + 1ρ12;ms,ns;mas+1,nas − �cρ22;msns;masnas

)
,

d

dt
ρ43;msns;masnas = − [γ43 − i(�p − ω)]ρ43;msns;masnas − i

(
gas

√
nas + 1ρ41;ms,ns;mas,nas+1 + �∗

cρ42;msns;masnas

− gs

√
ms + 1ρ23;ms+1,ns;mas,nas − �pρ13;msns;masnas

)
,

d

dt
ρ41;msns;masnas = − (γ41 − i�p)ρ41;msns;masnas − i

(
gas

√
nasρ43;ms,ns;mas,nas−1 + �pρ44;msns;masnas

− gs

√
ms + 1ρ21;ms+1,ns;mas,nas − �pρ11;msns;masnas

)
,

d

dt
ρ42;msns;masnas = − [γ42 − i(�p + ω)]ρ42;msns;masnas − i

(
gs

√
nsρ44;ms,ns−1;mas,nas + �cρ43;msns;masnas

− gs

√
ms + 1ρ22;ms+1,ns;mas,nas − �pρ12;msns;masnas

)
.

In each equation, there is a hidden term resulting from the Lcav(ρ), which is

D (ραβ;msns;masnas ) = − κ1

2
(ms + ns)ραβ;msns;masnas + κ1

√
(ms + 1)(ns + 1)ραβ;ms+1,ns+1;masnas

− κ2

2
(mas + nas)ραβ;msns;masnas + κ2

√
(mas + 1)(nas + 1)ραβ;msns;mas+1,nas+1.

The atomic decoherence rates γi j are γ31 = 1
2 (�31 + �32), γ32 = 1

2 (�31 + �32), γ41 = 1
2 (�41 + �42), γ42 = 1

2 (�41 + �42), and
γ43 = 1

2 (�31 + �32 + �41 + �42).
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