PHYSICAL REVIEW A 110, 063705 (2024)

Scaling enhancement of photon blockade in output fields

Zhi-Hao Liu' and Xun-Wei Xu® 2"

'Key Laboratory of Low-Dimensional Quantum Structures and Quantum Control of Ministry of Education, Key Laboratory for Matter
Microstructure and Function of Hunan Province, Department of Physics and Synergetic Innovation Center for Quantum Effects and
Applications, Hunan Normal University, Changsha 410081, China
2Institute of Interdisciplinary Studies, Hunan Normal University, Changsha 410081, China

® (Received 27 March 2024; accepted 26 November 2024; published 10 December 2024)

Photon blockade enhancement is an exciting and promising subject that has been well studied for photons in
cavities. However, whether photon blockade can be enhanced in the output fields remains largely unexplored.
We show that photon blockade can be greatly enhanced in the mixing output field of a nonlinear cavity and an
auxiliary (linear) cavity, where no direct coupling between the nonlinear and auxiliary cavities is needed. We
uncover a biquadratic scaling relation between the second-order correlation of the photons in the output field
and intracavity nonlinear interaction strength, in contrast to a quadratic scaling relation for the photons in a
nonlinear cavity. We identify that this scaling enhancement of photon blockade in the output field is induced
by the destructive interference between two of the paths for two photons passing through the two cavities. We
then extend the theory to the experimentally feasible Jaynes-Cummings model consisting of a two-level system
strongly coupled to one of the two uncoupled cavities, and also predict a biquadratic scaling law in the mixing
output field. Our proposed scheme is general and can be extended to enhance blockade in other bosonic systems.
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I. INTRODUCTION

A single-photon resource [1-3] with simultaneously high
degrees of efficiency, single-photon purity, and photon in-
distinguishability is a crucial device in the implementation
of quantum communication [4], quantum computing [5], and
quantum metrology [6]. Photon blockade, preventing the reso-
nant injection/emission of more than one photon [7], provides
an efficient way for single-photon generation with high purity.
The field of photon blockade is extended to the high-order
[8—12], multimode [13], and multi-dimensional [14] correla-
tions, and its application is expanded from generating single
photons to demonstrating photonic quantum logic gate [15,16]
and fractional quantum Hall state [17].

Since the prediction of photon blockade [7], diverse ef-
forts have been made to observe and enhance the effect.
Strong coupling between light and matter at the single-
photon level enabled the observation of photon blockade
in experiments, including single atoms coupled to an opti-
cal resonator [18-20], a quantum dot coupled to a photonic
crystal resonator [21,22], and a superconducting qubit cou-
pled to a transmission line resonator [23,24]. Different
from the photon blockade based on strong nonlinearity
(conventional photon blockade), Liew and Savona showed
that photon blockade can also be achieved with weak
nonlinearity through quantum interference, known as uncon-
ventional photon blockade (UPB) [25,26]. Subsequently, UPB
has been predicted in different setups [27-33], and has been
observed for both optical [34] and microwave [35] photons.
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While the UPB with weak nonlinearity is interesting, the fact
that there is a very small amount of photon in the cavity
makes it inconvenient for applications [36]. Besides, photon
blockade is also predicted by nonlinear driving [37,38] and
nonlinear loss [39-42]. Moreover, photon blockade enhance-
ment is proposed based on multimode-resonant interaction
[43,44], non-Hermitian coupling [45-48], dynamical excita-
tion [49,50], and coupled-resonator chain [51-53].

We note that the previous studies mainly focus on the
photon blockade in the cavities, but photon statistics in
the output fields becomes even more complex, such as we
can observe photon antibunching for the reflected light but
bunching for transmitted light [20,54,55]. Photon statistics
for the mixing of two output channels has been investigated
in Ref. [56], and it shows that the photon antibunching in the
mixing output field is not suppressed but rather just displaced
in a different region of the system’s parameter space. Besides,
photon antibunching as well as bunching effect are observed
in the mixed field of a narrow band two-photon source and
a coherent field [57], and tunable photon statistics have been
proposed in the admixing of a coherent state with a squeezed
state [58,59]. Nevertheless, whether photon blockade can be
enhanced in the mixing fields output from two cavities has not
been studied thoroughly.

In this paper, we combine conventional and unconventional
photon blockade and show that photon blockade can be greatly
enhanced in the mixing fields output from a nonlinear cavity
and an auxiliary linear cavity. Different from the previous
studies on UPB in weakly nonlinear photonic molecules
[25-33], here the photon blockade enhancement in the
output fields is achieved without direct coupling between
the two cavities, which brings three advantages. Firstly,
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there is no time oscillation in the temporal second-order
correlation function. Secondly, the single-photon output
efficiency is relatively greater. Thirdly, there is no strict
relationship between the nonlinear strength and the coupling
strength of the two cavities to observe optimal photon
blockade.

We analytically identify that there is a biquadratic scal-
ing relation between the second-order correlation of the
photons in the output field and the intracavity nonlinear
interaction strength, in contrast to a quadratic scaling law
for the photons in a nonlinear cavity. Our scheme is general
and can be extended to other platforms. As an example, we
consider an experimentally feasible Jaynes-Cummings (JC)
model for two (uncoupled) cavities with a two-level system
(TLS) coupled to one of them, and demonstrate a biguadratic
scaling relation between the second-order correlation of
the photons in the output field and TLS-cavity interaction
strength.

