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Vortices in tunable dipolar Bose-Einstein condensates with attractive interactions
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We investigate the formation of vortices in quasi-two-dimensional dipolar Bose-Einstein condensates (BECs)
through the interplay between two-body contact and long-ranged dipole-dipole interactions (DDIs), as both
interactions can be tuned from repulsive to attractive. By solving the associated Gross-Pitaevskii equation for a
rotating system, our initial approach concentrates on stabilizing a collapsing condensate with attractive s-wave
two-body interactions by employing sufficiently large repulsive DDIs. Subsequently, the same procedure was
applied after reversing the signs of both interactions to evaluate the sensitivity of vortex formation to such an
interchange of interactions. As a reference to guide our investigation, valid for generic dipolar atomic species,
we have assumed a condensate with the strong dipolar dysprosium isotope, 164Dy. The correlation of the results
with other dipolar BEC systems was exemplified by considering rotating BECs with two other isotopes, namely
168Er and 52Cr. For a purely dipolar condensate (no contact interactions) under fixed rotation, we show how the
number of visible vortices increases as the DDI becomes more repulsive, accomplished by tuning the orientation
of the dipoles through a characteristic angle parameter.
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I. INTRODUCTION

Superfluidity, which is believed to be a remarkable
macroscopic quantum phenomenon, was discovered in the
investigation of liquid helium by Kapitza [1] and Allen and
Misener [2]. They showed that liquid He can flow without vis-
cosity below a critical temperature. Liquid helium remained
the only bosonic liquid realized in an experiment until 1995.
The advent of laser cooling with dilute alkali-metal atoms
resulted in the experimental realization of the new phase of
matter called the “Bose-Einstein condensate” (BEC) [3]. The
BEC turns out to be a new addition to the family of superfluid,
which is strikingly different from liquid He, the first member
of this family. Liquid helium is a strongly interacting system
which makes its theoretical description extremely difficult. It
has no system parameters like density and interaction strength
which can be manipulated experimentally. In addition, it has
no spin degrees of freedom. On the other hand, almost all
the parameters like density, kinetic energy, and interaction
strengths in BECs can be manipulated experimentally by en-
gineering the atom laser interaction strength in magnetic or
optical traps using Feshbach resonance techniques [4]. By
choosing atomic species and employing optical traps to re-
lease the spin degrees of freedom, one can realize the spinor
superfluid [5–7] and the dipolar superfluid [8]. Another ad-
vantage of BECs is that ultracold gases are dilute and weakly
interacting systems which means that they can be easily de-
scribed by mean-field approximation governed by the usual
Gross-Pitaevskii (GP) equation or its generalizations.

It should be pointed out that the nonlinearity in a BEC
arises by virtue of the two-body short-range s-wave contact
interaction. However, realizations of BECs with long-range

dipolar atoms have opened up plenty of avenues leading to
new possibilities in the domain of ultracold atoms. Dipo-
lar atoms are characterized by having long-range anisotropic
interactions with the first BEC realizations reported with
isotopes of chromium [8] followed by dysprosium [9] and
erbium [10]. Far from being different from the isotropic
contact interaction in condensates with alkali-metal atoms,
it is expected that dipole-dipole interaction (DDI) can lead
to new ground-state properties and interesting phenomena.
Recent experiments have shown that dipolar BECs can form
supersolid states of matter [11–13]. Further, dipolar BECs
have been endowed with the possibility of playing with two
different kinds of interactions in a dilute system, namely,
the conventional two-body contact and the long-range dipo-
lar interactions, with possibilities to be tuned from attractive
to repulsive. Such dynamical systems associated with BECs
have been theoretically and experimentally explored in differ-
ent perspectives, as exemplified by Refs. [14–32]. Concerned
with dipolar binary mixtures, several investigations have been
done, such as by exploring miscibility properties with differ-
ent dipolar species [33–37]. Also, one can trace the actual
interest on dipolar mixtures from the recent experimental
reports on condensation of dipolar molecules [38], and on
the production of spin mixtures with Zeeman sublevels of
162Dy [39].

Relevant to the phenomenon of superfluidity, “quantized
vortices” have also been intensively investigated before in
nondipolar quantum gas experiments, as also for binary cou-
pled BECs in Refs. [40,41] (and references therein), with
their occurrence in dipolar atoms being reported only recently
in Ref. [42]. Vortices are considered to be the hallmark of
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superfluidity representing the breakdown of laminar flow
with their identification having wider ramifications for un-
derstanding quantum turbulence [43]. With the experimental
realization of BECs using dipolar atomic isotopes, there
has been significant laboratory investigation into vortices in
dipolar BECs and their corresponding properties, as recently
discussed in Ref. [44]. In a BEC, a vortex is described by a
solution of the GP equation that carries angular momentum
governed by the geometry and dimensionality of the system
under consideration. A one-dimensional BEC strictly cannot
sustain a vortex solution and can support only solitons [45].
While classical vortices can take any value of circulation,
superfluids are irrotational such that angular rotation is con-
strained to occur through vortices with quantized circulation
known as “quantized vortices.”

