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Analytically controlling the laser-induced electron phase in sub-cycle motion
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We develop an approach to directly control the phase of an electron’s sub-cycle motion in an intense laser field.
The method is established by tuning a low-frequency electric field applied on a centrosymmetric gaseous target
during its interaction with a few-cycle infrared laser pulse. We find a universal analytical relation between the
low-frequency electric field and its induced harmonic frequency shift, derived by the strong-field approximation.
This simple relation and its universality are confirmed numerically by directly solving the time-dependent
Schrödinger equation. Moreover, we demonstrate the benefits of the discovered relation in in situ applications,
including continuously and precisely tuning XUV waves and developing a method of comprehensively sampling
the THz pulse.
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Introduction. The high-order harmonic generation (HHG)
process serves as a well-established tool for probing the laser-
target dynamics. One interesting aspect is the laser-target
symmetry breaking manifesting through the odd-even har-
monics [1–15] or the shift of harmonic frequency [15–28].
Essentially, the underlying physics of these intensity modula-
tions and frequency shifts are hinted deeper, originating from
the interference of attosecond bursts emitted at each elec-
tron recombination event after completing a closed classical
sub-cycle trajectory in a laser field following the ionization
[29,30]. Central to this phenomenon is the phase dispar-
ity among adjacent attosecond bursts, which, for symmetric
targets, is closely linked to the electron wave’s phases ac-
cumulated during the electron quasiclassical motion within
laser fields [29,30]. These cues suggest strategies of lever-
aging measured HHG to in situ control the electron phase
(the core of the strong-field laser-matter interaction) through
precisely controlling sub-cycle electron trajectories within
subfemtosecond resolution via tuning the interacting laser
fields [6–13,16–27].

In the past decades, various ways of laser tuning have
been intensively proposed, including compressing laser pulse
duration to a few optical cycles [18–24], adjusting the chirp
of the driving pulse [16,17], or implementing additional fields
[6–13,31–33]. Controlling electron phases allows resolving
the quantum ionization and recombination time [12], in situ
characterizing attosecond bursts [11,22], tuning XUV waves
[16,24,25], sampling waveforms of broadband fields [7–10],
measuring structures [23,26], or probing the ultrafast dynam-
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ics of targets [13,18–21]. However, these HHG-based controls
of sub-cycle electron phases are still complex or indirect. The
reason is the absence of an explicit analytical form connecting
the phases of electron waves with the HHG measurements.
Constructing such a relation is not easy due to the nonlinearity
of the considered effects.

This Letter establishes an analytical framework directly
relating harmonic frequency shifts with the intensity of a
low-frequency electric field introduced alongside a few-cycle
driving laser pulse during interactions with atomic or cen-
trosymmetric molecular gases. Consequently, it allows for the
direct and precise manipulation of the phases of sub-cycle
electron waves by monitoring the harmonic frequency shift
while tuning the low-frequency electric field. The direct and
simple relation is also confirmed numerically by solving the
time-dependent Schrödinger equation. Remarkably, the ana-
lytical relationship is universal regardless of targets or driving
laser parameters. We then discuss its application in in situ
tuning XUV waves and THz metrology.

Analytical relation. Before deriving an analytical formula
describing harmonic frequency shift induced by adding a
low-frequency electric field to the driving laser pulse, we
first review the harmonic generation from a centrosymmetric
target interacting with a few-cycle laser pulse in the recollision
picture [29,30].

In the time domain, HHG results essentially from the
interference of emission bursts radiated every half-cycle in-
tervals when ionized electrons recombine with the parent ion
after being quasiclassically driven by the laser electric field.
Employing a few-cycle driving laser pulse ensures that no
more than two emission bursts called A1e−iφ1 and A2e−iφ2 (at
the middle of the pulse) contribute to generating harmonics
near the cutoff, making their interference pattern much more
apparent. In the recollision picture [29,30], the phase of the
emission burst is φ = N0ω0tr − S(ti, tr, p), where S(ti, tr, p) is
the quasiclassical action of the electron trajectories launched
at ionization instant ti and finished by the recombination at tr ;
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FIG. 1. Transformation from (a) SEF-induced changes of elec-
tron phases (δS1 and δS2) in the time domain into (b) SEF-induced
frequency shifts of harmonics (from order N0 to N) in the frequency
domain. The added static field Es perturbs the actions of the two
adjacent electron trajectories (S1 and S2), leading to the distortion
of emission bursts (A1eiS1 and A2eiS2 ), resulting in shifting their
interference pattern by �δS/π , where the phase distortion difference
�δS = δS1 − δS2.

