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We study the nonequilibrium dynamics of bosons in a two-dimensional optical lattice after a sudden quench
from the superfluid phase to the free-boson regime. The initial superfluid state is described approximately using
both the Bogoliubov theory and the Gaussian variational principle. The subsequent time evolution remains
Gaussian, and we compare the results from each approximation of the initial state by examining different aspects
of the dynamics. First, we analyze the entanglement entropy and observe that, in both cases, it increases linearly
with time before reaching a saturation point. This behavior is attributed to the propagation of entangled pairs
of quantum depletions in the superfluid state. Next, we explore the fate of particle-number symmetry, which
is spontaneously broken in the superfluid phase. To do so, we use the entanglement asymmetry, a recently
introduced observable that enables us to track symmetry breaking within a subsystem. We observe that its
evolution varies qualitatively depending on the theory used to describe the initial state. However, in both cases,
the symmetry remains broken and is never restored in the stationary state. Finally, we assess the time it takes to
reach the stationary state by evaluating the quantum fidelity between the stationary reduced density matrix and
the time-evolved one. Interestingly, within the Gaussian variational principle, we find that an initial state further
from the stationary state can relax more quickly than one closer to it, indicating the presence of the recently
discovered quantum Mpemba effect. We derive the microscopic conditions necessary for this effect to occur and
demonstrate that these conditions are never met in the Bogoliubov theory.

DOI: 10.1103/PhysRevA.111.043304

I. INTRODUCTION

Nonequilibrium quantum systems have garnered signifi-
cant attention during last years due to their rich and distinctive
phenomenology, which is absent in equilibrium [1–3]. In par-
ticular, the nonequilibrium dynamics of isolated many-body
quantum systems has emerged as a central problem, espe-
cially in the effort to bridge the gap between statistical and
quantum physics. While isolated extended quantum systems
evolve unitarily in time and, as such, do not inherently relax
to a stationary configuration, the state of a portion of them
does converge at large times into a statistical ensemble such
as a Gibbs ensemble [4,5] or a generalized Gibbs ensemble
when the system is integrable [6–12]. Thus, understanding
the mechanisms of relaxation of closed quantum systems is
crucial for elucidating the microscopic origin of statistical
mechanics.

Quantum quenches are one of the most suitable proto-
cols for that purpose: the system is initially prepared in the
ground state of a specific Hamiltonian and then is driven
to nonequilibrium by suddenly changing a parameter of the
Hamiltonian. This setup has been the subject of intense re-
search activity in the last years, in which the entanglement
entropy has played a preeminent role as a probe of relaxation.
Typically, the entanglement entropy increases linearly in time
after the quench and, eventually, it converges to a finite value
[13] that corresponds to the entropy of the corresponding

stationary statistical ensemble [14–16]. This behavior can
be understood in terms of the excitation and the ballistic
propagation of entangled pairs of quasiparticles [13]. This
picture has been proved in one-dimensional free [17–24] and
interacting integrable models [15,25–32] as well as in two-
dimensional free fermionic systems [33,34]. The quasiparticle
picture also captures the quench dynamics of other quantities,
see, e.g., Refs. [35–50]. In particular, Rényi entanglement
entropies, which are directly measurable in experiments, are
described by this picture in free systems but not in the inter-
acting integrable ones. In that case, a more general unifying
framework based on the duality of space and time, which
also encompasses chaotic and nonintegrable systems with no
quasiparticles, has been recently introduced [51–53].

On the other hand, an aspect that has been usually over-
looked is how fast the subsystem reaches equilibrium after
the quench. Very recently, this question has been addressed
using broken symmetries as a proxy. The system is pre-
pared in a nonequilibrium state that breaks certain internal
symmetry, which is respected by the postquench Hamilto-
nian. In one dimension, the symmetry is generically restored
in the stationary state but, unexpectedly, for certain pairs
of nonequilibrium initial states, the symmetry is earlier re-
stored in the case in which it is initially more broken [54].
This has been identified as a quantum version of the yet
mysterious Mpemba effect—the more a system is out of
equilibrium, the faster it relaxes [55–62]. To monitor the
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evolution of the symmetry in a subsystem, a novel observ-
able dubbed entanglement asymmetry has been introduced
[54] (see Ref. [63] for another recent approach to dynamical
symmetry restoration). Using entanglement asymmetry, the
mechanisms and conditions under which this effect occurs
are well understood in terms of the quasiparticle picture for
one-dimensional free fermionic chains [64,65] (also in the
presence of dissipation and dephasing [66,67]), in interact-
ing integrable systems [53,68–71], and for free fermions in
two-dimensional (2D) lattices [72]. The quantum Mpemba
effect has also been found in holographic CFTs [73] as well
as in nonintegrable and chaotic systems [74–76], although the
reasons and conditions for its occurrence in these cases are yet
not completely clear. Other versions of the Mpemba effect in
open quantum systems under different nonunitary dynamics
have been simultaneously discovered [77–90]. The quantum
Mpemba effect has also been observed in experiments with
an ion-trap quantum simulator, by directly measuring the
entanglement asymmetry [91]; see also Refs. [92,93] for
experimental evidence of other versions of the effect. How-
ever, although the entanglement asymmetry and the recently
discovered quantum Mpemba effect are attracting growing
interest both theoretically and experimentally, the prior works
have primarily focused on spin-1/2 and fermionic systems.

Thanks to remarkable advances in experimental techniques
within the realm of quantum simulators [94–96], the study
of nonequilibrium many-body quantum systems has transi-
tioned from purely theoretical to experimentally accessible.
In particular, systems of bosons trapped in optical lattices,
described by the Bose-Hubbard model [97–99], are especially
significant due to their high tunability and the broad spectrum
of phenomena they can realize [100]. An optical lattice is a
periodic array of potential wells for neutral atoms, created
using laser interference patterns. The elegance of this system
lies in the precise control it offers over the depth and shape of
the potentials, achieved by adjusting the intensity and angle
of the lasers [101]. This tunability makes optical lattices an
ideal platform for exploring nonequilibrium phenomena in
isolated quantum systems. For example, the quench dynamics
of entanglement triggered by a sudden change in lattice depth,
along with the subsequent relaxation of a subsystem towards
a stationary state, have been experimentally analyzed in this
setup [102–106].

In the one-dimensional case, there are analytic results on
the time evolution of the entanglement entropy and correlation
functions in quenches from the Mott-insulating limit to the
strongly correlated [107] and the free-boson [108] regimes.
Instead, in two dimensions, particularly in the thermodynamic
limit, there is still much to explore and understand. Recent
numerical studies, such as those in Refs. [109,110], highlight
these ongoing inquiries. The Bose-Hubbard model is interact-
ing and nonintegrable [111,112] and, therefore, it is difficult to
find analytic and numerical tools to study its nonequilibrium
properties, especially in higher dimensions.

In this work, we investigate the quench dynamics of bosons
trapped in a two-dimensional optical lattice. In our case, the
system is initially prepared in the superfluid state by a shallow
lattice potential and then quenched into a free-boson system.
To describe the initial superfluid state, we employ the standard
Bogoliubov theory [113] and the novel Gaussian variational

principle, a systematic extension of the former introduced
in Ref. [114]. Both these approximations are expected to
be accurate only when the fraction of bosons outside the
Bose-Einstein condensate is small. Of course, numerous theo-
retical techniques have been developed to study the superfluid
phase of the Bose-Hubbard model, see, e.g., Refs. [115–121],
but, in the Bogoliubov theory and the Gaussian variational
principle, the superfluid state is approximated as a coherent
squeezed Gaussian state. This allows us to apply the pow-
erful tools of Gaussian states to derive analytically the time
evolution of several quantities, an approach that remained
unexplored in this setup, despite the extensive literature on
this system. We compute the Rényi entanglement entropies as
well as the entanglement asymmetry of the particle-number
symmetry, which is spontaneously broken in the superfluid
state. We see that this symmetry is not restored after the
quench in a subsystem, even though the postquench Hamilto-
nian respects it. Therefore, we cannot utilize it to investigate
how fast the stationary state is reached and the appearance
of the quantum Mpemba effect. Alternatively, we take the
quantum fidelity between the time-evolved reduced density
matrix and its corresponding stationary value. Our results
reveal that the two theories for the superfluid state predict
qualitatively distinct features in the time evolution of the
subsystem. Indeed, the analysis of quantum fidelity indicates
that the quantum Mpemba effect can emerge when using
the Gaussian variational principle, whereas it is absent in
the Bogoliubov theory. We see that quantum depletions (i.e.,
bosons ejected from the Bose-Einstein condensate by the
repulsive interaction) play a crucial role in the quench dy-
namics of the system. The discrepancies observed between
the quench dynamics predicted by the Bogoliubov theory
and the Gaussian variational principle arise from differences
in the mode occupancies of quantum depletions in the initial
configuration.

The organization of this paper is as follows: In Sec. II, we
introduce the Bose-Hubbard model, which describes bosons
in an optical lattice, and the quench protocol that we inves-
tigate. In Sec. III, we review the Bogoliubov theory and the
Gaussian variational principle to describe the initial superfluid
state. We study the dynamics of the entanglement entropy
and of the entanglement asymmetry in Secs. IV and V, re-
spectively. In Sec. VI, we analyze the quantum fidelity of the
subsystem with respect to the stationary state and determine
the microscopic conditions for the quantum Mpemba effect
to occur, showing that it is absent in the Bogoliubov theory.
We finally summarize our results in Sec. VII. We also include
several Appendixes, where we describe in detail the derivation
of certain formulas in the main text.

II. MODEL AND SETUP

We study bosons trapped in a two-dimensional optical lat-
tice. At zero temperature, the system is well described by the
Bose-Hubbard model [97–99],

H = −1

2

∑
〈i,i′〉

(a†
i ai′ + H.c.) + U

2

∑
i

(a†
i )2a2

i − μ
∑

i

a†
i ai,

(1)
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where i = (ix, iy) is a vector identifying a site on the lattice,
U > 0 is the on-site repulsive interaction, μ is the chemi-
cal potential, ai(a

†
i ) is the annihilation (creation) operator of

bosons at the ith site, and 〈i, i′〉 stands for the summation
over the nearest-neighbor sites. We denote as Lx and Ly the
system length along the longitudinal and transverse directions,
respectively. We impose periodic boundary conditions along
both directions and, for simplicity, assume that Lx and Ly are
even.

The Bose-Hubbard model (1) exhibits a quantum phase
transition between the Mott-insulating and superfluid phases
[97,101,122]. When the on-site interaction U is dominant,
the ground state is Mott-insulating, with bosons localized at
each site due to the strong repulsive interactions. Meanwhile,
when the hopping term is dominant, the ground state exhibits
superfluidity, characterized by the majority of bosons being
condensed in the zero-momentum mode.

In the present work, we consider a system prepared in the
ground state |SF〉 deep in the superfluid phase of (1) and
perform a sudden global quantum quench to the free-boson
system described by

Hfree = −1

2

∑
〈i,i′〉

(a†
i ai′ + H.c.) + 2

∑
i

a†
i ai. (2)

That is, at t = 0, we instantaneously change the value of U
and μ in the Bose-Hubbard Hamiltonian (1) from U > 0 and
μ > −2 to U = 0 and μ = −2. After the quench, the system
evolves unitarily as

|�(t )〉 = e−itHfree |SF〉. (3)

The free-boson Hamiltonian (2) is quadratic in the bosonic
operators ai and a†

i , unlike the Bose-Hubbard model when
U �= 0. This will drastically simplify our analysis and will
be crucial to derive the analytic results of this work. In fact,
in contrast with the generic Bose-Hubbard Hamiltonian, Hfree

can be exactly diagonalized by performing the Fourier trans-
form

ak = 1√
V

∑
i

e−ik·iai, (4)

where V = LxLy is the volume of the whole system
and k = (kx, ky), with kx(y) = 2πnx(y)/Lx(y) − π (nx(y) =
0, 1, . . . , Lx(y) − 1), are the quasimomenta. Applying Eq. (4)
in Eq. (2), we find

Hfree =
∑

k

ξka†
kak, (5)

with the single-particle dispersion relation ξk = 2 − cos kx −
cos ky.

Since the time evolution (3) in the quench protocol is
unitary, the whole system will never relax even at large times.
Instead, we focus on a subsystem A taken as the periodic stripe
of width � depicted in Fig. 1. The state of the subsystem A is
fully described by the reduced density matrix

ρA(t ) = TrĀ(|�(t )〉〈�(t )|), (6)

where TrĀ stands for the partial trace for Ā, the complement
of A. Although the whole system will never relax, in generic
circumstances, the reduced density matrix ρA(t ) is expected

FIG. 1. Schematic representation of the system under analysis.
The red and blue regions represent subsystem A and its complement
Ā, respectively.

to tend at large times to a stationary state determined by the
initial configuration and the postquench Hamiltonian (2).

III. EFFECTIVE THEORIES FOR THE SUPERFLUID
STATE

In this section, we review the Bogoliubov theory and the
Gaussian variational principle, which are the effective theories
that we employ to describe the initial state of our quench
protocol, i.e., the ground state of the Bose-Hubbard model (1)
deep in the superfluid phase.

A. Bogoliubov theory

The Bogoliubov theory [113] is the simplest way to char-
acterize the superfluid state taking into account the quantum
fluctuations. To introduce it, let us first rewrite the Bose-
Hubbard model (1) in the Fourier space (4),

H =
∑

k

εka†
kak + U

2V

∑
k,k′,q

a†
k+qa†

k′−qakak′ , (7)

where

εk = −
∑
ν=x,y

cos kν − μ (8)

is the single-particle dispersion relation. Since most of the
bosons are condensed in the k = 0 mode deep in the su-
perfluid phase, we expect that the ground state can be well
approximated by the coherent state

D(n0)|0〉, (9)

where |0〉 is the bosonic vacuum state annihilated by all ai and

D(n0) = exp

(
√

n0

∑
i

(a†
i − ai)

)
(10)

is the displacement operator with n0 being the condensate
fraction. In the coherent state (9), the superfluid order param-
eter takes a finite value,

〈0|D†(n0)aiD(n0)|0〉 = √
n0. (11)
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This implies that the U(1) particle-number symmetry, which
is preserved by the Bose-Hubbard Hamiltonian (1), is spon-
taneously broken in the superfluid phase. We choose n0 such
that the expectation value of the energy in the state (9),

〈0|D†(n0)HD(n0)|0〉 = V

(
ε0n0 + U

2
n2

0

)
, (12)

takes its minimum value. This can be done by choosing n0 as

n0 = −ε0

U
= 2 + μ

U
. (13)

Since the condensate fraction should be positive, n0 > 0, we
assume μ > −2 in the following.

So far we have considered only the bosons inside the
condensate. However, in addition, there exist bosons outside
the condensate due to the on-site repulsive interaction when
U > 0. We refer to such bosons as quantum depletions. The
annihilation operator of an excitation in the quantum depletion
with the momentum k is defined as

bk = D(n0)akD†(n0) = ak − δk,0
√

V n0. (14)

Given that most of the bosons are in the superfluid, we can
expect that quantum depletions are dilute and, therefore, the
interaction between them can be neglected. This assumption
allows us to approximate the Bose-Hubbard model (1) to a
quadratic Hamiltonian in terms of bk and b†

k,

H � HBog = 1

2

∑
k

[(εk − 2ε0)b†
kbk − ε0b†

kb†
−k + H.c.],

(15)

by truncating the third- and the fourth-order terms in bk and
b†

k. The first-order terms in bk vanish in Eq. (15) due to the
constraint in Eq. (13).

As is well known, the quadratic Hamiltonian (15) can be
diagonalized via the Bogoliubov transform

ηk = cosh

(
θk

2

)
bk − sinh

(
θk

2

)
b†

−k, (16)

where θk is the Bogoliubov angle, which in the case of the
Hamiltonian (15) is given by

θk = tanh−1

(
ε0

εk − 2ε0

)
. (17)

Applying Eq. (16) in Eq. (15), we eventually obtain

HBog =
∑

k

√
(εk − 2ε0)2 − ε2

0

(
η

†
kηk + 1

2

)
. (18)

Note that the Bogoliubov quasiparticles created and annihi-
lated by η

†
k and ηk are massless according to their dispersion

relation in Eq. (18). This implies that they are the Nambu-
Goldstone modes originating from the spontaneous breaking
of the U(1) particle-number symmetry.

From Eq. (18), we can see that the ground state deep in
the superfluid phase |SF〉 is the vacuum annihilated by the
operators ηk. To derive its explicit form, it is convenient to
introduce the squeezing operator

S ({θk}) = exp

(
1

4

∑
k

θka†
ka†

−k − H.c.

)
. (19)

Using the displacement operator (10) and the squeezing oper-
ator (19), we can relate ηk with ak as

ηk = D(n0)S ({θk})akS†({θk})D†(n0). (20)

Finally, combining Eq. (20) and the conditions ηk|SF〉 =
0 ∀ k, we obtain the explicit form of |SF〉,

|SF〉 = D(n0)S ({θk})|0〉. (21)

According to Eq. (21), quantum depletions with opposite mo-
menta form condensed pairs in the state |SF〉. This means
that not only the condensate but also the quantum depletions
contribute to the spontaneous breaking of the U(1) particle-
number symmetry. We discuss this in more detail in Sec. V.

We note that the superfluid state (21) is actually ill-defined
because the Bogoliubov angle (17) diverges in the long-
wavelength limit k → 0. The standard way to avoid this
problem is to force θ0 = 0 by hand. This choice corresponds
to assuming that there are no quantum depletions with zero
momentum. In other words, all the particles with zero mo-
mentum are in the condensate. Hereafter, we assume θ0 = 0
whenever we employ the Bogoliubov theory.