In the BECs realized with alkali-metal atoms, the den-
sity of the atoms is of the order of 104 atoms/cc. At such
densities, the interaction between the atoms is weak and pre-
dominantly described by s-wave scattering lengths as, which
being positive indicates repulsive interaction. In such cases,
with as > 0, there is no upper limit to the number of atoms
occupying a stable configuration, which can have more than
1 × 106 atoms. This is the situation with 87Rb [3] and 23Na
[46]. However, if the scattering length becomes negative,
the interaction between the atoms is attractive, implying that
there is an upper limit to the number of atoms of a sta-
ble condensate as verified experimentally in the case of 7Li
[47]. In addition, it is well understood that vortices are more
energetically favored with repulsive interactions. This under-
scores the fact that the identification of vortices in rotating
BECs with attractive two-body interactions continues to be
challenging [48–51], with their existence relying on shape
deformations of the trap. Atomic intrinsic properties other
than two-body contact interaction can also provide the nec-
essary stability of a condensate against collapse, as shown in
Refs. [52–55].

Hence, the main focus of the present paper is to explore
the possibility of generating vortices in dipolar BEC systems
having attractive contact interactions with large enough repul-
sive DDI. Consistently with the stability analysis performed in
Refs. [56,57] within the Thomas-Fermi limit approximation,
in our full numerical approach, we are assuming a quasi-
two-dimensional (2D) large trap anisotropy. The specific role
of each kind of interaction in vortex production is further
investigated by inverting the sign of short- and long-range
interactions with the stability being accomplished in attractive
dipolar systems by the reinforcement of repulsive contact
interaction.

This paper is organized as follows. In Sec. II, we present
the quasi-2D mean-field description to portray the dynamics
of dipolar BECs with two-body contact interactions. It is
pointed out how one can manipulate experimentally the sign
of both interactions independently. In Sec. III, we present
our main results, assuming a hypothetical dipolar BEC, in
two subsections (Secs. III A and III B), by considering the
DDI strongly repulsive (Sec. III A) and attractive (Sec. III B),
with the associated contact interactions having opposite signs,
being attractive (or close to zero) in Sec. III A and sufficiently
repulsive in Sec. III B. In Sec. IV, by assuming three atomic
samples for the BECs, we establish a correlation between the

FIG. 1. Illustration of the dipole-dipole interaction, as given by
(2), where μ1 = μ2 = μ, with α being the dipole orientations related
to the z axis which we assume to tune the strength and sign of the
effective dipole-dipole interaction.

164Dy, 168Er, and 52Cr condensates. Finally, our main conclu-
sions are highlighted in Sec. V.

II. THE MODEL

A trapped ultracold short-ranged s-wave weakly inter-
acting dipolar gas of bosonic atoms in a rotating system
can be described by the following three-dimensional (3D)
time-dependent extension of the GP mean-field formalism
[14,17,20] for the corresponding wave function φ(r, t ):

ih̄
∂φ(r, t )

∂t
=

[
− h̄2

2m
∇2 + V (r) − �Lz + gs|φ(r, t )|2

+ N
∫

Udd (r − r′)|φ(r′, t )|2dr′
]
φ(r, t ), (1)

where φ(r, t ) is normalized to 1, h̄ is the reduced Planck’s
constant, m is the atom mass, and N is the number of to-
tal condensed atoms. V (r) is the trap potential which we
assume given by a nonsymmetric 3D harmonic interaction
V (r) = 1

2 mω2
ρ[(x2 + y2) + λz2], where ωx = ωy = ωρ with

λ ≡ (ωz/ωρ )2 being the shape parameter. With the conden-
sate rotating about the z axis with angular velocity �, Lz ≡
−ih̄(x ∂

∂y − y ∂
∂x ) will correspond to the z component of the

total angular momentum operator. The nonlinear contact and
dipolar interactions are respectively given by the last two
terms within the square brackets of Eq. (1). The strength of the
two-body interaction given in terms of the two-body scatter-
ing length as, gs ≡ 4π h̄2asN/m, can be tuned from attractive
(negative) to repulsive (positive) values by employing Fes-
hbach resonance techniques [4]. The long-range interaction
between two polarized magnetic dipoles located at r and r′ as
illustrated in Fig. 1, can be expressed by [56]

Udd (r − r′) = μ0μ
2(1 − 3 cos2 ϑ )

4π

(3 cos2 α − 1)

2|r − r′|3 , (2)

where μ0 is the permeability of free space, ϑ is the angle
between the z axis and the vector position of the dipoles
R ≡ r − r′, and α defines the angle of inclination of both
dipole moments μ relative to the z direction. In our approach,
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we consider pancakelike confinement with λ � 1 such that
most of the atoms are close to the transverse plane. Therefore,
the vector position of dipoles R can be assumed to be close to
a plane perpendicular to the z direction or ϑ ≈ 90◦ (with the
exact limit being considered in the present 2D case). For more
details, see Refs. [58,59] where this formalism was considered
for vortex production and to study the turbulent dynamics in
dipolar systems. Therefore, the angle α describing the orien-
tation of the dipoles related to the z axis turns out to be the
key parameter in Eq. (2) to manipulate and effectively alter
the DDI. With αM ≈ 54.7◦ being the magic angle at which
the DDI vanishes (independently of μ), the DDI can vary
from repulsive (when α < αM) to attractive (when α > αM)
interactions.