1. x® MODEL

Without loss of generality, we first consider the photon
blockade in the mixing fields output from a cavity contain-
ing x® nonlinear medium and an auxiliary (linear) cavity
[Fig. 1(a)]. The total Hamiltonian of the system in the frame
rotating at the probe laser frequency w, can be written as
(h=1)

H = Alafal + UaTaTalal + is(zf; —ay)
+ Asdlas + ig(al — an), (D

where a; and a] are the annihilation and creation operators
of the ith cavity with frequency w; (i =1,2), A; = w; — w,
is the laser detuning from the cavity resonance, § = w; — @)
is the detuning between the two cavities, U is the nonlinear
interaction strength, and ¢ is the pumping strength on each
cavity. According to the input-output relation [60], the mixing
fields aoy and Agy output from the two cavities can be de-
scribed by dow = (JK1a1 + € /K202)/ /2 — Ayae and Agyy =
(JKiay — e Jia2) /N2 — d,,., where «; is the one-sided
decay rate of the ith cavity, ¢ is the relative phase between
the two output fields (tunable by using the phase shifter), and
Gyye (a,,.) is the input vacuum field from the right-hand side
of the cavities. Here, we focus on the output field a,,, and the
results of A,y can be obtained just by replacing ¢ by ¢ +
(see Appendix A).

Photon statistics of the output field in the steady state can
be described by the second-order correlation function
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FIG. 1. (a) A Mach—Zehnder interferometer with two cavities (a;
and a,) in the paths. A laser is divided into two beams by a 50/50
beam splitter (BS), and they are injected into a cavity containing
x® nonlinear medium and an auxiliary (linear) cavity, respectively.
The output fields from these two cavities mix by another BS. A
phase shifter (PS) is placed in one path to induce tunable phase
difference ¢ between the two paths. The second-order correlation
of the output field is measured by a Hanbury-Brown-Twiss (HB-T)
set-up. Second-order correlations of the photons in the two cavities
[g(lz)(f) and g(zz)(r)] and the mixing output field [gf,zu)t(r)] are plotted
(b) as functions of the detuning A/« for the time delay t = 0, and
(c) as functions of log;,(tk/2m) for Ay = 0. The parameters are
¢ =m,U =20«,and § = 2U.

(a;agai'al), (a;aiagaz), (cﬂl‘al—alag), and (a;aiagaz)), and

there are phase factors ¢"? in front of the terms, which can be
negative and induce the enhancement of photon blockade in
the output field, without changing the photon statistics in the
cavities.

The dynamics of the system are governed by the mas-
ter equation [61] dp/dt = —i[H, p]+ Y ,_, , ki(2a;pa] —
a}a,-p — ,oa;ai), where p is the density matrix of the
system. For simplicity, here, we set x| = k; = k (the dis-
cussions on k; # k, are given in the Appendix B), and
rescale other parameters by «, such as ¢ = /10 for weak

pumping.

III. PHOTON BLOCKADE ENHANCEMENT

To demonstrate the photon blockade enhancement more
clearly, the second-order correlation functions for photons in
the two cavities ggz)(O) and in the output field ggzu)[(O) are
shown in Fig. 1(b). As expected, the photon statistics in the
two uncoupled cavities are independent of each other: strong
photon blockade g{(0) & 2.54 x 1073 in the cavity a; for
strong enharmonicity (U = 20«), and no photon blockade
g(zz)(O) = 1 in the cavity a, without nonlinearity. Surprisingly,
a much stronger photon blockade is obtained in the mixing
output field aqy for [gii)l(O)/g(lz)(O)] ~ 10~ at resonant fre-
quency (A; = 0). Moreover, as there is no direct coupling
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between the two cavities (a; and a,), there is no oscillation in
gf)zu)t(‘t) [Fig. 1(c)], in contrast to the rapid oscillations in pho-
ton correlations as a result of amplitude oscillation between
different cavities [26].

Figure 2(a) is a color plot of loglo[gg,zu)t(O)] as a function of
the phase ¢/m and detuning §/k, for A} =0 and U = 20«.
The minimum of log,,[g%2) (0)] is reached for ¢ ~ 7 and § ~
2U (or ¢ =~ 0 and 6 &~ —2U). Two cuts taken from the color
plot for § = 2U and ¢ = m are shown in Figs. 2(b) and 2(c),
respectively. The photon blockade is enhanced, i.e., g(z) 0) <

out

g(]2>(0), in the regime of 0.667 < ¢ < 1.33m, and the minimal
value of g(z) (0) is about 5.4 orders smaller than g(lz)(O) at

out
¢ ~ 0.9967 [Fig. 2(b)]. Moreover, g(oi)t(O) also strongly de-
pends on the detuning 8/« between the two cavities, and it
is about 3.8 orders smaller than g(lz)(O) at 6 =~ 2U [Fig. 2(c)].
These results suggested that quantum interference might be
responsible for the great enhancement of photon blockade in
the output field.