p is the canonical momentum; ω0 is the carrier frequency of
the driving laser; and N0 is the harmonic order. The interfer-
ence of the two bursts A1e−iφ1 − A2e−iφ2 gives the interference
pattern with a maximum in the order N0 = (2k + 1) + �S/π ,
where k is an integer number, and �S = S1 − S2 is the phase
difference. In the case of a few-cycle laser pulse, harmonic
peaks may deviate from the odd-only pattern due to the non-
vanishing �S caused by the nonidentical electric fields felt at
the two adjacent half cycles.

Now we discuss the effect of adding a weak low-frequency
electric field to a few-cycle driving laser. Since the intensity
and frequency of the added field are much lower than those of
the driving laser, the added field can adiabatically be treated
as a static electric field (SEF), and it perturbs the electron
propagation in the electric field only. Figure 1 sketches the
mechanism. (i) A weak SEF deforms electron trajectories,
leading to a change in the quasiclassical actions and, as a
consequence, distorting the phase of attosecond bursts. The
corresponding phase distortions are labeled as δS1 and δS2 for
the two bursts in the middle of the pulse. (ii) The SEF-induced
phase distortion shifts the interference pattern by order of
�N ≡ N − N0 = � δS/π , where �δS = δS1 − δS2.

To treat this SEF-induced harmonic frequency shift
analytically, we need to express the SEF-induced phase
distortion difference �δS in an explicit mathematical form.
To do this, we represent the instantaneous total electric field
as ∓Ei sin ω0t + Es, where Ei is the peak amplitude of the
driving laser at the half cycle responsible for the interested
emission burst, and Es is the SEF. Applying the strong-field
approximation, we can express the SEF-induced phase
distortion as

δSi = ±C(N0)
Ei

ω3
0

Es, (1)

where C(N0) = 2(sin θ )(�θ cos �θ − sin �θ ) is a
dimensionless coefficient, with θ = ω0(tr + ti )/2 and
�θ = ω0(tr − ti )/2. Although we derived a similar formula
in Ref. [9], it is limited to the case of multicycle driving lasers
only. Here, the derived Eq. (1) is more general and can be
applied to any pulses.

From Eq. (1), we obtain the continuous SEF-induced fre-
quency shifts of harmonic peaks in an analytical form,

�N = ±2C(N0)
Em

πω3
0

Es, (2)

where Em = (E1 + E2)/2 is the average peak amplitude of
two adjacent half cycles of a few-cycle driving field. The
symbol ± implies the blueshift or redshift. Specifically, a
blueshift occurs if the first attosecond burst emits at the half
cycle where the electric field of the driving laser and the SEF
are in opposite directions. Meanwhile, the second attosecond
burst emerges when the two electric fields are in the same
direction. Conversely, a redshift happens.

To obtain the simple form of the analytical relation (2),
some approximations are utilized. First, the frequency of the
added electric field is much slower than that of the driving
laser, i.e., ωs � ω0. This allows the low-frequency field to be
treated adiabatically as an SEF field. The second approxima-
tion is that the SEF electric field is much weaker than that
of the few-cycle driving laser, i.e., Es � Em. This condition
implies that the added weak field only perturbs the quasiclas-
sical propagation of electrons in the external field, therefore,
only the first-order perturbation component of quasiclassical
action needs to be considered. Additionally, the weak field
does not change the ionization and recombination instants
compared to the case without the added field, so the coefficient
C(N0) is universal, i.e., independent of the laser parameters.
These instants can be easily calculated using the saddle point
approximation [30]. Specifically, for harmonics near the cut-
off, these instants are respectively ω0ti = 1.886 and ω0tr =
5.964, giving the value C = 2.558. The final approximation is
C(N ) ≈ C(N0) because �N � N0. It should be noted that the
low-frequency sources that are nowadays available entirely
ensure these discussed approximations. See the Supplemental
Material [34] for more details.

