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The structure of the low-lying rotational levels of the X+ 22; (vt = 0) vibronic ground state of para-HZ has
been determined by combining frequency-comb calibrated continuous-wave high-resolution laser spectroscopy
of nf Rydberg series in the range of principal quantum number n between 28 and 115 and Rydberg-series
extrapolation using multichannel-quantum-defect theory (MQDT). The use of accurate quantum-defect param-
eters obtained from new ab initio calculations enabled the experimental determination of the pure rotational
term values of the N* =2, 4, and 6 rotational levels of H2+ with sub-MHz accuracy [174.236 744 6(77),
575.455 632 5(86), and 1191.385 571(240) cm™!, respectively], and of the corresponding spin-rotational
coupling constants with an accuracy of better than 100 kHz [42.21(4), 41.26(8), and 40.04(8) MHz, respectively].
These values are in agreement with the results of first-principles calculations that include high-order relativistic
and quantum-electrodynamics corrections to the level energies. To reach the reported accuracy in the Rydberg-
series extrapolation, it was necessary to correct for artificial level shifts arising in the MQDT calculations
in the vicinity of local perturbations of high-n Rydberg states with a v+ = 0 HJ ion core caused by low-n
core-excited Rydberg states, and resulting from approximations in the treatment of the Rydberg-electron energy

in the interacting channels.

DOI: 10.1103/PhysRevA.110.062804

I. INTRODUCTION

Molecular hydrogen, in its neutral (H,) and ionized (H;r )
forms and their deuterated isotopomers HD and D, is
a fundamental molecular system, with which physical theo-
ries and models can be tested by comparison of experiment
and theory. First-principles quantum-mechanical calculations
treating relativistic and quantum-electrodynamics (QED) ef-
fects perturbatively to high orders in the fine-structure
constant o provide extremely precise predictions of the level
structures, at the level of about 300 kHz and about 1 kHz
for the rovibrational levels of the electronic ground state of
H, [1,2] and H;’ [3-10], respectively. Calculations of the
hyperfine structure of these ions have also been performed
with high accuracy [5,8,10]. In recent years, the validity of
these calculations has been confirmed experimentally with
increasing precision, reaching the level where comparison
between theory and experiment helps improving the values of
the fundamental constants (e.g., @ and the Rydberg constant
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Ro.) and particle properties (e.g., magnetic moments, nuclear
radii, and nuclear-to-electron mass ratios) used as parameters,
and even searching for physics beyond the standard model of
particle physics [9,11-18].

H, and HJ also play an important role in studies of primary
photo-chemical and -physical processes such as photoioniza-
tion and photodissociation, but the excited molecular states
that are typically involved in these processes cannot currently
be calculated as precisely as the electronic ground state. The
level structures of H, and H;r are linked through the pro-
cess of photoionization, and this link is elegantly exploited
by multichannel quantum-defect theory (MQDT) [19-24] to
relate the neutral and ionized forms of a molecule through
the concept of ionization channels. An ionization channel
includes the ionization continuum [e.g., H;’ (™) +e (€, 0)
in the case of Hy] associated with a given quantum state o™
of the ionized species and with a photoelectron partial wave
of orbital-angular-momentum quantum number ¢ at energy €
in the continuum, and the infinite series n€[a™] of Rydberg
states with principal quantum number n converging on the
H;’(oﬁ') + e (e = 0) threshold [22,24,25]. As n — o0, the
discrete level structure of the neutral molecule approaches that
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of the ionized molecule, and there is therefore no fundamental
reason why calculations of electronically highly excited states
of neutral molecules could not reach the accuracy achievable
for the ionized species. Standard ab initio quantum-chemical
methods fail in this respect because of the rapidly increasing
size of the basis sets required to reach convergence. In con-
trast, MQDT, which treats the ionization channels and their
interactions as electron-ion collisions in the framework of
collision theory, becomes increasingly accurate as n increases
because the description of the channels as consisting of an
electron and an ion core becomes more and more realistic.

This convergence enables the determination of the level
structure of the ionized species through measurements of
Rydberg spectra at high n values. The first experimental de-
termination of the rovibrational level structure of HJ in its
X+ 22; electronic ground state was indeed through mea-
surements of high Rydberg states of H, and extrapolation
using early forms of MQDT [21]. Over the years, MQDT
has been systematically refined and extended (see, e.g.,
Refs. [22,24,26-40]) and can be used today to determine
the level structure of ionized molecules with an accuracy
limited by the bandwidth of the radiation used to record Ry-
dberg spectra, or the natural linewidth or Doppler broadening
[36,41-43]. Even more importantly, MQDT can also be used
to study molecular photoionization and characterize the struc-
ture and dynamics of highly excited electronic states of neutral
molecules.

In the present article, we report on a systematic investiga-
tion, by high-resolution laser spectroscopy and over a broad
range of n values, of the nf Rydberg series converging to
the lowest rotational states (Nt up to 6) of the ground vi-
bronic state of para-H; . The purpose of this investigation was
threefold. First, it aimed at testing a new set of purely ab
initio quantum-defect parameters extracted from recent high-
level electronic-structure calculations of low-n Rydberg states
[44—47] by comparing the results of full MQDT calculations
with those obtained by high-resolution spectroscopy. In the
course of this study, we observed, with full spectroscopic
detail, a limitation of the currently implemented fully ab initio
MQDT formalism arising from the ambiguity in the defini-
tion of the Rydberg-electron energy in spectral regions where
Rydberg series are strongly perturbed by channel interactions
[24,48-50]. We demonstrate how the systematic errors origi-
nating from this ambiguity can be strongly suppressed using
an empirical two-channel correction model.