In addition, the mean photon numbers in the cavities
(n; = (a}a,-)) are plotted as functions of the detuning §/« in
Fig. 2(d). Under the optimal condition § ~ 2U, the single-
photon generation in the auxiliary cavity a, is suppressed
seriously (no/n; ~ 1073?) for large detuning § > «. Hence,
almost all of the single photons in the mixing output field are
emitted from the cavity a;, and they are about one half of
the photons emitted from cavity a;. Nevertheless, the auxil-
iary cavity a, provides another path for two photons passing
through the whole system, which is the key ingredient for
the enhancement of photon blockade in the output field as
discussed bellow. By the way, the mean photon number in the
auxiliary cavity a, is almost the same as the one in cavity
a; (n; = ny) under the resonant condition 6 = 0, and they
cancel each other at ¢ = 7 for destructive interference, which
induces a strong bunching effect [gﬁ)zu)[(O) > 1] [30,58] in the
output field [Fig. 2(c)].

IV. BIQUADRATIC SCALING

In order to understand the origin of the giant enhance-
ment of photon blockade in the output field, we derive
the expressions of the second-order correlations [gfu)t(O) and
g(lz)(O)] analytically (see Appendix B). Here, including the
effect of optical decay, an effective Hamiltonian Hey = H —
iK(aIal + a;ag) is introduced according to the quantum-
trajectory method [62]. Under weak driving condition (& <
k), the wave function on a Fock-state basis can be truncated to
the two-photon manifold as [¢) = Zi;'(‘) Zilzo Coin, |11, 12).
Here, |n;, ny) represents the Fock state of n; photons in cavity
a; and n; photons in cavity a,, with the probability amplitude
Cun,- The expression of C, ,, can be obtained by solving
the Shrodinger equation d|y¥)/dt = —iH|Y) in the steady
states.

Under the conditions for photon blockade enhance-
ment (¢ =m, A; =0, and § = 2U > «), the second-order
correlation function can be written as
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FIG. 2. (a) The second-order correlation log,,[g(0)] for dif-
ferent phase ¢/m and detuning §/«. The second-order correlations
loglo[gfu)l(O)] and logm[g(lz)(O)] vs (b) phase ¢/m with § = 2U and
(c) detuning &/« with ¢ = . (d) The mean photon number log,,(n;)
and log,(n,) vs detuning §/k with ¢ = 7. The other parameters are
A =0,U =20k, and ¢ = 0.1«.

where Now = «[|Cio|* + |Coi|* — 2Re(CyiCy)]. The proba-
bility amplitudes for two-photon states in the steady state are
approximately given by

—i g V2 &
Cy ~ ——, Cp xR ————,
U — ik 2k 2U — ik 4U
—i g2 ig?
Ch ~ £ 4
a U—i/c<2/c 4U> )

with |Cao| & +/2|Ci1| > |Coal. The first and last terms inside
the curly brace of Eq. (3) are canceled out by the destructive
interference between C,o and Cy. Then the second-order cor-
relation function in the output field is approximately given by

g2(0) ~ [k /QU)*. (5)

The second-order correlation of the photons in the output field
depends on the strength of the nonlinear interaction with a
biquadratic scaling law, which is different from the second-
order correlation of photons in the cavity a, i.e., g(lz)(O) ~
(k/U)?, with a c(;zuadratic scaling law.

Both loglo[gou)t(O)] and loglo[g(lz)(O)], obtained by solving
the master equation numerically, are plotted as functions of
log,o(U/«k)in Fig. 3. In the strong nonlinear regime U /x > 1,
the slope of loglo[gf)zu)l(O)] versus log,,(U/k) is —4, which
is much larger than the slope of —2 for loglo[g(lz) (0)] ver-
sus log;o(U/k). The numerical results agree well with the
analytical expressions in the strong nonlinear regime (black-
dashed lines in Fig. 3). Thus, the scheme we proposed cannot
only greatly enhance photon blockade by several orders,
but also change the scaling exponent of the second-order
correlation on the nonlinear interaction strength from —2
to —4.
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FIG. 3. The second-order correlations 1og10[g§,{31(0)] and
logm[g(lz)(O)] vs the nonlinear interaction strength log,,(U/x) with
A =0,¢=m,and § =2U.

V. JC MODEL

The scheme for photon blockade enhancement in output
field is general. It can be extended to other optical platforms
with anharmonic energy levels, such as the JC model [63].
The strong coupling between a single cavity and a TLS has
been realized decades ago [64—67], and photon blockade was
demonstrated in a large number of experiments based on JC
model [18-24]. Here, we demonstrate a scaling enhancement
of photon blockade in the mixing field output from two (un-
coupled) cavities with a TLS strongly coupled to one of them.

The scheme can be extended to the JC model just by replac-
ing the x ® nonlinear medium [Fig. 1(a)] by a TLS [Fig. 4(a)],
and the system is described by

Hyc = Alalfal + Ajo0r0- + g(airo_ +o1a)
+ Asdjas +ie(d) +a) — H.c.), (6)

where o, and o_ are the raising and lowering operators of
the TLS with transition frequency w,, A, = W, — @, is the
laser detuning from the TLS, and g is the TLS-cavity coupling
strength. We assume that the TLS is resonant with the cavity
(A, = A = A), and the decay rate of the TLS is x, = 2«.
In order to confirm the applicability of our scheme in
JC model, we perform a fully numerical simulation of the
second-order correlation in the output field based on the
master equation. loglo[ggzu)K(O)] is plotted as a function of
¢/m and A,/k in Fig. 4(b), for g =20k and A = —g. The
minimum of 1og10[g£,m(0)] appears around ¢ = 7 and A, ~
—13.3k & —2g/3. From the cuts of the color scale plot shown
in Figs. 4(c) and 4(d), g(z) (0) is about 4.3 orders smaller