In summary, we analytically discover that harmonic fre-
quency shifts occur by and linearly change with varying
the low-frequency electric field in the perturbation regime.
These harmonic frequency shifts reflect the SEF-induced
phase distortion of the electron phase in the time domain. The
rule governing the SEF-induced frequency shifts is universal,
meaning they are independent of the target parameters as long
as the target is centrosymmetric.

Numerical validation. We validate the obtained analyti-
cal rule of SEF-induced harmonic frequency shifts [Eq. (2)]
by comparing it with numerical simulation. To this end,
we numerically solve the time-dependent Schrödinger equa-
tion (TDSE) of a hydrogen atom exposed to external electric
fields as

i
∂

∂t
	(r, t ) =

[
−�

2
+ Vc(r) + rE(t )

]
	(r, t ), (3)

in which Vc(r) is the ion-electron potential of the hy-
drogen atom, and E(t ) is the total electric field synthe-
sized from a SEF and a few-cycle laser pulse. E(t ) =
ê{E0 sin2(πt/τ ) cos[ω0(t − τ/2) + α] + Es}, where E0 is the
peak amplitude, α is the carrier-envelope phase (CEP), τ is
the pulse duration, and ê is a unit vector chosen along the z
axis.
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FIG. 2. Consistency between the numerical simulation and analytical prediction of SEF-induced harmonic frequency shift (in the frequency
domain) [(a), (b)], and the SEF-induced phase distortion of the attosecond bursts (in the time domain) (d) for harmonics near the cutoff. The
simulation is conducted by solving the TDSE for a hydrogen atom in a combination of a SEF and a five-cycle sine-squared pulse with an
intensity of 2 × 1014 W/cm2, a wavelength of 800 nm, and a CEP of −π/2. For a convenient presentation, HHG intensity in (a) is normalized
to its maximum. Open circles pick the centroids of simulated harmonic peaks, which indicate a clear redshift (Es < 0) and blueshift (Es > 0)
as predicted analytically by Eq. (2) (black straight lines). (b) presents HHGs for specific SEF amplitudes when harmonic peaks shift by −1, 0,
+1, and +2 orders. (d) shows the phases of 35th-order’s attosecond bursts at their emission instants, defined by the peaks of the time profile’s
intensity (gray vertical lines) (c). The simulated SEF-induced phase distortions are well consistent with analytical predictions by Eq. (1),
denoted by crosses in (d).

We use the OCTOPUS source code [35] to solve the three-
dimensional (3D) TDSE and the split operator method [36]
to solve the one-dimensional (1D) TDSE with the soft-
Coulomb potential Vc(z) = −1/

√
1 + 4z2 [37]. The results

for the 1D case, including Fig. 2, fully agree with those of
the 3D simulation (see them in the Supplemental Material
[34]). Therefore, we use only 1D calculations for differ-
ent laser parameters and application evidence (shown in the
next section) to save computation resources. It is reason-
able because the electron wave packet mostly spreads in the
polarization direction of the linearly polarized laser fields.
In addition, our 1D use is consistent with Ref. [37], which
confirms that the used 1D density-based potential Vc(z) can
generate HHG that qualitatively matches those from the full
3D simulation.

High-order harmonics near the cutoff, calculated by nu-
merically solving the TDSE with varied SEF intensity and
a five-cycle driving laser pulse, are shown in Figs. 2(a) and
2(b) compared with the analytical prediction by formula (2).
The laser parameters are an intensity of 2 × 1014 W/cm2,
a wavelength of 800 nm, and a CEP of −π/2. For clearer
navigation of harmonics as varying SEF, we pick the centroids
of harmonic peaks and mark them with open teal circles.
In Fig. 2(b), we take some slices from Fig. 2(a) at four
specific SEF fields, which accordingly cause one-order red-
shift (i), without shift (ii), and one-order (iii) and two-order
(iv) blueshifts. The figures reveal that as the SEF intensity
varies, the numerically simulated harmonic peaks linearly
shift and well match the analytical prediction presented by
the black straight lines. Specifically, the shifts are significant,
of one harmonic order for each small SEF change of about
8 MV/cm, which makes it easy to confirm experimentally.