Second, it aimed at providing a full understanding of the
phenomena accompanying the uncoupling of the Rydberg
electron from the ion arising at increasing n value. The level
structure evolves from a situation, at low-n values, where the
Rydberg and core electrons are coupled through the elec-
trostatic exchange interaction and have a well-defined total
electron spin to a situation, at high n values, where the core
electron is coupled to the ion-core rotation and the Rydberg
states have fully mixed singlet and triplet character. Series
converging to even NT rotational levels were selected to
specifically investigate the effects of the spin-rotation fine
structure of the ion core, which are masked in 0rth0-H2+
by the much stronger uncoupling effects caused by the hy-
perfine interaction [36]. A first analysis of this uncoupling
phenomenon by MQDT was reported in an investigation of

the nf Nt = 2 series of para-H, by THz spectroscopy from nd
levels [51]. This previous study led to the determination of
the interval between the lowest two rotational levels of para-
HJ with an accuracy of 2.3 MHz, limited by the bandwidth
of the pulsed laser THz radiation used in the experiments.
The spectral resolution was, however, not sufficient to fully
resolve the fine structure of the Rydberg series so that the
spin-rotation interval of the N* = 2 ionic level could not be
determined. The possibility to resolve the fine structure of the
nfN*t = 2 series and to determine the spin-rotational interval
of the N* = 2 ionic level was later demonstrated in the thesis
of Beyer [52]. In the present work, the use of frequency-
comb-calibrated continuous-wave single-mode laser radiation
enabled a significant improvement of the precision and accu-
racy of the measurements and the recording of fully resolved
fine-structure patterns over a broad range of principal quantum
numbers for the nf N* = 2, 4, and 6 Rydberg series.

Finally, our study aimed at determining the rotational
and spin-rotational structure in the ground vibronic state of
para-HJ by combining precision Rydberg spectroscopy and
MQDT, focusing on the spin-rotation fine structure that could
not be determined in Ref. [51]. H;’ does not have electric-
dipole-allowed rovibrational transitions, and Rydberg-series
extrapolation is an attractive approach to determining its level
structure. While spin-rotation intervals in higher vibrational
levels of H have been measured very precisely (precision in
the kHz range) by Jefferts [53] with magnetic dipole transi-
tions, no experimental values for the spin-rotation intervals in
the ground vibronic state have been reported to date.

In the para-HJ ion core, the spin-rotation interaction leads
to splittings of the ionic energy levels [see Fig. 1(b)]

AEsR(NT) = hydy (Nt + 1), (1)

which rapidly increase with the rotational quantum number
N* of the ion core. In Eq. (1), yd§ is the N*-dependent
spin-rotation coupling constant which, at low Nt values, can
be well described by retaining only the first-order centrifugal-
distortion contribution (see, e.g., Refs. [54,55]):

v =v @ +yONTNT 4 1), @)

The spin-rotation interaction in the ion core also signifi-
cantly affects the fine structure of high-n Rydberg states and is
the driving force, in para-Hj;, of the uncoupling of the Rydberg
electron as n increases, as explained above.

Figure 1 illustrates the principle of our measurements.
Transitions to Rydberg states belonging to series converging
to the vt =0, Nt =2, 4, and 6 levels of the X+ 22; state
of H; are measured from the GK lZg(v =0,N=0,2)and
It ll'I;r(v =0, N = 4) intermediate states of H,, which are
themselves populated from the X 12;(1) =0,N =0,?2) state
by resonant two-photon excitation via the B'sf(v =4, N =
1, 3) states. The resonant nature of the excitation scheme
enables a clean selection of para-H, and avoids the genera-
tion of ions by multiphoton ionization. In the remainder of
this article, the Rydberg states are labeled n¢N*(J), where
n is the principal quantum number, £ is the quantum num-
ber associated with the orbital angular momentum of the
Rydberg electron, Nt is the rotational-angular-momentum
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FIG. 1. (a) Schematic energy-level diagram (not to scale) showing the transitions to nf Rydberg states of para-H, used to determine the
AE,_y, AE;_(, and AEs_ rotational intervals of the X 22; (vt = 0) ground state of para-HJ by Rydberg series extrapolation. (b) Detailed
view (not to scale) including the spin-rotation splittings of the N* = 0, 2, 4 and 6 levels of HJ .

quantum number of the ion core, and J is the quantum number
for the total angular momentum in para-H, (total nuclear
spin I = 0).

II. EXPERIMENTAL PROCEDURE

The Rydberg states are accessed using the following
resonant three-photon excitation sequence:

X 'SS(0.N"=0,2)

YN BINF@A N =1,3)

B 6K 'zH0,N=0,2)
or It 'MF (0, N =4)

5 nf [HE XT 22 (0,N* =2,4,6)]. 3)

Rydberg states converging to the N* =2 and Nt = 4 rota-
tional levels of H;r are excited from the X IE; (0, 0) ground
state via the B 's7(4, 1) and GK 'E;'(O, 0) (r &~ 79ns [56])
intermediate states and via the B'x (4, 1) and GK'! E; 0,2)
(t & 58ns [56]) intermediate states, respectively. For
Rydberg states converging to the N* = 6 threshold of H, the
X'$5(0,2), B'55(4,3), and I'" 'T1](0,4) (t ~ 15-20ns,
determined using a pump-probe scheme analogous to that
used in Ref. [56]) states are used. In this case, the 11(0,4)
state is chosen instead of the GK(0,4) state because of its
much stronger transitions to nf6 Rydberg states. Accessing
the 17(0,4) state in a two-photon process requires using
the rotationally excited X IE; (0, 2) state, which is weakly
populated in a supersonic expansion, as a starting level. When
the GK(0,0) state is used as intermediate state, the excitation
to nf Rydberg states is restricted to states with J = 1.
Transitions from the GK(0,2) and I7(0,4) levels provide
access to Rydberg states with total angular-momentum
quantum number J=1—-3 and J = 3-5, respectively.

However, the only strong and narrow spectral lines correspond
to nf4(J = 1) and nf6(J = 3) Rydberg states.

The experimental apparatus and measurement procedure
are similar to those described in detail in Ref. [57]. They
are therefore only briefly summarized here. A pulsed (rep-
etition rate 25 Hz) skimmed supersonic expansion of pure
H, is emitted from a valve held at 60 K for the experiments
using the ground rovibrational X (0, 0) state as a starting level.
Because cooling to 60 K depletes the occupation probability
of the X (0, 2) level to below 0.1%, the valve is held at room
temperature in the experiments accessing nf6(J) Rydberg
states. Nonetheless, the partial cooling of the rotational de-
grees of freedom in the supersonic expansion strongly reduces
the density of X (0, 2) rotationally excited molecules in the
photoexcitation region. Consequently, the spectra of the nf6
Rydberg states have a much lower signal-to-noise ratios than
those of nf2 and 4 Rydberg states.