out
than g(0) at ¢ = 0.997 with A, = —2g/3 [Fig. 4(c)], and
about three orders smaller than g(lz)(O) at A, &~ —13.38« with
¢ = m [Fig. 4(d)].
In order to understand the enhancement of
photon blockade in the output field, we derive
the expression of ggzu)[(O) by using the effective
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FIG. 4. Photon blockade enhancement in the mixing output field
of two cavities with a TLS in one of them. (a) Sketch of the pro-
posed scheme with a TLS (excited state |e) and ground state |g)) in
cavity a;. (b) The second-order correlation loglo[gi)zu)[(O)] for differ-
ent phase ¢ /7 and detuning A,/k. The second-order correlations
log,[g5(0)] and log, [ (0)] vs (c) phase ¢/7 with A, = —2g/3
and (d) detuning A,/x with ¢ = m. (e) The second-order correla-
tions log 10[82211)1(0)] and log 10[g(lz)(O)] versus the interaction strength
log,,(g/x) with ¢ =m, A} = —g, and A, = —2g/3. The other pa-
rameters are g = 20k and k, = 2k.

Hamiltonian Hycerf = Hic — iK(aJ]ral + agag +o0,0)

. 2y 2
and wave function |@) =73 "">" _Coun,lg n1,m2) +

Zrllz;”(‘) Z:“:o Cennyle,n1,mp) (see Appendix C). Here,
|g, n1, m2) (le, ny, ny)) denotes the Fock state of n; photons in
cavity aj, np photons in cavity a,, and the TLS in the ground
(excited) state, with the probability amplitude C,y 1, (Cep,n,)-
The optimal condition A, = —2g/3 for photon blockade in
the output field is obtained by setting Cep ~ «/ECgH, and
they are canceled out by the destructive interference in the
output field at phase difference ¢ = 7. Thus the second-order
correlation function in the output field becomes (see more
details in Appendix C)

g20) ~ 16(x /g)*. (7

We also have the second-order correlation in cavity a; as
g7(0) ~ 36(k /g)* for single-mode JC model, and they [dash
lines in Fig. 4(e)] agree well with numerical results in the
strong coupling regime. Similar to the case for the cavity con-
taining x ®’ nonlinear medium, the scheme with JC model can
also enhance photon blockade in the output field by several
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orders, and change the scaling exponent of the second-order
correlation on the strength of the TLS-cavity interaction from
—2to —4.

VI. CONCLUSIONS

In conclusion, we have proposed a scheme to achieve
scaling enhancement of photon blockade in the mixing field
output from a nonlinear cavity (in the strong nonlinear regime)
and an auxiliary (linear) cavity. We identify that the proba-
bility for two photons in the output field can be significantly
inhibited by the quantum interference between two of the
paths for two photons passing through the whole system, lead-
ing to a biquadratic scaling relation between the second-order
correlation of the photons in the output field and intracav-
ity nonlinear interaction strength, in contrast to a quadratic
scaling relation for the photons in a nonlinear cavity. The
scheme for photon blockade enhancement is general, for it not
only achievable in the cavity containing x ®’ nonlinearity [68]
and TLS [69,70], but also applicable in cavities with other
nonlinear interactions, such as x® nonlinearity [71,72] and
optomechanical interactions [73-79] (see Appendices D and
E). Furthermore, our scheme can be directly extended to en-
hance phonon blockade [80—83], magnon blockade [84—-88],
and polariton blockade [89-93]. It is worth mentioning that,
as the second-order correlations become very small, there are
some other noises in the experiments, such as the noises in
the lasers and photodetectors, that may weaken the photon
blockade effect, and such effect should be considered case by
case.
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APPENDIX A: SECOND-ORDER CORRELATION OF A

The second-order correlation function of the output field
Aoyt 18 defined by

@ o (ALAL (O A (T)Aow)
gour(T) = T 5
(ASuAout)
2 ot
- (aia,(T)a;(T)am)
= )RR
J.k,l,m=1 ouT

(A1)

where n=Il4+m—j—k ¢ =¢+m, and Nour =

ki{ajar) + ko (a)ar) + 2. /KikaRe (e ) (alay)). The
second-order correlation ggl)JT(O) can be obtained from
gf)zu)t(O) just with ¢ replaced by ¢'.

The second-order correlation loglo[ggl)JT(O)] for different
phase ¢/ and detuning &/« are shown in Fig. 5(a). Different
from the second-order correlation loglo[ggzu)t(O)] [Fig. 2(a)],

the minimal values of loglo[gg[)JT(O)] are obtained for {§ ~

—2U, ¢ = m}or{§ ~2U, ¢ =~ 0}. In order to show the re-
lation between loglo[gf)zu)t(O)] and logm[gg{]T(O)] clearly, we

plot 1og10[ggl)t(0)], logm[gg{]T(O)], and loglo[g(lz)(O)] versus
phase ¢/ in Fig. 5(b). In comparing with log,,[¢{(0)],
loglo[gf)zu)t(O)], and 10g1o[g((§zn (0)] are enhanced or suppressed
periodically with the phase ¢/m, and there is a phase differ-
ence of m between them, which are consistent with Egs. (2)
and (A1). To avoid unnecessary duplication, we focus on the
output field aqy in the main text.

