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In this work, the 4D3),|3, £2) — 4Ds/»|3, +2) transition in the Nb** ion is identified as a promising
candidate for a terahertz (THz) atomic clock, with the transition frequency occurring at 56.0224 THz. This
transition is primarily driven by the magnetic dipole decay channel, which can easily be accessed by a laser.
We focus on the stable **Nb isotope, which has 100% natural abundance and a nuclear spin of I = 9/2 for
experimental advantage. Our data analysis allows us to estimate potential systematic shifts in the proposed clock
system, including those due to blackbody radiation, electric quadrupole, second-order Zeeman, and second-order
Doppler shifts. The scheme presented in this study can help suppress the ac Stark and electric quadrupole shifts
in the clock-frequency measurement. All these analyses suggest that the proposed THz atomic clock using Nb**
could be valuable in both quantum thermometry and frequency metrology.
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I. INTRODUCTION

Atomic clocks are often used as the timekeeping devices
which define the international standard of time. Recent tech-
nological advancement in atomic physics has improved the
precision of these atomic clocks to an extent that these devices
lose only a second over several billion years. Atomic clocks
were recently used in the investigation of various phenomena
of fundamental physics, including the search for dark matter
[1], the variation of fundamental physical constants [2], rela-
tivistic geodesy [3,4], gravitational-wave detection [5—7], and
the description of interactions beyond the standard-model par-
ticle physics [8]. Most existing atomic clocks operate in both
optical and microwave ranges, but lately, the operating range
of these devices has been expanded to the terahertz (THz)
range based on the application of various ingenious modes of
THz electromagnetic radiation in sensing, spectroscopy, and
communication [9] and for the analysis of interstellar matter
[10].

THz clock transitions are high-frequency transitions of the
order of 10'> Hz; hence, are proved to be highly sensitive
to blackbody radiation (BBR) and can be used in quantum
thermometers, especially in remote-sensing satellites [11].
Moreover, the THz-frequency standard also has applications
in next-generation navigation, communication and sensing
systems [12], and commercial THz instruments such as de-
tectors, sources, and high-resolution THz spectrometers [13].
It is also important to devise THz clocks for astronomical
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instruments, especially astronomical interferometers and
next-generation space telescopes for probing unexplored areas
of the universe, including our galaxy, in which more than
50% of the total luminosity is due to THz radiation [14,15].
Furthermore, the realization of the THz-frequency standard is
necessary to understand star formation and decay processes,
as well as the thermal fluctuations in the environment due to
the immense release of greenhouse gases [14].

The proposition of implementing absolute-frequency stan-
dards in the THz domain was first introduced in 1972 by
Strumia, who considered fine-structure transition lines of Mg
and Ca metastable triplet states [16]. Yamamoto et al. first
generated a tunable THz optical clock with a 100 GHz to
1 THz frequency range [17]. Champenois et al. first proposed
the THz-frequency standard based on three-photon coherent
population trapping in trapped-ion clouds [18]. Zhou et al.
considered alkaline-earth atoms, including Sr, Ca, and Mg, to
determine the magic wavelengths of THz clock transitions be-
tween their metastable triplet states [19]. Yu et al. evaluated ac
Stark shifts and magic wavelengths of THz clock transitions
in barium [20]. Wang er al. probed carbonyl sulfide (OCS)
to realize two different molecular clocks based on the sub-
THz-frequency standard [21]. The miniaturization of atomic
clocks with high affordability to chip-scale THz OCS clocks
was analyzed by Kim et al. [12], whereas Drake et al. con-
sidered silicon nitride to analyze the performance of THz-rate
Kerr microresonator optical clocks [22]. Wang et al. proposed
chip-scale molecular clocks based on a complementary-metal-
oxide-semiconductor technique with selected OCS transitions
[23]. A THz molecular clock using vibrational levels of Sr,
was constructed by Leung ez al. [24], who achieved systematic
uncertainty at the level of 10714,
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In a recent study, we proposed a THz clock based on the
magnetic dipole (M1) transition of the 4D3,,—4Ds/, transi-
tion in the Zr’* ion and estimated major systematic shifts
associated with this transition [25]. In this work, we intro-
duce a similar M1 clock transition at THz frequency in the
Nb** ion and analyze the corresponding systematic frequency
shifts. The results reveal that the Nb** clock is more sensitive
to magnetic perturbations in comparison to our previously
proposed Zr** clock and other clocks proposed in the THz
regime. Therefore, the Nb** ion is particularly advantageous
for prospective applications, especially in quantum thermom-
etry, where BBR-induced shifts can be utilized to calibrate
quantum thermometers. The high sensitivity of this clock to
magnetic perturbations also suggests its potential to enhance
sensor sensitivity and for more accurate synchronization with
instruments operating at THz frequencies, which is critical for
various quantum technologies, including quantum metrology.

