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We study magnon-driven spin and heat transport in a magnetic linear junction (MLJ) formed by two
ferromagnets in optical lattices linked via linearly aligned bonds. Using the Schwinger-Keldysh formalism, we
uncover that under weak effective Zeeman fields, where Bose-Einstein statistics of magnons dominate, magnonic
criticality dramatically enhances spin and thermal conductances. These singular transport properties depend on
the junction geometry, and the transport properties qualitatively differ between the linear junction in this paper
and the point contact in our previous work. The quantum-enhanced conductances result in the breakdown of
the magnonic Wiedemann-Franz (WF) law. In the classical regime at temperatures much lower than magnon
energy gaps, we find that a magnonic Lorenz number becomes independent of temperature yet dependent on
junction geometry, sharply contrasting with the universal WF law for Fermi liquids. We also find that the interface
geometry of the MLJ decouples spin and heat relaxations between ferromagnets with decay times insensitive to
temperature and effective Zeeman fields. These dynamics reveal junction-geometry-sensitive magnon transport
distinct from Fermi liquids, paving the way for new avenues in thermomagnetic research leveraging the tunability

of cold atomic systems.
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I. INTRODUCTION

There has been a surge of interest in investigating particle
and heat currents in transport systems with the use of ultra-
cold atoms [1-9]. Such atomic systems enable the creation
of the ultraclean quantum many-body states, devoid of impu-
rity scattering or phonon effects characteristic of solid-state
systems, thus offering an ideal platform for exploring energy
conversion mechanisms in the case where particle and heat
currents intersect. The realization of thermoelectric transport
in a two-terminal system of Fermi gases without lattice pro-
vides a controllable model for examining energy conversion
mechanisms [2,4].

Recent advances have heightened interest in spin-transport
studies using ultracold atoms [10,11], with works uncovering
fascinating phenomena, including superexchange dynamics
in Mott insulators achieved with optical lattices [12—19] and
spin diffusion in strongly interacting Fermi gases [20,21]. In-
spired by the development of experimental techniques for spin
transport and the progress in heat engine studies mentioned
above, there is a growing impetus for quantum simulations
of thermomagnetism, a research field where spin and heat
currents interplay in two-terminal systems. In solid-state
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physics, such cross-correlated spin-heat dynamics have been
actively investigated from both theoretical and experimental
viewpoints to pursue the mechanism of efficient spin-heat
conversion [22-32], leading to a research field called “spin
caloritronics” [33]. However, the complexities inevitable in
solid materials including interface disorder and impurity scat-
terings make it challenging to clarify factors in efficient
spin-heat conversion mechanisms. By contrast, the ultracold
atoms without such complex factors offer a prime plat-
form to study a coupling between spin and heat currents
systematically.

Motivated by the controllability of cold atoms, our pre-
vious work has proposed thermomagnetic transport between
two ferromagnetic insulators (FIs) linked via a magnonic
quantum point contact (MQPC) [34], which is a spin-system
analog of a quantum point contact (QPC). In this setup, we
found anomalous thermomagnetic properties such as a di-
vergence in spin conductance and a slowing down of spin
relaxation that manifest in the weak effective-Zeeman-field
limit. These transport properties result from the magnonic
critical point, at which magnons are regarded as a gapless
Nambu-Goldstone mode. We also discussed that the access
to the vicinity of the magnonic critical point is feasible in

©2025 American Physical Society
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FIG. 1. (a) Schematic for a MLJ. Two FIs are coupled to each
other via weak exchange interactions along the light blue bonds,
which are aligned in the z direction. (b) Potential profile on the purple
plane in panel (a) with z fixed to construct an MLJ in cold-atomic
systems. The left and right FIs are separated by a barrier potential
the saddle point of which provides an exchange coupling between
Fls.

cold-atomic systems yet elusive in conventional magnon
transport setups of solid FIs.

The controllability of spatial degrees of freedom in
ultracold atomic systems allows the systematic explo-
ration of how interface geometry affects tunneling transport
[3,35,36]. The geometry of the interface can significantly
affect the transport properties of junction systems, as exem-
plified by the quantization of conductance in QPCs [3,37].
By utilizing the interaction between atoms and light, a single-
atom potential can be controlled with high spatial resolution,
leading to the realization of various junction systems for
atomic gases such as QPCs and planar Josephson junc-
tions [3]. In solid materials, although a variety of junction
geometries have been realized [38], the precise spatial control
of the interfaces is usually challenging due to complicated
factors such as lattice mismatch. By contrast, the hopping
rates for ultracold atoms in an optical lattice can be controlled
individually at each site, which allows the formation of a
lattice-mismatch-free interface with tunable spatial structure
and tunneling strength, making it highly suitable for systemat-
ically studying the effects of interface geometry on tunneling
transport.

In this paper, we microscopically explore cross-correlated
spin and heat tunneling transport by magnons in a magnetic
linear junction (MLJ) consisting of two FlIs in optical lattices
weakly linked via bonds linearly aligned in the z direction as
depicted in Fig. 1. Using the nonequilibrium Green’s-function
approach, we investigate the impact of the interface geom-
etry of MLJ on magnon transport. We uncover that, when

effective Zeeman fields are weak, the magnonic criticality
dramatically enhances spin and thermal conductances, and
that these singular behaviors are influenced by the linear in-
terface geometry, deviating from the MQPC case. We then
discuss the magnonic Wiedemann-Franz (WF) law [39-46].
We point out its nonuniversality for classical magnon gases
due to sensitivity to interface geometry, which is in sharp
contrast to the universal WF law for Fermi liquids [47]. On
the other hand, the magnonic WF law is violated in regimes of
weak effective Zeeman fields in which Bose-Einstein statistics
of magnons play a crucial role. We also study relaxation
dynamics of spin and heat, the observations of which allow
one to experimentally extract the conductances, and we find
that these dynamics are decoupled, with decay times that are
insensitive to effective Zeeman fields and temperature. The
above anomalous thermomagnetic phenomena result from
the Bose-Einstein statistics of magnons which make their
transmittance sensitive to the linear interface geometry. This
situation is in contrast to that for Fermi liquids such as elec-
trons in metal and weakly interacting ultracold Fermi gases,
for which the presence of a Fermi surface makes tunneling
currents insensitive to the junction geometry when a tunneling
coupling is weak. Our results broaden the research horizon of
thermomagnetic transport, traditionally confined to solid-state
physics, spintronics, and mesoscopic systems, opening new
avenues in quantum simulations with cold atomic systems.

This paper is organized as follows: Sec. II is devoted to
introducing our model and the quantum regime of magnons,
where their Bose-Einstein statistics dominate. Section III fo-
cuses on stationary spin and heat currents, discussing critical
enhancement of conductances and the magnonic WF laws.
In Sec. IV, we discuss relaxation dynamics of spin and heat
between two FIs through the MLJ. We summarize the paper
in Sec. V. Throughout this paper, we set i = kg = 1.