APPENDIX B: x® NONLINEARITY

In this Appendix, we will derive the analytical expressions
of the second-order correlation function for photons in the
mixing output field of two (uncoupled) cavities with x©
nonlinearity in one of them. In order to obtain the analytical
expression of the second-order correlation function of the
photons in the output field, we use the wave function

[¥) = Cpl0, 0) + Cipl1, 0) + Co110, 1)
+Cpl2,0) + Ci1]1, 1) + C210,2) +---,  (B1)

where |n;, ny) represents the Fock state with n; photons in
cavity a; and n, photons in cavity a,, with the probability
amplitude C,,,,. According to the quantum-trajectory method
[62], we introduce an effective Hamiltonian

Heff =H — ilc]a;ral — iKza;az
= (A — iKl)aIal + UaIaIalal + iel(af —ay)
+(As — iky)abas + iex(ay — ar), (B2)

to include the decay effect of cavities. By substituting the
wave function and effective Hamiltonian into the Schrédinger
equation id|y)/dt = Heg|Y), we get the dynamic equa-
tions for the probability amplitude C,,,, as

d
iacm = (A — ik1)Cio + ig1Coo — i62C11 — iv/261Ca,

d
iECm = (Ay — iK2)Co1 4 i€2Co0 — i1 C11 — iv/262Con,

d

IEQO = (2A; +2U — i2k1)Cao + in/261Cho,
d

iECoz = (2A; — i2k2)Con + i/26,C1,

d
iECH = (A1 + Ay —iky — ik2)Cry + ig2Cho + ig1Co1,
(B3)
In the steady state, e.g., dC,,,,/dt = 0, we have

—ig;Coo = (A} — ik))Cio — ig2C1) — in/281Cop,
—ie2Co0 = (Ag — ik2)Co1 — ie1Cyy — iv/262Con,
0= A, 42U — i2k))Cy + iv/261C10,
0= (24, — i2k2)Co2 + iv/26:Co1,
0 = (A1 + Ay — iy — ik2)Cry + i62C10 + i61Coy1.
(B4)
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FIG. 5. (a) The second-order correlation log,y[g5,r(0)] for different phase ¢/m and detuning 6/«. (b) The second-order correlations
loglo[gf)zu)t(O)], loglo[gg[)JT(O)] and loglo[g(z)(O)] vs phase ¢/m with § = 2U . The other parameters are A} = 0, U = 20k, and ¢ = 0.1«.

Under weak driving conditions {e, &} < {x1, x2}, we
have [|Cool ~ 1> {|Ciol, 1Co11} > {ICx0l, [Coz2l, [C11]}, then
the probability amplitudes of one-photon states (Cjy and Cy;)
are obtained as

Cio= ——1 (B5)
A — ik
—i82
Cop = —2 B6
01 Ay iy (B6)

and the probability amplitudes of two-photon states (Cyg, Ci1,
and Cy;) are obtained as

—i2¢,
Cy=———""—0C, B7
VT oA 20U — ik (B7)

—igsC1o — i81G,
Ciy = 1&2C10 .181 01 ’ (B8)
AL+ Ay — ik + K2)

—iN2e;

C —— (. B9
02 = 3, — 2! (B9)

Under weak driving conditions, the first-order correlation
functions can be given by the steady state probability ampli-
tudes C,,,, as

(alay) ~ [Ciol*,  (ahaz) ~ |Corl?,

(dlax) ~ CyCyy, (B10)
and the second-order correlation functions can be given by
(ajajarar) ~ 2|Cxl*.  (ajajaiaz) = v2C11C,
ICui |,
~ V2CuCY,

Thus, the second-order correlation function in the output field
can be given approximately as

(agaza ay) ~ (aIaJ{azaz) ~ 2CCss

(abalaran) (abalarar) ~ 2|Coal®,  (B11)

d20) ~ {Ik1Cap + €/ 2c116,C1 1 |* + |2 Con |
R,out
+ 2Re[ (k1 Cap + €/ 2kc1162C11 Ve i, C 1},

(B12)

where Noy & |/K1C1o + € /i2Co1 >

First of all, let us consider the conditions that e, = &, = ¢
and x; = k, = k. According to the numerical results shown
in Fig. 2 in the main text, photon blockade in the output field
is enhanced greatly under the conditions {§ = 2U, ¢ = w} or

{6 = —2U, ¢ = 0}, with the other parameters {A; = 0 and
U > «}. In order to understand these phenomena analytically,
we rewrite the second-order correlation as

2
K .
gon(0) ~ o 11C + ¢?2C1 12 + |Con
out
+2Re[(Cyp + €+/2C11)(€??Cpp)* 1} (B13)
where
Co=2, ¢ £ (B14)
10—K» 01’\’ le
and
—l\/_é‘ &
C B15
0~ 2U 12/<K ( )
—g? i |
Ci ~ -+ —), B16
" (8—1’2/()( +2U) (B16)
\/_5 e
Cp~—— B17
02 4U — 2k 2U ( )

In the strong nonlinear regime, i.e., |6] = 2U > k, we have

ICiol > |Co1l, 1Ca0l & [v/2C11| > [Coal- (B18)

Under the conditions {§ =2U, ¢ =n} or {6 = —2U, ¢ =
0}, Cy and \/ECH cancel each other out by destructive
interference, with

|Cao + €*~/2C11| < |Caol & |V2C14].