In closing this section, we discuss the validity
of the Bogoliubov theory. As we have seen, it is based
on the assumption that the quantum depletions are dilute and
the interaction between them is negligible because most of
the bosons are in the condensate. Therefore, if we denote as
ñk = 〈SF|b†

kbk|SF〉 the mode occupation number of quantum
depletions, the validity of the Bogoliubov theory is guaranteed
when

∑
k ñk is sufficiently smaller than the total number of

bosons V n0 + ∑
k ñk. In other words, the Bogoliubov theory

is valid when ∑
k ñk∑

k ñk + V n0

 1. (22)

In the following, we restrict ourselves to the regime in which
the left-hand side of the above inequality is smaller than 0.12.

B. Gaussian variational principle

The Gaussian variational principle is a systematic ex-
tension of the Bogoliubov theory reviewed in the previous
section. Although this approach is described in detail in
Ref. [114], where it is introduced for the first time, here we
briefly review it for completeness.

The Gaussian variational principle starts by assuming that
the ground state deep in the superfluid phase |SF〉 can be well
described by a state belonging to the manifold

M = {D(n0)S ({θk})|0〉}, (23)

where D(n0) and S ({θk}) are the displacement and squeezing
operators defined in Eqs. (10) and (19), respectively, and
|0〉 is the vacuum of the bosonic operators ai. We note that
the manifold (23) contains the ground state predicted by the
Bogoliubov theory (21). The essential difference from the Bo-
goliubov theory is that, in the Gaussian variational principle,
we determine the parameters n0 and {θk} imposing that the ex-
pectation value of the full Bose-Hubbard model, 〈SF|H|SF〉, is
minimum without neglecting the interaction between quantum
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FIG. 2. Comparison between the Gaussian variational principle and the Bogoliubov theory that describe the ground state of the Bose-
Hubbard model deep in the superfluid phase. In all the panels, the solid and dotted lines correspond to the result of the Gaussian variational
principle and the Bogoliubov theory, respectively. (a) Mode occupation number of quantum depletions (29) at ky = 0 as a function of kx .
(b) Anomalous correlation function (30) at ky = 0 as a function of kx . (c) Condensate fraction n0 as a function of μ with fixed U . (d) Condensate
fraction n0 as a function of U with fixed μ. Note that, in panels (c) and (d), n0 takes almost the same value for the Gaussian variational principle
and for the Bogoliubov theory. We set Ly = 50 in all the plots.

depletions. As explicitly shown in Ref. [114], this can be done
by choosing these parameters as follows:

n0 = 2 + μ

U
− 2ñ − m̃, (24)

θk = 2sgn(Tk ) tanh−1

⎛
⎜⎜⎝
√√√√√1 −

√
1 − T 2

k

1 +
√

1 − T 2
k

⎞
⎟⎟⎠, (25)

where

ñ = 1

V

∑
k

cosh θk − 1

2
, (26)

m̃ = 1

V

∑
k

sinh θk

2
, (27)

Tk = ε0 + 2Uñ

εk − 2ε0 − 2U (ñ + m̃)
. (28)

By solving Eqs. (25)–(28) self-consistently, we obtain the
specific values of n0 and {θk} for a given U and μ.

We note that, unlike the Bogoliubov theory, the Gaus-
sian variational principle takes into account the interaction
between quantum depletions because all the parameters are
chosen so that the energy expectation value of the full Bose-
Hubbard model is minimal. This fact appears as the correction
by ñ and m̃ in Eqs. (24) and (25). Indeed, if we take ñ = m̃ = 0
in these expressions, they reduce to the corresponding ones

of the Bogoliubov theory in Eqs. (13) and (17). Furthermore,
thanks to this correction, the divergence of the Bogoliubov
angle θk in the long-wavelength limit k → 0 is cured in the
Gaussian variational principle.

The validity of the Gaussian variational principle can be
estimated using the fact that the manifold (23) includes the
superfluid state predicted by the Bogoliubov theory (21) with
Eqs. (13) and (17). Since the superfluid state determined by
the Gaussian variational principle is the lowest-energy state
within the manifold (23), it is expected to provide a better
description than the one predicted by the Bogoliubov theory.
Therefore, the Gaussian variational principle should be always
valid whenever the Bogoliubov theory is also valid, i.e., when-
ever the condition (22) is satisfied.

To see the difference between the Bogoliubov theory and
the Gaussian variational principle more clearly, we plot in
Figs. 2(a) and 2(b) the mode occupation number ñk and the
anomalous correlation functions m̃k of quantum depletions,
which are respectively given by

ñk = 〈SF|b†
kbk|SF〉 = cosh(θk ) − 1

2
, (29)

m̃k = 〈SF|bkb−k|SF〉 = sinh(θk )

2
. (30)

These figures show that the Bogoliubov theory overesti-
mates both ñk and m̃k compared with the Gaussian varia-
tional principle. In particular, both quantities diverge in the
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long-wavelength limit k → 0 within the Bogoliubov theory
while they do not within the Gaussian variational principle.
The overestimation can be understood as the result of neglect-
ing the repulsive interaction between quantum depletions that
suppresses their excitation. In Figs. 2(c) and 2(d), we also plot
the condensate fraction n0 as a function of U for several values
of the chemical potential μ and vice versa. We can see that
the condensate fraction n0 predicted by the Bogoliubov theory
agrees well with that of the Gaussian variational principle.

IV. ENTANGLEMENT ENTROPY

In this section, we investigate the dynamics of the entan-
glement between the strip A of Fig. 1 and the rest of the
system after the quench from the superfluid phase of the Bose-
Hubbard model (1) to the free system (2). We take as initial
superfluid the prediction both of the Bogoliubov theory and
of the Gaussian variational principle reviewed in the previous
section.

We employ as a measure of entanglement the Rényi entan-
glement entropies, which are defined as

Sn(t ) = 1

1 − n
ln Tr[ρA(t )n], (31)

where n is the Rényi index. In the limit n → 1, Eq. (31) gives
the von Neumann entanglement entropy,

S1(t ) = lim
n→1

Sn(t ) = −Tr[ρA(t ) ln ρA(t )]. (32)

The Rényi entanglement entropies in the superfluid phase
of the 2D Bose-Hubbard model have been studied in
Refs. [123,124].

To calculate the time evolution of the Rényi entanglement
entropies, we can exploit the fact that the initial superfluid
state |SF〉 is a coherent squeezed state both in the Bogoli-
ubov theory and in the Gaussian variational principle. Since
coherent squeezed states in general satisfy Wick’s theorem
and the postquench Hamiltonian (2) is quadratic, the time-
evolved reduced density matrix ρA(t ) is a bosonic Gaussian
state, which satisfies Wick’s theorem too. This implies that
ρA(t ) is univocally characterized by its covariance matrix and
mean vector [125–127]. To define the latter, it is convenient to
introduce the canonical operators

xi = ai + a†
i√

2
, pi = ai − a†

i

i
√

2
, (33)

with i ∈ A. They satisfy the canonical commutation relation
[xi, pj] = iδi,j. In terms of the vector r with entries ri =
(xi, pi)T , these commutation relations can be cast in the com-
pact form

[ri, ri′ ] = i�i,i′ , (34)

where

� =
VA⊕
i=1

(
0 1

−1 0

)
, (35)

with VA = �Ly being the size of subsystem A. Then,
ρA(t ) is univocally determined by the covariance matrix

 and the mean vector s, whose entries are respectively

defined as


i,i′ = 1
2 〈�(t )|{ri − si, ri′ − si′ }|�(t )〉, (36)

si = 〈�(t )|ri|�(t )〉, (37)

with i, i′ ∈ A.
If we consider the ground state |SF〉 in the superfluid phase

of the Bose-Hubbard model, determined either by the Bo-
goliubov theory or the Gaussian variational principle, and we
quench to the free bosonic system (2), the covariance matrix
and the mean vector of the time-evolved state (3) are of the
form


(t )i,i′ = 1

V

∑
k

e−ik·(i−i′ )gk(t ), (38)

si =
√

2n0(1, 0)T , (39)

where

gk(t ) = cosh θk

2
I + sinh θk

2
σze

−2itξkσy , (40)

with I and σν (ν = x, y, z) being the identity and the Pauli
matrices, respectively, and ξk the single-particle dispersion
relation of the free Hamiltonian (2), determined in Eq. (5).
The only difference in these expressions between choosing
the Bogoliubov theory or the Gaussian variational principle
is that in the former the angle θk is given by Eq. (17) while in
the latter is determined by Eq. (25).

In terms of the covariance matrix 
(t ), the Rényi entangle-
ment entropies (31) can be written as [128]

Sn(t ) = 1

2(n − 1)
Tr ln

[(√
W 2 + I

2

)n

−
(√

W 2 − I

2

)n]
.

(41)

Here we have introduced the 2VA × 2VA matrix W (t ) =
−2i
(t )� whose entries are given by

W (t )i,i′ = 1

V

∑
k

e−ik·(i−i′ )wk(t ), (42)

where

wk(t ) = cosh(θk )σy − i sinh(θk )σxe−2itξkσy . (43)

Note that Eq. (41) is exact regardless of the size and shape
of the whole system and subsystem A. For a subsystem of
finite size VA, we can obtain the exact Rényi entanglement
entropies by calculating numerically the eigenvalues of W (t )
and evaluating the trace in Eq. (41) with them. We check in
this way the analytic results derived in the following.

To obtain analytic expressions for the Rényi entanglement
entropies after the quench, we consider as a subsystem A
the stripe of width � of Fig. 1. In this case, we can employ
the dimensional reduction approach [129], previously applied
to study entanglement at equilibrium in higher-dimensional
free fermionic and bosonic systems [130,131] and recently
extended to analyze the entanglement entropies and the asym-
metry after quenches in 2D free fermions [33,72]. This
method allows us to decompose the Rényi entanglement en-
tropies of the two-dimensional system (41) into the sum of
the entropies of Ly decoupled one-dimensional bosonic chains
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by exploiting the translational symmetry and the periodicity
of the strip A in the transverse direction. To this end, we
introduce the unitary matrix M with entries

M(ix,iy ),( jx,ny ) = δix, jx√
Ly

ei(2πny/Ly−π )iy . (44)

This matrix corresponds to performing a partial Fourier trans-
form only in the transverse direction. Under it, the matrix (42)
becomes block-diagonal,

MW (t )M† =
⊕

ky

Wky (t ), (45)

where Wky (t ) is the 2� × 2� block associated with the ky trans-
verse momentum sector with entries

Wky (t )ix,i′x = 1

Lx

∑
kx

e−ikx (ix−i′x )wk(t ). (46)

Since the right-hand side of Eq. (41) is invariant under uni-
tary transformations on W , using the block diagonalization
in Eq. (45), we can rewrite the Rényi entanglement entropies
as the sum of the contribution of each transverse momentum
sector,

Sn(t ) =
∑

ky

Sn,ky (t ), (47)

where

Sn,ky (t ) = 1

2(n − 1)
Tr ln

⎡
⎢⎣
⎛
⎜⎝
√

W 2
ky

+ I

2

⎞
⎟⎠

n

−

⎛
⎜⎝
√

W 2
ky

− I

2

⎞
⎟⎠

n⎤
⎥⎦, (48)

are the Rényi entanglement entropies of an interval of length
� of a one-dimensional bosonic chain in a state described by
the covariance matrix (46).

Now the problem boils down to how to compute the
one-dimensional Rényi entanglement entropies (48). To an-
alytically calculate them, we first expand in Taylor series the
right-hand side of Eq. (48) in terms of Wky ,

Sn,ky (t ) = 1

2

∞∑
m=0

Cn(2m)Tr
[
Wky (t )2m

]
, (49)

where Cn(2m) are the Taylor coefficients of the function

hn(x) = 1

n − 1
ln

[( |x| + 1

2

)n

−
( |x| − 1

2

)n]
. (50)

As we see in the following, the specific form of Cn(2m) will
never be needed and hence we do not report it.

According to Eq. (46), Wky (t ) becomes a block-Toeplitz
matrix generated by the symbol wk(t ) in the thermody-
namic limit Lx → ∞. In that case, the asymptotic form of
the moments Tr[Wky (t )2m] in the ballistic regime, t, � → ∞
with ζ = t/� fixed, can be analytically determined using
the multidimensional stationary-phase method introduced in

Refs. [17,132] (see also Appendix A), which reads

Tr
[
Wky (t )2m

] � 2
∫ π

−π

dkx

2π
min

(
�, 2

∣∣vkx

∣∣t) cosh2m(θk )

+ 2
∫ π

−π

dkx

2π
max

(
� − 2t

∣∣vkx

∣∣, 0
)
. (51)

Here vkx = ∂kx ξk is the longitudinal group velocity of the
excitations in the free theory (2). Inserting Eq. (51) into (49)
and performing the sum over ky, we eventually obtain

Sn(t ) �
∑

ky

∫ π

−π

dkx

2π
min

(
�, 2

∣∣vkx

∣∣t)hn[cosh(θk )]. (52)

According to Eq. (29), cosh(θk ) is related to the mode occu-
pation of quantum depletions in the initial superfluid state by
cosh(θk ) = 2ñk + 1. Observe that, in the large time limit, the
entanglement entropy (52) tends to

Sn(t → ∞) � �
∑

ky

∫ π

−π

dkx

2π
hn(2ñk + 1), (53)

which coincides with the thermodynamic entropy of the gen-
eralized Gibbs ensemble determined by the mode occupations
ñk of the quantum depletion in the initial superfluid state [25],

ρGGE = e−∑
k λkb†

kbk

Tr
(
e−∑

k λkb†
kbk

) , (54)

where eλk = 1 + ñ−1
k .

We can interpret Eq. (52) in terms of the quasiparticle
picture for the quench dynamics of entanglement entropies
[13,15,25]. As Eq. (21) shows, quantum depletions with op-
posite momenta form condensed entangled pairs in the initial
superfluid state. After the quench, each entangled pair is
uncorrelated from the rest and propagates ballistically with
velocity ±vkx in the longitudinal direction. Therefore, accord-
ing to Eq. (52), the entanglement entropy grows after the
quench with the number of entangled pairs in the quantum
depletion shared between A and the rest of the system, which
is given by the function min(2t |vkx |, �). Observe that the con-
densate part of the initial superfluid state does not play any
role in the entanglement.

In Fig. 3, we plot Eq. (52) as a function of time (curves)
comparing it against the exact entanglement entropies (sym-
bols) obtained numerically using Eq. (41). We take as initial
superfluid state both the one predicted by the Bogoliubov
theory (dashed curves and empty symbols) and the one de-
termined by the Gaussian variational principle (solid curves
and filled symbols). This figure shows that the analytic pre-
diction (52) agrees well with the exact results. We find that
in the quench from the Bogoliubov theory the entanglement
entropies are in general larger compared with those obtained
from the Gaussian variational principle. This effect is a con-
sequence of the overestimation of the number of quantum
depletions [see Fig. 2(a)] due to neglecting the repulsive inter-
action between quantum depletions in the Bogoliubov theory.
As argued just before, the entangled pairs of quantum deple-
tions are responsible for the entanglement growth after the
quench and, consequently, the overestimation of them implies
an overestimation of the postquench entanglement entropies.
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FIG. 3. Time evolution of the von Neumann (upper panels) and n = 2 Rényi (lower panels) entanglement entropies after a quantum quench
from different points in the superfluid phase of the Bose-Hubbard model to the free-boson system. We take Lx = 215, Ly = 50, and � = 200
in all the plots. The dashed and solid curves correspond to the analytic prediction (52) employing the Bogoliubov theory and the Gaussian
variational principle for the superfluid initial state, respectively. The empty and filled circles are the exact value of the entanglement entropy
for the Bogoliubov theory and Gaussian variational principle, respectively, obtained using Eq. (41).

Figures 3(b) and 3(d) show that the Rényi entanglement
entropies are independent of the initial on-site repulsive inter-
action U in the Bogoliubov theory. The reason is again that,
in this case, we are neglecting in the initial superfluid state
the interaction between quantum depletions. Thus the mode
occupation of quantum depletions in the initial state and,
accordingly, the time-evolved Rényi entanglement entropies
are independent of U .

V. ENTANGLEMENT ASYMMETRY

As we already mentioned in Sec. III, the U(1) particle-
number symmetry, which is generated by the conserved
charge Q = ∑

i(a
†
i ai + 1/2), is spontaneously broken in the

superfluid phase. In this section, we investigate this sponta-
neous symmetry breaking at the subsystem level and its fate
after the quench to the free-boson Hamiltonian (2), which
respects this symmetry, using the entanglement asymmetry.
Again we compare the results obtained using the superfluid
state predicted both by the Bogoliubov theory and the Gaus-
sian variational principle.