II. MODEL

We consider a system consisting of two FIs with spin
S = 1/2 connected by the MLJ in Fig. 1. Such a situation
can be realized with two-component bosonic atoms in optical
lattices under a sharp barrier potential [48-52]. To analyze
the system, we use the tunneling Hamiltonian formalism [53].
The corresponding Hamiltonian is given by

H = Hy + Hg + Hy. (D
The first two terms denote the bulk of FIs:
Hyotr=—J Y &, 8n. )
<rour‘,,)

where J > 0 is the nearest-neighbor coupling constant and
8, = (8 .8,.8 ) are spin-1/2 operators at site r, for the
reservoir « = L, R. The last term denotes the tunneling term

Hr=—Jr ) $n -dn (3)
(rL.re)

where (r_,rg)’ is a nearest-neighbor pair of spins on the

interface denoted by light blue bonds in Fig. 1. The coupling
constant Jt between FIs is much smaller than that within the
bulk (0 < Jr < J). It is assumed that the left and right FIs
have the same lattice structure. We mention that recently a
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similar junction system, i.e., XY spin ladders connected with
the MQPC, has been realized with a superconducting quantum
processor [54].

We note that the Zeeman terms are not explicitly included
in A, and that such external fields are not applied to the
system. On the other hand, we consider effective Zeeman
fields i, > O controlled by the population imbalance between
two internal states of atoms as in our previous work [34].
These fields works as Lagrange multipliers to fixed the z
component of the magnetization and are introduced through
the thermal density operator pg = pg ® Pg,, Where pgp =
e KalTo jTr[e~Ke/Te], T, is the temperature of FI o,

Ky = Hy — hoM,, 4)
is the grand canonical Hamiltonian, and M, = >, 55 is the
magnetization operator.

Quantum regime of a magnon gas

In this paper, we focus on the transport governed by quan-
tum statistics of magnons, which are quasiparticles appearing
in highly spin polarized FIs at sufficiently low temperature
T, < J. To this end, we investigate the case where both FIs
are polarized along the +z direction as in Fig. 1. In such a
situation, we can assume %, > 0 and employ the spin-wave
approximation (SWA), where the spin operators are expressed
as §_ o~ b}a, 8t ~ by, and § §,=1/2— I;I,ai’riav in terms
of bosomc operators b,'la and bm describing magnons. As a
result, Eq. (4) is diagonalized as

K, ~ Z Ey, I;IL l;ko, , &)

where by, = «/;ﬁ > i ¢*7iby, with N being the number of
lattice sites in each FI,

Ey, = JSK- + h, (6)

is the magnon energy, and the ground-state energy in Eq. (5)
irrelevant to transport is neglected. The details of SWA are
reviewed in Appendix A. Equation (6) shows that the effective
Zeeman field h, provides both the energy gap Ey,—o = hy and
chemical potential of magnons p, = —hy.

The quantum statistics of thermally excited magnons be-
come significant when the effective Zeeman field becomes
much smaller than temperature (h, < T;,) [34]. This is be-
cause the enhanced magnon density requires temperature
larger than the magnon energy gap Ey,—o = hy as shown in
Fig. 2. The gapless point h, = 0 corresponds to the criti-
cal point of magnons, where the gap closing results from
the spontaneous symmetry breaking of O(3) spin rotation.
In the vicinity of the critical point, it is known that the
differential spin susceptibility in bulk FI and the spin con-
ductance and spin-relaxation time in the MQPC setup exhibit
divergent behaviors [34]. In this paper, we discuss how the
junction geometry of the MLJ affects these kinds of critical
behavior in the quantum regime. On the other hand, in the
low-temperature regime 7, < h, (in other words, the dilute
regime), the thermal excitations of magnons form a classical
Boltzmann gas due to a large energy gap Ex,—o = hy > T

Boltzmann

0.0 : ‘ ‘ ‘ ‘
00 05 10 15 20 25 30

ho/To

FIG. 2. Equilibrium magnon number N, [Eq. (A8)] as a function
of effective Zeeman field h, scaled by N = N,|,,—o with fixed
temperature 7, > 0. The weak-field region &, < T, (blue region)
corresponds to a quantum regime of magnons, where their Bose-
Einstein statistics is relevant due to enhanced magnon density. In
the strong-field case &, > T, (red region), on the other hand, a
large magnon gap Ey,_o = h, exponentially suppresses the magnon
density, leading to a classical Boltzmann gas with negligible overlap
of magnon wave packets.

III. TUNNELING MAGNON TRANSPORT

In this section, we evaluate the stationary spin and heat
transport through the MLJ. Spin and heat currents flowing
from the left to right Fls are described by the operators

Is = 9,My, = —i[My, {1 = —i[My, Hr], (7
Iy = —8,K, = —i[Hr, HL] + ho s, ®)

respectively. The corresponding currents are evaluated by tak-
ing the average of Eqs. (7) and (8) with respect to pp.

By using the leading-order perturbation theory with respect
to the tunneling coupling Jy as well as SWA, we evaluate
the currents transported by magnons. After a straightforward
analysis (see Appendix B), we obtain the following expres-
sions:

Is = /OO doT (w)Ang(w), (9a)
Iy = / do(w + hy)T (w)Ang(w). (9b)
Here,
(JT) /\/ ddekR .
X A(kL, L) A(kr, wRr) (10)

is the frequency-dependent transmittance with w, = @ + hg,
N, is the number of lattice sites in the z direction correspond-
ing to the number of light blue bonds in Fig. 1(a), and

Alky, wo) = 7 8(wo — Ei,) (11

is the magnon spectral function A(k,, w,) in FI «. The delta
function in Eq. (10) results from the momentum conservation
in the z direction for magnons tunneling through the MLJ,
while such a constraint on momentum never appears in the
MQPC [34]. The function Ang(w) = ng L(wL) — ng r(wr) in
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Egs. (9) denotes the difference of the Bose-Einstein distri-
bution function ng 4 (wy) = 1/ (e®/T« — 1) between both FIs.
Performing the integration, we obtain the power-law behavior
of T(w):

_ Ab(0)
- T(3/2)

where A = J%J\/Z /(8+/27J3) and I'(d) is the Gamma function.
Substituting Eq. (12) into Is and /iy in Egs. (9), we obtain

T(w) Vo, 12)

IS = AAF3/2, (133)
In = A[(3/2)AF5) + hL AF3)1], (13b)
AFy = (L)' Fy(x) — (TR)* Fy(xR), (13¢)

where x, = hy /T, is defined and I'(d) = (d — I'(d — 1)
was used. The term AF; = (T F;(xL) — (TR)Fy(xr) en-
coding the quantum statistics of magnons can be written in
terms of the Bose-Einstein integral:

e’} d—1
Fixa) = /0 do F‘("d—)TJ,nB,a(wu:Lid(e—%), (14)

where Liy(z) = Y o, 2X/k is the polylogarithm.