In this case, the second-order correlation function for the
photons in the output field is given by
1 /\4
2 ~
g(ou)t(o) ~ E(E) s

which is much smaller than the second-order correlation func-
tion for the photons in the cavity a;

2|Czo|2 N <£)2
T |Gl U
in the strong nonlinear regime.

In addition, we discuss how to achieve scaling enhance-
ment of photon blockade with x| # k;. According to the
definition of g;, i.e., &; = \/k;Py/liw,, where P, is the driving
power of the two cavities, we have € /&, = +/k1/k>. Accord-
ing to Eq. (B12), in order to achieve scaling enhancement of
photon blockade, the coefficients (Cyg, Ci1, and Cp) should

(B19)

(B20)

(ajajaia))

T

B21
(ajap)? (521

§P0) =

063705-6
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satisfy the conditions {|k2Cos|, |1Ca0 + €?+/2k162C11]} <
|k1Co| & |/2k1k2C11|. Based on the expressions of the co-
efficients (Cy, C11, and Cy,) [Egs. (B7)-(B9)], the conditions
are satisfied with

Ay =0, §=2Uky/ky,

¢~ (B22)

or

A =0, §=~ 2Uky/k1, ¢ =0, (B23)
in the strong nonlinear regime (U > {k1, k»}) and the ratio
k2 /K1 > (k1 /2U )2. In this case, the second-order correlation

function for the photons in the output field is given by

1 /k1\*
g =1(7) - (B24)
which also depends on the strength of the nonlinear interaction
U with a biquadratic scaling law.

As an example, we show the second-order correlation
log,0[g%1(0)] in Fig. 6 for x; = 1/10. We can see that the
numerical results shown in Fig. 6 are very similar to the Figs. 2
and 3, except that the optimal detunings are § ~ £2Uk; /k;.
In brief, we can achieve scaling enhancement of photon block-
ade with k| =k, or k| # k. In the main text, we set x| =
k» = k, without loss of generality.

APPENDIX C: TLS-CAVITY INTERACTION

In this Appendix, we will derive the second-order corre-
lation function of the output field for the system consisting
of two (uncoupled) cavities with a TLS in one of them. The
system can be described by a JC model, including decay
effects, as

. + . & Ka
Hiceff = Hyc — i1a a1 — ikya,a; — l30+0_

=(A; — ilq)aial + (Aa — i%)cuo,

+igi(a] — ar) + iex(a) — an), (C1)
and the wave function
l@) = Coolg, 0, 0) 4+ Cgi0lg, 1, 0) + Coo1lg, 0, 1)
+Co0l8,2,0) + Conilg, 1, 1) + Cenzlg, 0, 2)
+Cenole, 0,0) + Cergle, 1, 0) + Ceotle, 0, 1),
(C2)

with Fock-state basis truncated to the two-photon manifold,
under the weak driving conditions (¢ < {k1, k2, k,} ). Here,
|g, n1, m2) (le, ny, np)) denotes the Fock state of n; photons
in cavity aj, ny photons in cavity a,, and the TLS in the
ground (excited) state, with the probability amplitude Cg, 5,
(Cenyny)- By substituting the wave function |¢) and effective
Hamiltonian Hjc ¢ into the Schrodinger equation, d|¢)/dt =
—iHjc efr|@), we get the dynamic equations for the probabil-
ity amplitudes Cgy,n, (Cen,n,), and the probability amplitudes
Conn, (Cenyn,) can be obtained analytically in the steady
state dCgy,p,/dt = dCeyn,/dt =0 . Under weak driving
conditions, we have [Cyol ~ 1 > {|Cqi0l, [Ceotl, [Cenol} >
{ICq0l; [Cat1ls 1Cg021, ICer0l, [Ceo1 1}, then the probability am-
plitudes of one-particle excitation states (Cy10, Ceo1, and Cegp)
are obtained as

—ig(Ag — i)

Cer0 = - = , (C3)
¢ (A1 —ik)(Ag —i%) — &
ieg
Ceo0 = - - , (C4)
(A —ik)(Ag —i%) — &
Coot = — (C5)
T (A —ik)

and the probability amplitudes of two-photon states (Cgo,
Cq11, and Cyy) are obtained as
(A1 + Ay — g — ixa [2)Cq10 — gCe00

Coo = —ien2 ,
20 N A — 12K0)(Ay + Dy — i — ika)2) — 28

(Co)
+glajo_ +oran) + (A — iy)aya
|
C i —iS[(Aa + Az — iKz - iKa/Z)Cgl() - gCe()()] - iSCg()l(Aa + Az - il(z — iKa/2) (C7)
e (A1 + Ao — it — iKk2)(Dg + Ag — ks — ik/2) — & ’
[
with Now = k1|Cyi0l® + Kk2|Ceo1 |* 4 2 /ickc2Re(€ Co01Cly)-
iv/2e In order to obtain the parameter conditions for photon
Cor = —mcgm . (C8)  blockade enhancement in the output field, based on the quan-
2 — 12K

The second-order correlation function for photons in the
output field can be given approximately by the probability
amplitudes Cgy,n, (Cenyp,) as

1
Zou(0) ~ 1 [26ICe0l? + 263 oo

out

+ 412 |Cor1 > + 4i1icaRe(€? ConCloy)
+ 4«/5/(14/K1K2R6(6i¢cg11C;20)
+ 4«/§K24/K1K2Re(ei¢CgogC;“ )] (C9)

tum interference between the coefficients Cpo and Cy1, the
second-order correlation function can be rewritten as