A. Entanglement asymmetry for Gaussian states

We focus on the Rényi entanglement asymmetry of index
2, defined as [54]

�SA(t ) = ln[Tr(ρA(t )2)] − ln[Tr(ρA,Q(t )2)], (55)

where ρA,Q = ∑
q �qρA�q is the symmetrization of ρA. Here

�q is the projector onto the eigenspace of QA with eigenvalue
q, where QA = ∑

i∈A(a†
i ai + 1/2) denotes the restriction of Q

to the subsystem A. This observable measures how much the
symmetry generated by Q is broken in the subsystem A. In
fact, it is a positive-definite quantity, �SA(t ) � 0, being zero
if and only if [ρA, QA] = 0, i.e., when ρA respects the U(1)
particle-number symmetry [133,134]. As already mentioned
in the introduction, the entanglement asymmetry has been
recently used to study the quantum Mpemba effect via the
dynamical restoration of the symmetry after the quench. But
it is also useful to examine the relaxation to non-Abelian
generalized Gibbs ensembles when the symmetry is not
restored [135] or confinement [136]. It has been also
extended to study the nonequilibrium properties of discrete
symmetries [137,138] and noninternal symmetries such as
spatial translations [139]. The entanglement asymmetry of
compact Lie groups has been further analyzed at equilibrium
in matrix product states [140], in CFTs [141–143], and in
random states [144].

To calculate the entanglement asymmetry (55) in our setup,
we consider the Fourier representation of the projector �q,

�q =
∫ 2π

0

dα

2π
eiα(QA−q). (56)

If we plug it into Eq. (55), then we find

�SA = − ln
∫

[0,2π]2

dα1dα2

(2π )2

Tr
(
ρAρA,α1−α2

)
Tr
(
ρ2

A

) , (57)
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where ρA,α (t ) = eiαQAρA(t )e−iαQA . Introducing the new vari-
ables χ0 = α1 and χ = α2 − α1, it can be rewritten as

�SA(t ) = − ln
∫

Rχ

dχ0dχ

(2π )2

Zχ (t )

Z0(0)
, (58)

where

Zχ (t ) = Tr[ρA(t )ρA,χ (t )] (59)

is usually dubbed charged moment. The integral domain Rχ

in Eq. (58) is defined as

Rχ : χ0 ∈ [0, 2π ] and χ0 − χ ∈ [0, 2π ]. (60)

Since the integrand of Eq. (58) is independent of χ0, the
integral over it can be easily calculated and we find

�SA(t ) = − ln
∫ 2π

−2π

dχ

2π

(
1 − |χ |

2π

)
Zχ (t )

Z0(t )
. (61)

If we take into account that the charged moments Zχ (t ) are
periodic, Zχ+2π (t ) = Zχ (t ), then Eq. (61) further simplifies,

�SA(t ) = − ln
∫ π

−π

dχ

2π

Zχ (t )

Z0(t )
. (62)

We note that ρA,χ (t ) is Gaussian because the particle-
number operator QA is quadratic. Therefore, as happens for
ρA(t ), ρA,χ (t ) can also be univocally characterized by its co-
variance matrix 
χ (t ) and mean vector sχ . Their entries are
related to those of the covariance matrix and mean vector of
ρA(t ), determined in Eqs. (39) and (40), by


χ (t )i,i′ = e−iχσy
(t )i,i′e
iχσy , (63)

(sχ )i = e−iχσy si. (64)

Since both ρA(t ) and ρA,χ (t ) are Gaussian, the charged
moments (59) are the overlap of two bosonic Gaussian states.
As explicitly shown in Appendix B, the Wigner function
formalism [145] allows us to rewrite the overlap of these
Gaussian states in terms of their covariance matrices and mean
vectors as

Zχ (t ) = exp
[− 1

2 (s − sχ )T (
 + 
χ )−1(s − sχ )
]

√
det(
 + 
χ )

. (65)

This expression is exact and valid for any geometry and
size of the subsystem A. When χ = 0, we recover the formula
for the neutral moments Tr(ρ2

A) obtained in Eq. (41).
As we have done in Sec. IV for the Rényi entanglement

entropies, from now on we take as subsystem A the strip of
width � in Fig. 1 and we apply the dimensional reduction
approach to the charged moment (65) using the partial Fourier
transform (44). According to Eq. (65), Zχ (t ) is invariant un-
der this unitary transformation, (s − sχ ) 
→ M(s − sχ ) and
(
 + 
χ ) 
→ M(
 + 
χ )M†. Combining Eqs. (44), (63), and
(64), we specifically obtain

M(
(t ) + 
χ (t ))M† =
⊕

ky

e− χ

2 ��ky,χ (t )e
χ

2 �, (66)

where �ky,χ (t ) is the 2� × 2� matrix with entries

�ky,χ (t )ix,i′x = 1

Lx

∑
kx

e−ikx (ix−i′x )λk(t ), (67)

and symbol

λk(t ) = cosh(θk )I + sinh(θk ) cos(χ )σze
−2itξkσy . (68)

The entries of the transformed mean vector are

[M(s − sχ )](ix,ny ) = δky,0

√
8n0Ly sin

(
χ

2

)
e− i

2 χσy uix , (69)

where uix = (0, 1)T . Applying Eqs. (69) and (66) in Eq. (65),
we find

Zχ (t ) = exp
{−4n0Ly sin2

(
χ

2

)
uT [�0,χ (t )]−1u

}
∏

ky

√
det

(
�ky,χ (t )

) , (70)

where u is 2�-dimensional vector whose elements are u =
(u1, . . . , u�)T . Plugging Eq. (70) into Eq. (61), we arrive at

�SA(t ) = − ln
∫ π

−π

dχ

2π
e−VA[Aχ (t )+Bχ (t )], (71)

with

Aχ (t ) = 1

2VA

∑
ky

ln

(
det

[
�ky,χ (t )

]
det

[
�ky,0(t )

]
)

, (72)

Bχ (t ) = 4n0 sin2
(

χ

2

)
�

uT [�0,χ (t )]−1u. (73)

Equation (71) is exact for any size of the strip A and we thus
employ it to numerically benchmark the analytic results that
we find in the rest of this section.

B. Entanglement asymmetry of the superfluid state

Exploiting the previous machinery, let us first study the
entanglement asymmetry of the ground state deep in the su-
perfluid phase of the Bose-Hubbard model, which is also the
initial state in the quench protocol.

As we have just seen, the entanglement asymmetry in the
strip A can be exactly calculated from Eq. (71). In what fol-
lows, we derive using this expression its asymptotic behavior
for � � 1 taking the thermodynamic limit in the longitudinal
direction Lx → ∞. According to Eq. (72), the term Aχ (0)
is given by the determinant of �ky,χ (0), which becomes a
block-Toeplitz matrix generated by the symbol (68) in that
limit. The leading term of the determinant of a block-Toeplitz
matrix for � � 1 can be calculated using the Widom-Szegö
theorem [146],

ln det
(
�ky,χ

) � �

∫ π

−π

dkx

2π
ln det[λk(0)]. (74)

Employing this result in Eq. (72), we obtain

Aχ (0) � 1

Ly

Ly−1∑
ny=0

∫ π

−π

dkx

4π
ln

× [cosh2(θk ) − sinh2(θk ) cos2(χ )]. (75)

To calculate the term Bχ (0), which is given by Eq. (73),
we have to evaluate the inverse of the matrix �0,χ (0). Al-
though the inverse of a block-Toeplitz matrix is in general
not block-Toeplitz, it can be approximated for � � 1 by the
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block-Toeplitz matrix generated by the inverse of the symbol
[135], i.e,

[�0,χ (0)]−1
ix,i′x

�
∫ π

−π

dkx

2π
e−ikx (ix−i′x )

[
λ(kx,0)(0)

]−1
. (76)

Applying this approximation in Eq. (73), we find

Bχ (0) �
∫ π

−π

dkx
4n0 sin2(χ/2)d�(kx )

cosh(θkx ) − sinh(θkx ) cos χ
, (77)

where θkx ≡ θ(kx,0) and

d�(k) = sin2(k�/2)

2π� sin2(k/2)
. (78)

The latter tends to the Dirac δ function in the limit � → ∞,
i.e., lim�→∞ d�(k) = δ(k). Note that Eqs. (75) and (77) are
valid for the state predicted by the Gaussian variational prin-
ciple but they are ill-defined in the Bogoliubov theory since
limkx→0 θkx = −∞ in the thermodynamic limit Lx → ∞.

Inserting the above results for Aχ (0) and Bχ (0) into
Eq. (71) and integrating over χ , we can deduce the asymp-
totic behavior of the entanglement asymmetry. Since the
exponent of the integrand in Eq. (71) is proportional to
the subsystem size VA, this integral can be evaluated when
VA � 1 using the saddle-point approximation. The saddle
points of the integrand correspond to the solutions of the
equation

∂χ [Aχ (0) + Bχ (0)] = 0. (79)

By solving it employing Eqs. (75) and (77), one finds that, in
the integration domain, there is a saddle point at χ = 0. There-
fore, expanding the exponent of the integrand in Eq. (71) up to
the second order in χ around this point, we can approximate
it as

�SA(0) � − ln
∫ ∞

−∞

dχ

2π
e−VA[α(0)+β(0)]χ2

, (80)

with

α(0) = 1

2
∂2
χAχ (0)

∣∣∣∣
χ=0

� 2

Ly

∑
ky

∫ π

−π

dkx

2π
|m̃k|2, (81)

β(0) = 1

2
∂2
χBχ (0)

∣∣∣∣
χ=0

� n0

∫ π

−π

dkxd�(kx )e−|θkx |. (82)

The Gaussian integral in Eq. (80) can be calculated by stan-
dard means and we finally arrive at the compact expression

�SA(0) � 1
2 ln {4πVA[α(0) + β(0)]}. (83)

Again, note that this result is only valid for the Gaussian
variational principle.

The analytic prediction (83) shows that the entanglement
asymmetry grows with the logarithm of the size of the strip A.
The same behavior has been found for the ground state of free
fermions on a 2D lattice [33]. The term independent of the
subsystem size consists of two contributions α(0) and β(0).
Since m̃k, defined in Eq. (81), is the anomalous correlation
function between quantum depletions with opposite momenta,
α(0) encodes the contribution of the quantum depletions in
the superfluid state. On the other hand, β(0) in Eq. (82) is
proportional to the condensate fraction n0 and, therefore, cor-
responds to the contribution of the Bose-Einstein condensate.

FIG. 4. Entanglement asymmetry for the ground state of the
Bose-Hubbard model deep in the superfluid phase as a function
of μ and several fixed values of U (upper panel) and vice versa
(lower panel). The empty and filled circles are the exact asymmetry
obtained numerically using Eq. (71) for the Bogoliubov theory and
the Gaussian variational principle, respectively. The solid and dashed
lines correspond to the analytic prediction (83). For the Gaussian
variational principle, we employ Eqs. (81) and (82) to determine α(0)
and β(0), while for the Bogoliubov theory, we evaluate them calcu-
lating numerically Aχ (0) and Bχ (0), respectively. We set � = 200
and Ly = 50 in all the plots.

Observe that β(0) is suppressed exponentially by the factor
e−|θkx |, which may be interpreted as the result of the interac-
tion between quantum depletions and the condensate. Since
d�(kx ) tends to a Dirac delta at kx = 0 when � → ∞, only
quantum depletions with small momentum are relevant to this
suppression.

In Fig. 4, we plot the entanglement asymmetry of the
superfluid state as a function of the repulsive interaction U
for several fixed values of the chemical potential μ (up-
per panel) and vice versa (bottom panel). We compare the
analytic prediction (83) for the Gaussian variational state
(solid lines) with the exact values obtained numerically
from Eq. (71) (filled symbols). In this case, the analytic
expressions agree well with the exact results. The empty
symbols correspond to the exact value of the entanglement
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asymmetry in the Bogoliubov theory calculated with Eq. (71).
As we already remarked the asymptotic expression (83) can-
not be applied in this case using Eqs. (81) and (82) for α(0)
and β(0). Instead, the dashed lines correspond to Eq. (83)
but determining α(0) and β(0) numerically from Eqs. (72)
and (73).

As expected, Fig. 4 shows that the entanglement asymme-
try increases as one goes deeper into the superfluid phase,
i.e., as U decreases or μ increases. This behavior is simi-
lar to the superfluid order parameter n0 shown in Figs. 2(c)
and 2(d). However, the entanglement asymmetry contains
more information for characterizing the symmetry breaking
compared with the local order parameter in the sense that,
as shown by Eq. (83), it includes not only the contribu-
tion of the condensate but also of the quantum depletions,

which are also responsible for breaking the particle-number
symmetry.

C. Time evolution of the entanglement asymmetry
after the quench

Let us now investigate the time evolution of the entangle-
ment asymmetry when we perform a sudden quench from the
superfluid state to the free-boson Hamiltonian (2).

We can derive analytic expressions for the entanglement
asymmetry in the ballistic limit t, � → ∞ with ζ = t/� fixed
from Eq. (71) using the multidimensional stationary-phase ap-
proximation [17,132]. The calculations are quite cumbersome
and are detailed in Appendix D and E, here we report the
final results. For the term Aχ (t ) in Eq. (71), we obtain (see
Appendix D)

Aχ (t ) � 1

Ly

∑
ky

∫ π

−π

dkx

4π
xkx (ζ ) ln[cosh2(θk ) − sinh2(θk ) cos2(χ )], (84)

where xkx (ζ ) = 1 − min(2ζ |vkx |, 1). For the term Bχ (t ), we find (see Appendix E)

Bχ (t ) � 4n0 sin2

(
χ

2

)∫ π

−π

dkxd�(kx )

[
xkx (ζ )

[
cosh

(
θkx

) + sinh
(
θkx

)
cos(χ ) cos

(
2tξkx

)]
cos2

(
θkx

) − sinh2
(
θkx

)
cos2(χ )

+ 1 − xkx (ζ )

cosh θkx

+
[
1 − xkx (ζ )

]
sinh

(
θkx

)
cos(χ ) cos

(
2tξkx

)
cosh2 θkx

]
. (85)

The entanglement asymmetry can be now determined by
inserting Eqs. (84) and (85) into Eq. (71) and integrating
over χ . As we have done when we derived the entanglement
asymmetry at t = 0 in Eq. (83), we can evaluate the integral
over χ using the saddle-point approximation. Following the
same procedure, we obtain that the entanglement asymmetry
at finite t is

�SA(t ) � 1
2 ln {4πVA[α(t ) + β(t )]}, (86)

where

α(t ) = 1

2
∂2
χAχ (t )

∣∣∣∣
χ=0

(87)

� 2

Ly

∑
ky

∫ π

−π

dkx

2π
xkx (ζ )|mk|2 (88)

and

β(t ) = 1

2
∂2
χBχ (t )

∣∣∣∣
χ=0

(89)

� n0

∫ π

−π

dkxd�(kx )

[
xkx (ζ ) + 1 − xkx (ζ )

cosh(θkx )2

]

× [
cosh

(
θkx

) + sinh
(
θkx

)
cos

(
2tξkx

)]
. (90)

If we set t = 0, then Eq. (86) reduces to Eq. (83).
According to Eq. (86), the entanglement asymmetry after

the quench is given by the time-dependent functions α(t )
and β(t ). The former can be understood in terms of the
quasiparticle picture for the quantum depletions as follows:
As already discussed in Sec. IV, pairs of entangled quantum

depletions in the initial state propagate ballistically in opposite
directions with longitudinal velocity ±vkx after the quench.
Since the anomalous correlation m̃k is not zero, these pairs
break the particle-number symmetry. After the quench, they
contribute to the entanglement asymmetry in A as long as
both excitations are inside the subsystem. At the instant in
which one of the two excitations leaves A, the pair does not
contribute anymore to breaking the symmetry in the sub-
system, since the function xkx (ζ )= 1 − min(1, 2ζ |vkx |) in
Eq. (88) counts the number of pairs with both excitations
inside the subsystem. It is easy to check that, as time passes,
the number of complete pairs in A decreases and is zero in
the limit t → ∞. This implies that their contribution in the
stationary states vanishes, i.e., α(t → ∞) = 0.

This interpretation for α(t ) is quite similar to the quasi-
particle picture for the quench dynamics of entanglement
asymmetry in free fermion systems, both in one dimension
(1D) [64,65,68] and 2D [72]. In that case, the particle number
symmetry is broken due to the presence of Cooper pairs in the
initial state. After the quench, these pairs propagate ballisti-
cally and only those with both excitations in the subsystem
count for the entanglement asymmetry, as happens here for
the quantum depletions. In general, the number of complete
Cooper pairs inside a subsystem reduces to zero at large times
and the symmetry is restored. There are more exotic situations
in which the initial state contains multiplets, instead of pairs,
and the subsystem tends to a non-Abelian generalized Gibbs
ensemble, spoiling the restoration of the symmetry [66,135].

The peculiar point in our present case is that the entan-
glement asymmetry (86) contains the additional contribution
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β(t ) proportional to the condensate fraction n0, which cannot
be explained in terms of the quasiparticle picture. In particular,
this term does not vanish but converges to the finite value at
large times

β(∞) = n0

∫ π

−π

dkx
d�(kx )

cosh(θkx )
. (91)

This means that the entanglement asymmetry also tends at
large times to the nonzero value

�SA(∞) � 1
2 ln [4πVAβ(∞)]. (92)

Therefore, the U(1) particle-number symmetry spontaneously
broken in the initial superfluid state is not restored in the
subsystem after the quench, even though the postquench
Hamiltonian (2) does respect the symmetry. From Eq. (91), we
can conclude that the lack of symmetry restoration is clearly
due to the condensate, whose fraction remains nonzero after
the quench.