A. Critical enhancement of conductances
in the quantum regime
We now show that the magnonic criticality enhances the
transport efficiency of spin and heat. To this end, we first
focus on the conductances characterizing spin and heat cur-

rents under small biases. Expanding Eqs. (13) to the biases
Ah = —(hy, — hg) and AT = T;, — Tr, we obtain

Is\ _ (L Lip\(Ah
<IH)_<L21 Lzz)(AT)’ (15)

where the Onsager coefficients are

L
A«I/IT = Fi2(0), (16a)
L L 3

A«l/zf - AT231/2 = 5 F3p(0) +x Fipp(x), (16b)
Ly 15 )

AR = 3 B +3x () +2° Fip(x), (160)

x=h/T, and h= (hy + hg)/2 and T = (TIp + Tr)/2 are
mean field strength and temperature, respectively. The thermal
conductance K is defined by

LiaLo; L, T(Liy)*
= 7 — —.
Ly Ly,

Figure 3 exhibits the enhancement of conductances L;; and
K in the quantum regime due to degeneracy of magnons. As i
decreases with T fixed, the density of magnons increases, en-
hancing the transport efficiency of spin and heat. In particular,
the spin conductance in the vicinity of the magnonic critical
point #/T — 40 becomes divergently large,

K=1Ly»—

(16d)

L11 N nT
ATST Vb’

because of the criticality. We note that the divergence in
the MLJ is much more significant than that in the MQPC

a7

Quantum Boltzmann 1

6‘\~1/\/E

L11/AVT 1
L. /AvE
Lo /AT
----- - K/AT S

2.5 3.0

FIG. 3. Quantum enhancement of the transport coefficients L;;
and K in MLJ by the magnonic criticality. As the effective Zeeman
field h decreases, Bose-Einstein statistics of magnons become more
significant, leading to the increase of the transport coefficients. In
particular, the spin conductance L;; ~ 1/ /' shows a divergent be-
havior in the vicinity of the magnonic critical point at 4 = 0.

with Lj; ~ 1/|Inh| [34]. This is because the conservation
of momentum k, for magnons tunneling through the MLJ
results in rapid increase of transmittance 7 (w) ~ /w at low
w [see Eq. (12)] compared to the MQPC case T (w) ~ w
(see Table II). In contract to Ly;, the other conductances at
h — +0 approach constant values le/Aﬁ = L, JAT3? =
3¢(3/2)/2 and Ly, JAT3/? = K/AT3/? = 6¢(3) with the zeta
function ¢ (s), similarly to the MQPC case. We mention that
similar enhancement is also discussed in tunneling transport
between Bose gases [55].

B. Nonuniversality and breakdown of the magnonic WF law

Here, we discuss the nonuniversality of the magnonic WF
law [39—46] indicating its sensitivity to junction systems. To
this end, we focus on the dimensionless Lorenz number of
magnons defined by

K

) 18
LT (18)

and discuss how magnonic criticality and junction geometry
affect £. When L is constant, the ratio of thermal to spin
conductances becomes proportional to the temperature:

K xT (19)
Ly, '

where the constant of proportionality is given by L. Following
terminology in previous works, we call this linear-in-7" be-
havior the magnonic WF law [39—-46]. This relation is similar
to the celebrated WF law in Fermi liquids [47] in the sense
that the ratios of two transport coefficients are proportional
to temperature. However, we show below that the magnonic
WF law is not universal unlike the conventional WF law: The
values of £ for magnons depend on details such as junction
geometry and imbalance of parameters between reservoirs,
which sharply contrasts to Fermi liquids with the universal
constant £ = 72 /3 (in the unit of e = kz = 1).
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TABLE I. Dimensionless Lorenz numbers £ on several transport
setups. The classical magnons in the Boltzmann regime follow the
so-called magnonic WF laws, in which constant £ are not universal
but sensitive to the setups. For magnons in the quantum regime, the
magnonic criticality makes £ for tunneling transport (MLJ, MQPC,
and MPJ) depend on £, violating the WF law. As references, we show
the results of Fermi liquids, which obey the universal WF law with
L = 7?/3 independent from transport setups.

Lorenz number £

MLJ MQPC MPJ Bulk
Present [34] [39] [41-44]
Classical magnons 3/2 2 1 5/2
Quantum magnons ~Vh ~1/|Inh| ~h 2.126
Fermi liquids 72/3 7%/3 w2/3 7%/3

In the tunneling magnon transport, the WF law (19) holds
when the temperature scale is lower than that of the magnetic-
field strength (T <« h), as pointed out in earlier works [34,39].
With the notation of this paper, the condition 7 > T cor-
responds to the Boltzmann regime where thermally excited
magnons obey the Maxwell-Boltzmann distribution as dis-
cussed in Sec. II. This is similar to the situation where Drude
evaluated the Lorenz number L,k for bulk transport in metal
based on classical argument [56—58] before Sommerfeld com-
puted a more accurate value by considering Fermi-Dirac
statistics of electrons [59].

We will now derive the magnonic WF law in the MLJ.
By taking the classical limit of x = #/T — oo in Egs. (16a)
and (16d), we obtain

Ly _,

Aﬁ_e , (20a)
K 3 _
T 5 (20b)

This exponential suppression of conductances is seen in
Fig. 3, arising from the diluteness of the magnon Boltzmann
gas (see also Fig. 2). Thus, we obtain the constant Lorenz
number leading to the WF law resulting from the Maxwell-
Boltzmann statistics of magnons in this regime:

L=3. (1)
As shown in Table I, this value deviates from £ =2 in
the MQPC [34] and £ =1 in the magnetic planar junction
(MPJ) [39], indicating the sensitivity to the junction geometry.
Therefore, the magnonic WF law is not universal but depends
on details of the interface differently from the universal WF
law for Fermi liquids discussed below. This nonuniversality
results from the fact that £ for magnons is sensitive to the
frequency dependence of 7 (w). Indeed, £ =d + 1 is given
by the power of frequency in T (w) o @ with d = 1 for the
MQPC, d = 1/2 for the MLJ, and d = 0 for the MPJ (see also
Fig. 6 in Appendix C). In addition, the WF law in tunneling
magnon transport could also depend on differences of bulk
parameters between FIs such as external Zeeman fields and
magnetic anisotropy, which change the magnon transmittance

T ().

Quanturﬁ Boltzmann
2.5F ]

1i0 1.5
AR/T

2.0

FIG. 4. Breaking down of Ohm’s law of spin current in the vicin-
ity of the magnonic critical points. At by, = AT = 0, the spin current
in the quantum regime nonlinearly depends on the bias A/ due to the
criticality.