This paper is structured as follows: Sec. II presents the
detailed proposal for our THz ion clock. Section III demon-
strates the method of evaluation of atomic wave functions
and matrix elements, and Sec. IV demonstrates the estimation
of energies of various states and makes a comparison with
National Institute of Standards and Technology (NIST) ener-
gies as well as estimations from different methods. Section V
presents electric dipole (E'1) and magnetic dipole (M 1) polar-
izabilities used for estimating systematic effects. Section VI
discusses the dominant systematic shifts, and the study is
concluded in Sec. VII. All the physical quantities are given
in atomic units unless stated otherwise.

II. SCHEME OF A **Nb*" THz clock

From our earlier calculations of spectroscopic properties
in Nb** [26], the wavelength of the fine-structure splitting
4D;/,—4Ds; of the ground state in this ion is found to be Ay =
5.355 wm, corresponding to a frequency of 56.022 4 THz. The
lifetime of the 4Ds/, excited state of this transition due to
forbidden decay channels is estimated to be approximately
12.65 s [27]. These two properties of the 4D3,,—4Ds;, tran-
sition in Nb** fulfill the essential requirements for making it
a THz clock. ®>Nb has almost 100% natural abundance [28],
with a nuclear spin of I = 9/2, which can be sensitive to
detecting magnetic-field effects.

In a practical experimental setup, trapping a >Nb** ion can
be achieved using electron-beam ion traps [29,30] or electron
cyclotron resonance accelerators [31]. The clock frequency
of the 4D;/,-4Ds), transition in **Nb*" can be measured
by trapping this ion simultaneously with either the Mg*t or
Al ion using the quantum logic principle because these ions
possess mass-to-charge ratios similar to that of the Nb*"
ion [32,33]. The schematic diagram of our proposed clock
is shown in Fig. 1, where cooling and interrogation lines
are clearly identified. As can be seen, we consider here the
hyperfine levels |F, Mg) over the atomic states for the actual
measurements, and the reason for choosing the |3, +2) hyper-
fine levels in particular is to minimize systematic effects, as
discussed later. The sufficiently long lifetime of 12.65 s for
the 4Ds, state provides the possibility of a long interrogation
time. Hence, a desirable amount of atomic population can be
accumulated in this state, satisfying the population-inversion
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FIG. 1. Schematic of the clock-frequency-measurement setup
using the Nb** ion. As shown, the 4D;5)5[13, £2)]-4Ds 5[ 13, £2)]
transition is used as both the pumping and clock transition, whereas
the 4D;3)5[|3, £2)]-5S,,2[|4, 0)] transition is used for the detection
of population changes at the ground state. The cooling cycle is also
explicitly demonstrated.

criterion between the clock states that is imperative for the
clock mechanism to work. Thus, the Nb** jons can be pumped
from the ground 4Ds,|3, £2) state to the clock 4Ds»|3, £2)
state using the already available 5.355 um pulsed lasers
optimized to an intensity required to achieve the highest popu-
lation inversion among the clock states. In addition, these ions
can be cooled using a two-photon laser-cooling mechanism
through the 4D3,, — 581/, and 58, — 5Py, transitions cor-
responding to lasers wavelengths of 131.87 and 187.74 nm,
respectively. The decay of electrons from the 5P, state to the
4D/, state with a calculated branching ratio of 83% (high-
probability) suggests the feasibility of maintaining a recycling
process of two laser cooling, which is efficient at cooling ions
and sufficient enough to enhance the coherence and intensity
of the clock signal. Further, the population density at the 4D3»
clock level can be monitored using weak pulses of a detection
laser with an amplitude of 131.87 nm implemented between
the 4D;,, and 55;,, states. The implementation of this ap-
proach prepares the ion in one of the clock states, guaranteeing
highly efficient population inversion, thereby benefitting the
signal-to-noise ratio inherent in the clock. Fundamentally, this
clock operation is similar to that of an atomic fountain, as seen
in the rubidium atomic-fountain clock [34].

Experimentally, the implementation of a detection laser
can be achieved through high-order harmonic-generation
techniques, facilitating the generation of ultrashort pulses
[35,36]. Once a sufficient population of ions is detected at
the 4Ds5[|3, £2)] hyperfine level, the detection laser can be
promptly turned off to mitigate resonance effects at the 4D5 ),
state. Subsequently, stimulated emission of the clock laser via
the M1 decay channel at a frequency of 56.0224 THz can be
observed. It is suggested that both the pumping and detection
lasers need to be turned off during the observation of the clock
transition, so that there is no risk of introducing an ac Stark
shift and to ensure an undisturbed environment. It should
also be noted that there is no risk of leakage of ions in this
case owing to the proposed compact experimental setup and
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minimal implementation of lasers in the scheme. To achieve
the high stability and high accuracy in this proposed THz-
clock scheme, using a feedback loop to control the energy
difference between the 4D/, and 4Ds;, states is recom-
mended. This feedback loop would adjust the static magnetic
field applied to the ion trap to maintain a stable clock fre-
quency over time [37]. All these characteristics of Nb*"
ensure that it is a viable candidate for a THz clock.