The intermediate GK and It states are accessed using
pulsed vacuum-ultraviolet (VUV, A =~ 105 nm) and visible
(VIS, A = 613 nm or 580 nm) laser radiation, as detailed in
Ref. [57]. The Rydberg states are excited from the selected
GK or I'" intermediate levels using a single-mode continuous-
wave (cw) Ti:Sa laser (A between 750 and 780 nm) with a
bandwidth of 100 kHz. To achieve a high absolute frequency
accuracy (Av/v in the order of 2 x 107!, the cw-laser fre-
quency is stabilized to a frequency comb that is referenced
to a Rb oscillator disciplined by a Global Positioning System
receiver. To minimize systematic uncertainties arising from
first-order Doppler shifts, the cw-laser beam intersects the
molecular beam at near right angles and the laser beam is
retroreflected by a mirror placed beyond the photoexcitation
region. A small deviation angle o from 90° is intentionally
maintained, resulting in each spectral line having two Doppler
components with first-order Doppler shifts &=(v sin & /¢) Viager
of equal magnitude but opposite sign. The first-order Doppler-
free transition frequencies are obtained as averages of the
fitted central positions of the two Doppler components. To
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FIG. 2. (a), (c) Qualitative energy-level diagrams and angular-momentum coupling schemes corresponding to f Rydberg states of H, with
an N* =2 ion core, for low n (n < 50) and high n (n > 130), respectively. A; (purple) and A, (orange) designate the spacings between
the three J = 1 fine-structure components. (b) Evolution, from low to high n values, of the positions of the three nf2(J = 1) Rydberg states
relative to the zero-quantum-defect positions —cRy, /n?, obtained in an MQDT calculation including electron spins. The magenta, blue, and
yellow dots designate these three states in order of increasing energy, as displayed in panels (a) and (c). The double-headed arrow indicates the
spin-rotation splitting of the N* = 2 ion core, shown on an expanded scale in panel (c).

ensure precise retroflection and wavefront retracing, the laser
beam is focused at the reflection mirror with a lens system
of large effective focal length, and the incoming and retrore-
flected laser beams are aligned at a distance of ~12m from
the mirror, resulting in a retroreflection-angle control of better
than 100 urad [57].

To reduce systematic uncertainties from dc-Stark shifts,
residual stray electric fields are compensated in three dimen-
sions by applying well-controlled dc electric fields in the
photoexcitation region and minimizing the Stark shifts, as
explained in Refs. [57,58]. Pulsed electric fields are used to
extract the H;r ions generated by autoionization of the Ry-
dberg states located above the X (0,0) ionization threshold
towards a microchannel-plate (MCP) detector. These fields
also field ionize long-lived Rydberg states, including those
located below the X+(0,0) ionization threshold, and extract
the resulting ions for detection. The spectra are recorded by
monitoring the HJ -ion current at the MCP detector as a func-
tion of the frequency of the cw laser.

III. QUALITATIVE ASPECTS OF THE ENERGY-LEVEL
STRUCTURE AND EXPERIMENTAL RESULTS

The energy-level structure of nf Rydberg states belonging
to series converging to excited rotational levels of the X * 2 2;‘
ground electronic state of para-H;r is depicted schematically
in Fig. 2. Nuclear spins do not contribute to the structure
of even-NT, low-v™T levels of the X+ 22; electronic ground
state of HY because nuclear-spin symmetry is conserved in
these states and even-N " states have I = 0 total nuclear spin.
The level structure is determined by the relative strengths of
the interactions that couple the rotational angular momen-
tum N+ of the ion core, the core-electron spin ij, and the
orbital angular momentum 7 and the spin 5 of the Rydberg
electron. These interactions are (i) the exchange interaction
between the Rydberg and ion-core electrons, which causes a

splitting between singlet S = 0 and triplet S = 1 states; (ii) the
long-range charge-quadrupole and polarization electrostatic
interactions that couple 7 and N- +; (iii) the spin-orbit inter-
actions that couple 7 with § and S*; and (iv) the spin-rotation
interaction and higher-order spin-orbit interactions that couple
N+ and S+ in the ion core.

The strengths of interactions (i)—(iii) are proportional to the
Rydberg-electron density in the H -core region and thus scale
with the principal quantum number n as n~>. The spin-orbit
interactions (iii) are several orders of magnitude weaker than
interactions (i) and (ii). They are so weak in the nf Rydberg
states with n > 50 of interest here that their effects on the
level structure are not observable within the limits of our
experimental resolution and sensitivity. They are therefore
neglected in the following. The spin-rotation interaction (iv)
and the ion-core rotational spacings are properties of the ion
core and therefore n-independent. Consequently, interactions
(1) and (ii) are expected to determine the main patterns of the
level fine structure at low-n values, whereas interaction (iv) is
expected to determine its main patterns at high » values.

Figures 2(a) and 2(c) display the angular-momentum cou-
pling schemes corresponding to these two, low-n and high-n,
limiting situations, as well as the resulting qualitative energy-
level diagrams for N* = 2. For Rydberg states with n up to
about 50 [Fig. 2(a)], the electrostatic coupling between 7 and
N+ dominates, such that N (N = + N+) is a good quan-
tum number and the levels form groups that can be labeled
by the value of N (N =1 —5 for nf2 series). Within each
group, the exchange interaction further splits the structure
according to the spin multiplicity, the singlet J =N, S =0
level being located below the triplet / =N,N+1,5=1
levels. Singlet-triplet mixing among the two close-lying com-
ponents of the same N values is already significant at this
n value. At n &~ 130, the spin-rotation interaction in the ion
core [interaction (iv)] becomes dominant and decouples 7
from N+ and § from S*. J* (ij =N+ + ij) becomes the
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pattern-determining quantum number, giving rise to two
groups of levels with J* = 3/2 and 5/2 separated energet-
ically by the spin-rotation splitting of the N* = 2 ion-core
level [Fig. 2(c)]. Within these groups, the levels are further
split by the electrostatic interaction (ii) which couples J©
with £ to form J;. The Rydberg-electron spin is almost fully
decoupled in this situation, and the levels occur as pairs of
near-degenerate states with J = J; = 1/2.