We provide two remarks on the magnonic WF law. First,
the dependence of magnonic £ on junction geometry con-
trasts to universality of the WF law for Fermi liquids. In
the tunneling transport for degenerate fermions, £ = m%/3
is independent from microscopic details, i.e., both interface
geometry and band structures in bulk as long as the Fermi-
liquid picture holds. This universality results from the fact that
fermions near the Fermi surface only contribute to transport
properties, leading to insensitivity to frequency dependence of
transmittance. In Appendix C, we demonstrate the robustness
of £ = m?/3 for free fermions against junction geometry [see
Eq. (C8) and Fig. 6]. It is also worthy of noting that quan-
tum degeneracy of fermions makes £ identical with Ly, =
% /3, which is found by Wiedemann and Franz [47] and then
derived by Sommerfeld based on quantum statistical mechan-
ics [59]. Therefore, the presence of the Fermi surface is crucial
to the universal WF law for Fermi liquids.

Second, unlike for fermions, the Bose-Einstein statistics
generally breaks the WF law in tunneling magnon trans-
port [34,39]. Indeed, by substituting Eq. (17) and K/AT3/? =
6¢(3) at h — +0 into Eq. (18), we see that the critical behav-
ior of L;; makes the Lorenz number in the quantum regime
vanishingly small:

L~ J/hT.

This critical breakdown of the WF law sharply contrasts to
the bulk transport, where the magnonic WF law with Ly, =
35¢(7/2)/145 (3/2)] — 25¢2(5/2)/[46*(3/2)] = 2.126 s
predicted [41-44]. It is noteworthy that the WF law in bulk
magnon transport is broken by nonlinear bias effect [46] and
magnon hydrodynamics [43]. The violations of the WF laws
are also discussed for strongly interacting fermions [4,60-64]
and Bose-Einstein condensates [65,66].

(22)

C. Nonlinear spin current by criticality

The divergent behavior of the spin conductance in Eq. (17)
means the breakdown of Ohm’s law for spin in the quantum
regime. To this end, we focus on the bias dependence of the
spin current in the case where the left FI is at the critical point
hr, = 0. As depicted in Fig. 4, the spin current driven by spin
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bias in the isothermal condition AT = 0 shows the nonlinear
dependence on Ah > 0:

Is T Ah
AT3/2 — 2 T’ (23)
which has the different form of the critical behavior of a
spin current Is ~ Ah|In Ah| in the MQPC [34]. On the other
hand, Is varies linearly with the temperature bias, and Iy has
a similar linear dependence on Ak and AT.

D. Magnon-magnon interactions

Here, we briefly comment on the effects of magnon-
magnon interaction beyond SWA, which would be relevant to
transport properties for dense magnon gases.

We consider that the magnon-magnon interaction is not
so significant even in the quantum regime for our highly
spin polarized Fls at sufficiently low temperature 7,, < J. As
shown in Fig. 2, the magnon density N, /AN at fixed temper-
ature increases as h, > 0 decreases and takes the maximum
value at i, = 0. Note that N, in Fig. 2 is scaled by not the
number of lattice sites A/ but the maximum magnon num-
ber No(to) = Ny |n,=0. However, the maximum magnon density
NO([O)/N o (T, /J)** [see Eq. (A8)] remains small at suffi-
ciently low temperature 7, < J, which would allow us to
neglect the magnon-magnon interaction. In addition, the O(3)
spin rotation symmetry in the Hamiltonian would suppress
the interaction effect on dilute magnon gases in the quantum
regime. Indeed, it is shown that, in the continuum limit, the
isotropy of the Heisenberg interaction in Eq. (2) results in a
vanishing two-magnon contact interaction, which is naively
expected to be leading-order corrections beyond SWA [67].

On the other hand, the magnon-magnon interaction could
modify the transport behaviors from our results when
magnons form dense gases at relatively high temperatures
T, ~ J yet below the Curie temperature under weak effective
fields h, < T,. In the context of transport, this temperature
regime seems interesting because there exist many magnons
working as spin and heat carriers. A detailed examination of
the transport between dense magnon gases is left for future
work.

IV. RELAXATION DYNAMICS RELEVANT
TO COLD-ATOM EXPERIMENTS

In this section, we investigate relaxation dynamics of spin
and heat between Fls, which enables one to experimentally
determine conductances L;; in cold-atomic systems. We start
by reviewing this experimental scheme in Sec. IV A. In
Sec. IVB, we then discuss the junction geometry of MLJ
results in anomalous relaxation dynamics with three strong
constraints: (i) decoupling of spin and heat relaxations, (ii)
correspondence of relaxation time between spin and heat, and
(iii) insensitivity of relaxation time to the effective Zeeman
field and temperature. Such dynamics is quite different from
that in the MQPC case [34].

A. Review of quasistationary relaxation

Cold atoms are isolated systems, so that initially prepared
spin and temperature biases gradually change through the

exchange of spin and heat between FIs. Unlike in solid-state
systems, where the biases can be externally sustained and
Eq. (15) is directly applicable, it is difficult to directly measure
the stationary currents studied in Sec. III. Instead, the scheme
to determine L;; in cold-atom experiments has been proposed
originally for Fermi gases without lattice [2,68] and then
extended to FIs [34]. We review this formalism below.

In this scheme, we first consider the relaxation dynamics
of magnetization and temperature differences between FIs. At
time ¢ < 0, the channel between Fls (the light blue bonds in
Fig. 1) is closed by applying a strong barrier potential be-
tween FIs. Both FIs are given by thermal states at temperature
T, (t = 0) with magnetization M, (t = 0). At time t = 0, one
opens the channel and both Fls start to exchange mag-
netization and heat. Then, one observes the relaxation of
the differences of magnetization and temperature, AM(¢) =
My (t) — Mgr(¢) and AT (t) = Tp.(t) — Tr(¢). Suppose initial
values of M(0) and T (0) are sufficiently small and the ther-
malization in each FI is much faster than the relaxation, which
is justified for a weak tunneling coupling Jt < J. In this case,
one can analyze the relaxation dynamics with the quasista-
tionary model where both Fls are regarded as thermalized
states with M, and T, at t+ > 0. This model enables us to
experimentally extract the conductance L;; of our interest.

The time-evolution equation in the quasistationary model
is derived from two equations. The first one is given by the
linear response in Eq. (15). For convenience, we rewrite this
response in terms of & (—AM, AS) = —2(Is, Iy/T), where
AS = S — Sr and S, is entropy in FI o« =L, R. Then, we

find

d/—AM Ly L Ah

5( AS ) - _2<L12 Lo/t )\aT ) Y
where the Onsager reciprocal relation Ly} = Lj,T was used.