III. METHOD OF EVALUATION

Precise determination of systematic frequency shifts in a
clock transition requires accurate computation of the wave
functions of the involved states. Therefore, we implement
relativistic-coupled-cluster (RCC) theory for accurate compu-
tation of these wave functions as well as the matrix elements
of physical operators. Higher-order correlations due to various
physical effects accounting for core-polarization and pair-
correlation effects are also incorporated through the nonlinear
terms of the RCC theory. Although the general formulation
and potential applications of RCC theory can be found in
many previous studies, including Refs. [38-42], we provide
a brief outline of our employed RCC method below.

We begin with the Dirac-Coulomb Hamiltonian Hpc in our
RCC method, which in atomic units is given by

N, 1
Hpc =) lcdp - pi+ (B = D+ Vol + ) —. (1)

i=1 i>j Y

where N, is the number of electrons in the atom, c¢ is the
speed of light, &p and S are the 4 x 4 Dirac matrices, V,(r)
is the nuclear potential, and r;; is the interelectronic distance
between electrons located at r; and r;. Corrections due to Breit
and lower-order quantum electrodynamics (QED) are also in-
cluded to improve accuracy in our calculations [43—46]. Note
that contributions from the negative-energy states (NESs) are
neglected here, which will not affect our results in the preci-
sion of interest.

In the RCC-theory ansatz, the wave function of a many-
electron system can be expressed in terms of the mean-field
(MF) wave function |®() of an atomic state and cluster oper-
ator T as [47]

|Wo) = e’ | D). )

By solving the Dirac-Fock (DF) equation for the closed-shell
configurations ([4 °1), we get the MF wave function |®y), and
then, we obtain the DF wave function |®,) of the state with
configuration [4p®]v by adding a suitable valence orbital v. In
terms of the creation operator for the valence electron a!, it is
given as [48]

v

|®,) = al|Py). 3)

The wave function of an atomic state with a closed-shell
electronic configuration and a valence orbital can be expressed
in terms of a RCC operator that accounts for the excitations of
core electrons to virtual orbitals 7 and the operator §,, which
accounts for the excitation of the valence orbital to a virtual
orbital as [41]

(W) = e {1+8,}|2,), “4)

where T and S, can account for the singly and doubly excited-
state configurations in our RCC-theory (RCCSD method)
ansatz as [41]

T=T+T1, S, =Sn+35.. )

Accounting for excitations from both the core and valence
orbitals of DF wave functions of the Nb** ion, we define the T
and S, operators in terms of the second-quantization operators
and their amplitudes p as [49]

. 1 P
I = praa,‘ﬂav = Z Z quaba,‘,a;,abaa,
p.a pq.ab

. 1 S
Sty = pra;am Sy = 5 prqvaa;azaaavv (6)

m#a pg.a

where the indices p and g range over a large number of virtual
orbitals with energies up to 3500 a.u. and the indices a and b
range over all possible occupied orbitals.

Finally, the matrix elements of a physical operator O be-
tween states k and v with the corresponding wave functions
|W,) and |W;) are evaluated as [42,49]

(W, |01y
(W, [0, (W [Py

Oy =

_ (D8] + DOU1 + S} b) -
(@, [(S] + DIN{I + S} [ ®y)

where O = ¢”'Oe” and N =" e”, with O and N being
nonterminating series. In Eq. (7), O can be replaced by the
E1, M1, and electric quadrupole (E2) operators, depending
upon the matrix elements that need to be evaluated for the
analysis.

In this work, we use Gaussian-type orbitals (GTOs) as the
single-electron basis set in the calculations. The GTOs for the
large (L) and small (§) components are given by [50-52]

L I
gl =NrTe

d K

gl = NS[E + ;}gﬁi- ®)
Here, N&-S represents the normalization constant for the L and
S components, 7; is an arbitrary coefficient suitably chosen
for accurate calculations of wave functions, [ is the orbital
quantum number, and « is the relativistic quantum number.
The exponents 7; are determined by the relation 1; = noB:~".
We use a large basis set of functions with 40, 39, 38, 37,
36, 35, and 34 GTOs for the s, p,d, f, g, h, and i orbitals,
respectively. We list the ny and B parameters that are used
in the present calculations for each symmetry in Table 1.