As discussed above, the SEF-induced frequency shift in the
frequency domain is indeed a consequence of the difference

in the phase distortion of adjacent attosecond bursts caused
by the SEF-perturbed electron trajectories in the time domain.
Therefore, we perform the validation at a deeper level, exam-
ining the analytical phase distortion [Eq. (1)] by comparing
the phases of the two emission bursts at emission instants re-
trieved from the Gabor transformation of the numerical HHG
spectra. Results are shown in Figs. 2(c) and 2(d) and analyzed
in the following.

Figure 2(d) plots the 35 harmonic order (H35) phases at
different instants with varied SEF intensity at different in-
stants. The emission instants are determined by the peaks
of the time profile’s intensity, as presented in Fig. 2(c). It
shows that H35 emits at two instants, about 2.37T0 and 2.87T0

(T0 is an optical cycle), almost unchanged with varying the
SEF. It confirms the weak-perturbation approximation used
for the analytical formula (2) that the SEF almost unaffected
the recombination instants. Meanwhile, the SEF remarkably
distorts the emission phase, as shown in Fig. 2(d). Moreover,
the numerically calculated difference of SEF-induced phase
distortions between the two emission bursts is fully consis-
tent with those calculated analytically by Eq. (2), denoted
by crosses in Fig. 2(d). Indeed, the SEF intensities of −8,
0, 8, and 16 MV/cm change the phase differences by −1π ,
0, +1π , and +2π . The corresponding predicted SEF-induced
harmonic frequency shift by analytical formula (2) are −1, 0,
+1, and +2 orders, consistent with the numerical simulation
in Figs. 2(a) and 2(b).

Furthermore, we justify the analytical formula (2) for
various laser-target systems. Particularly, we demonstrate
the good consistency of the analytically predicted harmonic
frequency shift with those numerically simulated (i) using
various few-cycle driving lasers with a broad range of laser
parameters—intensity ranging in [1, 3] × 1014 W/cm2, wave-
length in [800,2000] nm, CEP within [−34π/36,−4π/36]
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and [2π/36, 32π/36], and a laser duration of less than seven
optical cycles. The ranges for CEP and time duration are
selected to meet the prerequisite conditions for Eq. (2), i.e.,
no less or more than two signals interfere to generate well-
resolved harmonics peaks near the cutoff. Moreover, the
good consistency is also obtained for (ii) different symmet-
ric gaseous targets—atoms and centrosymmetric molecules.
Finally, the numerical simulation validates the analytical rule
[Eq. (2)] (iii) for high-energy harmonics below the cutoff
under good experimental phase-matching conditions. The de-
tailed numerical evidence is enclosed in the Supplemental
Material [34] (including Ref. [38]).

We emphasize that SEF-induced harmonic frequency shifts
are feasible to observe experimentally. First, the CEP stabi-
lization for a five-cycle laser pulse (as used in this Letter)
is achievable with conventional techniques [39]. Second, cur-
rently available techniques can precisely measure the laser’s
peak intensities with errors of about 10% or lower [40–44],
leading to minor errors of harmonic frequency shifts. Third,
detecting frequency shifts is entirely possible with regular
spectrometers [45]. Finally, weak and low-frequency elec-
tric fields, such as CO2 lasers [33,46–48] or terahertz pulses
[8,49–53], can be used as low-frequency electric fields (SEF).
In the Supplemental Material [34], we demonstrate that the
harmonic shifts caused by a low-frequency electric field
with amplitude of Es and frequency of ωs are well ana-
lytically predicted by Eq. (2) if ωs/ω0 � 0.1, and Es/Em

within the range [−0.02,+0.05]. The absolute value for
the redshift limit of Es/Em for the redshift (| − 0.02|) is
lower than that of the blueshift (| + 0.05|) since the shift
to the low harmonics could be distorted by the interfer-
ence of more than two emission bursts. It should be noted
that the available sources [8,33,46–53] certainly meet these
conditions.