In Fig. 5(a), we represent the entanglement asymmetry
after the quench as a function of time for different initial
superfluid states. The symbols represent the exact value of the
asymmetry calculated with Eq. (71) taking the initial state of
the Bogoliubov theory (empty circles) and of the Gaussian
variational principle (filled circles). We plot the analytic pre-
diction (86) with Eqs. (88) and (90) only for the Gaussian
variational principle (solid lines). In the Bogoliubov theory,
these expressions are problematic because, in the thermody-
namic limit Lx → ∞, θkx diverges. Instead, in that case we
plot Eq. (86) with the exact α(t ) and β(t ) obtained numer-
ically using Eqs. (87) and (89) (dashed lines), which agrees
well with the exact result at any time. These figures show
that the time evolution of the entanglement asymmetry qual-
itatively changes whether the Gaussian variational principle
or the Bogoliubov theory is employed. In the former, the
entanglement asymmetry increases in time, while in the latter,
it decreases. We also find that the analytic prediction (86)
with Eqs. (88) and (90) agrees well with the exact result for
large-timescales, but it does not for short-timescales except
for t = 0.

To better understand Fig. 5(a), we plot separately the time
evolution of α(t ) and β(t ) in Figs. 5(b) and 5(c), respectively.
We can see in Fig. 5(b) that the behavior of α(t ) calcu-
lated with the Gaussian variational principle is qualitatively
the same as that with the Bogoliubov theory (in the inset).
Namely, it initially decreases with time and eventually tends to
zero as predicted by Eq. (88). On the other hand, the behavior
of β(t ) drastically changes depending on which theory is
employed to describe the initial state as shown in Fig. 5(c). In
the Gaussian variational principle, β(t ) increases in time and
finally converges to the stationary value given by Eq. (91). On
the other hand, in the Bogoliubov theory (in the inset), β(t )
is almost constant in time and is much smaller than the one
calculated with the Gaussian variational principle. We thus
conclude that the qualitative difference in the entanglement
asymmetry between the Gaussian variational principle and the
Bogoliubov theory originates from the term β(t ).

In fact, according to Eqs. (82) and (91), β(t ) contains the
contribution of the condensate suppressed by an exponential
term that only depends on the quantum depletions. This sup-
pression is enhanced as the population of quantum depletions

FIG. 5. (a) Time evolution of the entanglement asymmetry after
a quench to the free bosonic system from different superfluid states.
The empty and filled circles are the exact values obtained using
Eq. (71) with the Bogoliubov theory and the Gaussian variational
principle, respectively. The solid lines are the analytic prediction
(86) with Eqs. (88) and (90) for the Gaussian variational principle.
The dotted lines correspond to Eq. (86) with α(t ) and β(t ) exactly
calculated using Eqs. (87) and (89). (b), (c) Time evolution of the
contributions to the asymmetry from the quantum depletions, α(t ),
and from the condensate, β(t ). The empty and filled circles are the
exact results for the Bogoliubov theory and the Gaussian variational
principle, respectively. The solid lines are the analytic predictions
(88) and (90). We set Ly = � = 50 in all the plots.
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with long wavelength increases. Therefore, the smallness of
β(t ) in the Bogoliubov theory may be due to the divergence
of the mode occupation number of quantum depletions in the
long-wavelength limit k → 0 shown in Fig. 2(a).

VI. QUANTUM FIDELITY

As we already mentioned in the introduction, the entan-
glement asymmetry is usually employed to study how fast
the subsystem reaches the stationary state using the local
restoration of a symmetry broken by the initial state and
respected by the postquench Hamiltonian. We have just seen
that the particle-number symmetry, spontaneously broken in
the superfluid states, is not restored in a subsystem. Therefore,
we cannot use the corresponding entanglement asymmetry to
analyze the quantum Mpemba effect. As shown experimen-
tally in Ref. [91], this phenomenon should not be specific
to a particular observable. For example, in addition to the
entanglement asymmetry, that work also considers a distance
between the time-evolved reduced density matrix ρA(t ) and
its stationary value ρA(∞). Therefore, in this section, we
take the quantum fidelity between these states and investigate
with it the occurrence of the quantum Mpemba effect in our
quench.

A. Quantum fidelity and dimensional reduction

The (logarithmic) quantum fidelity between the time-
evolved reduced density matrix ρA(t ) and the stationary state
ρA(∞) is defined as

fA(t ) = − 1

VA
ln Tr(

√√
ρA(t )ρA(∞)

√
ρA(t )). (93)

This is a positive-definite quantity, fA(t ) � 0, that vanishes,
fA(t ) = 0, if and only if ρA(t ) = ρA(∞).

The quantum fidelity between two Gaussian states, such as
ρA(t ) and ρA(∞) in our protocol, can be expressed in terms of
their covariance matrices. Applying the results of Ref. [127],
we have in our case that

fA(t ) = 1

4VA
ln det

[

(t ) + 
(∞)

C+(t )C−(t )

]
, (94)

where

C+(t ) = 2�[
(t ) + 
(∞)]−1[�/4 + 
(∞)�
(t )], (95)

C−(t ) =
√

I + [C+(t )�]−2/8 + I. (96)

Here 
(∞) is the covariance matrix of ρA(∞). We can deter-
mine it from the one of ρA(t ), which we obtained in Eq. (39).
At large times t , the oscillating function e−2itξkσy in Eq. (40)
averages to zero, and 
(∞) is given by Eq. (39) with gk(t )
replaced by

gk(∞) = cosh(θk )

2
I. (97)

As in the previous sections, we take as subsystem A the
strip of width � represented in Fig. 1 and employ the di-
mensional reduction approach to calculate analytically the
quantum fidelity (94). Under the partial Fourier transforma-

tion (44), the matrices appearing in Eq. (94) take the form

M
(t )M =
⊕

ky


ky (t ), (98)

where


ky (t ) = 1

Lx

∑
kx

eikx (ix−i′x )gk(t ), (99)

and

MC±(t )M† =
⊕

ky

C±
ky

(t ), (100)

with

C+
ky

(t ) = 2�̃[
ky (t ) + 
ky (∞)]−1[�̃/4 + 
ky (∞)�̃
ky (t )],

(101)

C−
ky

(t ) =
√

I + [C+
ky

(t )�̃]−2/8 + I, (102)

and

�̃ =
�⊕

i=1

(
0 1

−1 0

)
. (103)

The block structure of 
(t ) and C±(t ) in Eqs. (98) and (100)
allows us to decompose the quantum fidelity (94) into the
contribution of each transverse momentum sector as

fA(t ) =
∑

ky

fky (t ), (104)

with

fky (t ) = 1

4VA
ln det

[

ky (t ) + 
ky (∞)

C+
ky

(t )C−
ky

(t )

]
. (105)

Note that the decomposition above is exact for any subsys-
tem size. We numerically calculate the quantum fidelity with
Eqs. (104) and (105) and use the result as a benchmark for the
analytic predictions reported in the following section.

B. Time evolution of the quantum fidelity and the quantum
Mpemba effect

We can now examine the time evolution of the quantum
fidelity (93) after the quench to the free Hamiltonian from
the ground state of the Bose-Hubbard model deep in the
superfluid phase, using both the Bogoliubov theory and the
Gaussian variational approach for the initial state.

In Appendix D, we calculate analytically the quantum fi-
delity in the ballistic regime �, t → ∞, with ζ = t/� fixed,
using the decomposition (104) in the transverse momentum
sectors and the multidimensional stationary-phase approxima-
tion. We obtain that

fA(t ) � 1

Ly

∑
ky

∫ π

−π

dkx

8π
xkx (ζ ) ln(1 + 3|m̃k|2). (106)

Once again, this result can be interpreted in terms of the
quasiparticle picture for quantum depletions. The function
xkx (ζ )= 1 − min(1, 2ζ |vkx |) counts the number of pairs of
quantum depletions with opposite momenta inside the sub-
system and m̃k = 〈SF|bkb−k|SF〉 is the anomalous correlation
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FIG. 6. Quantum fidelity in the superfluid state as a function of
the chemical potential μ for a fixed interaction strength U (upper
panel) and vice versa (lower panel). The curves and the symbols
correspond to the analytic prediction (106) and to the exact numerical
values obtained using Eq. (94), respectively. The filled and empty
symbols correspond to taking the Gaussian variational principle and
the Bogoliubov theory, respectively, to describe the initial state. We
take � = 200 and Ly = 50 in all the plots.

function between the quantum depletions forming a pair. As
the number of pairs with both excitations inside A reduces in
time, fA(t ) decreases and vanishes in the limit t → ∞. That is,
ρA(t ) = ρA(∞) when the number of complete pairs of quan-
tum depletions in the subsystem is zero. In Figs. 6(a) and 6(b),
we plot fA(t ) at t = 0 as a function of μ for fixed U and vice
versa, respectively. The plots show that the initial superfluid
state is farther from the corresponding stationary state increas-
ing μ and decreasing U in the Gaussian variational principle.
The same behavior is observed in the Bogoliubov theory when
varying μ, while fA(0) is constant in U in this case. This
trend reflects the fact that the anomalous correlations between
quantum depletions, m̃k, which are the only contribution to the
quantum fidelity according to Eq. (106), grow as μ increases
and U decreases, as we can also see in Fig. 6(b).

In Figs. 7(a) and 7(b), we plot the quantum fidelity after the
quench as a function of time for several initial superfluid states
with different chemical potential μ and repulsive interaction

U . In Fig. 7(a), we use the Gaussian variational principle to
obtain the superfluid state, while in Fig. 7(b) we apply the
Bogoliubov theory for the same values of μ and U . In both
cases, the analytic prediction (106) (solid curves) agrees well
with the exact result (symbols), computed numerically using
Eq. (94). As expected, fA(t ) decreases in time and finally
tends to zero at large times, indicating the relaxation of the
subsystem to the stationary state ρA(∞). We find that, for
certain pairs of initial states, their quantum fidelities cross
at a particular time when applying the Gaussian variational
principle. This means that the system initially farther from the
stationary state relaxes to it faster, signaling the occurrence of
the quantum Mpemba effect. On the contrary, when we apply
the Bogoliubov theory, the quantum fidelities of any pair of
initial states never cross during the time evolution, implying
that the quantum Mpemba effect is absent in this approach.

C. Microscopic conditions for the quantum Mpemba effect

To elucidate the reasons behind the phenomenology of
Figs. 7(a) and 7(b), here we investigate the conditions for the
quantum Mpemba effect to occur in the present setup.

Let us consider the quench to the free Hamiltonian (2)
from two different initial superfluid states, |SF1〉 and |SF2〉. If
subsystem A is farther from its stationary state in |SF1〉, then
their quantum fidelities must satisfy

fA,1(0) > fA,2(0), (107)

where fA,i(t ) is the quantum fidelity for state i (i = 1, 2). In
this situation, the quantum Mpemba effect occurs when there
exists a time tM after which the subsystem A in state 1 is closer
to the corresponding stationary state than in state 2, i.e.,

fA,1(t ) < fA,2(t ) ∀ t > tM. (108)

We can write inequalities (107) and (108) in terms of the
microscopic properties of the initial states, i.e., their density
of occupied modes or their anomalous correlations, using the
analytic expression obtained in Eq. (106) for fA(t ). To this
end, it is convenient to rewrite it as follows:

fA(t ) =
∫ k∗

x (t )

−k∗
x (t )

dkx

2π

(
1 − 2ζ

∣∣vkx

∣∣)ϒkx , (109)

where

k∗
x (t ) = arcsin

(
�

2t

)
�(2t − �) + π

2
�(� − 2t ), (110)

with �(x) being the Heaviside step function, and

ϒkx = 1

4Ly

∑
ky

[
ln
(
1 + 3|m̃(kx,ky )|2

)

+ ln
(
1 + 3

∣∣m̃(kx+π,ky )

∣∣2)]. (111)

Observe that we have replaced the function xkx (ζ ) in
Eq. (106), which counts the number of entangled pairs of
quantum depletions inside the subsystem, by a modified do-
main of integration kx ∈ [−k∗

x (t ), k∗
x (t )] in the expression

(109). As t increases, this integration domain becomes nar-
rower around kx = 0 and, finally, vanishes in the large-time
limit t → ∞.
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FIG. 7. (left panels) Time evolution of the quantum fidelity after the quench to the free system from different superfluid states. The solid
lines and the symbols correspond to the analytic prediction (106) and the exact numerical result obtained by using Eq. (94), respectively. In
panel (a), the initial superfluid state is obtained using the Gaussian variational principle, while in panel (b) we employ the Bogoliubov theory.
(right panels) Contribution ϒkx of the quantum depletion pairs to the fidelity as a function of the longitudinal momenta kx (c) in the Gaussian
variational approach and (d) in the Bogoliubov theory. The symbols in panel (d) represent the value of ϒkx at kx = 0 for each set of parameters
U and μ. We take � = 200 and Ly = 50 in all the plots.

Applying Eq. (109), the t = 0 condition (107) can be writ-
ten as ∫ π/2

−π/2
dkxϒkx,1 >

∫ π/2

−π/2
dkxϒkx,2, (112)

where ϒkx,i is ϒkx for the state i (i = 1, 2). This result implies
that, at t = 0, all the entangled pairs in the quantum depletion
contribute to the fidelity, being their total contribution larger
in the configuration initially farther from the corresponding
postquench stationary state.

On the other hand, Eq. (109) allows us to rewrite inequality
(108) as follows:∫ k∗

x (t )

−k∗
x (t )

dkx

2π

(
1 − 2ζ

∣∣vkx

∣∣)ϒkx,1

<

∫ k∗
x (t )

−k∗
x (t )

dkx

2π

(
1 − 2ζ

∣∣vkx

∣∣)ϒkx,2 ∀ t > tM. (113)

Since the integrands in the above inequality are positive def-
inite and even for kx, there always exists a large enough time
tM such that the inequality (113) can be reexpressed as

ϒkx,1 < ϒkx,2 ∀ kx ∈ [−k∗
x (tM), k∗

x (tM)]. (114)

Given that k∗
x (tM) is small for large tM as k∗

x (tM) � �/(2tM),
the above inequality implies that the contribution of quantum
depletions with the slowest longitudinal group velocity (vkx �
0) is smaller in state 1 than in state 2.

Inequalities (112) and (114) are the sufficient and neces-
sary conditions for the quantum Mpemba effect to be observed
in our setup. According to them, this phenomenon occurs if, in
the initial state, which is farther from the postquench station-
ary state in the subsystem A, the contribution to the fidelity
of the quantum depletion modes with the slowest longitudinal
group velocity vkx is smaller than in the other configuration,
initially closer to the equilibrium.

In the right panels of Fig. 7 we plot ϒkx as a function
of kx for each set of values of U and μ considered in the
corresponding panel on the left. These figures show that ϒkx

satisfies the microscopic conditions (112) and (114) for the
pair of initial states whose quantum fidelities intersect at
a finite time, i.e., the quantum Mpemba effect occurs. In
contrast, these inequalities are not satisfied for the pairs of
initial states for which the quantum Mpemba effect does not
happen.

In closing this section, we show that the conditions (112)
and (114) are never met, i.e., the quantum Mpemba effect
never occurs in the Bogoliubov theory. To this end, let us
consider two superfluid initial states with chemical potentials
μ1 and μ2, respectively. Since the anomalous correlation m̃k
does not depend on U in the Bogoliubov theory and m̃k is
the only information about the initial state that enters in the
conditions, the value of U is irrelevant for the present discus-
sion. If we denote as m̃k,i the anomalous correlation of the
initial state i (i = 1, 2), then the combination of Eqs. (17) and
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(30) give

|m̃k,i|2 = μ̄2
i

16ε̄k(μ̄i + ε̄k )
, (115)

where

μ̄i = 2 + μi > 0, (116)

ε̄k = 2 − cos kx − cos ky > 0. (117)

Assuming μ1 > μ2, for k �= 0, we have

|m̃k,1|2 − |m̃k,2|2 > 0, (118)

while for k = 0, since we set θk = 0, we have

|m̃0,1|2 = |m̃0,2|2 = 0. (119)

We thus obtain

μ1 > μ2 ⇒ |m̃k,1|2 � |m̃k,2|2. (120)

This implies that

μ1 > μ2 ⇒ ϒkx,1 > ϒkx,2 ∀ kx. (121)

Therefore, in the Bogoliubov theory, the curves corresponding
to ϒkx for different initial configurations never intersect. In
fact, Fig. 7(d) shows that the effect of modifying μ is simply
a global vertical shift in ϒkx . This means that the conditions
(112) and (114) are never satisfied simultaneously and, there-
fore, the quantum Mpemba effect never occurs in this case.
The effect of the on-site repulsion U must be included in the
anomalous correlations to observe it.

VII. CONCLUSIONS

In this paper, we investigated different aspects of the
nonequilibrium dynamics of bosons in a two-dimensional pe-
riodic lattice. We focused on the quench from the superfluid
phase of the Bose-Hubbard model to the free-boson system.
To describe the initial configuration, we applied the Bogoli-
ubov theory and a recently proposed extension, the Gaussian
variational principle. These two methods offer the advantage
of approximating the ground state of the superfluid phase as
a Gaussian state. Since the free time evolution preserves the
Gaussianity of the state, we can perform exact computations.
Using both approximations, we analyzed the time evolution
of the entanglement entropy, the entanglement asymmetry of
the particle-number symmetry (spontaneously broken by the
initial state), and the occurrence of the quantum Mpemba
effect. Our analysis focused on a subsystem in the form of a
strip extended along one direction. This choice allowed us to
apply dimensional reduction and effectively transform the 2D
system into decoupled 1D chains. Exploiting then well-known
techniques for 1D free systems, we obtained exact analytic
results in the ballistic regime. Our analysis reveals that, in
general, the Bogoliubov theory and the Gaussian variational
principle lead to qualitatively different behaviors of the system
following the quench.