For the convenience of using the GP equation (1) in di-
mensionless form, we introduce the dimensionless variables
with the length and time units given by �ρ = √

h̄/(mωρ ) and
ω−1

ρ . With this procedure, the previous physical quantities
are transformed as r̄ = r/�ρ, R̄ = R/�ρ, t̄ = tωρ , φ̄ = �3/2

ρ φ,
�̄ = ω−1

ρ �, and V̄ = h̄ωρV with Eq. (1) expressed in terms
of the overhead bar variables. By removing the overhead bar
from all the variables (which will be understood as dimension-
less), Eq. (1) can be written as

i
∂φ(r, t )

∂t
=

[
− ∇2

2
+ V (r) − �Lz + g3D|φ(r, t )|2

+ gdd

∫
3 cos2 α − 1

2|r − r′|3 |φ(r′, t )|2dr′
]
φ(r, t ),

(3)

where g3D ≡ 4πNas/�ρ = gs/(h̄ωρ�
3
ρ ) and gdd ≡

Nμ0μ
2/(4π h̄ωρ�

3
ρ ). In terms of a defined dipole length

add ≡ μ0μ
2m/(12π h̄2), we can write gdd = 3N (add/�ρ ).

The stability of a dipolar BEC depends on the external trap
geometry. For example, a dipolar BEC is stable or unstable
depending on whether the trap is pancake or cigar shaped,
respectively. The instability usually can be overcome by
applying a strong pancake trap with repulsive two-body
contact interaction. The external trap helps to stabilize the
dipolar BEC by imprinting anisotropy onto the density
distribution. Hence, with the dynamics of the dipolar BEC
being strongly confined in the axial direction (λ � 1), �(r, t )
can be decoupled as

φ(r, t ) ≡ χ (z)ψ (ρ, t ) ≡
(

λ

π

)1/4

exp

(−λz2

2

)
ψ (ρ, t ), (4)

where ρ ≡ (x, y) ≡ (ρ cos ϑ, ρ sin ϑ ) allowing z to be inte-
grated out. After simplification, we obtain the effective 2D
pancake-shaped dipolar BEC [33,60] as

i
∂ψ (ρ, t )

∂t
=

{
−1

2
∇2

ρ + ρ2

2
− �Lz + g2D|ψ (ρ, t )|2

+ gdd

∫
d2kρ

4π2
eikρ .ρñ(kρ )Ṽ (d )(kρ )

}
ψ (ρ, t ),

(5)

where g2D ≡ √
8πλ(as/�ρ )N . In the above 2D Eq. (5), ñ(kρ )

and Ṽ (d )(kρ ) are the Fourier transforms of the 2D density and

dipolar potential respectively. As shown in Refs. [58,59], the
DDI in momentum space after an averaging of the polarization
rotating field in the (kx, ky) plane can be expressed as

Ṽ (d )(kρ ) = 3 cos2 α − 1

2

[
2 − 3

√
π

2λ
kρe

k2
ρ

2λ erfc

(
kρ√
2λ

)]
(6)

where erfc(x) is the complementary error function of x.
Therefore, as shown above, the strength of the atom-atom
long-ranged dipolar interaction is guided by the factor
gdd (3 cos2 α − 1)/2 which varies from gdd for α = 0◦ to
−gdd/2 for α = 90◦ while it vanishes for α ≈ 54.7◦. In other
words, by changing the orientation of the dipoles with the
z axis, one can change not only the magnitude of DDI but
also the direction changing the interaction from repulsive
to attractive as well. So, restricted by possible stability re-
quirements, the two kinds of nonlinear interactions present
in Eq. (5) (short- and long-ranged ones), in principle, can be
manipulated independently: In other words, for the contact
interaction, we have the Feshbach techniques to change as

from attractive to repulsive, and for the DDI (as shown in
Fig. 1), we have the orientations of the two dipoles defined
by the angle α (once considered ϑ fixed at 90◦). In terms of α,
we can assume the DDI strength to be redefined as

add (α) = add
3 cos2 α − 1

2
, (7)

so that it can vary from maximum repulsive [add (0◦) = add ]
to maximum attractive [add (90◦) = −add/2].