In the treatment of the level structure of H, Rydberg states
by MQDT, interactions (i)—(iv) and the evolution of the level
structure from the low-n to the high-n case are accounted
for by the values of the quantum-defect parameters and the
ion-core level structure used in the calculations and which
can be determined from fits to experimentally observed level
positions or in ab initio calculations [24,39], as explained
further in Sec. IV. As illustration of this evolution, Fig. 2(b)
shows the level structure of nf2(J = 1) Rydberg states ob-
tained in an MQDT calculation including electron spins based
on quantum-defect parameters extracted from the recent high-
level ab initio calculations of low-n Rydberg states [44—47],
as explained in Sec. IV A. The calculated energies of the three
J =1 fine-structure components are shown as magenta, blue,
and yellow dots, in order of increasing energies at each value
of n. The intervals between these three components change
with the principal quantum number n because the hierarchy
of angular-momentum coupling gradually changes between
the situations depicted schematically in Figs. 2(a) and 2(c).
At n = 50, the largest energy separation is between the two
almost degenerate states with N = 1 (magenta and blue dots)
and the state with N = 2 (yellow dots). As n increases, the two
N =1 states split, and the energy of the middle component
(blue dots) starts approaching that of the highest-energy state
(yellow dots). At n ~ 130, the pattern consists of one single
level at low energies, which can be associated with the lower
(JT = 3/2) ion-core spin-rotational component, and a doublet
at high energies corresponding to the upper (J* = 5/2) ion-
core spin-rotational component. This change in behavior is
the result of the n-independent spin-rotation interaction (iv)
becoming dominant over interactions (i) and (ii), which both
scale as n=>, as explained above. As n — oo, the splitting
between the states with J* = 3 and with J* = 3 converges
to the spin-rotation splitting of the N* = 2 H ion-core level,
which is indicated in Fig. 2(b) by the double-headed arrow.
The local perturbation in the energy-level structure centered
around the 62f2(J = 1) states in Fig. 2(b) is the effect of a
rotational-channel interaction with the 16f4(J = 1) states.

The behavior of the three components for each of the
nf4(J = 1) and nf6(J = 3) states is similar to that just dis-
cussed for the nf2(J = 1) states and is illustrated in Figs. S1
and S2 of the Supplemental Material [59], respectively. The
main difference is that the spin-rotation splitting of the ion
core increases with Nt [see Eq. (1)], so that the limiting
situation illustrated by Fig. 2(c) is reached at lower n val-
ues. The energy-level structures of nf Rydberg states with
different values of J show similar patterns and can be rational-
ized using the same angular-momentum-coupling arguments.
Transitions to these Rydberg states are, however, weak and
significantly broadened by autoionization, and therefore not
analyzed further.

As typical examples of the spectral patterns just discussed,
Fig. 3 depicts spectra of nf2(J = 1) Rydberg states at n = 54
(a) and n = 80 (b) recorded from the GK(0,0) intermediate
level, and nf4(J = 1) Rydberg states at n = 46 (c) and n = 52
(d) states recorded from the GK(0,2) level. These spectra
consist of three pairs of lines, each corresponding to the two
Doppler components of a transition to a specific fine-structure
level. The colored vertical lines, with color code correspond-
ing to Fig. 2, indicate the first-order Doppler-free positions.
These positions are determined from fitting Voigt line profiles
to the spectral lines. Their full widths at half maximum are
all in the range between 6 and 9 MHz and are only slightly
larger than the widths of 5 MHz obtained in measurements of
nf series converging to the Nt = 0 level of H;’ [57]. This line
broadening is attributed to rotational autoionization because
all final states of these transitions have rotationally excited
HJ ion cores and lie above the lowest ionization threshold of
H,, corresponding to the Xt (vt =0, Nt = 0) ground state
of HJ .

In Fig. 3(a), corresponding to the low-n coupling situation,
the transitions to the lowest two fine-structure components
of the 54f2(J = 1) Rydberg state are strong and the transi-
tion to the third component is much weaker. The lowest two
components are the two N = 1 states of mixed singlet-triplet
character [see Fig. 2(a)] that can be reached in a single-
photon transition from the GK 12; state with N = 0. In
the approximation of N being a good quantum number, the
third component with J =1 is a triplet state with N = 2,
which is not optically accessible from the N = 0 starting
level. Weak lines are nevertheless observed for this transi-
tion, because at n = 54 the spin-rotation interaction in the
ion-core already slightly mixes states of different N values.
At n = 80 [Fig. 2(b)], corresponding to an intermediate sit-
uation between the low- and high-n coupling situations, the
transitions to all three fine-structure components exhibit com-
parable intensities, because the spin-rotation interaction in the
ion core already significantly mixes singlet and triplet states
of different N values [see Fig. 2(c)]. The spectrum of the
110£2(1) states displayed in Fig. 4 was recorded without the
back-reflected beam and consists of one Doppler component
per transition. It corresponds to the high-n coupling situa-
tion. The spectral pattern exhibits a main splitting, given by
the ion-core spin-rotation interval, between the lower compo-
nent and the upper two close-lying components, as expected
from Fig. 2(b).

The spectra of the 46f4(J = 1) and 52f4(J = 1) states
displayed in Figs. 3(c) and 3(d), respectively, display a similar
behavior as the nf2(J = 1) states, with the difference that the
“forbidden” transition to the highest (N = 2) fine-structure
component is already significant at n values below 54. This
difference originates from the larger spin-rotational splitting
of the N* = 4 ion core level, as already discussed above.

The spectrum of the 46f6(J = 3) <« I*(0,4) transition,
displayed in Fig. 5, also consists of three pairs of lines
with Doppler-free transition frequencies indicated by colored
dashed vertical lines using the same color coding as in Figs. 2
and 3. Compared to the spectra of nf2 and nf4 Rydberg states
discussed above, the full widths at half maximum of about
25 MHz are significantly larger, and the signal-to-noise ratio
is strongly reduced. The increase in line widths is attributed to
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FIG. 3. Spectra of the 54f2(J = 1) < GK(0,0) (a), 80f2(J = 1) < GK(0,0) (b), 46f4(J = 1) < GK(0,2) (c), and 52f4(J = 1) «
GK(0,2) (d) transitions. The vertical dashed lines indicate the fitted Doppler-free transition frequencies for each of the three fine-structure
components with N* =2,J =1 (NT =4,J = 1). The color coding of the vertical lines corresponds to that shown in Fig. 2.

the shorter lifetime (t & 15-20ns) of the 17(0,4) state, corre-
sponding to a Lorentzian contribution of ~8-11 MHz, and to
the lower quality and broader transverse-velocity distribution
of the supersonic expansion caused by the valve being held at
room temperature instead of 60 K to enhance the population of
the J = 2 ground state rotational level, as explained in Sec. II.
Moreover, the lifetime of the I1(0,4) state is comparable to
the pulse length of the VIS laser (=8 ns) used to access the
Rydberg states starting from the I state. Therefore, the ex-
citation to Rydberg states takes place to a significant extent
while the pulsed VUV and VIS lasers are on, which can result
in ac-Stark broadening and shifts (see below).
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FIG. 4. Spectrum of the 110f2(J =1) <« GK(0,0) transition
measured without the retroreflected beam. The vertical dashed lines
indicate the fitted transition frequencies for each of the three fine-
structure components with Nt =2,J = 1, corresponding to the
measured Doppler component. The color coding of the vertical lines
corresponds to that shown in Fig. 2.