The second one is thermodynamic relations, which are ob-
tained by expanding AM and AS with respect to the biases:

M M
(—AM) (G —Gr), <Ah> 03)
= 3s 3s .
AS -G (), J\AT
By combining this with Eq. (24), we obtain the following
time-evolution equation for AM and AT:

d(—aM/c (1 —&\(—AM/x
SO )W) -

where « = (507,10 = k/(2L11), & = Liz/Liy — oy, &, =
—(%)7, l = %(%)M, and L is given by Eq. (18). As shown in
Appendix D, the solutions of AM and AT are found in terms
of L;; and equilibrium thermodynamic quantities appearing
in the matrix in Eq. (25). Furthermore, the thermodynamic
quantities can be experimentally determined independently
of the relaxation. As a result, by observing the relaxation
dynamics and fitting them to the solutions of Eq. (26) using
the thermodynamic quantities measured in equilibrium exper-
iments, the experimental values of the conductances L;; can
be extracted. It is worthy of mentioning that & in Eq. (26)
is normally nonzero and dynamics of spin and heat mutually
affect one another.
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TABLE II. Impact on junction geometry on magnon transport. The different power laws in magnon transmittance 7 () affected by the
shape of the interface result in significant differences in tunneling transport.

Reference Junction Transmittance Spin conductance Magnonic WF law Nonlinear spin current Spin-relaxation time
T(w) Ly L Is To

Present MLJ ~J® ~1/vh ~3/2 ~v/ AR ~const

Ref. [34] MQPC ~w ~|InA| ~2 ~Ah|In Ah| ~1/|vh1nh|

B. Anomalous relaxation dynamics in MLJ

Let us now demonstrate the dynamics through the MLJ
using SWA, and discuss anomalous relaxation resulting from
the junction geometry. Here, we exhibit remarkable relaxation
dynamics in the highly spin-polarized regime where magnons
govern relaxation: Time evolutions of spins and temperatures
through the MLJ are completely decoupled from each other
and share the same decay time 7 insensitive to & and T.
By applying SWA and solving Eq. (26) (see Appendix D for
details), we obtain

AM@®)\ _ (e™ 0 \[AMO)
(AT(I)>_< 0 e—f/fo><AT(0))' @7

In addition, the relaxation time is independent of the thermo-
dynamic variables 4 and T':

2 (N/N1)(J /1)
=———" =¢o
T J

Therefore, time evolution of AM(t) [AT (t)] depends only
on its initial value AM(0) [AT (0)] from the quantum regime
(h/T « 1) to the Boltzmann regime (h/T > 1). We find that
such phenomena occur because the frequency power law of
the magnon density of states p, (w) o /@ characterizing bulk
FIs is identical with that of magnon transmittance 7 (w) o
/w responsible for transport (expect for prefactors). This cor-
respondence of the power laws makes the matrices in Egs. (24)
and (25) proportional to each other.

We stress that the above dynamics in the MLJ with the
decoupling of spin and heat and constant 7y are quite different
from those in the MQPC. In the MQPC, the decoupling occurs
only in the quantum regime 4/T < 1 because of the existence
of the magnonic critical point at 7 = 0. In this case, the
magnonic criticality also makes the magnetization decay time
divergently large, 7y ~ 1/|v/hInh|, leading to the slowing
down of spin relaxation. This originates from a divergently
large differential spin susceptibility corresponding to a capac-
ity, and thus it is regarded as a significant capacitance effect.
On the other hand, in the MLJ, the critical behavior of the
spin conductance Lj; ~ 1/ Vh [Eq. (17)] cancels that of the
differential spin susceptibility k ~ 1/+/h corresponding to a
capacity, leading to 79 = «/(2L1;) = const.

It would also be worth mentioning a possible break-
down of the decoupled spin and heat relaxation in the MLJ.
First, AM(t) and AT (t) would couple with each other when
there are differences in external Zeeman fields or magnetic
anisotropy between FIs. The decoupled solution in Eq. (27)
relies on the coincidence of parameters between Fls (except
for the slight differences of h, and T, to generate biases). If
two FIs feel different strengths of external Zeeman fields or
magnetic anisotropy, the mismatch of the magnon band struc-

70 nst. (28)

ture between FIs would break the relation 7 (w) « py (@), SO
that Eq. (27) is no longer a solution. Second, magnon-magnon
interactions relevant to dense magnon gases at hy, < T, ~J
would couple the spin and heat dynamics. In this parameter
regime, the interaction could modify the relation 7 (@)
p(w) between the transmittance and the density of states at
the frequency scale w ~ T, so that the decoupled dynamics
is not guaranteed. The importance of the magnon-magnon
interaction at h, << T, ~ J is also discussed in Sec. III D.

V. SUMMARY

In this paper, we analyzed magnon-mediated spin and heat
transport in an MLJ setup and demonstrated the significant ef-
fects of the interface geometry on the dynamics. The obtained
results, along with their comparison to those in the MQPC,
are summarized in Table II, highlighting the unique behaviors
observed in the MLJ setup. By employing the nonequilibrium
Green’s-function approach combined with SWA, we revealed
that magnonic criticality under weak Zeeman fields causes
anomalous conductance enhancements and a breakdown of
Ohm’s law in spin currents, with behaviors influenced by lin-
ear interface geometries. The magnonic WF law is found to be
sensitive to the junction geometry in the classical Boltzmann
regime and is broken in the quantum regime, which is in a
sharp contrast to Fermi liquids. We also clarified that magne-
tization and temperature differences between Fls in the MLJ
independently equilibrate, exhibiting robust decay properties
that are insensitive to the mean temperature or effective Zee-
man field. These anomalous thermomagnetic dynamics result
from the sensitivity of magnons to the junction geometry of
the MLJ. Our findings shed light on the unique thermomag-
netic behaviors of magnons, enabled by their Bose-Einstein
statistics, and offer a pathway for advancing thermomagnetic
transport studies using the tunability of cold atomic systems.
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APPENDIX A: SPIN-WAVE APPROXIMATION

This Appendix is devoted to a review on the SWA describ-
ing highly spin-polarized FIs at temperature below the Curie
temperature. We initially consider the general magnitude of
spin S = 1/2, 1, ... for convenience [69], and set S = 1/2
at the end of the calculations. As in Fig. 1, the spins are
aligned along the +z direction. In this case, we can perform
the Holstein-Primakoff expansion for spin operators, which is
regarded as expansion with respect to 1/S [69]:

Sy = b}, (28 = b bro)"/* ~ V28D, (A1)
Sy = 28 = bl b)) by ~ N28bya, (A2)
§5,-a =S5— B;aBrfﬂf’ (A3)

where the bosonic fields l;,,a and l;;a describe magnon degrees
of freedom. The higher-order terms O(S~'/?) describing in-
teractions between magnons are negligible when the density
of magnons is sufficiently small due to a large magnetiza-
tion along the +z direction. Substituting Egs. (A1)—-(A3) into
Eq. (4), the (grand canonical) Heisenberg Hamiltonian of FIs
reduces to

ko= Y B0 b, + B 0,
ko

(A4)

where b, = «/;ﬁ > eiby,, N is the number of lattice
sites in each FI, Ey, = hy, +2JS[3 — ZMZW’Z cos(ki)] is
the energy of a magnon with momentum k,, and E(® =
—3J SN — hy SN is the ground-state energy. At sufficiently
low temperature 7, < J, we can use the quadratic form of the
magnon energy Ey, >~ hy + J Ski.