We examined the entanglement following the quench by
calculating the Rényi entanglement entropies. Our results
show that their time evolution can be explained using the
standard quasiparticle picture, where the propagation of quan-
tum depletions in entangled pairs drives the entanglement
growth after the quench. In particular, the entanglement en-
tropy in the stationary state is determined by the mode
occupancy of quantum depletions in the initial superfluid
state. This implies that, in the Bogoliubov theory, the Rényi
entanglement entropies are independent of the on-site re-
pulsive interaction U because interactions between quantum
depletions are neglected. In contrast, within the Gaussian
variational principle, the entropies depend on U since the
interactions between quantum depletions affect their mode
occupancy.

To study the dynamics of the spontaneously broken U(1)
particle-number symmetry after the quench, we analyzed
the corresponding entanglement asymmetry. Traditionally, the
breaking of this symmetry is detected with the superfluid
order parameter. However, we have found that the entangle-
ment asymmetry provides more comprehensive information
about the symmetry breaking because it incorporates the ef-
fect of both the Bose-Einstein condensate and the quantum
depletions. When the initial state is approximated using the
Gaussian variational principle, we observe an increase in the
entanglement asymmetry after the quench. In contrast, em-
ploying the Bogoliubov theory results in a decrease. In both
cases, the contribution from quantum depletions, which is
captured by the quasiparticle picture, vanishes at large times.
However, there is a nonzero contribution from the condensate.
Therefore, even though the postquench dynamics respects the
symmetry, the entanglement asymmetry tends to a nonzero
value, indicating the lack of local symmetry restoration due
to the presence of the condensate. The qualitative difference
between the two approximations of the initial state in the
dynamics of the entanglement asymmetry stems from the
divergence of the mode occupancy of quantum depletions in
the Bogoliubov theory at long wavelengths, which strongly
affects the contribution of the condensate to the asymmetry.

Lastly, we investigated the subsystem relaxation and the
occurrence of the quantum Mpemba effect. In the prior
literature, this was typically assessed by monitoring the
local restoration of an initially broken symmetry using en-
tanglement asymmetry. However, since the particle-number
symmetry is not restored in our case, we opted to measure the
distance between the time-evolved reduced density matrix and
the corresponding stationary state using their quantum fidelity.
We derived its exact time evolution in the ballistic regime and
showed that is described by the quasiparticle picture for the
quantum depletions. Using the Gaussian variational principle,
we have seen that there are pairs of superfluid states for which
the configuration initially farther from its stationary state re-
laxes to it faster, signaling the occurrence of the quantum
Mpemba effect. We derived the conditions for the appearance
of this effect in terms of the mode occupancy of quantum
depletions in the initial state. We further showed that they are
never satisfied if we use the Bogoliubov theory to describe the
initial state.

One of our main findings is the distinct qualitative be-
haviors of observables when approximating the initial state

043304-16



QUENCHING FROM SUPERFLUID TO FREE BOSONS … PHYSICAL REVIEW A 111, 043304 (2025)

using Bogoliubov theory versus the Gaussian variational
principle. Since the latter is expected to provide a more ac-
curate description of the initial state, we can conclude that
in the actual Bose-Hubbard model, we should observe the
quantum Mpemba effect and an increase of entanglement
asymmetry, in contrast with the predictions of the Bogoliubov
approximation. In addition, the randomized measurement
toolbox, which allows us to measure the entanglement asym-
metry and to observe the quantum Mpemba effect in ion-trap
systems [91], is also expected to be applicable to bosons in
an optical lattice [147]. Importantly, our findings suggest that
experimentally verifying whether the quantum Mpemba effect
occurs in the quench studied here could serve as a benchmark
for determining which theory more accurately describes the
initial superfluid state.

The effective theories employed here to characterize the
initial superfluid state assume that bosons are weakly interact-
ing. However, exploring the strongly interacting regime would
also be compelling. For example, combining our methods

with the slave boson approach [117,124] or the Gutzwiller
approximation [121] could facilitate the study of the quench
dynamics between the Mott-insulating and superfluid phases.
Extending our analysis to spin-1 bosons in optical lattices
[148–151] is another intriguing direction, as the superfluid
phase in this system displays a variety of magnetic patterns
and symmetries. Such quench dynamics could uncover a rich
physics arising from the interplay between the internal de-
grees of freedom of bosons and the strong correlations among
them.
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APPENDIX A: DERIVATION OF EQ. (51)

In this Appendix, we describe in detail the derivation of Eq. (51). The following arguments are based on Refs. [17,132].
To derive Eq. (51), we have to obtain the asymptotic form in the ballistic limit, t, � → ∞, with ζ = t/� fixed, of the moments

Tr
(
W 2m

ky

) =
�∑

i1=1

· · ·
�∑

i2m=1

∫
[−π,π]2m

d2mk
(2π )2m

e−i
∑2m

j=1 k j (i j−i j+1 )Tr

⎛
⎝ 2m∏

j=1

w(ki,ky )

⎞
⎠, (A1)

where w(kx,ky ) = wk is given in Eq. (43).
Using the identity

�∑
i=1

e−iki = e−i �+1
2 k �

2

∫ 1

−1
du

k

2 sin
(

k
2

)e−i �
2 ku, (A2)

we can replace the summation over i1, . . . , i2m in Eq. (A1) with integrals over u1, . . . , u2m as

Tr
(
W 2m

ky

) =
(

�

2

)2m ∫
[−1,1]2m

d2mu
∫

[−π,π]2m

d2mk
(2π )2m

e−i �
2

∑2m
i=1 ki (ui−ui+1 )

(
2m∏
i=1

ki − ki+1

2 sin
( ki−ki+1

2

)
)

Tr

⎛
⎝ 2m∏

j=1

w(ki,ky )

⎞
⎠. (A3)

Introducing the new variables

zi =
{

u1, i = 1
ui+1 − ui, i = 2, . . . , 2m,

(A4)

Equation (A3) reduces to

Tr
(
W 2m

ky

) =
(

�

2

)2m ∫
Rz

d2mz
∫

[−π,π]2m

d2mk
(2π )2m

ei �
2

∑2m
i=2 zi (ki−k1 )

(
2m∏
i=1

ki − ki+1

2 sin
( ki−ki+1

2

)
)

Tr

⎛
⎝ 2m∏

j=1

w(ki,ky )

⎞
⎠, (A5)

where the domain of integration Rz is

Rz :
j∑

i=1

zi ∈ [−1, 1] ∀ j ∈ {1, 2, . . . , 2m}. (A6)

Integrating over z1, Eq. (A5) reads

Tr
(
W 2m

ky

) =
(

�

2

)2m ∫
R2m−1

d2m−1z
∫

[−π,π]2m

d2mk
(2π )2m

ν(z)ei �
2

∑2m
i=2 zi (ki−k1 )

(
2m∏
i=1

ki − ki+1

2 sin
( ki−ki+1

2

)
)

Tr

⎛
⎝ 2m∏

j=1

w(ki,ky )

⎞
⎠, (A7)
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where ν(z) is the integral measure reflecting the domain of integration of z1 and is specifically given by

ν(z) = max

⎡
⎣0, 2 − max

1� j�2m

⎛
⎝ j∑

i=2

zi

⎞
⎠ + min

1� j�2m

⎛
⎝ j∑

i=2

zi

⎞
⎠
⎤
⎦. (A8)

Expanding Tr(
∏2m

j=1 w(ki,ky ) ) in Eq. (A7), we obtain

Tr
(
W 2m

ky

) = 2

(
�

2

)2m ∫
R2m−1

d2m−1z
∫

[−π,π]2m

d2mk
(2π )2m

ν(z)ei �
2

∑2m
i=2 zi (ki−k1 )

(
2m∏
i=1

ki − ki+1

2 sin
( ki−ki+1

2

)
)

×
m∑

p=0

∑
1� j1< j2<...< j2p�2m

(−1)
∑2p

i=1 ji

⎛
⎜⎝ ∏

i �=∈{ j1,..., j2p}
cosh (θki )

⎞
⎟⎠
⎛
⎝ 2p∏

i=1

sinh(θk ji
)

⎞
⎠ cos

⎛
⎝2t

2p∑
i=1

(−1)iξk ji

⎞
⎠. (A9)

Here, θki = θ(ki,ky ) and ξki = ξ(ki,ky ). Observing that the integrand in Eq. (A9) is invariant under the change of variables k ji → ki

and using the identity ∑
1� j1<...< j2p�2m

(−1)
∑2p

i=1 ji = (−1)p

(
m
p

)
, (A10)

Equation (A9) can be rewritten as

Tr
(
W 2m

ky

) =
(

�

2

)2m ∫ π

−π

dk1

2π

m∑
p=0

(
m
p

)
(−1)pIp(k1), (A11)

where

Ip(k1) =
∫
R2m−1

d2m−1z
∫

[−π,π]2m−1

d2m−1k
(2π )2m−1

(
2m∏
i=1

ki − ki+1

2 sin
( ki−ki+1

2

)
)

ν(z)

⎛
⎝ 2p∏

i=1

sinh (θi )

⎞
⎠
⎛
⎝ 2m∏

i=2p+1

cosh (θi )

⎞
⎠ei�ω(k,z) + c.c.,

(A12)
with

ω(k, z) = 1

2

2m∑
i=2

zi(ki − k1) − 2ζ

2p∑
i=1

(−1)iξi. (A13)

Since the phase factor of the integrand in Ip(k1) rapidly oscillates for � � 1, we can evaluate its asymptotic form in the
ballistic limit by applying the multidimensional stationary-phase approximation. It states that, for � � 1, the N-dimensional
oscillating integral behaves as∫

dN x f (x)ei�g(x) �
(

2π

�

)N/2 ∑
x̄

|det H(g(x̄))|− 1
2 f (x̄)ei�g(x̄)+i π

4 sgn[H(g(x̄))]. (A14)

Here x̄ is the stationary point of g(x) at which ∇g(x̄) = 0, H(g(x)) is the Hessian matrix of g(x), whose entries are given by
H(g(x))ii′ = ∂xi∂xi′ g(x), and sgn[H(g(x̄))] stands for the sign of the difference between the positive and negative eigenvalues of
H(g(x̄)). The stationary points of Ip(k1) are obtained by solving the equation ∇ω(k̄, z̄) = 0 and read

k̄i = k1, z̄i =
{

4ζ (−1)ivk1 , i = 2, . . . , 2p
0, i > 2p.

(A15)

At the stationary point, we have

2m∏
i=1

k̄i − k̄i+1

2 sin
( k̄i−k̄i+1

2

) = 1, (A16)

2p∏
i=1

sinh
(
θk̄i

) = sinh2p(θ1), (A17)

2m∏
i=2p+1

cosh
(
θk̄i

) = cosh2(m−p)(θ1), (A18)

ν(k̄) =
{

2, p = 0
2 max

(
1 − 2ζ

∣∣vk1

∣∣, 0
)
, p > 0,

(A19)

ω(k̄, z̄) = 0, (A20)
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and

| det H(ω(k̄, z̄))| = 41−2m, sgn[H(ω(k̄, z̄))] = 0. (A21)

Applying the stationary-phase approximation to the integrals in Ip(k1), we obtain

Ip(kx ) �
(

2

�

)2m[
sinh2

(
θkx

)]p[
cosh2

(
θkx

)]m−p ×
{
�, p = 0
max

(
� − 2t

∣∣vkx

∣∣, 0
)
, p > 0.

(A22)

Here, we rewrote k1 as kx. Substituting it into Eq. (A11) and taking the summation over p, we arrive at Eq. (51).

APPENDIX B: DERIVATION OF EQ. (65)

Here we derive Eq. (65) using the Wigner-function formalism for bosonic Gaussian states, see, e.g., Ref. [145].
Let us first introduce the coherent state |x〉, this is the eigenstate of the canonical operator xi with eigenvalue xi(i ∈ A). The

Wigner function of the reduced density matrix ρA is given by

W (x, p) =
∫
RVA

dq
(2π )VA

〈x + q/2|ρA|x − q/2〉eip·q. (B1)

In general, the Wigner function of the bosonic Gaussian state can be written in terms of its covariance matrix 
 and the mean
vector s as

W (x, p) = exp
(− 1

2 (r − s)T 
−1(r − s)
)

(2π )VA
√

det (
)
, (B2)

where r is the 2VA-dimensional vector whose entries are given by ri = (xi, pi)T . Note that this is different from the operators
ri = (xi, pi)T in the main text. In the same way, the Wigner function of ρA,χ can be obtained as

Wχ (x, p) = exp
(− 1

2 (r − sχ )T 
−1
χ (r − sχ )

)
(2π )VA

√
det(
χ )

. (B3)

In the Wigner function formalism, the expectation value of an operator O in the state ρA can be written as

Tr(ρAO) =
∫
R2VA

dxdpW (x, p)FO(x, p), (B4)

where

FO(x, p) =
∫
RVA

dq〈x + q/2|O|x − q/2〉eip·q. (B5)

From Eqs. (B3) and (B4), the charged moment Zχ = Tr(ρAρA,χ ) can be written as

Zχ = (2π )VA

∫
R2VA

dxdpW (x, p)Wχ (x, p), (B6)

and, therefore,

Zχ = (2π )VA
exp

[− 1
2 (s − sχ )T [
 + 
χ ]−1(s − sχ )

]
√

det(

χ )

∫
R2VA

dxdp exp

[
−1

2
(r − s̃χ )T 
̃−1

χ (r − s̃χ )

]
, (B7)

where


̃χ (t ) = [
(t )−1 + 
χ (t )−1]−1, (B8)

s̃χ (t ) = 
̃χ (t )[
(t )−1s + 
χ (t )−1sχ ]. (B9)

Calculating the Gaussian integral in Eq. (B7), we arrive at Eq. (65).

APPENDIX C: MULTIDIMENSIONAL STATIONARY-PHASE APPROXIMATION

In this Appendix, we describe in detail the multidimensional stationary-phase approach following Refs. [17,132] that we
apply to derive many of the analytic results of the main text.

In general, we need to evaluate the moments Tr(T m) of a 2� × 2� block-Toeplitz matrix, say T ,

Tj j′ =
∫ 2π

0

dk

2π
e−i( j− j′ )kg(k, t ), (C1)
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generated by a 2 × 2 symbol of the form

g(k, t ) = ckI + dkσze
−2itξkσy , (C2)

where ck and dk are time-independent functions. The moments of T can be written as

Tr(T m) =
�∑

i1=1

· · ·
�∑

im=1

∫
[−π,π]m

dmk
(2π )m

e−i
∑m

j=1 k j (i j−i j+1 )F (k), (C3)

where

F (k) = Tr

(
m∏

i=1

(
cki I + dkiσze

−2itξki σy
))

. (C4)

Using the identity (A2), the sums over i j , j = 1, . . . , m, in Eq. (C3) can be replaced by the integrals over uj ,

Tr (T m) =
(

�

2

)m ∫
[−1,1]m

dmu
∫

[−π,π]m

dmk
(2π )m

e− i
2 �

∑m
i=1 ki (ui−ui+1 )C(k)F (k), (C5)

with

C(k) =
m∏

i=1

ki − ki+1

2 sin
( ki−ki+1

2

) . (C6)

Introducing the new variables

zi =
{

u1 i = 1
ui+1 − ui i = 2, . . . , m,

(C7)

Equation (C5) can be rewritten as

Tr(T m) =
(

�

2

)m ∫
Rz

dmz
∫

[−π,π]m

dmk
(2π )m

e− i
2 �

∑m
i=2 zi (ki−k1 )C(k)F (k), (C8)

where the integral domain Rz is

Rz :
j∑

i=1

zi ∈ [−1, 1] ∀ j ∈ {1, 2, . . . , m}. (C9)

Since the integrand in Eq. (C8) is independent of z1, the integral over it can be easily calculated. We find

Tr(T m) =
(

�

2

)m ∫
Rm−1

dm−1z
∫

[−π,π]m

dmk
(2π )m

e− i
2 �

∑m
i=2 zi (ki−k1 )ν(z)C(k)F (k), (C10)

with

ν(z) = max

⎡
⎣0, 2 − max

1� j�m

⎛
⎝ j∑

i=2

zi

⎞
⎠ + min

1� j�m

⎛
⎝ j∑

i=2

zi

⎞
⎠
⎤
⎦. (C11)

Expanding F (k), the right-hand side of Eq. (C10) can be written as

Tr(T m) = 2

(
�

2

)m ∫
Rm−1

dm−1z
∫

[−π,π]m

dmk
(2π )m

e− i
2 �

∑m
i=2 zi (ki−k1 )ν(z)C(k)

×
� m

2 �∑
p=0

∑
1� j1< j2,..., j2p�m

⎛
⎜⎝ ∏

i/∈{ j1,.., j2p}
cki

⎞
⎟⎠
⎛
⎝ 2p∏

i=1

dkji

⎞
⎠ cos

⎛
⎝2t

2p∑
i=1

(−1)iξk ji

⎞
⎠. (C12)

Since the integral is invariant under the permutations z ji ↔ zi and k ji ↔ ki, Eq. (C12) can be rewritten as

Tr(T m) =
(

�

2

)m ∫ π

−π

dk1

2π

� m
2 �∑

p=0

(
m
2p

)
I2p(k1), (C13)
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where

I2p(k1) =
∫
Rm−1

dm−1z
∫

[−π,π]m−1

dm−1k
(2π )m−1

C(k)ν(z)

⎛
⎝ m∏

i=2p+1

cki

⎞
⎠
⎛
⎝ 2p∏

i=1

dki

⎞
⎠ei�ϑ (k,z) + c.c., (C14)

with

ϑ (k, z) = 1

2

m∑
i=2

zi(ki − k1) − 2ζ

2p∑
i=1

(−1)iξki . (C15)

Observing that the phase factor of the integrand in I2p(k1) rapidly oscillates for � � 1, we can evaluate its asymptotic form
in the ballistic limit by applying the multidimensional stationary-phase approximation (A14). The stationary points of I2p(k1)
are obtained by solving the equation ∇ϑ (k̄, z̄) = 0 and read

k̄i = k1, z̄i =
{

4ζ (−1)ivk1 i = 2, . . . , 2p
0 i > 2p.