IV. ESTIMATION OF ENERGIES

In order to find the accuracy of the wave functions from the
RCCSD method used to determine various matrix elements,
we present energies obtained with this method in Table II.
Contributions from the Breit and QED corrections to the
calculated energies are also shown explicitly. Table II shows
that the Breit and QED contributions are within 0.01% of the
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TABLE I. List of 1y and B parameters used to define the GTOs
for different symmetries to construct single-particle orbitals in the
present calculations.

s p d f g h i

no 0.0009 0.0008 0.001 0.004 0.005 0.005 0.005
B 2.15 2.15 2.15 2.25 2.35 2.35 2.35

total calculated values. The final calculated values are also
compared with those tabulated in the NIST database [53]. We
find about 0.5% variation between our calculated energies and
NIST data.

V. DIPOLE POLARIZABILITIES

Interaction of an atomic or ionic system with external elec-
tromagnetic fields leads to electric and magnetic polarization
of the system. This causes the shifts in energy levels of the
considered atomic system, which can be estimated to second
order by evaluating electric and magnetic dipole polarizabili-

possible systematics in the clock states of the considered
atomic system. It requires determination of the E1 and M1
matrix elements and energies. The required matrix elements
are evaluated using the aforementioned RCC method, whereas
excitation energies are taken from the NIST database [53]
in this work. Further details of these calculations and the
obtained results are discussed below.

A. Evaluation of E1 polarizabilities

The total E1 polarizability af'(w) of any hyperfine state
|Fy, Mp) at any frequency w for linearly polarized light for
the off-resonant spectrum can be represented in terms of scalar
and tensor components as [54-57]

3M} — F,(F, + 1) S
F,2F, — 1) %2, F,

of! (@) = o, (@) + @. O
Further, the scalar ay! . (@) and tensor a, . (@) components
are given in terms of total angular momentum (/) dependent
polarizabilities by

. . L = 10
ties of the considered states. Thus, accurate determination of "0 Ey (@) = a"o I (@) (10)
the E'1 and M 1 polarizabilities is essential in order to estimate and
|
F, I F.QF, — 1)2F, + D(2J, +3)2J, + DU, + 1)
ap g (@) = (=1 Hhtt F1 ar) (o) . (11)
o By QFE, +3)(F, + DH(J)2J, - 1)

Since calculating hyperfine-level wave functions is chal-
lenging, the F-dependent dynamic polarizability for linearly
polarized light can be determined using Eq. (9) for the atomic
E1 polarizabilities. In the above expressions, “fol, j, (@) and

k), () can be determined using the relations

1
E1l 2
ol ()= ———— § J,1 DI
nan( ) 3(21” 1) 7 |< || || k)l

1 1
12
x |:8E,lk+a)+5Enk—w:| (12)
and
@) =2 57,2, — 1)
% 6(J, + DQ2J, +3)2J), + 1)
J, 2
1Vt ) Yn n
x ) (=1)" {1 i 1}
Jk
IAIHLIIAR . (13
X |{Ju|ID] i) |:8Enk+w+8Enk—w} (13)

Here, |(J,||D||Jx)| are the reduced electric dipole matrix el-
ements (reduced using the Wigner—Eckart theorem), with D
being the electric dipole (E'1) operator, J; being the angular
momentum of the intermediate state k, and 6E,; = E, — Ej,
where Eio corresponds to the unperturbed energies of the
states for i = n, k. The terms in curly bracket in Eqgs. (11)
and (13) refer to 6-j symbols. The static values of the E'l
polarizabilities can be deduced by substituting w = 0 in the
above expressions.

(

The above expressions for the E'1 polarizabilities can be
used to estimate contributions from the low-lying intermediate
states whose matrix elements can explicitly be determined.
To account for contributions from the core and continuum
orbitals, we divide them into core («), core-valence («¥¢), and
valence («*) correlations, as discussed in Ref. [58]. Contri-
butions from the virtual intermediate states correspond to or*?,
which are further divided into “main” and “tail” contributions
from the low-lying virtual states and high-lying virtual states,
respectively. Contributions from the core orbitals without and
with valence orbital interactions are given by «¢ and «'¢
respectively. Thus, we can write

aRCC = of 4 A 4 Olval’ (14)

al 1 1
where o™ = i+ o). ' ' o
To verify the roles of the Breit and QED interactions in the
determination of the E'1 polarizabilities, we present the final
value of o' as

OlEl — aRCC-&-BreiH—QED. (15)
As mentioned above, energies are taken from the NIST data
in the evaluation of the main contributions. NES contributions
to the length-gauge expression for the £ 1 matrix elements are
negligible [59,60]; thus, contributions from the NESs to the
final ! values are expected to be small.

The results for J-dependent static E'1 polarizabilities
(w=0) of the 4Dz, and 4Ds,, states from the off-resonant
lasing spectra are listed in Table III. From these results, it
can be observed that the 4D3;,,—5P;/5 3,2 and 4D3/—4F5),
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TABLE II. Estimated energies (in cm~") of various states of the Nb** ion and their comparison with available NIST values. The percent
deviation (%) is also provided. Values in square brackets depict the order of 10.