The frequencies of numerous transitions to nf2(J = 1),
nf4(J = 1), and nf6(J = 3) Rydberg states converging to
X+ 22;’(v+ =0,N" =2,4,6) rotational levels of H were
measured in the range of principal quantum number n between
28 and 115, and the results are summarized in Figs. 7(a)-7(c)
below. These frequencies are the input required to determine
the rotational and spin-rotational fine structure of the H;’
ion core in the MQDT fits and the quantification of their
uncertainties is of key importance in the present work. Each
frequency was obtained as the average of several measure-
ments carried out after full realignment of the optical setup.
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FIG. 5. Spectrum of the 46f6(J = 3) < I1(0,4) transition. The
vertical dashed lines indicate the fitted Doppler-free transition fre-
quencies for each of the three fine-structure components with N* =
6,J = 3. The color coding of the vertical lines corresponds to that
shown in Fig. 2.
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obtained (colored dots) binding energies of the middle fine-structure
component (color coding corresponding to that shown in Fig. 2) of
the nf2(J = 1) Rydberg states. All binding energies are referenced
to the energies of the corresponding unperturbed nf series.

In this way, the systematic uncertainties caused by residual
first-order Doppler shifts average out and can thus be treated
as statistical.

The error budget for a typical transition frequency is
presented in Table I. The main contribution to the overall
uncertainty (250 kHz) is statistical and originates, in almost
equal parts, from the intrinsic uncertainties in the determi-
nation of the line centers through fits of the line shapes
with Voigt profiles and from the distribution of the residual
first-order Doppler shifts. The systematic uncertainties corre-
sponding to the 54f2(J = 1) <— GK(0, 0) transition are also
listed in Table I. They were determined in series of measure-
ments in which the experimental conditions (laser intensities,
beam velocity, valve stagnation pressure) were systematically
modified. In the case of transitions to nf2(J = 1) and nf4(J =
1) states, the systematic uncertainties are much smaller than
the statistical ones and do not exceed 25 kHz. As discussed
above, the measurements of the transition frequencies to the
nf6(J = 3) states are possibly affected by ac-Stark shifts
caused by the pulsed laser radiation during the short lifetime
of the I'* state. It was not possible to fully quantify these shifts

TABLE 1. Error budget and frequency corrections with the
example of the determination of the transition frequency to the
lowest-energy fine-structure component of the 54f2(J = 1) state
from the GK(0,0) intermediate level (measured frequency gy =
12925.232 572 cm™") from a set of independent measurements after
complete realignment of the optical setup. All values and uncertain-
ties are reported in kHz.

Av Ostat Osys
Line-shape fits and
residual first-order Doppler shift 250
Second-order Doppler shift +2 0.5
dc Stark shift 25
ac Stark shift <5
Zeeman shift < 10
Pressure shift <1
Photon-recoil shift —165

in our experiments, but we estimate the maximum possible
systematic uncertainty to be 5 MHz, and we include this
contribution when determining the systematic uncertainty of
the X*(0, 6) — I(0, 4) interval (see Table II in Sec. IV B).
All transitions frequencies determined in this work, after cor-
recting for their precisely known second-order Doppler shifts
(+2 kHz) and the photon-recoil shifts (—165 kHz), are listed
in the Supplemental Material [59].

The energy intervals between the GK(0,0), GK(0,2) and
I7(0,4) states needed to derive a common relative energy scale
for the nfN*(J) Rydberg states are listed in Table II. The
relative position of the GK(0,0) and GK(0,2) states is known
with sufficient accuracy from earlier work [57]. The relative
position of the I1(0,4) and GK(0,2) states was determined
by measuring the transition frequencies from each of these
two states to the 56f4(J = 3) Rydberg state. This state lies in
close proximity to, and interacts with, the 13f6(J = 3) Ryd-
berg state, and the resulting mixed N* = 4 and 6 character
makes this state accessible in one-photon transitions from
both the I7(0, 4) and the GK(0,2) levels. The low population
of the X(0,2) level of H, used to access the I7(0, 4) state,
however, limited the signal-to-noise ratio of the spectrum
of the 56f4(J = 3) < I7(0, 4) transition. Consequently, the
interval between the I7(0, 4) and GK(0,2) levels could only
be determined with an uncertainty of 2 MHz.

IV. MQDT ANALYSIS

Over the years, MQDT, which was initially introduced
to explain autoionization and perturbations caused by rota-
tional channel interactions in the Rydberg spectrum of H;
[20,21], has been continuously refined and extended to ac-
count for the structure and dynamics of molecular Rydberg
states and to determine accurate molecular ionization ener-
gies [22,24,26-40]. In the case of molecular hydrogen, a
consistent set of quantum-defect parameters, derived from
ab initio calculations of low-lying Rydberg states and fits to
experimentally observed line positions, has been established
that can describe the np and and nf series with high accu-
racy, including subtle effects related to the fine and hyperfine
structures [36,60,61].

The recent possibility to calculate the potential energy
functions of the low-lying Rydberg states of H, up to n =~
10 ab initio with almost arbitrary accuracy [44-46] opens
a route to the determination of full sets of quantum-defect
parameters, including their energy dependence, following pro-
cedures established by Jungen and his coworkers [36,39,62—
65]. To analyze the data on nf Rydberg states presented in
the previous section, we use a new set of quantum-defect
parameters determined from recent high-level calculations
of the low-lying Rydberg states of H, [44—47]. Given the
exceptional accuracy of these calculations, with estimated
uncertainties on the order of 10 MHz at n = 8, and the n=3
scaling of the errors in the positions calculated from quantum
defects, these quantum-defect parameters are expected to be
sufficiently accurate to describe the positions of high-lying
Rydberg states (with 40 kHz accuracy at n = 50), except
in the vicinity of perturbations involving low-lying Ryd-
berg states with vibrationally excited ion cores, as detailed
in Sec. IV B.
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the data sets in each case.