For the numerical solution of Eq. (5) to investigate the
vortex formation in the condensate, we have combined the
usual split-step Crank-Nicholson method together with the
fast Fourier-transform approach. In our numerics, we have
used a 512 × 512 grid size with �x = �y = 0.04 for both x
and y (units �ρ) with time step �t = 0.01 (units ω−1

ρ ). Assum-
ing initially the strong dipolar dysprosium isotope 164Dy as the
hypothetical atomic sample in our investigation, we kept the
number of atoms fixed at N = 1.0 × 103 with the rotational
frequency being � = 0.9 (units ωρ) and the length unit such
that �ρ = 1 × 10−6m. In this case, add ≈ 6.94 × 10−3�ρ ≈
131 a0, where a0 = 0.529 18 × 10−10m is the Bohr radius. In
order to compare with other dipolar BECs made up of erbium
and chromium isotopes, the long-range DDI can be kept at
add ≈ 66 a0 (168Er) and add ≈ 16 a0 (52Cr) respectively. For
all vortex studies, we first prepare a stable initial state using
imaginary time propagation. Subsequently, by introducing the
rotational frequency �, we evolve the system in real time by
using the split-step Crank-Nicholson method.

By exploiting the characteristics of a rotating dipolar BEC
confined in a quasi-2D harmonic trap, the rotational frequency
has been set to a high value, � = 0.9 (in units of ω⊥).
This value is close to the critical limit yet remains below
the maximum frequency allowed by the trap, enabling the
formation of vortices. In dipolar BECs, the critical rotation
frequency required to nucleate vortices is generally lower
than the trapping frequency [61,62]. Several studies have
explored the behavior of these critical frequencies in the
presence of both DDI and conventional contact interactions,
with Refs. [17,23,29,30] offering comprehensive analyses.
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The critical values are strongly influenced by the trap ge-
ometry and the relative strengths of the interactions. In the
present paper, stable vortex patterns have been generated
and investigated by choosing contact and dipolar interactions
with opposite signs and by setting the rotation frequency
to � = 0.9.

III. VORTEX FORMATION IN DIPOLAR BECS
WITH ATTRACTIVE INTERACTIONS

In this section, we study the interplay between long- and
short-range interactions with one of these interactions being
attractive. For that, we have numerically analyzed the cor-
responding energetic parameters and rotational properties of
the condensates. In Sec. III A, our primary objective was to
stabilize a collapsing condensate with attractive s-wave in-
teractions using a sufficiently large repulsive DDI. This was
followed by an analysis of vortex generation at a rotational
frequency � = 0.9, which is close to the transverse trap fre-
quency. In Sec. III B, we reversed the roles of the long- and
short-range interactions, considering an attractive DDI. Start-
ing with a nonrotating, stable BEC system, we subjected it to
high rotation (� = 0.9) and analyzed the sensitivity of vortex
formation on the nature of the interactions.

A. Attractive s-wave two-body interaction

The possibility of generating visible vortices in attrac-
tive BECs has been studied before for nondipolar systems
with deformed trap configurations. In general, the term “vis-
ible vortices” refers to vortices that can be resolved through
experimental imaging techniques. These vortices exhibit a
well-defined phase structure that can be detected using inter-
ference methods commonly employed in BEC experiments.
Consequently, vortex fluctuations occurring within regions of
very low atomic density—detectable only through detailed
phase analysis—are neglected in this paper, as they contribute
negligibly to the system’s angular momentum.

Even without rotation, the condensate stability is limited
up to some critical number of atoms. By considering dipolar
systems, our aim is to explore the vortex production while
having attractive contact interaction which will be compen-
sated with enough repulsive dipolar interactions. To highlight
the impact of attractive short-range s-wave interaction on the
vortex production, we first switch off completely the long-
range DDI and consider the reduction of the s-wave two-body
repulsive interaction. The results shown for the densities |ψ |2
are presented in the upper panels of Fig. 2. Represented in
Figs. 2(a)–2(c), we have as being reduced from as = 220 a0

[Fig. 2(a)] to as = −1 a0 [Fig. 2(c)]. As shown in the previous
section, this is realized in our approach by fixing the dipolar
angle α at ≈54.7◦ such that the dipolar condensate will behave
like a nondipolar system. As a reference atomic sample, we
consider a 164Dy BEC for our investigation. In Fig. 2(c), both
interactions are close to zero with the nonlinearity still being
maintained by a small negative as which means that the binary
interaction becomes attractive. In such a case, the condensate
can exist only for a critical number of atoms [21,23,52] be-
fore it collapses. Here, we use a fixed rotational frequency
with � = 0.9, large enough to generate visible vortices in

FIG. 2. Vortex patterns in (x, y) density distributions given by
� = 0.9 (unit ωρ) for a dipolar BEC in which α is the dipolar
parameter controlling the strength as given by Eq. (7). In the upper
panels, the DDI is set to zero by α = αM = 54.7◦ with the contact
interactions varying from repulsive, as = 220 a0 (a) and as = 50 a0