Source 4D3/2 4D5/2 4F5/2 4F7/2 581/2 SP] /2 5P3/2 6S]/2 6P] /2 6P3/2
RCC 407 832.95 405 874.28 191 705.65 191631.10 332251.04 278 918.66 275246.78 179435.61 157407.86 155 865.40
+Breit 37.10 118.95 53.42 58.32 —67.19 —112.15 -56.71 —27.85 —47.92 —24.78
+QED 36.25 32.79 5.13 4.89 —84.64 6.35 3.23 —32.26 246 1.19
Total 407 906.30 406 026.02 191 764.20 191 694.31 332099.21 278 812.90 275193.30 179375.5 15736240 155841.81

NIST

8(%) 2.28[-3]  8.86[—4] 4.54[—-1] 4.18[—1]

407 897.00 406 029.60 192 637.90 192499.50 331967.40 278701.80 275097.00 179400.70 157 390.50 155 873.70
3.97[-2]

3.99[-2] 3.50[-2] 1.40[-2] 1.79[-2] 2.05[-2]

transitions contribute dominantly to the static E1 polariz-
abilities of the 4Dj/, state, whereas the 4Ds;,—-5P;;, and
4Ds/,—4F5)5 7/, transitions contribute majorly to the static
E1 polarizability of the 4Ds,, state. As shown in Eq. (10),
the scalar components of the E'1 polarizability for both the
atomic and hyperfine levels are equal; thus, it can safely be
deduced that the static scalar E1 polarizabilities afol_ F, for
the 4D;),[|3, +2)] and 4Ds[|3, £2)] hyperfine levels are
3.1429 and 3.1506 a.u., respectively. In order to validate the
accuracy of our results, we compare our results with the static
dipole polarizability values estimated using the RCC method
without Breit and QED corrections as well as the third-
order relativistic many-body perturbation theory (RMBPT3)

method incorporating major physical correlations specifically
through the random-phase approximation, Briickner orbitals,
structural radiations, and the normalization of wave functions.
The comparison of the results shows underlying uncertain-
ties §1(%) and (%) less than 0.5% and 10% with respect
to the RCC and RMBPT3 methods, respectively. The high
uncertainty in comparison with the RMBPT3 method is ex-
pected due to the fact that this method incorporates only
major physical correlations up to third order. In addition,
when we include the near-resonant lasing spectra, it is ob-
served that the linewidths of the contributing states to the
E1 polarizabilities are negligibly small (of the order of 10~°
or less).

TABLE III. Contributions from different dominant far-off resonant transitions to the static dipole polarizabilities (in a.u.) of the 4Ds, and
4Ds), states of the Nb** ion. Percent deviations &;(%) and 8,(%) represent the deviation in the RCC+Breit+QED results with the RCC and
RMBPTS3 results, respectively. Here, values under d denote the E'1 matrix elements. o,,0(0) and «,»(0) correspond to the scalar and tensor
components, respectively, of the E'1 polarizability for the 4D3, state, while o,(0) and «,,(0) denote the same for the 4Ds ), state.

4D3/2 4D5/2
Transition d 0,0(0) ,»(0) Transition d ,0(0) o, (0)
4Ds3/,—5Py 5 1.179 0.3936 —0.3936 4Ds/,—5P;)» 1.569 0.4585 —0.4585
4D;3/,—6P, 0.227 0.0075 —0.0075 4Ds/,—6P; )5 0.319 0.0099 —0.0099
4D3,,—TPy 5 0.096 0.0011 —0.0011 4Ds,,—1P5)» 0.158 0.0020 —0.0020
4D3/,—8Py > 0.065 0.0005 —0.0005 4Ds/,—8P;)» 0.095 0.0007 —0.0007
4D3/,-9P, 0.034 0.0001 —0.0001 4Ds5/,-9P; )5 0.063 0.0003 0.0003
4D3,,-10P, 0.028 0.0001 —0.0001 4Ds,,—10P; ), 0.045 0.0001 0.0001
4D3/,—5P;3 ), 0.515 0.0730 0.0584 4Ds,—4F5), 0.480 0.0263 0.0301
4D;3/,—6P; ), 0.106 0.0016 0.0013 4Ds,—5F5), 0.064 0.0004 0.0005
4D3,,—1P;)» 0.053 0.0003 0.0002 4Ds,,—6F5), 0.043 0.0001 0.0001
4D3/,—8P;), 0.032 0.0001 0.0001 4Ds,—4F7), 2.158 0.5318 —0.1899
4D3/,-9P; ), 0.021 0.0 0.0 4Ds,—5F7); 0.303 0.0081 —0.0029
4D3,,-10P; ), 0.015 0.0 0.0 4Ds/,—6F7 ), 0.167 0.0021 —0.0008
4Ds3,,—4F5), 1.770 0.5324 —0.1065
4Ds3,—5F5), 0.237 0.0074 —0.0015
4Ds,,—6F5), 0.157 0.0028 —0.0006
4D3,-TF5), 0.311 0.0105 —0.0021
4Ds3,,—8F5), 0.265 0.0073 —0.0015
oyl 1.0383 —0.4551 oyl 1.0403 —0.6336
ofd 0.0393 —0.0110 ol 0.0603 —0.0216
o' —0.2148 0.1450 ' —0.2297 0.2297
ot 2.2780 ot 2.2780
RCC 3.1408 —0.3211 RCC 3.1489 —0.4255
RCC+Breit+QED (af!) 3.1429 —0.3201 RCC+Breit+QED (af') 3.1506 —0.4251
RMBPT3 3.3540 —0.3406 RMBPT3 3.3766 —0.4105
81(%) 0.07 0.31 82(%) 0.05 0.09
82(%) 6.79 6.40 81 (%) 7.17 343
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B. Evaluation of M1 Polarizabilities