In the following, we briefly summarize the MQDT for-

malism used to calculate the positions of high-lying nf
Rydberg states for comparison with the experimental results,

and we present the main features of the new quantum-
defect parameters. All calculations were performed using the

A. MQDT formalism and quantum defect parameters

The term value 7,, of a Rydberg state with principal quan-
tum number 7 is given by

+(pt NT Jt
MQDT-programs developed over several decades in the group T, = ETQTNTTT) RHf , 4)
of Christian Jungen. he (n— R)?
TABLE II. Summary of energy intervals used to determine the first three rotational intervals in para-HJ and their uncertainties.

Energy interval Value (cm™!) Ref.
(1) X1(0,0)—GK(0,2) 12723.757 440 7(18 )41at (40)sys [43]
2) X*(0,2)—GK(0,0) 12 962.876 609 0(30)star This work
3) X*(0,4)—GK(0,2) 13299.213 073 2(42 )gtat This work
“) X*(0,6)-17(0,4) 12905.184 142(22 )54 (170)ys This work
5) GK(0,2)—GK(0,0) 64.882423 7(11)sar [56]
(6) I(0,4)—GK(0,2) 1009.958 87(7)stat This work
(7) = (5)+(6) I7(0,4)—GK(0,0) 1074.841 29(7)sta This work
®)=2)—(1)—(5) X*(0,2) — X*(0,0) 174.236 744 6(77) This work
) X*(0,2) — X*(0,0) 174.236 742 482 36 Theory [3,4]
(10) X1(0,2) — X*(0,0) 174.236 71(7) [51]
11 =@3)—-(1) X*(0,4) — X*(0,0) 575.455 632 5(86) This work
(12) X*(0,4) — X*(0,0) 575.455 640 795 85 Theory [3,4]
(13)=@) — () +(6) X*(0,6) —X*(0,0) 1191.385 571(240) This work
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where ET is the ionization energy and fi the effective
quantum-defect of this specific Rydberg channel.

For n¢ Rydberg states, the MQDT formalism allows the
determination of the effective quantum defect in Eq. (4) for all
possible combinations of vibrational and rotational excitations
in the ion core and for all possible combinations of the spins
of the core and the Rydberg electrons using the concept of a
frame transformation [20,27,35]. This concept is based on the
idea that the scattering of the Rydberg electron and the ion
core can be described in Hund’s case (b), while the Rydberg
equation in (4) assumes Hund’s case (d) coupling.

In the specific case of a Rydberg electron with £ = 3 and
s =1/2 and the ion core in the X+22; state, A =0, 1,2

and 3 for §=0,1 (§= St + 5). This results in eight
eigenquantum defects M?S A for the description of f Rydberg
states in para-H, [note: (i) we neglect the nuclear spin
because I = 0 in para-H;) and (ii) the quantum defects have
no dependence on €2 [36]].

The quantum defects depend on the internuclear distance
R and the energy of the Rydberg electron ¢. Following the
treatment of the p Rydberg states in Ref. [38], they can be
represented as 24 functions of the internuclear distance:

d MR, e =0)

(SA)
R, e =0),
Mg ( ) de

’

and

> iV (R, e = 0)
d g2

The eigenquantum defects and their energy derivatives are
evaluated at the ionization threshold, i.e., for zero binding
energy of the Rydberg electron.

In Ref. [36], eigenquantum-defect functions for f Ryd-
berg states were extracted from a polarization model which
does not distinguish between singlet and triplet ion-core—
Rydberg-electron scattering. In addition, the polarization
model assumes a multipole expansion for the ion core and
diverges for larger R values. However, the model enables the
calculation over a large range of principal quantum numbers,
which results in a better extrapolation of the quantum defects
toe =0.

While the R dependence of the eigenquantum defects pre-
dominantly affects the positions of vibrational perturbers, the
A and S dependence has an impact on the spin-rotational
structure of the Rydberg states, which represents one of the
main topics of this work.

The extraction of the quantum defects from the available ab
initio data follows the procedure described in Ref. [38], and a
more detailed account will be given in a future publication
[47]. In short, the PES are converted to [LESA)(R, n), which
enables the identification of the states with f character and
distinguishes them from the p (larger quantum defect) and &
(smaller quantum defect) states. For each value of the internu-
clear distance R, the quantum defects for a given (SA) pair are
extrapolated to n = oo using a second-order polynomial, cor-
responding to the zero-energy quantum defect MESA)(R, £ =
0). For ¢ =0, the u-quantum defects correspond to the n
quantum defects, introduced by Ham [66] to avoid unphysical
solutions when applying the MQDT quantization condition.

®)

The energy dependence of the n defects is encoded simi-
larly to the one in Eq. (5) and is obtained in a least-squares
adjustment using the p defects at e =0, —1/ (2vi2), where v;
are the effective quantum numbers for the ab initio curves with
n=4,56,7,8.

While the n defects avoid the issues related to unphysical
interlopers, they show a stronger energy dependence than the
w defects in the case of H,. To mitigate this effect, the MQDT
program uses functions of the form A f(s)nESA)(R, £), where
A (g) is the Ham scaling factor, when constructing the MQDT
matrices for a given energy [24].

B. MQDT fits of spin-rotation and rotational intervals

MQDT calculations based on the ab initio quantum-defect
parameters introduced in Sec. IV A were used to determine the
rotational and spin-rotational level structure in the Xt (vt =
0) ground state of H;’ in a least-squares fit to the positions
of the nf2(J = 1), nf4(J = 1) and nf6(J = 3) Rydberg states
determined as explained in Sec. IIl. As an example, Fig. 6
displays the results of an MQDT calculation (light blue line)
in comparison to the measured positions (blue dots) of the
middle fine-structure component (color coding corresponding
to that shown in Fig. 2) of the nf2(J = 1) states (see below
for a discussion of the energy perturbations around n = 40
and n = 62). An iterative fitting procedure was adopted, with
separate fits of the spin-rotational intervals of Hy for fixed
values of the pure (spin-free) rotational intervals, and of the
spin-free rotational intervals for fixed values of the spin-
rotational intervals. The advantages of this procedure for the
determination of the H;r spin-rotational intervals are that (i)
the fine-structure splittings of the nf N* Rydberg states of Hy
are not sensitive to the exact positions of the H; rotational
levels, as long as the series are free of perturbations from rota-
tional channel interactions, (ii) the spin-rotational splittings in
H;” can be reliably derived from the fine-structure splittings of
the nf Rydberg states without the need to know their absolute
energies accurately, (iii) the transition frequencies needed to
access different fine-structure components of a given nfN*
state from a given intermediate state are almost identical and
subject to the same first-order Doppler shifts, and finally (iv)
the fine-structure components of a given nf Nt state have sim-
ilar polarizabilities and thus similar Stark shifts. As a result
of (iii) and (iv), the residual Stark and first-order Doppler
shifts and their associated uncertainties cancel out when de-
termining the fine-structure splittings as differences between
transitions frequencies to different fine-structure components
of any given nfN* state. Reliable fine-structure intervals can
therefore be determined at n values beyond 100 and used to
determine the HJ spin-rotational intervals. The determination
of the pure rotational energies of HY in an MQDT least-
squares fit requires precise values of the absolute transition
frequencies and does not benefit from these advantages, but
is more efficient once the spin-rotational intervals of the H;
rotational levels have been determined.