(b), to attractive as = −1 a0 (c). In the bottom panels, the contact
interactions are kept attractive as in (c) with DDI being increasingly
repulsive with α varying as α = 50◦ (d), α = 35◦ (e), and α = 0◦ (f).
The density levels are shown in bars at the right of each panel with
the length unit being �ρ .

condensates having enough distribution of the density within
the trap. Actually, in a BEC with a rotating trap potential,
visible vortices begin to appear only at a certain rotational
frequency called critical frequency (�c) [29,30]. This implies
that in BECs confined to a rotating trapping potential � < �c,
ghost vortices are first generated in the low-density region of
the condensates and they do not carry any significant angular
momentum. Also, at � = �c, the ghost vortices start to en-
ter the density region of the BECs and get transformed into
visible vortices. From the results in Fig. 2(a), we see how
visible vortices appear in the absence of DDI for repulsive
binary interaction at as = 220 a0. By diminishing the strength
of the short-ranged repulsive interaction, the number of visible
vortices continuously decreases [Fig. 2(b)], while the density
increases. This process continues till the area becomes too
small to contain (or generate) a single vortex. At this juncture,
by changing the binary contact interaction from repulsive
to attractive, we end up with a situation where the density
becomes so high and the area shrinks such that no vortices
are allowed even with higher rotational frequencies. This is
the general expected behavior for a nondipolar system in
which the nonlinear contact interactions play the main role.
However, considering a dipolar system in which the dipolar
strength can be controlled through the angle α, as given by (7),
an obvious strategy is to generate vortices in the condensate
by increasing the repulsive long-range interaction using α as
a tuning parameter. This is exemplified in Figs. 2(d)–2(f) with
α given by 50◦, 35◦, and 0◦, respectively. The sensitivity of the
dipolar interactions as related to the contact interactions can
already be verified by comparing the upper panels (when DDI
is set to zero) with the lower ones (when the contact interac-
tion is attractive close to zero). Notice that just by changing
about 4.7◦ of the parameter α, the dipolar condensate goes
from zero vortices to display about eight vortices, as verified
by going from Fig. 2(c) to Fig. 2(d). In this regard, another
point to be noticed is the increase in the number of vortices for

053320-4



VORTICES IN TUNABLE DIPOLAR BOSE-EINSTEIN … PHYSICAL REVIEW A 111, 053320 (2025)

FIG. 3. With the same rotation, panel sizes, and units as in
Fig. 2, here the vortex patterns are for a dipolar BEC with at-
tractive contact interactions indicated at the left of the row sets
(as = −5 a0, −10 a0, −15 a0). The DDI strengths (identified by α)
are fixed for each column with the maximum repulsive being add (0◦)
(= 131 a0 for 164Dy).

pure repulsive contact interactions, which goes almost linearly
from 0 to about 30 with as varying from 0 a0 [Fig. 2(c)] to 220
a0 [Fig. 2(a)], whereas in the pure dipolar case, this happens
for α decreasing from 54.7◦ [Fig. 2(c)] to 0◦ [Fig. 2(f)].

Hence, to demonstrate the vortex formation in the conden-
sate with attractive two-body interaction, we start with the
case in which the contact interaction is slightly negative with
as = −1 a0, but with the DDI being repulsive, which is shown
in Fig. 2(d) with α = 50◦. Next, as expected, more visible
vortices are observed as we increase the repulsive DDI by
decreasing the value of α with Figs. 2(e) and 2(f) showing the
density distributions for α = 35◦ and 0◦, respectively. Further,
it is worth mentioning that the results for the 164Dy BEC
with α = 50◦ and 35◦ are almost equal to the 52Cr and 168Er
BECs respectively in their maximum DDI configurations once
the masses and transversal trap frequencies are appropriately
rescaled to fix the length unit (more details are provided at the
end of this section and in Sec. IV).

Next, to verify the relative sensitivity in the results of the
vortex pattern with changes provided by attractive contact in-
teractions related to variations of the repulsive DDIs in Fig. 3,
we have a set of panels with density results obtained with
fixed � = 0.9. At each row, the attractive contact interaction
is fixed such that as = −5 a0 (top row), as = −10 a0 (middle
row), and as = −15 a0 (bottom row) with the DDIs varying
for each column of panels with α = 50◦ (left), α = 35◦ (mid-
dle), and α = 0◦ (right). It can be observed that once we fix the
DDI, change of the contact interactions from −5 a0 to −15 a0

does not have any impact on the number of vortices and is
more pronounced only for the case when the repulsive DDI
is not large (as in case that α = 50◦). When the DDI is large
enough, as in the second and third columns, we have almost

FIG. 4. Time evolution in units ω−1
ρ of the averaged angular mo-

mentum per particle (units h̄), along the vortex formation for � = 0.9
(units ωρ) and attractive contact interaction as = −5 a0 considering
four different cases. To have maximum DDI, we assume the BEC to
be made up of 164Dy.

no changes in the number of visible vortices for a variation of
about 10 a0 in the repulsive contact interactions.