(C16)

At the stationary points, we have

C
(
k̄
)⎛⎝ m∏

i=2p+1

ck̄i

⎞
⎠
⎛
⎝ 2p∏

i=1

dk̄i

⎞
⎠ = cm−2p

k1
d2p

k1
, (C17)

ν(z̄) =
{

2 p = 0

2xk1 (ζ ) p > 0,
ϑ (k̄, z̄) = 0, (C18)

and

|detH(ϑ (k̄, z̄))| = 41−m, sgn[H(ϑ (k̄, z̄))] = 0. (C19)

Applying the stationary-phase approximation (A14) to Eq. (C14) and using Eqs. (C17)–(C19), we obtain

I2p(kx ) �
(

2

�

)m−1

cm−2p
kx

d2p
kx

×
{

2 p = 0

2xkx (ζ ) p > 0.
(C20)

Here we rewrote k1 as kx. Inserting Eq. (C20) into Eq. (C13), we arrive at

Tr(T m) � 2�

∫ π

−π

dkx

2π
cm

kx
+ 2�

∫ π

−π

dkx

2π
xkx (ζ )

� m
2 �∑

p=1

(
m
2p

)
cm−2p

kx
d2p

kx
,

and, performing the sum in the integrand,

Tr(T m) � 2�

∫ π

−π

dkx

2π

[
1 − xkx (ζ )

]
cm

kx
+ �

∫ π

−π

dkx

2π
xkx (ζ )

[(
ckx + dkx

)m + (
ckx − dkx )m

]
. (C21)

APPENDIX D: DERIVATION OF EQS. (84) AND (106)

Here we employ the results of Appendix C to derive Eqs. (84) and (106).
Equation (84). We expand Eq. (72) in terms of �ky,χ (t ) as

Aχ (t ) = 1

2VA

∑
ky

∞∑
m=1

(
Tr
(
�̃m

ky,χ

)
m

−
Tr
(
�̃m

ky,0

)
m

)
, (D1)

where �̃ky,χ (t ) = I − �ky,χ (t )/γ and γ is a positive constant larger than the largest eigenvalue of �ky,χ . We introduced γ

to ensure limm→∞ �̃m
ky,χ

= 0, but it should disappear in the final result because it is an arbitrary parameter. We can calculate

the moments of �̃ky,χ applying directly Eq. (C21). The symbol of �̃ky,χ is I − λk(t )/γ , where λk(t ) was defined in Eq. (68).
Identifying ckx and dkx with 1 − cos(θk )/γ and sinh(θk ) cos(χ )/γ , respectively, Eq. (C21) reduces to

Tr
(
�̃ky,χ (t )m

) � �

∫ π

−π

dkx

2π
xkx (ζ )

[(
1 − cosh(θk )

γ
− sinh(θk ) cos(χ )

γ

)m

+
(

1 − cosh(θk )

γ
+ sinh(θk ) cos(χ )

γ

)m]
+ 2

∫ π

−π

dkx

2π
min (�, 2t |vkx |)

(
1 − cosh (θ)

γ

)m

. (D2)

Inserting Eq. (D2) into Eq. (D1) and performing the summation over m, we obtain Eq. (84).
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Equation (106). Let us start from Eq. (105) and take first the term ln(
(t ) + 
(∞)). We expand it in terms of �ky (t ) :=
I − 
ky (t ) − 
ky (∞) as

ln det
[

ky (t ) + 
ky (∞)

] = Tr ln
[
I − �ky (t )

] = −
∞∑

m=1

Tr
[[

�ky (t )
]m]

m
. (D3)

In the thermodynamic limit Lx → ∞, �ky (t ) becomes a block-Toeplitz matrix generated by the symbol

φk(t ) = I − gk(t ) − gk(∞) = (1 − cosh θk )I − sinh θk

2
σze

−2itξkσy . (D4)

Identifying ckx with 1 − cosh(θk ) and dkx with − sinh(θk )/2 in Eq. (C21), we find

Tr
([

�ky (t )
]m) � �

∫ π

−π

dkx

2π
xkx (ζ ){[1 − cosh(θk ) + sinh(θk )/2]m

+ [1 − cosh(θk ) − sinh(θk )/2]m} + 2�

∫ π

−π

dkx

2π
min

(
1, 2ζ

∣∣vkx

∣∣)(−1)m cosh(θk )m. (D5)

Inserting Eq. (D5) into Eq. (D3) and performing the summation over m, we obtain

ln det
[

ky (t ) + 
ky (∞)

]
(D6)

� �

∫ π

−π

dkx

2π
xkx (ζ ) ln

(
1 + 3

4
sinh2(θk )

)
+ 2�

∫ π

−π

dkx

2π
min

(
1, 2ζ

∣∣vkx

∣∣) ln[cosh(θk )]. (D7)

We move now on to study the term ln det C+
ky

(t ) of Eq. (105). The matrix C+
ky

(t ) is a product of block-Toeplitz matrices and, in
general, it is not a block-Toeplitz matrix. However, for large �, the product of block-Toeplitz matrices can be approximated as the
block-Toeplitz matrix generated by the product of the symbols of the factors, see e.g., Ref. [135]. This allows us to approximate
C+

ky
(t ) by the block-Toeplitz matrix generated by

c+
k (t ) = −2σy[gk(t ) + gk(∞)]−1[σy/4 + gk(∞)σygk(t )] = cosh θkI + sinh θkσze

−2itξkσy . (D8)

Taking this into account, the asymptotics of ln det C+
ny

(t ) can be calculated by expressing it in terms of the moments of I − C+
ky

and evaluating Tr((I − C+
ky

)m) using Eq. (C21). The result is

ln det C+
ny

(t ) �
∫ π

−π

dkx

2π
min

(
1, 2ζ

∣∣vkx

∣∣) ln[cosh(θk )]. (D9)

We finally calculate the term ln det C−
ky

(t ) [Eq. (105)]. As we have done for the matrix C+
ky

(t ), we approximate C−
ky

(t ) as the
block Toeplitz matrix generated by

c−
k (t ) =

√
I − (ckσy)−2/8 + I = I. (D10)

The above equation implies that C−
ny

(t ) � I for � � 1 because the block-Toeplitz matrix with symbol the identity is the identity.
We thus obtain

ln det C−
ny

(t ) � 0. (D11)

Applying the results of Eqs. (D7), (D9), and (D11) in Eq. (105), we finally obtain Eq. (106).

APPENDIX E: DERIVATION OF EQ. (85)

In this Appendix, we obtain the asymptotic expression (85) for Bχ (t ). To this end, we rewrite Eq. (73) as

Bχ (t ) = 4n0 sin
(

χ

2

)2

�γ
uT [I − �̃0,χ (t )]−1u. (E1)

Since limm→∞[�̃ky,χ (t )]m = 0, we can perform the Neumann expansion of [I − �̃0,χ (t )]−1 in the above equation and obtain

Bχ (t ) = 4n0 sin
(

χ

2

)2

�γ

∞∑
m=0

uT [�̃0,χ (t )]mu. (E2)

Once again, the asymptotic form of ηm := uT [�̃0,χ (t )]mu in the ballistic limit can be derived by applying the multidimensional
stationary-phase method. In the thermodynamic limit, �̃ky,χ is the block-Toeplitz matrix with symbol λ̃k = I − λk/γ . Therefore,

043304-22



QUENCHING FROM SUPERFLUID TO FREE BOSONS … PHYSICAL REVIEW A 111, 043304 (2025)

using the identity (A2), ηm can be written as

ηm =
(

�

2

)m+1 ∫
[−1,1]m+1

m∏
i=0

dui

∫
[−π,π]m

m∏
i=1

dki

2π
C(k)G(k)e− i

2 �
∑m

i=1 ki (ui−1−ui ), (E3)

where C(k) was defined in (C6) and

G(k) = (0, 1)

(
m∏

i=1

λ̃ki

)(
0
1

)
. (E4)

Using the identity,

1 =
∫ π

−π

dk0e
i
2 �k0(i0−im )δ(k0), (E5)

Equation (E3) can be written as

ηm = 2π

(
�

2

)m+1 ∫
[−1,1]m+1

m∏
i=0

dui

∫
[−π,π]m+1

m∏
i=0

dki

2π
C(k)G(k)e

i
2 �

∑m
i=0 ki (ui−ui−1 )δ(k0). (E6)

In the ballistic limit � � 1, the δ function δ(k0) can be expressed as

δ(k0) � d�(k0), d�(k0) = sin2
(

�k0
2

)
2π� sin2

( k0
2

) . (E7)

Inserting Eq. (E7) into Eq. (E6), we obtain

ηm � 2π

(
�

2

)m+1 ∫
[−1,1]m+1

m∏
i=0

dui

∫
[−π,π]m+1

m∏
i=0

dki

2π
C(k)G(k)e

i
2 �

∑m
i=0 ki (ui−ui−1 )d�(k0). (E8)

Introducing the new variables

zi =
{

u0 i = 0
ui − ui−1 i = 1, . . . , m,

(E9)

and, taking the integral over z0, Eq. (E8) can be written as

ηm � 2π

(
�

2

)m+1 ∫
Rm

m∏
i=1

dzi

∫
[−π,π]m+1

m∏
i=0

dki

2π
ν(z)C(k)G(k)e

i
2 �

∑m
i=1 zi (ki−k0 )d�(k0), (E10)

where

ν(z) = max

⎡
⎣0, 2 − max

j∈[0,m]

⎛
⎝ j∑

i=1

zi

⎞
⎠ + min

j∈[0,m]

⎛
⎝ j∑

i=1

zi

⎞
⎠
⎤
⎦. (E11)

The explicit calculation of the product of matrices λ̃ky in G(k) gives

G(k) =
m∑

p=0

∑
1� j1<...< jp�m

cos

(
2t

p∑
i=1

(−1)iξk ji

)⎡
⎣ p∏

j=1

(
sinh

(
θk ji

)
cos(χ )

γ

)⎤
⎦
⎡
⎢⎣ ∏

i/∈{ j1,..., jp}

(
1 − cosh

(
θki

)
γ

)⎤⎥⎦. (E12)

Using this expression and taking into account that the integral is invariant under the permutations z ji ↔ zi−1 and k ji ↔ ki−1, we
obtain

ηm �
(

�

2

)m+1 ∫ π

−π

dk0d�(k0)
m∑

p=0

(
m
p

)
Re[Ĩp(k0)]. (E13)

with

Ĩp(k0) =
∫
Rm

m∏
i=1

dzi

∫
[−π,π]m

m∏
i=1

dki

2π
D(k, z)ei�ϕ(k,z), (E14)
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where

D(k, z) = ν(z)C(k)

⎡
⎣m−1∏

i=p

(
1 − cosh

(
θki

)
γ

)⎤⎦
⎡
⎣p−1∏

i=0

(
sinh

(
θki

)
cos(χ )

γ

)⎤⎦, (E15)

and

ϕ(k, z) = 1

2

m∑
i=1

zi(ki − k0) − 2ζ

p−1∑
i=0

(−1)iξki . (E16)

We now evaluate Ĩp(k0) using the stationary-phase approximation. The stationary points in the present case are given by
∇ϕ(k̄, z̄) = 0 and read

k̄i = k0, z̄i =
{

4ζ (−1)ivk0 , i = 1, . . . , p − 1
0, i = p, . . . , m.

(E17)

At the stationary points (E17), we have

|det[H (ϕ(k̄, z̄))]| = 41−m, sgn[H (ϕ(k̄, z̄))] = 0, (E18)

D(k̄, z̄) =
(

1 − cosh(θkx )

γ

)m−p( sinh(θkx ) cos(χ )

γ

)p

×
{

2 p = 0, 1
2xk0 (ζ ) p = 2, 3, . . . , m,

(E19)

and

ϕ(k̄, z̄) =
{

0, p even

2ζ ξk0 , p odd.
(E20)

Applying the formula (A14) to Eq. (E14) and using Eqs. (E18), (E20), and (E19), we obtain

Ĩp(kx ) �
(

4π

�

)m
(

1 − cosh
(
θkx

)
γ

)m−p(
sinh

(
θkx

)
cos(χ )

γ

)p

×

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

2 p = 0

2e−2itξkx p = 1

2xkx (ζ ) p = 2, 4, 6, . . .

2xkx (ζ )e−2itξkx p = 3, 5, 7, . . . .

(E21)

Here we have rewritten k0 as kx. Substituting Eq. (E21) into Eq. (E13) and performing the sum over p, we arrive at

uT [�̃0,χ (t )]mu � �

∫ π

−π

dkxd�(kx )xkx (ζ )

×
[(

1 − cosh
(
θkx

)
γ

+ sinh
(
θkx

)
cos(χ )

γ

)m

cos2
(
tξkx

) +
(

1 − cosh
(
θkx

)
γ

− sinh
(
θkx

)
cos(χ )

γ

)m

sin2
(
tξkx

)]

+ �

∫ π

−π

dkxd�(kx )
[
1 − xkx (ζ )

][(
1 − cosh(θk )

γ

)m

+ m

(
1 − cosh(θk )

γ

)m−1 sinh
(
θkx

)
cos(χ )

γ
cos

(
2tξkx

)]
,

(E22)

where ξkx = ξ(kx,0). Inserting this expression in Eq. (E2) and performing the summation over m, we finally find Eq. (85) of the
main text.

[1] A. Polkovnikov, K. Sengupta, A. Silva, and M. Vengalattore,
Nonequilibrium dynamics of closed interacting quantum sys-
tems, Rev. Mod. Phys. 83, 863 (2011).

[2] C. Gogolin and J. Eisert, Equilibration, thermalisation, and the
emergence of statistical mechanics in closed quantum systems,
Rep. Prog. Phys. 79, 056001 (2016).

[3] P. Calabrese, F. H. L. Essler, and G. Mussardo, Introduction
to quantum integrability in out of equilibrium systems, J. Stat.
Mech.: Theory Exp. (2016) 064001.

[4] J. M. Deutsch, Quantum statistical mechanics in a closed sys-
tem, Phys. Rev. A 43, 2046 (1991).

[5] M. Srednicki, Chaos and quantum thermalization, Phys. Rev.
E 50, 888 (1994).

[6] M. Rigol, V. Dunjko, V. Yurovsky, and M. Olshanii, Relax-
ation in a completely integrable many-body quantum system:
An ab initio study of the dynamics of the highly excited states
of 1D lattice hard-core bosons, Phys. Rev. Lett. 98, 050405
(2007).

043304-24

https://doi.org/10.1103/RevModPhys.83.863
https://doi.org/10.1088/0034-4885/79/5/056001
https://doi.org/10.1088/1742-5468/2016/06/064001
https://doi.org/10.1103/PhysRevA.43.2046
https://doi.org/10.1103/PhysRevE.50.888
https://doi.org/10.1103/PhysRevLett.98.050405


QUENCHING FROM SUPERFLUID TO FREE BOSONS … PHYSICAL REVIEW A 111, 043304 (2025)

[7] T. Barthel and U. Schollwock, Dephasing and the steady
state in quantum many-particle systems, Phys. Rev. Lett. 100,
100601 (2008).

[8] M. Cramer, C. M. Dawson, J. Eisert, and T. J. Osborne, Exact
relaxation in a class of nonequilibrium quantum lattice sys-
tems, Phys. Rev. Lett. 100, 030602 (2008).

[9] P. Calabrese, F. H. L. Essler, and M. Fagotti, Quantum
quenches in the transverse field Ising chain: II. Stationary state
properties, J. Stat. Mech. (2012) P07022.

[10] M. Fagotti and F. H. L. Essler, Reduced density matrix after a
quantum quench, Phys. Rev. B 87, 245107 (2013).

[11] L. Vidmar and M. Rigol, Generalized Gibbs ensemble in in-
tegrable lattice models, J. Stat. Mech.: Theory Exp. (2016)
064007.

[12] F. H. L. Essler and M. Fagotti, Quench dynamics and re-
laxation in isolated integrable quantum spin chains, J. Stat.
Mech.: Theory Exp. (2016) 064002.

[13] P. Calabrese and J. Cardy, Evolution of entanglement en-
tropy in one-dimensional systems, J. Stat. Mech.: Theory Exp.
(2005) P04010.

[14] J. M. Deutsch, H. Li, and A. Sharma, Microscopic origin of
thermodynamic entropy in isolated systems, Phys. Rev. E 87,
042135 (2013).

[15] V. Alba and P. Calabrese, Entanglement and thermodynamics
after a quantum quench in integrable systems, Proc. Natl.
Acad. Sci. USA 114, 7947 (2017).

[16] P. Calabrese, Entanglement and thermodynamics in non-
equilibrium isolated quantum systems, Phys. A (Amsterdam,
Neth.) 504, 31 (2018).

[17] M. Fagotti and P. Calabrese, Evolution of entanglement en-
tropy following a quantum quench: Analytic results for the
XY chain in a transverse magnetic field, Phys. Rev. A 78,
010306(R) (2008).