The results of the least-squares fits are the extrapolated
positions of the spin-rotational and rotational levels of Hj
with respect to the positions of the GK(0,0), GK(0,2), and
I1(0,4) intermediate states used to record the spectra of the
nf2(J = 1), nf4(J = 1), and nf6(J = 3) Rydberg series. The
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energies of all fine-structure components of the measured
nfNT Rydberg series with respect to their corresponding
ionization limits are computed in an MQDT calculation in-
cluding the effects of electron spins as explained in Ref. [51];
see also [35,67]. Adding these Rydberg-electron energies to
each of the corresponding observed transition frequencies
from the selected intermediate states yields independent val-
ues for the binding energy of that intermediate state. The
residuals shown in Fig. 7 are computed as the differences
between these independent values and their weighted aver-
ages, which represent the X*(0,2) — GK(0,0), X*(0,4) —
GK(0,2), and X *(0,6) — I7(0,4) energy intervals. The weights
of individual contributions are the inverse squares of the
experimental uncertainties [see vertical error bars in Fig. 7(d)—
7(H)].

Figures 7(a)-7(c) present an overview of the residuals ob-
tained from all measured transitions to nf2(J = 1), nf4(J =
1), and nf6(J = 3) Rydberg states, respectively. Most residu-
als are within the experimental uncertainties and significantly
below 1 MHz, confirming the accuracy of the MQDT param-
eters expected from the considerations presented in Sec. [V A.
However, residuals up to £40 MHz between measured and
calculated positions are observed for each series near the
calculated positions of the 7f(v™ = 1) Rydberg states of the
corresponding N* and J values, ie., 712(J = 1,vt = 1),
7f4(J = 1,v" = 1), and 7f6(J = 3, v* = 1), as indicated by
the dashed gray vertical lines. These low-n states with vibra-
tionally excited ion cores cause strong perturbations of the
Rydberg series through interactions between channels of the
same N1, ¢, and J values but differing in vt by +1.

As explained in Sec. IV A, these channel interactions
should be accurately described by the quantum-defect param-
eters derived from ab initio calculations. Indeed, Fig. 6 shows
that the MQDT calculations reproduce the ~1 GHz experi-
mental shifts caused by the 7f2(J = 1, v™ = 1) perturber in
the region around the 40f2(J = 1, vt = 0) state to a level
of 95% accuracy. The reason for the inability of the MQDT
calculations to exactly reproduce the level structure close to
the low-n perturbing states does not lie in the inaccuracy
of the quantum-defect parameters. Instead, it originates from
a problem in the definition of the energy of the Rydberg
electron arising from the energy dependence of the quantum
defects when levels with ion cores in different rovibrational
states interact [24,48]. In situations involving a single chan-
nel, or two channels associated with energetically close-lying
ion-core states, the Rydberg electron has a well-defined bind-
ing energy and the values of the quantum defects can be
accurately determined using the energy-dependent quantum-
defect parameters determined ab initio. As illustration, the
inset of Fig. 6 displays the ~10MHz energy shifts in the
region around the 62f2(J = 1) state, which are caused by
a rotational-channel interaction with the 16f4(J = 1) state.
The MQDT calculations perfectly reproduce these shifts,
as confirmed by Fig. 7(a), in which the residuals show no
effect of the rotational perturber. In contrast, if two chan-
nels with very different ion-core energies interact [as is the
case for the perturbations caused by the 7f (v = 1) states],
the Rydberg-electron binding energy, and thus the value of
the energy-dependent quantum-defect parameters, depend on
the ion-core level used as origin of the energy scale [24,48—

50]. In standard MQDT calculations, this problem of the
energy scale is avoided by referencing the electron binding
energy to the same energy (the mean of the two ion-core
energies) when determining the values of the quantum-defect
parameters. This procedure, which makes the MQDT formal-
ism efficient, is an approximation. It is physically motivated,
in electron-(positive) ion systems, by the strongly attrac-
tive Coulomb potential which results in the electron having
similar kinetic energies in the core region for channels as-
sociated with different ion-core states [24]. The effects of
this approximation are usually not detected, either because
the quantum-defect parameters and their energy dependence
are not known with sufficient precision in the first place, or
because the Rydberg spectra are not sufficiently resolved. In
the present study, both the quantum-defect parameters and the
experimental data in the energy regions close to the v = 1
perturbers are of high accuracy, thus providing an ideal op-
portunity for a detailed characterization of the effects of the
energy-reference ambiguity. The data shown in Fig. 6 could
therefore be used to test the performance of alternative vibra-
tional frame transformations as introduced in Ref. [48-50].
Inspection of the functional form of the energy dependence
of the residuals in Figs. 7(a)-7(c) leads to the conclusions
that (1) the effect of the vibrational-channel interaction is
the same for all fine-structure components of a given state of
principal quantum number 7, so that the spin fine structure can
be neglected in the following discussion; and (2) they closely
reproduce the functional form of the level shifts caused by
the perturbation (see Fig. 6). Consequently, the residuals can
be accurately modeled using a simple two-channel interac-
tion model, one consisting of an isolated resonance at the
position of the low-n perturber, and the other of a Ryd-
berg series with positions corresponding to the unperturbed
positions of the high-n levels of the f series. Such a model in-
volves three adjustable parameters: two quantum defects, one
(n11) to describe the position of the perturbing 7fN*T (v =
1) level and the other (1799) to describe the positions of
the nfN*(v™ = 0) series, as well as one channel-interaction
parameter, an off-diagonal quantum defect 7,9, which deter-
mines the overall amplitude of the residuals. The orange lines
in Figs. 7(a)-7(c) depict the residuals calculated with this
two-channel model after optimization of the three parame-
ters to the values of gy = 1.0 x 107>, =23 x 1072,
and 790 = 1.41 x 1073, They perfectly describe the residu-
als of the MQDT calculations (colored dots). Moreover, the
three sets of residuals can be modeled with the same set of
three parameters, as expected for channel interactions that
are all Avt =1, ANT =0, A¢ = 0 interactions involving a
7f(vt = 1) perturbing level and high nf(v™ = 0) Rydberg
states. Figure 7 thus demonstrates that the energy-reference
inconsistency of standard MQDT calculations can be cor-
rected empirically using a two-channel interaction model.
Figures 7(d)-7(f) present the residuals after this correc-
tion on an expanded scale in the range of principal quantum
numbers used to determine the rotational and spin-rotational
level structure of H;’ . States with principal quantum number
beyond 70 were excluded from this analysis to limit the sys-
tematic uncertainties from dc Stark shifts caused by residual
stray electric fields to less than 150 kHz, i.e., well within the
statistical uncertainty of the measurements. The residuals do
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N* = 6 (c) ionization threshold of H,. The horizontal dashed lines indicate the standard deviations of the data sets.