Further, in Fig. 4, the stability of the generated vortices
is examined by fixing the attractive short-range interaction
at as = −5 a0 and varying the strengths of the DDI. This is
achieved by considering different dipole orientation angles:
α = 0◦ (maximum DDI), 35◦, 50◦, and 54.7◦ (zero DDI).
The average angular momentum which gives a measure of
stability is found to be maximum for a 164Dy BEC such that
add = 131 a0. The other two values for α = 35◦ and 50◦ refer
to the maximum DDI of 168Er and 52Cr with add = 66 a0

and 16 a0 respectively. The stability of the produced vortices
is probed by considering the time evolution of the averaged
angular momentum per particle, 〈Lz〉, with the saturation of
〈Lz〉 representing the stability [22]. From Fig. 4, one observes
that 〈Lz〉 for α = 0◦ is found to be maximum compared to that
of α = 35◦ and 50◦. When α = 54.7◦, we have pure attractive
contact interaction with no DDI, implying zero 〈Lz〉.

B. Attractive dipole-dipole interaction

Our main focus in this subsection is to study the formation
of vortices in the condensate in the presence of an attractive
DDI. For that, we present in Fig. 5 the results for density pro-
files |ψ |2 of the dipolar 164Dy BEC. In the upper row of Fig. 5,
we first turn off the s-wave two-body interaction (as = 0) to
highlight the impact of the DDI when being changed from
repulsive to attractive fixing the angular velocity of rotation
such that � = 0.9. The repulsive DDI is kept maximum in
Fig. 5(a) with α = 0 such that add (0◦) = add = 131 a0 for the
164Dy showing a large number of vortices. When we increase
the angle α = 44◦ (reduce the magnitude of repulsive DDI),
the number of stable vortices decreases [shown in Fig. 5(b)].
While the DDI is close to zero in Fig. 5(c) with α = 55◦, the
density collapses to such an extent that a single vortex can
no longer exist. Next, in the lower row of this figure, we start
in Fig. 5(d) by fixing the DDI close to zero as in Fig. 5(c)
and adjust the repulsive contact interaction to reproduce the
vortex pattern formation previously obtained in Fig. 5(a). This
is done primarily to establish a correlation between long-
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FIG. 5. With the same rotation, panel sizes, and units as in Figs. 2
and 3, here the vortex patterns are shown for dipolar 164Dy BEC
considering (i) as = 0 (pure dipolar system) in the upper row with
a repulsive DDI going from its maximum (α = 0) to zero (α = 55◦)
and (ii) as = 220 a0, in the lower row, considering only attractive
DDI, from slightly negative (attractive) (α = 55◦) to maximum at-
tractive (α = 90◦).

range and short-range interactions in the visual production of
vortices in the condensates. Starting with Fig. 5(d), we have
Figs. 5(e) and 5(f) to show how far we can reduce the number
of vortices by increasing the attractive long-range interaction
by changing the angle α = 90◦ for the 164Dy condensate. It
can be observed from Figs. 5(d)–5(f) that despite introducing
maximum attractive DDI, we are able to sustain vortices.

C. Correlation between long-range DDI and contact
interactions on the vortex production

In this section, in Fig. 6, we present a summary of
our results highlighting the number of visible vortices (Nv)
that emerge under a fixed rotation (� = 0.9) as we vary
the strengths of both DDI and contact interactions from
attractive to repulsive domain. This occurs as long as the inter-
actions are suitably balanced ensuring that the net atom-atom

FIG. 6. Number of visible vortices (Nv) with rotation being fixed
at � = 0.9 (units ωρ) is plotted against DDI given by (7) (in units of
a0). The results are shown for three different values of the contact
interaction strengths: as = −30 a0 (squares connected by a dotted
line), 0 (starts connected by a dashed line), and 220 a0 (bullets
connected by a dotted line). The symbols represent visually identified
results (within a possible error of ±1). Explicitly indicated inside the
figure, the colors identify three regions where vortex production can
be verified, which are separated by dashed lines.

interaction remains repulsive. In the results shown in Fig. 6,
we consider a condensate of 164Dy as a representative sample
as it is the isotope with the largest DDI used in BEC experi-
ments with a maximum DDI given by add = 131 a0. Notably,
we observe a correlation between contact and long-range in-
teractions in vortex production when one of them is tuned
to zero and the other is sufficiently repulsive. For example,
with as = 0, the number of visible vortices is approximately
Nv ≈ 30 for add (0◦) = 131 a0 (maximum DDI). Similarly,
when add = 0, Nv ≈ 30 for as = 220 a0.