Applicability. Owing to the analytical relation of SEF-
induced frequency shift, we propose that it can be applied in
various aspects of in situ probing dynamics through HHG-
based controlling the electron phase during sub-cycle motion
by using an additional weak low-frequency field.

(1) Continuously tuning XUV harmonics. HHG is an
effective source of XUV pulses, essential in many ap-
plications in attosecond-resolved spectroscopy [54–56] and
photoelectron spectroscopy [56,57]. For these applications,
tuning parameters to obtain precise frequency and CEP of
certain XUV harmonics is necessary. One of the practical
methods is varying the frequency shift of the harmon-
ics by using chirped lasers [16,17], two-color laser fields
[11,12], few-cycle laser pulses [21–24], or double infrared
pulses [25]. With the derived analytical formula (2), we
propose that manipulating the harmonic frequency shift can
be performed analytically by tuning the low-frequency field
when centrosymmetric targets interact with a few-cycle laser
pulse.

(2) Terahertz metrology. Detecting the THz waveform is
an essential problem that has been intensively investigated
in recent decades [52,53]. Yet, the current array of available
techniques necessitates careful consideration when selecting
the appropriate active matter, underscoring the importance of
developing a matter-independent route for THz detection. In
Ref. [9], we proposed a universal and target-free method for

FIG. 3. In situ sampling THz waveforms (b) by the frequency
shifts of harmonics emitted with time delays between the pump
(THz) and probe (few-cycle driving laser) pulses (a). Panel (a)
displays TDSE-simulated harmonics near the cutoff with time de-
lays, whose peak centroids are depicted by open circles. Panel (b)
shows the good consistency of the “input” THz pulse and those
constructed from the shifts of harmonic order 35, 37, and 39 by
applying analytical formula (2). The used “input” THz pulse is
ET (t ) = E0T exp[−(ωT t/3π )2] cos(ωT t ), where ωT = 1.3 THz, and
E0T = 10.28 MV/cm. The probe pulse has the same parameters as
used in Fig. 2.

sampling THz pulses based on the intensity ratio of adjacent
even and odd harmonics. However, while effective in captur-
ing the time-dependent magnitude of THz pulses, this method
falls short in suffering a π -flip uncertainty for the pulse’s
CEP. Moreover, long-wavelength lasers are needed, so the
generated harmonics near cutoff are extremely high energy;
thus, high-resolution spectrometers are required to distinguish
odd and even harmonics.

Using analytical relation (2), we propose a more direct
target-free route based on a pump-probe scheme that can
measure both the time-dependent magnitude and sign of a
THz pulse with regular spectrometers. A THz pulse is used
as a pump pulse in the pump-probe scheme. Then, delayed
few-cycle laser pulses are used as probe pulses irradiating
to atomic or symmetric molecular gas to generate HHG.
Scanning harmonic traces gives harmonic frequency shifts
as a function of time delays, as exemplified in Fig. 3(a).
Applying analytical relation (2), we can effectively extract
both the magnitude and sign of the instantaneous THz field
[see Fig. 3(b)].

Conclusion. We have successfully derived a simple an-
alytical formula for directly controlling sub-cycle electron
phases, the core of strong-field physics. The formula con-
nects the frequency shift of harmonics near the cutoff and the
low-frequency electric field when irradiated with a few-cycle
infrared laser pulse into atomic or molecular gas. The formula
is universal and independent of target information as long as
it is centrosymmetric. The reliability of the analytical relation
has been validated numerically by solving the time-dependent
Schrödinger equation.
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Controlling electron phases within a sub-cycle time is es-
sential for various in situ applications. We have highlighted
its benefits in continuously and precisely tuning the frequency
of XUV waves, which is crucial in pump-probe experiments.
Also, this analytical relation enables direct sampling THz
pulses using regular spectrometers, irrespective of the chosen
active matter.
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