2uc? .
g (0) ~ ~o{1Ceo + ¢?\2Cy1 2 + |Conl?

out

+ 2Re[e?? (Ce20 + ei¢\/§Cg11)*Cgoz]} (C10)

under the condition k; = k3 = k,/2 = k. In order to cancel
the terms related to Cgo and Gy, we need

|Ce20l NG
|Ce11l '

(C11)
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£ o
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g g —|—logm l(0)]
26 V..V & o] —*—log,[2L0)]
2 0 2 4 6 -l
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Detuning §/x log,(U/'x)

FIG. 6. (a) The second-order correlation logm[g(z) (0)] for different phase ¢/ and detuning 8/« with k, = «;/10 and U = 20k. The

out

second-order correlations loglo[g(z) (0)] and loglo[g(]z)(O)] vs (b) phase ¢/ with § = 2U«,/ky and U = 20k, (c) detuning &/« with ¢ = 7 and

out

U = 20k, and (d) the x® nonlinear interaction strength log,,(U/k) with 8§ = 2Uk,/k and ¢ = m. The other parameters are A; = 0, k| = «,

Ky = K/lo, & = 0.1/(, and &y = 81\/K2/K1.

which is satisfied with

Ay = j:2
2 =+38
under the optimal conditions (A} = A, = £g and g> «)
for photon blockade in cavity a;. In the case of {A,; =
—2g/3, ¢ =~} (or {A, =2g/3, ¢ ~ 0} ), the second-order
correlation function for photons in the output field is
simplified as

(C12)

4
K
g2 (0) ~ 16(;) : (C13)

which is much smaller than the second-order correlation func-
tion for photons in cavity a; as

2
o) = ) 20Genl %36(§>2, (C14)

(alar)’  [Canol*

in the strong coupling regime g > k.

APPENDIX D: SECOND-ORDER NONLINEAR
INTERACTION

The second-order nonlinear interaction in non-
centrosymmetric materials is another typical nonlinear
interactions that has attracted great attentions for it is usually
orders of magnitude higher than the third-order interaction
[71,72]. In this Appendix, we will consider the x ® interaction
in one of the cavities, then the system Hamiltonian becomes

Hona = Arajar + Apb'b + g(al’b + b'al) + Arabar
+ isl(a“; — al) + iez(az — az). (D1)

Here, A, = w;, — 2w, is the detuning of the second-harmonic
mode (b with frequency wjp), and g is the corresponding
second-order nonlinear interaction strength.

In the presence of optical decay, the system can be written
as an effective Hamiltonian

Hongeft = Hong — ixialar — ixaabar — ixpb'b,
= (A — ik))aja; + (A — iky)b'b
+g(a'{'2b + bTa%) +(Ay — i/cz)a;ag

+igi(a] —a) +iex(al — ar), (D2)

where «;, is the one-sided decay rate of the second-harmonic
mode b. For a very weak probe field, the state of the system
can be truncated to the first several Fock states as

|} = Coo0l0, 0, 0) + Co1010, 1, 0) + Con110, 0, 1)
+ Ci0l1, 0, 0) + Cp010, 2, 0) + Cp1110, 1, 1)
+ C0210, 0, 2). (D3)

Here, |nyp, ny, ny) represents the Fock state of n, photons in
cavity b, n; photons in cavity a;, and n, photons in cav-
ity ap, with the probability amplitude C,,,,,,. Substituting
the wave function |¢’) and effective Hamiltonian Hpng efe
into the Schrodinger’s equation id|y') /3t = Hang et V'), we
get the dynamic equations for the probability amplitudes
Cyynin,- For simplicity, we assume that «, = 2k = 2k, =
2k, Ap=A1 =0, ¢ =& =¢. Under weak driving con-
ditions, i.e., ¢ < «k, we have Cyoo ~ 1 > {|Cor0l, |Coot]} >
{IC100l, 1Co20!, |Co11l, 1Co021}, and the probability amplitudes
in the steady state are obtained analytically as

P
Coio ~ —, (D4)

K
Coo1 ¥ ———, (D5)

for one-photon states, and

V2e?
Copo X ———, D6
R Yo (D6)
Coit ig? &2 1 D7)
M T (As—ik) | (As —i26)
V2e?
Coox &~ (D8)

C2(Ag — ik)(Ay —ik)

for two-photon states.

Based on the probability amplitudes, the second-order
correlation function for photons in the output field can be
rewritten as

2ic?
2) () A
g (0) ~ N

out

+2Re[e?? (Cozo + € ~/2Co11)*Coz]}. (DY)

{|Co20 + € ~2Co11 1> + |Cooa|?
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FIG. 7. (a) The second-order correlation log,o[g(z)

o (0)] for different phase ¢ /7 and detuning A,/k with g = 5«. The second-order

correlations loglo[gfu)l(O)] and loglo[g(lz)(O)] vs (b) phase ¢/ with Ay = —g?/k and g = 5k, (c) detuning A,/k with ¢ = 7 /2 and g = 5«,
and (d) the second-order nonlinear interaction strength log,,(g/k) with A, = —g*/k and ¢ = /2. The other parameters are A} = A, =0,

kp = 2k, and ¢ = 0.001«.