The vortex production is directly correlated with the cor-
responding root-mean-square (rms) radius. Results for the
number of vortices (Nv) as a function of the DDI are ex-
plicitly presented in Fig. 6, considering three fixed strengths
of the contact interaction. For attractive contact interactions
exemplified by as = −30 a0, the results are represented by
box symbols connected with a dotted line. In the case of zero
contact interactions (as = 0), the results are shown as blue
star symbols connected by a dashed line. Lastly, for repulsive
contact interactions (as = 220 a0), the results are depicted as
bullets connected by a solid line. This large repulsive contact
interaction was chosen to establish a direct correspondence in
the number of visible vortices, Nv ≈ 30, between the scenario
where add (α) = add (54.7◦) = 0 and the case where the DDI
is at its maximum value, add (α) = add (0◦) = 131 a0.

However, this representation can be considered universal
as appropriately rescaling the x axis along with the corre-
sponding Nv allows one to describe vortex production for
other dipolar species such as 168Er or 52Cr. These species
have maximum DDIs of add (0◦) = 66 a0 (with Nv ≈ 20) and
add (0◦) = 16 a0 (with Nv ≈ 8), respectively. Therefore, to
generalize the results shown in Fig. 6, the diagrams must be
rescaled accordingly.

We also find it convenient to identify three distinct re-
gions in the vortex production results, separated by two main
dashed lines in the figure (for add = 0 and as = 0). Region
I (white) corresponds to the case where both interactions are
repulsive. Region II (greenish) represents the scenario where
the contact interactions are attractive while the DDI remains
repulsive. Lastly, region III (bluish) denotes the case where
the DDI is attractive, paired with positive (repulsive) contact
interactions. To evaluate the relative impact of short-range
s-wave and long-range DDIs on vortex production, we analyze
the variation in the number of vortices, �Nv , over a given
interval of add (α). For example, in Fig. 6, we consider the
interval add (α) = 30 a0 to 131 a0, which corresponds to the
DDI range in region II where as = −30 a0. In this case, we
observe �Nv = 27. Using the same interval, �Nv = 15 for
as = 0 and �Nv = 13 for as = 220 a0. These results clearly
demonstrate that repulsive DDIs have a more pronounced
effect on vortex production when the contact interactions are
attractive. These results indicate that turbulence could be more
easily reached by dynamical variations of repulsive DDIs with
negative contact interactions.

IV. CORRELATION BETWEEN DIFFERENT
DIPOLAR CONDENSATES

In this section, we attempt to establish a correlation be-
tween BECs arising out of the three dipolar atoms that have
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TABLE I. Physical quantities and interaction parameters as con-
sidered in Figs. 7 (no rotation) and 8 (with rotation given by � = 0.9)
together with the corresponding numerical results. In the first three
rows, as indicated, the results are for 164Dy, 168Er, and 52Cr when
maximizing their DDIs (α = 0, within their specific independent
units). In the fourth and fifth rows, the results are for 164Dy with α

tuned to reproduce approximately the same values of the rms radius
previously obtained for 168Er and 52Cr respectively (corresponding
to the similar vortex patterns presented in Fig. 8).

BECs α
add (α)

a0
μ(h̄ωρ ) E (h̄ωρ )

√
〈ρ2〉(�ρ ) Nv

164Dy 0◦ 131 6.47 4.14 2.58 30
168Er 0◦ 66 4.62 2.98 2.16 20
52Cr 0◦ 16 2.35 1.60 1.53 8

164Dy 35◦ 66 4.63 2.98 2.16 20
164Dy 50◦ 16 2.33 1.58 1.52 8

been considered in cold atom experiments (164Dy, 168Er, and
52Cr) with reference to the physically observable quantities
like energy, chemical potential, vortex number, and rms ra-
dius. Using the 164Dy dipolar BEC as the reference system,
we adjust the corresponding orientation of its dipoles relative
to the z axis as given by the angle α. This adjustment allows
the DDI of 164Dy to be tuned to match with that of the
168Er and 52Cr BECs with respect to measurable quantities
such as energy, chemical potential, and rms radius. Here, we
primarily focus on matching the number of visible vortices
to establish a correlation between two different condensates.
In this way, by considering 164Dy as the reference dipolar
atomic system and adjusting its DDI through the parameter
α appropriately, the same number of vortices of other dipolar
atoms like erbium and chromium can be obtained. For exam-
ple, let us consider 52Cr being the other atomic species. In
this case, we need to tune α such that add (αDy) = add (α) =
add (αCr = 0) = 16 a0. In other words, dysprosium at α = 50◦
is correlated to chromium at α = 0◦. Using this procedure, the
correlation between the observables of the three dipolar atoms
in the vortex production is summarized in Table I for pure
dipolar condensates (setting as to be zero) of 164Dy, 168Er,
and 52Cr.