At the end of this Appendix, we evaluate the thermody-
namic quantities of the FIs relevant to relaxation dynamics
discussed in Sec. IV and Appendix D. Substituting Eq. (A4)
into Q, = —T, In Tr[e /%] at temperature T, > 0, we ob-
tain the grand potential in SWA as

1
— (GS) _
Qy = E! TY In —— (A5)
ke

Evaluating the magnetization M, = —(0€2,/9h, )7, and en-

tropy S = — (082, /97Ty )s, yields
M, = SN —N,, (A6)

1 Uy + hoN,

Sy = ;m Ty i S (A7)

where N, = Zka np.«(Ex,) is the magnon number, U, =
ka g, 1B,« (Ek, ) is the internal energy for the magnon gas,
wg, = Ex, —hy = JSki is the kinetic energy of a single
magnon with momentum k,, and ng o () = 1/(e®/T — 1) is
the Bose-Einstein distribution function of magnons. At low
temperature, we canuse ) ; --- = (2%)3 Jgs dkg - - - and then

obtain

N, = BT*Fy5(ho | Ty), (A8)

350
U, = EB 1.7 °Fs5)2(ho /Ty,), (A9)

where B = N /(4nJS 3’2 and F;(x) is the Bose-Einstein in-
tegral defined by Eq. (14). The above results of the particle
number and internal energy are the same as those for the ideal
Bose gas above the transition temperature of Bose-Einstein
condensation.

APPENDIX B: DETAILS TO DERIVE THE EXPRESSIONS
OF TUNNELING CURRENTS

Here, we provide the details to derive Egs. (9). Spin, en-
ergy, and heat currents flowing from the left to right FIs are
described by the operators

Is = o.My = —i[My, H] = —i[M., Br), (B1)
I = —8,A, = i[H., H] = —i[Hr, A1, (B2)
iH = —8,1%14 = iE + hLis, (B3)

respectively. By using Eq. (3) and the commutation relations

between §F = 8 + § and §%, Eq. (B1) reduces to

. —J
= Y Dl -omsl o

On the other hand, the expression of fE becomes more com-
plex. By defining 9,710 = —i[O, Hy /1] and using 3.8, =
8,8, — 018, as well as Eq. (3), f[r = 8. Hr in Eq. (B2) is
rewritten as

iE — I’;(;r—) +I’;(Ezz) +i(5)’ (B5)

where

e J
o = _ET > @335 +5,(as8h)]. B6a)
(ro,rr)’
. J e Lz fna
15 = _?T [(8:5% )32 + 35 (82)].  (Béb)
(ro,rr)’
. J ek A (an
B =337 [(0r8,)3, +5, (33))]
(re,rr)’
J e \ar 1 e (an
+3 20 (008,55, +5,(0:5;)]. (B6o)

(ro.rr)’

033312-8



THERMOMAGNETIC ANOMALIES IN QUANTUM MAGNON ...

PHYSICAL REVIEW A 111, 033312 (2025)

The operators Bvari and 0rS$° are rewritten as
L r

At a7 (a2 at ataz
8Tsr[‘ = :l:lJT(SrLSrR — SrLSrR)’

— 550,

T
~ At A—
ors;, = - (G S

FL TR
These relations combined with the commutation relation of §,
and Eqgs. (B4) and (B6¢) show that IAéS) is proportional to the
spin current operator:

) Jr o
S = k.

> (B8)

We note that 7% and /> vanish when the §° 5 term in Hy is
E E rL°rr
absent.
We now compute the expectation values of the currents.

For convenience, we define the shorthand notation
A1) An))E = Trelpghyp () - A )], (BY)

A (ty) =A™, (B10)
where the time evolution of operators is governed by a Her-
mitian operator A’ and the average is taken with respect to the
density operator pp.. By taking the average of Is(t), Ig(r), and
fH(t) with respect to pg, spin, energy, and heat currents are
given by

Is(t) = () %, (Blla)
Is(t) = {s) E (B11b)
In(t) = I(6) + hyIs(0), (Bllc)

respectively. Because of Egs. (BS)—(B8) and (B11), the energy
current has three terms as

O =00+ 0 - Do, B12)
Introducing the two correlation functions
T =k Y (@5l (B3
(rL.re)’
Tio) = Y (5 @), (BI13b)
(rL.rr)’
and using Egs. (B4)—-(B8) and (B11), we obtain
Is(t) = Im[Z_(1,1)], (Bl4a)
@) = —Re[d,Z5_(t1, 1)1y 11 (B14b)
IE(t) = —Re[8,Z5 (11, 1)1y 1yt (Bl4c)

We evaluate the currents within the second-order perturba-
tion in Jr. To this end, we utilize the Schwinger-Keldysh
formalism, regarding Z7_(¢1,2) and T3 (11, 12) as the lesser
components of the time-ordered contour correlation functions
given by

T () =Jr Y (Tl (r)s) (@) - (B15)

(re,rr)

C T
g

E151 Tl
@
Cz < T

FIG. 5. The Keldysh contour C = C; 4 C,.

time

where (u, v) = (4, =), (z,2), 71 = (t1, Cy),and 1 = (£, Cy)
are the contour variables in the Keldysh contour C = C; +
C, as in Fig. 5, and Tt is the time-ordering operator over
C. Because of Is = O((J1)?) as shown below, the last term
~O0((Jr)*) in Eq. (B12) is negligible.

1. Perturbative expansions

By applying the formal expression of the perturbative ex-
pansions in small J, I;fu (t1, 1) in Eq. (B15) is rewritten as

7.t 1)

A
=Jr ) <Tc§ﬁk(m§;(rz)exp [—i /C d&l%(é)h

(rL.re)’ K
P (Jr)?
= d
Y Y [
(rL,rR>’ (rL,r;{)/
X gu,v;rRr;{ (Th S)g/w;rtrl‘ (‘i:y 72) + 0((JT)3)’ (B16)
where time evolution of the operators in (---) 1F<, is gov-

erned by H = Hy + Hy, n,, takesn,_ =1 and n;; =0, and
iGuvir,r, (T, T') = (Tcsy, (T)8) (7:/))2‘x is the time-ordered spin-
correlation function. By using §;tH @) = §riK (t)eF"e! and

§f 7 t)= Si I (1), the spin-correlation function reads

i (1=t Y,
b

gp.v;ro,rt’y(fa T/) = Gp.v;ro,rt’y(fa T/)e (B17)

where

. . v K,
lG;/.v;rar;(T’ T/) = <TCSZ(T)SI‘;(T/))IQ’ (B18)

and ¢ and ¢’ are time variables corresponding to 7 and t’,
respectively. By using the Langreth rule for the lesser com-
ponent with 7; = (#;, C;) and 1, = (5, Cy) for Eq. (B16) as
well as Eq. (B17), we obtain

7, (t,10)

Pr)? 3 /OO lihg (ty—5) iy (s—12)]
— dselimr t—s)+ihy (s—t2)In,.
o0

2y

(rLR) (g ™

X (Gl (11 = )G (5 — 12)
d
+ G (0 = )Gl (5 = 1)], (B19)
where G;f“); rerl ), GZdUV; rerl (1), and G;v; rr (t) are the retarded,

advanced, and lesser components of Guv;rar;{ (z, t), respec-
tively. To derive the above result, we used Gﬁw L@ 1) =
Gﬁv;,ar; (t —t') with B =ret, adv, < for a thermal state that

depends on time only via the difference t — .
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We note that Eq. (B19) provides the leading behavior of
the tunneling current with respect to Jt and applicable beyond
SWA.