[18] V. Eisler and I. Peschel, Entanglement in a periodic quench,
Ann. Phys. (Berlin, Ger.) 520, 410 (2008).

[19] I. Peschel and V. Eisler, Reduced density matrices and en-
tanglement entropy in free lattice models, J. Phys. A: Math.
Theor. 42, 504003 (2009).

[20] M. G. Nezhadhaghighi and M. A. Rajabpour, Entanglement
dynamics in short- and long-range harmonic oscillators, Phys.
Rev. B 90, 205438 (2014).

[21] L. Bucciantini, M. Kormos, and P. Calabrese, Quantum
quenches from excited states in the Ising chain, J. Phys. A:
Math. Theor. 47, 175002 (2014).

[22] A. S. Buyskikh, M. Fagotti, J. Schachenmayer, F. Essler, and
A. J. Daley, Entanglement growth and correlation spreading
with variable-range interactions in spin and fermionic tunnel-
ing models, Phys. Rev. A 93, 053620 (2016).

[23] L. Hackl, E. Bianchi, R. Modak, and M. Rigol, Entanglement
production in bosonic systems: Linear and logarithmic growth,
Phys. Rev. A 97, 032321 (2018).

[24] G. Del Vecchio Del Vecchio, B. Doyon, and P. Ruggiero, En-
tanglement Rényi entropies from ballistic fluctuation theory:
The free fermionic case, SciPost Phys. Core 7, 005 (2024).

[25] V. Alba and P. Calabrese, Entanglement dynamics after quan-
tum quenches in generic integrable systems, SciPost Phys. 4,
017 (2018).

[26] V. Alba and P. Calabrese, Quench action and Rényi entropies
in integrable systems, Phys. Rev. B 96, 115421 (2017).

[27] M. Collura, M. Kormos, and P. Calabrese, Stationary entan-
glement entropies following an interaction quench in 1D Bose
gas, J. Stat. Mech.: Theory Exp. (2014) P01009.

[28] R. Modak, L. Piroli, and P. Calabrese, Correlation and entan-
glement spreading in nested spin chains, J. Stat. Mech.: Theory
Exp. (2019) 093106.

[29] R. Modak, V. Alba, and P. Calabrese, Entanglement revivals
as a probe of scrambling in finite quantum systems, J. Stat.
Mech.: Theory Exp. (2020) 083110.

[30] K. Klobas and B. Bertini, Entanglement dynamics in Rule 54:
Exact results and quasiparticle picture, SciPost Phys. 11, 107
(2021).

[31] K. Klobas, B. Bertini, and L. Piroli, Exact thermalization
dynamics in the “rule 54” quantum cellular automaton, Phys.
Rev. Lett. 126, 160602 (2021).

[32] P. Calabrese, Entanglement spreading in non-equilibrium inte-
grable systems, SciPost Phys. Lect. Notes 20 (2020).

[33] S. Yamashika, F. Ares, and P. Calabrese, Time evolution of
entanglement entropy after quenches in two-dimensional free
fermion systems: a dimensional reduction treatment, Phys.
Rev. B 109, 125122 (2024).

[34] M. Gibbins, A. Jafarizadeh, A. Gammon-Smith, and B.
Bertini, Quench dynamics in lattices above one dimension:
The free fermionic case, Phys. Rev. B 109, 224310 (2024).

[35] P. Calabrese and J. Cardy, Time-dependence of correlation
functions following a quantum quench, Phys. Rev. Lett. 96,
136801 (2006).

[36] V. Alba and P. Calabrese, Quantum information scrambling
after a quantum quench, Phys. Rev. B 100, 115150 (2019).

[37] V. Alba and P. Calabrese, Quantum information dynamics in
multipartite integrable systems, EPL 126, 60001 (2019).

[38] A. Coser, E. Tonni, and P. Calabrese, Entanglement negativity
after a global quantum quench, J. Stat. Mech.: Theory Exp.
(2014) P12017.

[39] S. Murciano, V. Alba, and P. Calabrese, Quench Dynamics of
Rényi Negativities and the Quasiparticle Picture, in Entan-
glement in Spin Chains, edited by A. Bayat, S. Bose, and H.
Johannesson (Springer, Berlin, 2022), p. 397.

[40] J. Dubail, Entanglement scaling of operators: A conformal
field theory approach, with a glimpse of simulability of long-
time dynamics in 1 + 1d, J. Phys. A: Math. Theor. 50, 234001
(2017).

[41] S. Gopalakrishnan, D. A. Huse, V. Khemani, and R. Vasseur,
Hydrodynamics of operator spreading and quasiparticle dif-
fusion in interacting integrable systems, Phys. Rev. B 98,
220303(R) (2018).

[42] A. Lerose, M. Sonner, and D. A. Abanin, Scaling of temporal
entanglement in proximity to integrability, Phys. Rev. B 104,
035137 (2021).

[43] G. Giudice, G. Giudici, M. Sonner, J. Thoenniss, A. Lerose,
D. A. Abanin, and L. Piroli, Temporal entanglement, quasi-
particles, and the role of interactions, Phys. Rev. Lett. 128,
220401 (2022).

[44] G. Parez, R. Bonsignori, and P. Calabrese, Quasiparticle dy-
namics of symmetry resolved entanglement after a quench: the
examples of conformal field theories and free fermions, Phys.
Rev. B 103, L041104 (2021).

[45] J. Kudler-Flam, Y. Kusuki, and S. Ryu, Correlation mea-
sures and the entanglement wedge cross-section after quantum

043304-25

https://doi.org/10.1103/PhysRevLett.100.100601
https://doi.org/10.1103/PhysRevLett.100.030602
https://doi.org/10.1088/1742-5468/2012/07/P07022
https://doi.org/10.1103/PhysRevB.87.245107
https://doi.org/10.1088/1742-5468/2016/06/064007
https://doi.org/10.1088/1742-5468/2016/06/064002
https://doi.org/10.1088/1742-5468/2005/04/P04010
https://doi.org/10.1103/PhysRevE.87.042135
https://doi.org/10.1073/pnas.1703516114
https://doi.org/10.1016/j.physa.2017.10.011
https://doi.org/10.1103/PhysRevA.78.010306
https://doi.org/10.1002/andp.20085200605
https://doi.org/10.1088/1751-8113/42/50/504003
https://doi.org/10.1103/PhysRevB.90.205438
https://doi.org/10.1088/1751-8113/47/17/175002
https://doi.org/10.1103/PhysRevA.93.053620
https://doi.org/10.1103/PhysRevA.97.032321
https://doi.org/10.21468/SciPostPhysCore.7.1.005
https://doi.org/10.21468/SciPostPhys.4.3.017
https://doi.org/10.1103/PhysRevB.96.115421
https://doi.org/10.1088/1742-5468/2014/01/P01009
https://doi.org/10.1088/1742-5468/ab39d5
https://doi.org/10.1088/1742-5468/aba9d9
https://doi.org/10.21468/SciPostPhys.11.6.107
https://doi.org/10.1103/PhysRevLett.126.160602
https://doi.org/10.21468/SciPostPhysLectNotes.20
https://doi.org/10.1103/PhysRevB.109.125122
https://doi.org/10.1103/PhysRevB.109.224310
https://doi.org/10.1103/PhysRevLett.96.136801
https://doi.org/10.1103/PhysRevB.100.115150
https://doi.org/10.1209/0295-5075/126/60001
https://doi.org/10.1088/1742-5468/2014/12/P12017
https://doi.org/10.1088/1751-8121/aa6f38
https://doi.org/10.1103/PhysRevB.98.220303
https://doi.org/10.1103/PhysRevB.104.035137
https://doi.org/10.1103/PhysRevLett.128.220401
https://doi.org/10.1103/PhysRevB.103.L041104


YAMASHIKA, CALABRESE, AND ARES PHYSICAL REVIEW A 111, 043304 (2025)

quenches in two-dimensional conformal field theories, J. High
Energy Phys. 04 (2020) 074.

[46] B. Bertini, K. Klobas, and T.-C. Lu, Entanglement negativity
and mutual information after a quantum quench: Exact link
from space-time duality, Phys. Rev. Lett. 129, 140503 (2022).

[47] F. Rottoli, C. Rylands, and P. Calabrese, Entanglement Hamil-
tonians and the quasiparticle picture, Phys. Rev. B 111,
L140302 (2025).

[48] V. Alba and F. Carollo, Spreading of correlations in Marko-
vian open quantum systems, Phys. Rev. B 103, L020302
(2021).

[49] F. Carollo and V. Alba, Dissipative quasiparticle picture for
quadratic Markovian open quantum systems, Phys. Rev. B
105, 144305 (2022).

[50] D. X. Horvath and C. Rylands, Full counting statistics of
charge in quenched quantum gases, Phys. Rev. A 109, 043302
(2024).

[51] B. Bertini, K. Klobas, V. Alba, G. Lagnese, and P. Calabrese,
Growth of Rényi entropies in interacting integrable models
and the breakdown of the quasiparticle picture, Phys. Rev. X
12, 031016 (2022).

[52] B. Bertini, P. Calabrese, M. Collura, K. Klobas, and
C. Rylands, Nonequilibrium full counting statistics and
symmetry-resolved entanglement from space-time duality,
Phys. Rev. Lett. 131, 140401 (2023).

[53] B. Bertini, K. Klobas, M. Collura, P. Calabrese, and C.
Rylands, Dynamics of charge fluctuations from asymmetric
initial states, Phys. Rev. B 109, 184312 (2024).

[54] F. Ares, S. Murciano, and P. Calabrese, Entanglement asym-
metry as a probe of symmetry breaking, Nat. Commun. 14,
2036 (2023).

[55] E. B. Mpemba and D. G. Osborne, Cool? Phys. Educ.
(Melville, NY, US) 4, 172 (1969).

[56] A. Lasanta, F. Vega Reyes, A. Prados, and A. Santos, When the
hotter cools more quickly: Mpemba effect in granular fluids,
Phys. Rev. Lett. 119, 148001 (2017).

[57] Z. Lu and O. Raz, Nonequilibrium thermodynamics of the
Markovian Mpemba effect and its inverse, Proc. Natl. Acad.
Sci. USA 114, 5083 (2017).

[58] I. Klich, O. Raz, O. Hirschberg, and M. Vucelja, The Mpemba
index and anomalous relaxation, Phys. Rev. X 9, 021060
(2019).

[59] G. Teza, R. Yaacobu, and O. Raz, Relaxation shortcuts through
boundary coupling, Phys. Rev. Lett. 131, 017101 (2023).

[60] A. Kumar and J. Bechhoefer, Exponentially faster cooling in a
colloidal system, Nature (London) 584, 64 (2020).

[61] A. Kumar, R. Chétrite, and J. Bechhoefer, Anomalous heat-
ing in a colloidal system, Proc. Natl. Acad. Sci. USA 119,
e2118484119 (2022).

[62] J. Bechhoefer, A. Kumar, and R. Chétrite, A fresh understand-
ing of the Mpemba effect, Nat. Rev. Phy 3, 534 (2021).

[63] A. N. Mikheev, V. Noel, I. Siovitz, H. Strobel, M. K.
Oberthaler, and J. Berges, Extracting the symmetries of
nonequilibrium quantum many-body systems, SciPost Phys.
18, 044 (2025).

[64] S. Murciano, F. Ares, I. Klich, and P. Calabrese, Entanglement
asymmetry and quantum Mpemba effect in the XY spin chain,
J. Stat. Mech.: Theory Exp. (2024) 013103.

[65] K. Chalas, F. Ares, C. Rylands, and P. Calabrese, Multiple
crossing during dynamical symmetry restoration and implica-

tions for the quantum Mpemba effect, J. Stat. Mech.: Theory
Exp. (2024) 103101.

[66] F. Caceffo, S. Murciano, and V. Alba, Entangled multiplets,
asymmetry, and quantum Mpemba effect in dissipative sys-
tems, J. Stat. Mech.: Theory Exp. (2024) 063103.

[67] F. Ares, V. Vitale, and S. Murciano, Quantum Mpemba effect
in free-fermionic mixed states, Phys. Rev. B 111, 104312
(2025).

[68] C. Rylands, K. Klobas, F. Ares, P. Calabrese, S. Murciano, and
B. Bertini, Microscopic origin of the quantum Mpemba effect
in integrable systems, Phys. Rev. Lett. 133, 010401 (2024).

[69] K. Klobas, Non-equilibrium dynamics of symmetry-resolved
entanglement and entanglement asymmetry: Exact asymp-
totics in Rule 54, J. Phys. A: Math. Theor. 57, 505001 (2024).

[70] A. Foligno, P. Calabrese, and B. Bertini, Non-equilibrium
dynamics of charged dual-unitary circuits, PRX Quantum 6,
010324 (2025).

[71] C. Rylands, E. Vernier, and P. Calabrese, Dynamical symmetry
restoration in the Heisenberg spin chain, J. Stat. Mech.: Theory
Exp. (2024) 123102.

[72] S. Yamashika, F. Ares, and P. Calabrese, Entanglement
asymmetry and quantum Mpemba effect in two-dimensional
free-fermion systems, Phys. Rev. B 110, 085126 (2024).

[73] F. Benini, V. Godet, and A. H. Singh, Entanglement
asymmetry in conformal field theory and holography,
arXiv:2407.07969.

[74] S. Liu, H.-K. Zhang, S. Yin, and S.-X. Zhang, Symmetry
restoration and quantum Mpemba effect in symmetric random
circuits, Phys. Rev. Lett. 133, 140405 (2024).

[75] X. Turkeshi, P. Calabrese, and A. De Luca, Quantum Mpemba
effect in random circuits, arXiv:2405.14514.

[76] S. Liu, H.-K. Zhang, S. Yin, S.-X. Zhang, and H. Yao,
Quantum Mpemba effects in many-body localization systems,
arXiv:2408.07750.

[77] A. Nava and M. Fabrizio, Lindblad dissipative dynamics in
the presence of phase coexistence, Phys. Rev. B 100, 125102
(2019).

[78] S. Kochsiek, F. Carollo, and I. Lesanovsky, Accelerating the
approach of dissipative quantum spin systems towards station-
arity through global spin rotations, Phys. Rev. A 106, 012207
(2022).

[79] F. Carollo, A. Lasanta, and I. Lesanovsky, Exponentially ac-
celerated approach to stationarity in Markovian open quantum
systems through the Mpemba effect, Phys. Rev. Lett. 127,
060401 (2021).

[80] S. K. Manikandan, Equidistant quenches in few-level quantum
systems, Phys. Rev. Res. 3, 043108 (2021).

[81] F. Ivander, N. Anto-Sztrikacs, and D. Segal, Hyper- accel-
eration of quantum thermalization dynamics by by- passing
long-lived coherences: An analytical treatment, Phys. Rev. E
108, 014130 (2023).

[82] A. K. Chatterjee, S. Takada, and H. Hayakawa, Quantum
Mpemba effect in a quantum dot with reservoirs, Phys. Rev.
Lett. 131, 080402 (2023).

[83] A. K. Chatterjee, S. Takada, and H. Hayakawa, Multiple quan-
tum Mpemba effect: exceptional points and oscillations, Phys.
Rev. A 110, 022213 (2024).

[84] D. J. Strachan, A. Purkayastha, and S. R. Clark, Non-
Markovian quantum Mpemba effect, arXiv:2402.05756.

[85] M. Moroder, O. Culhane, K. Zawadzki, and J. Goold, The

043304-26

https://doi.org/10.1007/JHEP04(2020)074
https://doi.org/10.1103/PhysRevLett.129.140503
https://doi.org/10.1103/PhysRevB.111.L140302
https://doi.org/10.1103/PhysRevB.103.L020302
https://doi.org/10.1103/PhysRevB.105.144305
https://doi.org/10.1103/PhysRevA.109.043302
https://doi.org/10.1103/PhysRevX.12.031016
https://doi.org/10.1103/PhysRevLett.131.140401
https://doi.org/10.1103/PhysRevB.109.184312
https://doi.org/10.1038/s41467-023-37747-8
https://doi.org/10.1088/0031-9120/4/3/312
https://doi.org/10.1103/PhysRevLett.119.148001
https://doi.org/10.1073/pnas.1701264114
https://doi.org/10.1103/PhysRevX.9.021060
https://doi.org/10.1103/PhysRevLett.131.017101
https://doi.org/10.1038/s41586-020-2560-x
https://doi.org/10.1073/pnas.2118484119
https://doi.org/10.1038/s42254-021-00349-8
https://doi.org/10.21468/SciPostPhys.18.2.044
https://doi.org/10.1088/1742-5468/ad17b4
https://doi.org/10.1088/1742-5468/ad769c
https://doi.org/10.1088/1742-5468/ad4537
https://doi.org/10.1103/PhysRevB.111.104312
https://doi.org/10.1103/PhysRevLett.133.010401
https://doi.org/10.1088/1751-8121/ad91fd
https://doi.org/10.1103/PRXQuantum.6.010324
https://doi.org/10.1088/1742-5468/ad97b3
https://doi.org/10.1103/PhysRevB.110.085126
https://arxiv.org/abs/2407.07969
https://doi.org/10.1103/PhysRevLett.133.140405
https://arxiv.org/abs/2405.14514
https://arxiv.org/abs/2408.07750
https://doi.org/10.1103/PhysRevB.100.125102
https://doi.org/10.1103/PhysRevA.106.012207
https://doi.org/10.1103/PhysRevLett.127.060401
https://doi.org/10.1103/PhysRevResearch.3.043108
https://doi.org/10.1103/PhysRevE.108.014130
https://doi.org/10.1103/PhysRevLett.131.080402
https://doi.org/10.1103/PhysRevA.110.022213
https://arxiv.org/abs/2402.05756


QUENCHING FROM SUPERFLUID TO FREE BOSONS … PHYSICAL REVIEW A 111, 043304 (2025)

thermodynamics of the quantum Mpemba effect, Phys. Rev.
Lett. 133, 140404 (2024).