not show any trends over the displayed ranges of principal
quantum numbers 7, and their distribution does not strongly
deviate from a normal distribution. We therefore conclude that
the combination of MQDT calculations based on the new set
of ab initio quantum-defect parameters with an empirical two-
channel interaction model to correct for the energy-reference
inconsistency of standard MQDT near perturbations involving
low-n Rydberg states can be used to determine ionization
energies by extrapolation at a precision limited by the experi-
mental uncertainties in the transition frequencies.

The upper part of Table II summarizes all energy intervals
relevant to the determination of the spin-free term values of
the rotational levels of the ground vibronic state of para-H
and their uncertainties. The lower part lists the experimental
values of the three lowest rotational intervals of para-HJ,
which are determined here for the first time with such pre-
cision. More precise ab initio results by Korobov [3,4] are
also available for the two lowest rotational intervals. The
experimental values obtained in this work are in excellent
agreement, at the level of 1o, with these ab initio results.

Many more transitions, to states with n values up to
115 (see, e.g., Fig. 4), could be used to determine the H
spin-rotation intervals AEsg(N' = 2), AEsg(NT =4) and
AEsgr(N' = 6), as explained above. In the fits, the least-
squares deviations between the experimentally determined
splittings A and A, (see Fig. 2) between fine-structure com-
ponents and the corresponding energy splittings calculated
by MQDT for varying values of the spin-rotation coupling
constant were minimized. Figure 8 displays the fit residuals
corresponding to A; in purple and to A, in orange, with the
dashed lines indicating the standard deviations of the data
sets. The increased error bars and the larger scatter of the
experimental data obtained for the spin-rotation splitting of
the N* = 6 level are the result of the poor signal-to-noise ratio
of these spectra.

The spin-rotation coupling constants yd =2, yd& =*

N'=6 are calculated from the optimized spin-rotation in-

VSR

tervals using Eq. (1). Vs(g) and ys(]lz) are determined in a
least-squares fit from yJy, =2, ydk =* and yd; =° using Eq. (2).
The residuals of this fit are below 100 kHz, i.e., on the order of
the uncertainties of y{§ =2, ydf =* and yd} =, confirming the
validity of Eq. (2). Table III lists all obtained values, which

and

are determined here for the first time with a precision below
100 kHz for each of the N* = 2, 4, and 6 rotational levels.
They are in agreement, within their uncertainties, with the
more precise ab initio theoretical determinations [5,10].

V. CONCLUSIONS

In this article we have presented a study of the nf Rydberg
series of Hy converging on the low-lying Nt =2, 4, and
6 rotational levels of the X* 22;(1# = 0) vibronic ground
state of para-Hy . Using single-mode and frequency-comb-
calibrated continuous-wave laser radiation, we have recorded
spectra of Rydberg states over a broad range of principal quan-
tum number n, from below 40 to 115. These spectra reveal,
with full details, how the fine structure of the Rydberg states
gradually evolves from a situation where the interactions de-
termining the level patterns are the short-range electrostatic
exchange interaction and the long-range electrostatic inter-
actions between the Rydberg electron and the ion core, to a
situation where the spin-rotation interaction in the ionic core
determines the main fine-structure splittings.

In the former situation, the Rydberg states form two groups
of levels of well-defined total electron spin (S = 0 or 1). Each
group displays splittings characteristic of the long-range elec-
trostatic interactions that couple the Rydberg-electron orbital
angular momentum ¢ to the HJ -ion-core rotational angular

momentum N+ to form a nearly conserved total angular mo-
mentum N. In the latter situation, the Rydberg electron is

TABLE III. Summary of spin-rotation coupling constants ysg

for the three lowest rotational levels of para-H; and Vs(lg) and Vs(llz)

obtained from Eq. (2).

¥sR Value (MHz) Ref.

ylr=2 42.21(4) This work
Y= 42.16352(15) Theory [10]
Y= 41.26(8) This work
Y= 41.2942 Theory [5]
yler=6 40.04(8) This work
Yy 42.53(9) This work
Yex —0.060(3) This work
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decoupled from the ion core so that the main splitting of the
fine-structure pattern corresponds to the spin-rotation interval
of the H ion core.

The observed gradual uncoupling of the Rydberg electron
with increasing n value was quantitatively analyzed in MQDT
calculations using quantum defects derived from recent high-
level ab initio calculations of low-n Rydberg states of Hs.
These calculations were used to extrapolate the Rydberg series
to their limits and to determine, for the first time, the rotational
and spin-rotational structures of the ground vibronic state of
para-H with sub-MHz accuracy.

Comparing the experimentally measured positions of sev-
eral nf series with the positions calculated by MQDT revealed
an overall excellent agreement, within the experimental un-
certainties, but also significant discrepancies in the vicinity of
low-n perturbing Rydberg states with a vibrationally excited
H; ion core. These discrepancies could be attributed to the
energy-reference ambiguity of standard MQDT and quantita-
tively accounted for using a simple empirical model involving
two interacting channels. In future, a detailed analysis of
these discrepancies may serve as benchmarks for extensions

of MQDT beyond the approximation of channel-independent
reference electron energies.

The combination of precision Rydberg spectroscopy with
MQDT is demonstrated to be a very attractive way to achieve
a simultaneously global and precise description of molecular
photoionization and to accurately determine the energies of a
broad range of electronic, vibrational, and rotational levels of
molecular ions, including their fine and hyperfine structures.
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