2. Bulk spin-correlation functions in SWA

To evaluate the tunneling currents governed by magnons,
we now employ SWA to compute G° (). These correla-

JViTaT,
tion functions are given by
G, () = 00([3 @), 55 O], (B20w)
iGAY, . (1) = —0(=0){[3 (1), &) (0)])2 ., (B20b)
iGrpyor (1) = (8 (0)31 (r)),g (B20c)

We first evaluate Gi ! , (t) corresponding to single-
magnon correlation functions. Since the bulk Hamiltonian in
Eq. (A4) respects momentum conservation, we can perform

the Fourier transformation

da)o’ ¢ Fo—T,)—i@
+ ""'(I)_J\/’Z/ e ru=re)= alGﬁ _(ky, @g).

(B21)

We note that the lattice constants of the cubic lattices in FIs
are set to unity and thus the momentum k, is dimensionless
in this paper. By using Eqs. (Al) and (A2), the correlation
functions in frequency-momentum space are given by

28
Grel ka, ~a — Gadv ka, ~a * e B22
T ke @) = G o @) = e, (B220)
G _(ky, @) = 1 o (@6)2iIm G (kg , @), (B22b)

where @} = @y + i0T.
On the other hand, the functions GZZ ar’, (t) corresponding
to density-density correlations of magnons in SWA are found

to be

G, (1) = O(SY), (B23a)
Gy, (1) = O(S"), (B23b)
Goyor (1) = —iS” = 2iSpy + O(S"),  (B23¢)

where p, = (b by, =24, "B.a(Ex,)/N is the number

density of magnons.

3. Application of SWA to currents

We next evaluate Z7_(#1, ;) in Eq. (B19) within SWA to
derive the expression of spin and heat currents in Eqs. (9).
We first evaluate 77_(#1, 1) by substituting Eq. (B21) into
Eq. (B19). Recalling that the bonds on the interface denoted
by (rp, rr)’ align along the z axis as in Fig. 1, the summation
> (rrey 18 replaced with 3° , where r g = (0,0, 2) +r(0)

(0)

and Iy g are edges of a reference bond. As a result, Z7_(#1, 12)

in Eq. (B19) reads

B
(Jr) ity —1y N2

< H,bh) = iw(t—n) Y2/ 8

T (t,n)= > / € N kEk K K

x [G (kr, wr)G _(ky, 1)

+ G5 _(kg, wr)G" (K, 1)1 + O((J1)?),
(B24)

where w, = @ + h, and NV, is the number of lattice sites along
the z direction. Using Eqs. (B22) as well as A(ky, w,) =
—Im G (ky, 0y ), We obtain

I: (ti,h) = / dwe™ T[T (w) Ang ()

+ (real-valued terms)] + O((Jr)?),  (B25)

where Ang(w) = np 1 (wL) — np.r(wr) and the magnon trans-
mittance 7 (w) is given in Eq. (10). Therefore, Eqs. (B14a)
and (B14b) are found to be

Is(t)=/ doT (w)Ang(w), (B26)
) = / ~ dooT (w)Ang(w). (B27)

These quantities are O(S?) because of G (ky, wg) = O(S)
as shown in Eq. (B22a).

Finally, we estimate Z3(f;,7;) and show that IEZZ)(I) in
Eq. (B14b) contributing to the energy and heat currents is
0(S%) and thus negligible within our accuracy of SWA be-
cause it is much smaller than Ié+_)(t) = O(S?). This can
be proven as follows. From Eqs. (B23), we see that time-
dependent parts of G2, v (1) G r (), and GZ, . (1) are
0(SY). Combining these with Eqgs. (B14c) and (B19), we find
@) = 0(S°).

By substituting Eqgs. (B26) and(B27) into Egs. (B11), the
currents up to order O((J1)?, S?) are found to be

Is = /oc doT (w)Ang(w), (B28a)
Ig = /OO dooT (w)Ang(w), (B28b)
Iy = / dw(w + h)T (w)Ang(w). (B28c¢)

APPENDIX C: LORENZ NUMBER FOR FREE FERMIONS

Here, we discuss the Lorenz number £ for free Fermi
gases in the cases of a QPC, linear junction (LJ), and planar
junction (PJ). We explicitly show the following two points: (i)
L — (d + 1) in the Boltzmann limit approaches a constant
sensitive to the junction geometry via the power d in T (w) ~
o and (ii) £ — 7%/3 in the quantum limit approaches to a
constant insensitive to the junction geometry. The results are
summarized in Fig. 6.

We consider tunneling transport in the junction systems
consisting of two Fermi gases with quadratic dispersion [53].
For convenience, we set the charge of fermions e and the
Boltzmann constant kp to unity (e = kg = 1). When the two
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reservoirs are weakly connected with each other, the particle
(heat) current Ip (Iyy) flowing between two Fermi gases up to
the second order of tunneling coupling is obtained by replac-
ing np o (@ + he) With ng o (0 — pe) = 1/[e@ /e 4 1] in
Eq. (9) [Eq. (13b)], where u, and T, are a chemical poten-
tial and temperature in the reservoir @ = L, R, respectively.
The transmittance of fermions obeys power law T (w) =
Aw?/T(d + 1) with

I (QPC)
d=141/2 (L) (C1)
0 (P)

(We do not mention the details of the coefficient A > 0 irrele-
vant to the following discussion). By expanding Ip and Iy with
respect to small biases Ay = pup — ur and AT =Ty, — Tx,
we obtain the conductances as

L _
Tpa = Fa), (€2)
% - A;f;l = (d+ Dy () +xFy(0), (C3)
A;@il = (d+2)d + 1) Fiax)
+2(d + Dx Fypq (%) 4+ X Fy(x), (C4)

where x = —u /T, u = (uL + ur)/2, T = (Ty + Tr)/2, and

5 00 yd’fl 1
Far(x) =/ d ———— = —Lig(—=e™)  (C5)
0

y F(d/) ey+x +1 =
is the Fermi-Dirac integral. The thermal conductance is given
by

LiaLo; L T(Liy)*
=Ly — .