The interaction of magnetic dipoles p,, within an ionic
system with an external magnetic field 53 leads to the magnetic
polarization of the system. These magnetic interactions can
be addressed quantum mechanically, using the M1 opera-
tor OM! = (L + 2S)up for Russell-Saunders coupling, with
wp being the Bohr magneton and L and S being the or-
bital and spin angular momentum operators, respectively.
Quantitatively, the phenomenon of magnetic polarization can
be described through the physical quantity an F, generally
known as magnetic dipole polarizability, which, for any hy-
perfine state n, can be expressed as [61]

oM 2 Z |(F,,||OM||Fy) |7
“n.F, C3Q2F, + 1) Er, — Ep

k

. (106

where OM! is the M 1 operator and F, represents the intermedi-
ate hyperfine states to which all the allowed transitions from
F, are possible. In Eq. (16), energies of the hyperfine levels
can be estimated by [62]

A 3K (K, + 1) —I(I + 1DJ,(J, + 1
Ep =M i |d ( )—1I( W ) ’
2021 — 1)J,(2J, — 1)

a7)

where K, = F,(F,, + 1) — J,(J, + 1) —I({ + 1) and Ay and
By are the M1 and E2 hyperfine interaction constants for the
considered states, respectively, which are given by [62]

A | |05 2) "
M= N T T D, F D (1%
and
20,2, — 1) 2
Byt = 20 A (a0 1),
QI+ D(@Jy + 2)(2T, +3)

19)

where py is the nuclear Bohr magneton; g; = 1 , with nuclear
M1 moment p; and nuclear spin /; and Q is the nuclear E2
moment. In Egs. (18) and (19), 0(1) and 0(2) depict hyperfine
operators given in the form [63]

g
o = Z —ie\| 5 il an(O)(rj (20)

and

0 =>" —ie%C;z)(rj), 1)
J J

where g represents the order of spherical harmonics and func-
tions Y and C are the tensor operators, with respective orders
given in parentheses in the superscripts. Further, the reduced
F-dependent M 1 matrix elements (reduced using the Wigner-
Eckart theorem) in Eq. (16) can easily be determined by using
J-dependent M 1 matrix elements as [48,64]

= QF, + D2F + 1)

Jn I Fn AM 1
%@1 J%WIW.m)

(FIIOM 1R

Contributions from the Breit and QED effects to the calcu-
lated M1 matrix elements are found to be extremely small.
The uncertainties of the M1 polarizabilities mostly rely on
the estimated energy differences which are determined from
the calculated hyperfine structure constants using the RCCSD
method. These uncertainties will dominate over the con-
tributions from the NESs. Again, it has been shown that
contributions from NESs to the evaluation of the M1 matrix
elements drastically decrease with increasing atomic number
[60,65]. Therefore, NES contributions to the evaluation of M 1
polarizabilities can be safely neglected here.

On the basis of the selection rules of the M1 tran-
sition, it is found that the 4D3/2|F = 3)—4D3/2|F =4)
transition is the primary contributor to the M1 polariz-
ability of the 4Ds/|F =3) state, with an estimated value
of 2.6836 x 107JT~2. Similarly, for the 4Ds)|F = 3)
state, the 4Dsp|F = 3)—4Ds),|F =2,4) transitions con-
tribute to its M1 polarizability, yielding a value of 9.0125 x
1078 7772, Eventually, the validation of our results is based
on the comparison of our results to the ™! values obtained
using the RCC and RMBPT3 methods, resulting in corre-
sponding percent deviations of 1.86% and 4.55% and 3.65%
and 4.59% for the 4D3, and 4Ds, states, respectively.

VI. ESTIMATION OF MAJOR SYSTEMATIC SHIFTS
TO CLOCK STATES

We now estimate and discuss major systematics that
contribute mostly to the uncertainty of the clock-frequency
measurement. We use the calculated quantities discussed in
the previous section to estimate the BBR, Zeeman, electric
quadrupole, and Doppler shifts. All these estimations are sum-
marized in Table IV and are discussed below.