[86] L. P. Bettmann and J. Goold, Information geometry approach
to quantum stochastic thermodynamics, Phys. Rev. E 111,
014133 (2025).

[87] A. Nava and R. Egger, Mpemba effects in open nonequilib-
rium quantum systems, Phys. Rev. Lett. 133, 136302 (2024).

[88] S. Longhi, Photonic Mpemba effect, Opt. Lett. 49, 5188
(2024).

[89] X. Wang, J. Su, and J. Wang, Mpemba meets quantum chaos:
Anomalous relaxation and Mpemba crossings in dissipative
Sachdev-Ye-Kitaev models, arXiv:2410.06669.

[90] M. Boubakour, S. Endo, T. Fogarty, and T. Busch, Dynami-
cal invariant based shortcut to equilibration in open quantum
systems, Quantum Sci. Technol. 10, 025036 (2025).

[91] L. Kh. Joshi, J. Franke, A. Rath, F. Ares, S. Murciano, F.
Kranzl, R. Blatt, P. Zoller, B. Vermersch, P. Calabrese, C. F.
Roos, and M. K. Joshi, Observing the quantum Mpemba effect
in quantum simulations, Phys. Rev. Lett. 133, 010402 (2024).

[92] S. A. Shapira, Y. Shapira, J. Markov, G. Teza, N. Akerman,
O. Raz, and R. Ozeri, The Mpemba effect demonstrated on a
single trapped ion qubit, Phys. Rev. Lett. 133, 010403 (2024).

[93] J. Zhang, G. Xia, C.-W. Wu, T. Chen, Q. Zhang, Y. Xie, W.-B.
Su, W. Wu, C.-W. Qiu, P.-X. Chen, W. Li, H. Jing, and Y.-
L. Zhou, Observation of quantum strong Mpemba effect, Nat.
Commun. 16, 301 (2025).

[94] C. Gross and I. Bloch, Quantum simulations with ultracold
atoms in optical lattices, Science 357, 995 (2017).

[95] W. Hofstetter and T. Qin, Quantum simulation of strongly
correlated condensed matter systems, J. Phys. B: At., Mol.
Opt. Phys. 51, 082001 (2018).

[96] R. Blatt and C. F. Roos, Quantum simulations with trapped
ions, Nat. Phys. 8, 277 (2012).

[97] M. P. A. Fisher, P. B. Weichman, G. Grinstein, and D. S.
Fisher, Boson localization and the superfluid-insulator transi-
tion, Phys. Rev. B 40, 546 (1989).

[98] D. Jaksch, C. Bruder, J. I. Cirac, C. W. Gardiner, and P. Zoller,
Cold bosonic atoms in optical lattices, Phys. Rev. Lett. 81,
3108 (1998).

[99] S. Sachdev, Quantum Phase Transitions (Cambridge Univer-
sity Press, Cambridge, 2011).

[100] I. Bloch, J. Dalibard, and W. Zwerger, Many-body physics
with ultracold gases, Rev. Mod. Phys. 80, 885 (2008).

[101] M. Greiner, O. Mandel, T. Esslinger, T. W. Hänsch, and I.
Bloch, Quantum phase transition from a superfluid to a Mott
insulator in a gas of ultracold atoms, Nature (London) 415, 39
(2002).

[102] S. Trotzky, Y.-A. Chen, A. Flesch, I. P. McCulloch, U.
Schollwöck, J. Eisert, and I. Bloch, Probing the relaxation
towards equilibrium in an isolated strongly correlated 1D Bose
gas, Nat. Phys. 8, 325 (2012).

[103] R. Islam, R. Ma, P. M. Preiss, M. Eric Tai, A. Lukin, M.
Rispoli, and M. Greiner, Measuring entanglement entropy in a
quantum many-body system, Nature (London) 528, 77 (2015).

[104] A. M. Kaufman, M. E. Tai, A. Lukin, M. Rispoli, R. Schittko,
P. M. Preiss, and M. Greiner, Quantum thermalization through
entanglement in an isolated many-body system, Science 353,
794 (2016).

[105] M. Cheneau, P. Barmettler, D. Poletti, M. Endres, P. Schauß, T.
Fukuhara, C. Gross, I. Bloch, C. Kollath, and S. Kuhr, Light-

cone-like spreading of correlations in a quantum many-body
system, Nature (London) 481, 484 (2012).

[106] Y. Takasu, T. Yagami, H. Asaka, Y. Fukushima, K. Nagao, S.
Goto, I. Danshita, and Y. Takahashi, Energy redistribution and
spatiotemporal evolution of correlations after a sudden quench
of the Bose-Hubbard model, Sci. Adv. 6, eaba9255 (2020).

[107] S. Yamashika, D. Kagamihara, R. Yoshii, and S. Tsuchiya,
Evolution of entanglement entropy in strongly correlated
bosons in an optical lattice, Phys. Rev. Res. 5, 043102 (2023).

[108] D. Kagamihara, R. Kaneko, S. Yamashika, K. Sugiyama, R.
Yoshii, S. Tsuchiya, and I. Danshita, Rényi entanglement en-
tropy after a quantum quench starting from insulating states in
a free boson system, Phys. Rev. A 107, 033305 (2023).

[109] K. V. Krutitsky, P. Navez, F. Queisser, and R. Schützhold,
Propagation of quantum correlations after a quench in the
Mott-insulator regime of the Bose-Hubbard model, EPJ
Quantum Technol. 1, 12 (2014).

[110] R. Kaneko and I. Danshita, Tensor-network study of
correlation-spreading dynamics in the two-dimensional Bose-
Hubbard model, Commun. Phys. 5, 65 (2022).

[111] T. C. Choy and F. D. M. Haldane, Failure of Bethe-Ansatz
solutions of generalisations of the Hubbard chain to arbitrary
permutation symmetry, Phys. Lett. A 90, 83 (1982).

[112] A. R. Kolovsky and A. Buchleitner Quantum chaos in the
Bose-Hubbard model, Europhys. Lett. 68, 632 (2004).

[113] N. Bogoliubov, On the theory of superfluidity, J. Phys. (USSR)
11, 23 (1947).

[114] T. Guaita, L. Hackl, T. Shi, C. Hubig, E. Demler, and J. I.
Cirac, Gaussian time dependent variational principle for the
Bose-Hubbard model, Phys. Rev. B 100, 094529 (2019).

[115] M. Bijlsma and H. T. C. Stoof, Variational approach to the
dilute Bose gas, Phys. Rev. A 55, 498 (1997).

[116] E. Altman and A. Auerbach, Oscillating superfluidity of
bosons in optical lattices, Phys. Rev. Lett. 89, 250404 (2002).

[117] D. B. M. Dickerscheid, D. van Oosten, P. J. H. Denteneer, and
H. T. C. Stoof, Ultracold atoms in optical lattices, Phys. Rev.
A 68, 043623 (2003).

[118] K. Sengupta and N. Dupuis, Mott-insulator to superfluid
transition in the Bose-Hubbard model: A strong-coupling ap-
proach, Phys. Rev. A 71, 033629 (2005).

[119] S. D. Huber, B. Theiler, E. Altman, and G. Blatter, Ampli-
tude mode in the quantum phase model, Phys. Rev. Lett. 100,
050404 (2008).

[120] M. Knap, E. Arrigoni, and W. von der Linden, Variational
cluster approach for strongly correlated lattice bosons in the
superfluid phase, Phys. Rev. B 83, 134507 (2011).

[121] D. Pekker, B. Wunsch, T. Kitagawa, E. Manousakis, A. S.
Sørensen, and E. Demler, Signatures of the superfluid to Mott
insulator transition in equilibrium and in dynamical ramps,
Phys. Rev. B 86, 144527 (2012).

[122] D. van Oosten, P. van der Straten, and H. T. C. Stoof, Quantum
phases in an optical lattice, Phys. Rev. A 63, 053601 (2001).

[123] V. Alba, M. Haque, and A. M. Laeuchli, Entanglement spec-
trum of the two dimensional Bose-Hubbard model, Phys. Rev.
Lett. 110, 260403 (2013).

[124] I. Frérot and T. Roscilde, Entanglement entropy across the
superfluid-insulator transition: A signature of bosonic critical-
ity, Phys. Rev. Lett. 116, 190401 (2016).

[125] I. Peschel, Calculation of reduced density matrices from cor-
relation functions, J. Phys. A: Math. Gen. 36, L205 (2003).

043304-27

https://doi.org/10.1103/PhysRevLett.133.140404
https://doi.org/10.1103/PhysRevE.111.014133
https://doi.org/10.1103/PhysRevLett.133.136302
https://doi.org/10.1364/OL.532503
https://arxiv.org/abs/2410.06669
https://doi.org/10.1088/2058-9565/adbcce
https://doi.org/10.1103/PhysRevLett.133.010402
https://doi.org/10.1103/PhysRevLett.133.010403
https://doi.org/10.1038/s41467-024-54303-0
https://doi.org/10.1126/science.aal3837
https://doi.org/10.1088/1361-6455/aaa31b
https://doi.org/10.1038/nphys2252
https://doi.org/10.1103/PhysRevB.40.546
https://doi.org/10.1103/PhysRevLett.81.3108
https://doi.org/10.1103/RevModPhys.80.885
https://doi.org/10.1038/415039a
https://doi.org/10.1038/nphys2232
https://doi.org/10.1038/nature15750
https://doi.org/10.1126/science.aaf6725
https://doi.org/10.1038/nature10748
https://doi.org/10.1126/sciadv.aba9255
https://doi.org/10.1103/PhysRevResearch.5.043102
https://doi.org/10.1103/PhysRevA.107.033305
https://doi.org/10.1140/epjqt12
https://doi.org/10.1038/s42005-022-00848-9
https://doi.org/10.1016/0375-9601(82)90057-3
https://doi.org/10.1209/epl/i2004-10265-7
https://doi.org/10.1103/PhysRevB.100.094529
https://doi.org/10.1103/PhysRevA.55.498
https://doi.org/10.1103/PhysRevLett.89.250404
https://doi.org/10.1103/PhysRevA.68.043623
https://doi.org/10.1103/PhysRevA.71.033629
https://doi.org/10.1103/PhysRevLett.100.050404
https://doi.org/10.1103/PhysRevB.83.134507
https://doi.org/10.1103/PhysRevB.86.144527
https://doi.org/10.1103/PhysRevA.63.053601
https://doi.org/10.1103/PhysRevLett.110.260403
https://doi.org/10.1103/PhysRevLett.116.190401
https://doi.org/10.1088/0305-4470/36/14/101


YAMASHIKA, CALABRESE, AND ARES PHYSICAL REVIEW A 111, 043304 (2025)

[126] A. Botero and B. Reznik, Spatial structures and localization of
vacuum entanglement in the linear harmonic chain, Phys. Rev.
A 70, 052329 (2004).

[127] L. Banchi, S. L. Braunstein, and S. Pirandola, Quantum fi-
delity for arbitrary Gaussian states, Phys. Rev. Lett. 115,
260501 (2015).

[128] M. Cramer, J. Eisert, M. B. Plenio, and J. Dreissig, An
entanglement-area law for general bosonic harmonic lattice
systems, Phys. Rev. A 73, 012309 (2006).

[129] M. C. Chung and I. Peschel, Density-matrix spectra for two-
dimensional quantum systems, Phys. Rev. B 62, 4191 (2000).

[130] F. Ares, J. G. Esteve, F. Falceto, and E. Sánchez-Burillo,
Excited state entanglement in homogeneous fermionic chains,
J. Phys. A: Math. Theor. 47, 245301 (2014).

[131] S. Murciano, P. Ruggiero, and P. Calabrese, Symmetry
resolved entanglement in two-dimensional systems via dimen-
sional reduction, J. Stat. Mech.: Theory Exp. (2020) 083102.

[132] P. Calabrese, F. H. L. Essler, and M. Fagotti, Quantum quench
in the transverse field Ising chain I: Time evolution of order
parameter correlators, J. Stat. Mech. (2012) P07016.

[133] Z. Ma, C. Han, Y. Meir, and E. Sela, Symmetric inseparability
and number entanglement in charge conserving mixed states,
Phys. Rev. A 105, 042416 (2022).

[134] C. Han, Y. Meir, and E. Sela, Realistic protocol to measure en-
tanglement at finite temperatures, Phys. Rev. Lett. 130, 136201
(2023).

[135] F. Ares, S. Murciano, E. Vernier, and P. Calabrese, Lack of
symmetry restoration after a quantum quench: an entangle-
ment asymmetry study, SciPost Phys. 15, 089 (2023).

[136] B. J. J. Khor, D. M. Kürkçüoglu, T. J. Hobbs, G. N. Perdue,
and I. Klich, Confinement and kink entanglement asymmetry
on a quantum Ising chain, Quantum 8, 1462 (2024).

[137] F. Ferro, F. Ares, and P. Calabrese, Non-equilibrium entangle-
ment asymmetry for discrete groups: the example of the XY
spin chain, J. Stat. Mech.: Theory Exp. (2024) 023101.

[138] L. Capizzi and M. Mazzoni, Entanglement asymmetry in the
ordered phase of many-body systems: the Ising field theory,
J. High Energy Phys. 12 (2023) 144.

[139] K. Klobas, C. Rylands, and B. Bertini, Translation
symmetry restoration under random unitary dynamics,
arXiv:2406.04296.

[140] L. Capizzi and V. Vitale, A universal formula for the entangle-
ment asymmetry of matrix product states, J. Phys. A: Math.
Theor. 57, 45LT01 (2024).

[141] M. Chen and H.-H. Chen, Rényi entanglement asymmetry in
(1 + 1)-dimensional conformal field theories, Phys. Rev. D
109, 065009 (2024).

[142] M. Fossati, F. Ares, J. Dubail, and P. Calabrese, Entanglement
asymmetry in CFT and its relation to non-topological defects,
J. High Energy Phys. 05 (2024) 059.

[143] M. Lastres, S. Murciano, F. Ares, and P. Calabrese, Entangle-
ment asymmetry in the critical XXZ spin chain, J. Stat. Mech.:
Theory Exp. (2025) 013107.

[144] F. Ares, S. Murciano, L. Piroli, and P. Calabrese, Entanglement
asymmetry study of black hole radiation, Phys. Rev. D 110,
L061901 (2024).

[145] S. L. Braunstein and P. van Loock, Quantum information with
continuous variables Rev. Mod. Phys. 77, 513 (2005).

[146] H. Widom, Asymptotic behavior of block Toeplitz matrices
and determinants, Adv. Math. 13, 284 (1974).

[147] B. Vermersch, A. Elben, L. M. Sieberer, N. Y. Yao, and P.
Zoller, Probing scrambling using statistical correlations be-
tween randomized measurements, Phys. Rev. X 9, 021061
(2019).

[148] E. Demler and F. Zhou, Spinor bosonic atoms in optical lat-
tices: Symmetry breaking and fractionalization, Phys. Rev.
Lett. 88, 163001 (2002).

[149] S. Tsuchiya, S. Kurihara, and T. Kimura, Superfluid–Mott
insulator transition of spin-1 bosons in an optical lattice,
Phys. Rev. A 70, 043628 (2004).

[150] H. Katsura and H. Tasaki, Ground states of the spin-1 Bose-
Hubbard model, Phys. Rev. Lett. 110, 130405 (2013).

[151] K. W. Mahmud and E. Tiesinga, Dynamics of spin-1 bosons in
an optical lattice: Spin mixing, quantum-phase-revival spec-
troscopy, and effective three-body interactions, Phys. Rev. A
88, 023602 (2013).

043304-28

https://doi.org/10.1103/PhysRevA.70.052329
https://doi.org/10.1103/PhysRevLett.115.260501
https://doi.org/10.1103/PhysRevA.73.012309
https://doi.org/10.1103/PhysRevB.62.4191
https://doi.org/10.1088/1751-8113/47/24/245301
https://doi.org/10.1088/1742-5468/aba1e5
https://doi.org/10.1088/1742-5468/2012/07/P07016
https://doi.org/10.1103/PhysRevA.105.042416
https://doi.org/10.1103/PhysRevLett.130.136201
https://doi.org/10.21468/SciPostPhys.15.3.089
https://doi.org/10.22331/q-2024-09-06-1462
https://doi.org/10.1088/1742-5468/ad138f
https://doi.org/10.1007/JHEP12(2023)144
https://arxiv.org/abs/2406.04296
https://doi.org/10.1088/1751-8121/ad8796
https://doi.org/10.1103/PhysRevD.109.065009
https://doi.org/10.1007/JHEP05(2024)059
https://doi.org/10.1088/1742-5468/ada497
https://doi.org/10.1103/PhysRevD.110.L061901
https://doi.org/10.1103/RevModPhys.77.513
https://doi.org/10.1016/0001-8708(74)90072-3
https://doi.org/10.1103/PhysRevX.9.021061
https://doi.org/10.1103/PhysRevLett.88.163001
https://doi.org/10.1103/PhysRevA.70.043628
https://doi.org/10.1103/PhysRevLett.110.130405
https://doi.org/10.1103/PhysRevA.88.023602