The matching of the number of visible vortices Nv is visu-
ally identified by considering the density plots (in which we
are ignoring vortices hidden in the low-density regions). This
procedure can address any small deviation found in the other
observables like energy and chemical potential. As shown, the
number of visible vortices is directly proportional to the rms
radius. By tuning the dipolar angle of the 164Dy BEC, such
that α ≈ 50◦, its rms radius will be reduced to match with
that of a BEC with 52Cr keeping its DDI to be maximum (i.e.,
α = 0◦). Similarly, by adjusting the orientation of the dipoles
such that α = 35◦, the DDI of 164Dy can be tuned to that of the
168Er condensate keeping its DDI maximum (i.e., α = 0◦) so
that the number of visible vortices and the rms radius exactly
match for both atomic systems.

Related to the results shown in Table I for as = 0, we also
have the density plots shown in Figs. 7 and 8, in which we
are comparing the corresponding sizes of the dipolar con-

FIG. 7. With no rotation (� = 0), zero contact interactions (as =
0), and maximum DDIs (α = 0, in the corresponding independent
unit system), in the upper panels, we show the densities of the dipolar
BEC systems 168Er (a) and 52Cr (b). They are respectively compared
with 164Dy BEC densities, in (d) and (e), by matching their rms
radius obtained after tuning the respective dipole orientations. For
that, α = 35◦ in (c) to obtain a correlation with the density of 168Er
(a), whereas α = 50◦ in (d) to correlate with the density of 52Cr. The
density levels are indicated in bars at the right of the panels with
length scales according to the respective atomic condensate that is
being considered.

densates as well as the vorticity. In Fig. 7, without rotation,
the condensate densities obtained for 168Er [Fig. 7(a)] and
52Cr [Fig. 7(b)] keeping their DDI maximum are being com-
pared with the densities obtained from 164Dy in Fig. 7(c)
with α = 35◦ and Fig. 7(d) with α = 50◦ respectively. In
Fig. 8, we present the same four density panels with the
rotational frequency given by � = 0.9. Therefore, from these
results, for pure dipolar systems, it is evident that by ap-
propriately adjusting the orientation of the dipoles relative
to the z axis, one observes perfect correlation between the
density profiles of the 164Dy BEC with that of 168Er and
52Cr BECs.

FIG. 8. Following the same as in Fig. 7, but introducing a rota-
tional frequency � = 0.9, in units of the transversal trap frequency
considered for each specific condensate.
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V. CONCLUSION

In this paper, we explore the generation of energeti-
cally stable vortices in a quasi-two-dimensional dipolar BEC
endowed with both short- and long-range interactions (con-
tact s-wave and DDIs, respectively). We consider a stable
configuration with a fixed high rotation close to the transver-
sal trap frequency, � = 0.9 (in units of ωρ). To achieve
this, we first assume an attractive contact s-wave interac-
tion (as < 0) and tune the long-range DDI to be sufficiently
repulsive by varying the dipole orientations maximizing
the DDI when both dipoles are aligned along the z axis
(i.e., α = 0). Furthermore, by reversing the roles of the
attractive and repulsive interactions, we establish a stable
rotating configuration with attractive DDI (for α > 54.7◦)
and repulsive contact interactions (as > 0). Using the 164Dy
isotope as a reference sample, we investigate the interplay
between the long-range DDI and short-range s-wave interac-
tions analyzing their relative equivalence in the formation of
vortices.

A key result of our paper on the vorticity of a quasi-2D
dipolar BEC is the determination of the maximum number
of visible vortices achievable for a given contact interaction
under high rotation near the transverse rotational frequency
of the trap. Our findings show that for a rotation of � = 0.9
and zero contact interaction, the maximum number of vortices
for 164Dy (with add = 131 a0) is approximately Nv ≈ 30. This
number can only increase if the DDI exceeds this value, as
shown in Fig. 6. Additionally, we observe that vortex pro-
duction is more pronounced for attractive contact interactions
(as < 0) than for repulsive ones (as > 0) providing insight
into the control and study of quantum turbulence in dipolar
BECs.

We have also explored the relationship between dipo-
lar atomic BECs of different species for vortex formation
comparing 164Dy with 168Er and 52Cr. By manipulating the
orientation of the dipoles, we studied the effects on observ-
able quantities such as the rms radius, energy, and chemical
potential (all calculated for zero rotation). Under the same
conditions as for 164Dy, with as = 0 and � = 0.9 (in units
of the respective transverse trap frequencies), the maximum
number of vortices was found to be Nv ≈ 20 for 168Er and
Nv ≈ 8 for 52Cr.

Our results underscore that vortices can be generated
in systems with short-range attractive interactions, provided
there is sufficient repulsive long-range DDI. Conversely, vor-
tices can also be produced when the roles of the long- and
short-range interactions are reversed with attractive DDIs
balanced by sufficiently large repulsive contact interactions.
Since the findings of this paper are applicable to other dipolar
atomic species, we believe this paper offers a valuable foun-
dation for both theoretical and experimental studies involving
rotating dipolar BECs and the exploration of suitable combi-
nations of short- and long-range nonlinear interactions.
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