A. BBR shifts

The impact of the temperature 7 of the environment on
the clock-frequency measurement is prevalent and leads to
thermal fluctuations of the electromagnetic field. These ther-
mal fluctuations are further experienced by an atomic system,
resulting in the interaction of the system with both electric-
and magnetic-field components of blackbody radiation, thus
inducing the shifts in the energy states, generally known as
BBR Stark (BBRS) and BBR Zeeman (BBRZ) shifts, respec-
tively. They are one of the major irreducible contributions to
the uncertainty of any atomic clock [66,67].

Considering a system at room temperature T = 300 K, the
BBRS shift of an energy level can be expressed in terms of

the differential static scalar polarizability Aaf! = oevEOl F,
wO F of the considered clock transition as [68]
Avipe = ——(831.9 V/m)* A, (23)

where the E'1 polarizability “no , in atomic units can be
converted into SI units using «/h [Hz(V/m)~2] = 2.48832 x
1073« (a.u.).

Similarly, the BBRZ shift due to the differential M1 polar-
izability Aa™! of the clock transition is given by [69]

1
AN = _E(Z'W x 1070 T)? AaM! (24)
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TABLE IV. Estimated systematic shifts in the 4Ds 5|3, £2)—-4Ds |3, £2) THz clock transition of the Nb** ion.

Source Av (Hz) %
Electric quadrupole 0 0
BBR Zeeman (7 = 300 K) —0.3664 —6.5402 x 1071
BBR Stark (T = 300 K) —6.6299 x 1073 —1.1834 x 10~'8
Quadratic Zeeman (B = 1078 T) —5.1197 x 10~ —9.1387 x 10720

Second-order Doppler (Thermal)

—2.5081 x 1071

—4.4769 x 10728

at 300 K. Here, Aa™! = ofl — ol (in units of pp) can
be converted to SI units using the relation 1up = 9.274 x
107#JT

From Table I11, it can be seen that the scalar static E 1 polar-
izabilities “fol, £, forthe 4D5 (|3, £2)] and 4Ds o[ |3, £2)] hy-
perfine levels are about 3.1429 and 3.1506 a.u., respectively.
Thus, the differential static E'1 polarizability is estimated to be
7.7000 x 1073 a.u., resulting in BBRS and fractional BBRS
shifts of —6.6299 x 107> Hz and —1.1834 x 10~'3, respec-
tively, with uncertainties of 5.19% and 5.20% with respect to
BBRS and fractional BBRS shifts evaluated using only the
RCC method. However, for the BBRZ shift, the evaluated
M1 polarizabilities for the 4D/ |F = 3) and 4Ds;,|F = 3)
hyperfine levels are found to be 2.6836 x 1072* and 9.0125 x
1023 J T2, respectively, with corresponding uncertainties of
1.86% and 4.55% with respect to the M 1 polarizability values
evaluated using only the RCC approach. This corresponds to
a BBRZ shift AvMl of —0.3664 Hz with an uncertainty of
—0.0029 Hz, whereas the fractional BBRZ shift is found to
be —6.5402 x 10713, resulting in an estimated uncertainty of
—5.1765 x 10~'7 with respect to the RCC results.

B. Zeeman shifts

The interaction of the M1 moment pp of an ion with an
external magnetic beam of intensity BB causes significant shifts
in the hyperfine energy levels as well as transition frequencies
of the system, usually known as Zeeman shifts [70]. The linear
Zeeman shifts can be avoided if the average is taken over the
transition frequencies with positive and negative My states, as
described in Refs. [71,72]. Although the first-order Zeeman
shifts are avoidable, the quadratic Zeeman shifts can con-
tribute significantly to the frequency uncertainty budget, and
hence, they must be estimated. The quadratic Zeeman shift to
the clock transition can be expressed in terms of differential
M1 polarizability AaM! as [73]

@y _ 1 M1 22
AV = o Aa™' B7, (25)
with AaM' = olf} — o)), . Substituting the M1 polariz-
ability values of 2.6336 x 1072 and 9.4223 x 10723 J T2,
corresponding to the 4Dz, |F = 3) and 4Ds;,|F = 3) hyper-
fine levels, leads to a quadratic Zeeman shift Av#? and

fractional Zeeman shift of the clock transition of —5.1197 x
1076 Hz and —9.1387 x 1072, respectively.