11 Ly
Figure 6 shows the Lorenz numbers £ = K/(L,,T) for the
QPC, LJ, and PJ as functions of x = —u/T. As for magnons
in the main text, x — 400 corresponds to the Boltzmann
limit. In this case, the Lorenz numbers approach to constant
values sensitive to the junction geometry as discussed in

K=1Ly- (Co)

5 . .
Quantum Boltzmann

4 ——apC |

ST LI

h PJ
Q ; \

I I

—iO 0 10 20
—u/T

FIG. 6. Lorenz number L for junction systems consisting of two
noninteracting Fermi gases. In the Boltzmann limit —p /T — oo, £
in different junctions approach different constants, while all £ in
the quantum degenerate limit —u/7 — —oo go to the same value
72 /3 = 3.29, manifesting the universal WF law for Fermi liquids.

-20

Sec. III B:

L—(d+1). (C7)

In the LJ case with d = 1/2, we can recover Eq. (21) in the
main text.

The other limit x — —oo corresponds to the quantum
degenerate regime of fermions. This is because a chemical
potential approaches the Fermi energy u — €p in the low-
temperature limit with fixed fermion density. In this case, the
Lorenz numbers approach another constant value independent
from the junction geometry:

L — w%/3 =3.29. (C8)

This insensitivity to the junction geometry results from the
strong constraints on degenerate fermions, for which the
Fermi surface allows the replacement, 7 (w) >~ T (eg) and
oT (w) >~ €T (€r), in the evaluation of currents. As a result,
the tunneling currents are governed only by Fermi distribu-
tion functions of reservoirs independently from the interface
geometry. For the same reason, £ in Eq. (C8) takes the same
value as its bulk counterpart given by the ratio of a thermal
conductivity to an electrical conductivity, which is originally
found by Wiedemann and Franz [47] and theoretically derived
by Sommerfeld with consideration of the quantum degeneracy
effect [59]. We note that the WF law is broken for strongly
interacting fermions in the unitary limit [4], where the above
replacement of transmittance is not justified [70].

APPENDIX D: QUASISTATIONARY MODEL

In this Appendix, we review the quasistationary model
describing relaxation dynamics near equilibrium, which is
originally proposed in the tunneling transport for ultracold
Fermi gases in Refs. [2,68] and extended to spin systems [34].
We follow the formalism in these previous works. We first
introduce the model without the assumptions of junction ge-
ometry and of the high-spin polarization of FIs, which is
applicable beyond SWA.

We first relate the dynamics of spin and entropy currents to
biases. Using Eq. (15), the time derivative of magnetization
and entropy differences between FlIs, AM = M — My and
AS = S, — Sg, are expressed as

d (—AM I 1
5( AS ) - _2(1H/T) - _G<ozch

where we define

[ 7 Ah
L+a? J\AT )

(DD

Lo\’
- —]. D2
(Ln) (b2

We note that the values of these transport coefficients gener-
ally depend on the geometry of the junction [34].

When the system is in a quasistationary state, character-
ized by the rapid thermalization within each FI compared
to the slower relaxation of AM and AT through the MLJ,
AM and AS respond to the small biases. By expand-
ing Myr(hF Ah/2, T £ AT/2) and Sy r(hF AR/2, T +
AT/2) with respect to Ah and AT, we can obtain the

o Ly,
ch = 7>
Ly;

Ly
TLy

G =2Ly,
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following thermodynamic relation:

oM oM
—am\ (G =G [ an D3
as )=\ -®), @), \ar) P

1 .\ [ Ah
_"<a, l—faz)<AT)’ (D4)

where
_ oM DS
<= (5), o
as

a = _<W>r’ (D5b)
l:%:l(ﬁ) . (D5c¢)

«T k \oT / ,

In Egs. (D3) and (D5), thermodynamic quantities are eval-
uated with the mean values: M = (M + MRr)/2, S = (SL +
Sr)/2, h = (hy + hr)/2, and T = (1., + Tr)/2. In terms of
spins, « is the differential spin susceptibility and Cy, is the
heat capacity with fixed magnetization. In the context of the
magnon gas, k and ¢, are regarded as the isothermal com-
pressibility and the dilatation coefficient, respectively.

The combination of Eq. (D1) with Eq. (D3) results in the
following differential equation describing the dynamics:

d (—AM/k _ 1 —d —AM/x
o () == ) () o
where
K

= TH’
We can find the solution of Eq. (D6) of the form
(—AM(I)/N> _ (Au@) f\u(t)) (—AM(O)/N>

AT ()/T _(Z\Zl(t) An@))\ AT(0)/T
(D8)

8’/”)},

(D9)

To & =a — g D7)

where
L+a®
—t/t- —t/T4 l —t/T_
e +e + —) -
( T

An@) =

N =
e,

A Tk ’ A r ax —t/T_ —t/t
Ap(t) = N l/\zl(f):Nm(e — e 1),

(D10)
L+a®
Axn(t) = ! (7= 4 e7!/T)— J;—_(e"/ff— ey b
2 Ay — Al
(D11)

The relaxation times 7+ and A4 are determined as

T+ = Tp/Ax, (D12)
1 L+ &> a 1 L+a*\’
Ar=—(1 +./—4+-{1- .
* 2( T ) Pt 4( 1 )
(D13)
L+a®
Note that the signs before AE—A,I in Egs. (D9) and (D11)

are consistent with those in Ref. [68] but opposite to those
in Ref. [2]. It is noteworthy that this solution for relaxation
dynamics remains valid for any A, T, and junction geometry
as long as the biases Ah and AT are small and the quasista-
tionary condition is satisfied, even beyond the regime where
the SWA is valid.

Let us now discuss the relaxation dynamics between highly
spin-polarized FIs by applying SWA. By using Eqs. (A6)—
(A9) for S =1/2, we can evaluate the thermodynamic
coefficients in Egs. (DS5). Surprisingly, in this case, Egs. (D5)
characterizing thermodynamics of bulk are identical with L;;
for tunneling transport [in Eqs. (16)] in the MLJ, leading to

d n _po (D14)
—_—— = = X
BVT ~ AJT 1/2(x),
Oy = O¢cp = ém X, (DIS)
2 Fi2(x)
RN S
4 Fipx) 4\ Fipk)

This comes from the fact that the magnon density of states
p(w) o /w in FIs follows the same power law as the magnon
transmittance 7 (w) in the MLJ [see Eq. (12)]. As a result,
the dynamics of AM and AT, which are governed by the
differential equation (D6), are decoupled from each other:

d [(—AM 1 0\/—-AM
"E( AT >= _<0 1)( AT ) (D17)
where the relaxation time
2 J/Jr)?
T = _M — const (DIS)

T J

is independent of & and 7. The dynamics of spin and heat
independently decay in the same relaxation time:

AM@)\ _ (e/™ 0 AM(0)
AT@t)) — \ 0 /™ ]\ AT(0) )
Because of J/Jr>»> 1, J/T > 1, and N/Nt> 1 in our

case, 7p in Eq. (D18) is much larger than the typical thermal-
ization time scale 1/J.

(D19)
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