In order to realize destructive quantum interference between
Cooo and Cyyy, i.e., Cyio + el¢\/§C()01 ~ (0, we have

g

Ay =x=, ¢=7Fn/2 (D10)
K

for {|A»|, g} > k. Under the above conditions, the second-

order correlation function for photons in the output field is

simplified as
e\ 8
2
¢20) ~ 13(§> :

which is much smaller than the second-order correlation func-
tion for the photons in the cavity ay,

4
K

&0~ 4(—)
8

in the strong coupling regime (g > «).

Figure 7(a) is a color plot of loglo[gf)zu)t(O)] as a function
of the phase ¢/m and detuning AzZK, for Ay = A, =0 and
g = 5«. The minimum of log,,[¢%)(0)] is reached for ¢ ~
m/2 and Ay ~ —g*/k (or ¢ ~ 3w /2 and A, ~ g2 /k). Two
cuts taken from the color plot for Ay ~ —g?/k and ¢ = 7 /2
are shown in Figs. 7(b) and 7(c), respectively. The photon
blockade is enhanced significantly as gf)zu)t(O) is about 2.4 or-
ders smaller than g(lz)(O) at ¢ ~ m /2 [Fig. 7(b)] and about 2.8

orders smaller at A, ~ —g?/k [Fig. 7(c)]. Both loglo[ggzu)t(O)]
and loglo[g(lz)(O)] are plotted as functions of log;,(g/x) in
Fig. 7(d). Different from the scaling behaviors for x* nonlin-
earity and TLS-cavity interaction, in the strong second-order
nonlinear regime g/x > 1, the slope of loglo[g(ozu)t(O)] Versus
log,o(g/x) is —8, which is much larger than the slope of
—4 for loglo[g(lz) (0)] versus log,,(g/« ). The numerical results
agree well with the analytical expressions in the strong nonlin-
ear regime [black dashed lines in Fig. 7(d)]. Thus, the scheme
we proposed can change the scaling exponent of the second-
order correlation on the second-order nonlinear interaction

strength from —4 to —8.

(D11)

(D12)

APPENDIX E: OPTOMECHANICAL INTERACTION

In this Appendix, we consider a mechanical mode ¢ with
frequency w,, in the cavity a; and they are coupled through
optomechanical interaction [73-79], then the whole system is

described by the Hamiltonian
Hom = (A1 — ikD)ajar + (Az — ik2)aya
+ (0 — iy)cc + galai(c + ¢7)

+igi(al — ar) + iex@ — an), (E1)

where y is the mechanical decay rate and g is the single-
photon optomechanical interaction strength. In order to
understand the optimal conditions for the strong photon block-
ade, it is convenient to transform the Hamiltonian into a
displaced oscillator representation Hop eff = SHymST, by the
unitary transformation

5= exp [ia}'al(ﬁ - c>], E2)
(7
as
Homeit & (A} — ik)alay + (A — ir)asa
+ (W — iy)c'c — Upmajdlaras
+ie(a] — ay) + iex(a) — ). (E3)
Here, Al = A1 — U, Uom = & /@, and

iei{a) exp[i(cT —¢)] —He} ~igi(a] — Hee.) for g < w,.
We also assume k] = k) =k >y, 61 =6 =¢, ¢ <k, in
the following.

The effective Hamiltonian (E3) for the system with op-
tomechanical interaction is almost the same as the one (B2)
for the system with x ® nonlinearity, except the phonon mode.
According to the results obtained in Appendix B, we can
obtain the second-order correlation

@) 1 k \* 1 (kon\*
wo~gen) =w(F)
for photons in the output field, and
@ K\ Kwom \*
wo=(G) =)
for photons in the cavity a;, with the optimal conditions
A =Uom, Dy =-"2Um, ¢=~m, (E6)
or
A =Upm, Ay =2Usm, ¢ =0. (E7
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FIG. 8. (a) The second-order correlation log,[g,

10 2.0

L5
Detuning A,/x log, (g/x)

(0)] for different phase ¢ /7 and detuning A,/k with g = 20x. The second-order

correlations log,o[g21(0)] and log,,[g?’(0)] vs (b) phase ¢/m with A, = —4.3k and g =20k, (c) detuning A,/k with ¢ = 0.967 and
g = 20«, and (d) the optomechanical interaction strength log,,(g/x) with Ay = —2U,, and ¢ = 0.967r. The other parameters are Aj = Uy,

w,; =200k, y = 0.01k, and ¢ = 0.01«.

(2)

out

We show log,[gq:(0)] numerically in Fig. 8. We can see
that the photon blockade is enhanced significantly as g2(0)

out

is about 1.9 orders smaller than g(lz)(O) in Figs. 7(b) and 7(c).
Both loglo[g(z) (0)] and loglo[g(lz)(O)] are plotted as functions

out
of log,,(g/«) in Fig. 8(d). Similar to the scaling behaviors for
second-order nonlinear interaction, in the strong optomechan-

ical interaction regime g/« >> 1, the slope of loglo[g(z) 0)]

out

versus log,,(g/k) is —8, which is much larger than the slope
of —4 for loglo[g(]z)(O)] versus log;,(g/« ). But the numerical
result is a sharp departure from the analytical expressions for
the output field [red dashed lines in Fig. 8(d)]. That is because
there are many phonon states in the optomechanical system,
and the resonant transition between the states with different
phonons may suppress photon blockade [76,78] .
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