C. Electric quadrupole shifts

The interaction of quadrupole moments of the clock levels
with the residual electric-field gradient at the trap center can

be described using the Hamiltonian Hy [74], given by
Hy=VE®.@®?, (26)

where VE®@ is the tensor describing the gradient of external
electric field and @ is the electric quadrupole operator for
the considered ion. This interaction further leads to a shift in
the energies of the clock levels, which can be estimated using
[75]

&,
az
In Eq. (27), (Qo) = (yJIFM|®® |y JIF M), with y including
all other quantum numbers. The expectation value (Qy) of any
state n can be evaluated using [74]

(YJIFM|Qoly JIFM) = (=)™ [3M} — Fy(F, + 1)]

1
AE ~ _EA(Q°> 27

2F, +1
"\ @F, + 3)(F, + DQE, — 1)

Jn Jn 2 2)
X{Fn 4 ,}an@ lyJ).

(28)

with (yJ||®®@)]|yJ) being the reduced matrix element of
the quadrupole operator. From Eq. (28), it can easily be
deduced that minimization of the electric quadrupole shift
can be observed if 3M7 — F,(F, + 1) = 0, implying 3M7 =
F,(F, + 1). Since Nb** has nuclear spin, I = %; thus, the total
angular momentum F acquires values of 3—6 and 27 for the
4D5,, and 4Ds), states, respectively. Therefore, the electric
quadrupole shifts for both of these clock levels can be nullified
when |F, M) are chosen to be |3, £=2). That is the reason why
we selected the |3, £2) hyperfine levels in the scheme shown
in Fig. 1 for the clock-frequency measurement.

D. Doppler shift

Doppler shifts occur due to the distribution of velocity
among the considered atomic systems in the experiment when
an atomic-clock system is operated on a particular tempera-
ture [76]. The cold, but moving, ions in this case can interact
with the field inside the microwave cavity with a spatial phase
variation, thereby shifting the energy levels involved in the
clock transition [77]. The accuracy of the atomic clock is
limited by these Doppler shifts; hence, it is necessary to
minimize both the first- and second-order Doppler shifts for
high-precision clock-frequency measurement. The first-order
Doppler shift can be eliminated by using two probe beams
in opposite directions during the detection [78]; however, the
second-order Doppler shift due to secular motion is quite
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considerable and can be as large as 1 part in 10® [77]. This
second-order Doppler shift can be expressed in terms of the
mass m of the considered ion and speed of light ¢ in vacuum
as [79]

3nT
AVDZ = — <4mc2 ) V0. (29)
Considering the current advanced experimental techniques,
we recommend using cooling lasers under optimized work-
ing conditions to cool the ion trap to a temperature closer
to the Doppler-cooling limit 7. Acquiring temperature near
Tp, the second-order Doppler shift due to the secular motion
of the ion can further be minimized [80]. This Doppler-
cooling limit depends on the natural linewidth of the atomic
transition I'~! and is determined using the formula [81]

h

Tp = —.
b= oKy

(30)

Here, T" is the rate of spontaneous emission of the excited state
and is given by I' = Tl where v corresponds to the excited
state. Substituting the value of the Doppler-cooling limit from
Eq. (30) in Eq. (29), we get

3K,T;
Avpy = —< 2’502[’)1)0. (31)

For Nb*t, the lifetime of the excited state, i.e., T4ps, =
12.65 s, results in a Doppler-cooling limit of 0.302 pK. Con-
sequently, if we substitute the value of 7p in Eq. (31), the
second-order Doppler shift and fractional frequency shift are
found to be —2.5081 x 10~'* Hz and —4.4769 x 10~28, re-
spectively.

It is obvious from the above results that the BBRZ shift
contributes at the 1015 level, while other systematic effects
can contribute below 10~!7. The uncertainty due to the BBRZ
shift can be reduced further by performing the experiment at
lower temperatures or measuring the M1 polarizability more
precisely. Nonetheless, the large value of the BBRZ shift
can be useful. Since it is highly sensitive to magnetic-field

fluctuations, the Nb** ion clock can be utilized for quantum
thermometry.

VII. CONCLUSION

This work demonstrated that the 4D;;|F =3, My =
+2) — 4Ds),, |[F = 3, Mp = £2) transition in the **Nb*"
ion can work as a prospective terahertz atomic clock. In
view of this, we explicitly discussed our clock proposal and
evaluated major systematics in this transition, including BBR,
electric quadrupole, second-order Doppler, and second-order
Zeeman shifts. The maximum contribution to the systematics
of this transition was observed to be contributed by external
magnetic effects leading to considerable BBR Zeeman and
quadratic Zeeman shifts. The minimization of other system-
atic shifts can be carried out by optimizing the parameters as
suggested in the study. We also conclude that the Nb** THz
clock is more sensitive to external magnetic fields in compar-
ison to our previously proposed Zr** THz clock. Moreover,
this clock scheme is independent of the ac Stark shift and
electric quadrupole shift, which makes its implementation
more favorable for experimentalists. Therefore, we expect it to
be more useful for evolving quantum thermometry techniques
as well as for evolving terahertz devices, including sources,
detectors, and THz spectrometers, upon the successful imple-
mentation and development in an optimized environment.
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