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Two-photon dynamics in non-Markovian waveguide QED with a giant atom
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We investigate one- and two-photon scattering in a one-dimensional waveguide coupled to a giant atom within
the non-Markovian regime using the resolvent approach. The non-Markovian behavior gives rise to an atom-
photon bound state that cannot be excited by a single incident photon. However, the bound state can be excited
via the two-photon scattering process described by multichannel scattering theory, from which an analytical
trapping probability of a photon in the bound state can be achieved. Additionally, we analyze the two-photon
scattering process, obtaining the analytical expressions for scattered states. As non-Markovian effects strengthen,
two peaks appear in the incoherent power spectrum, attributed to the system behaving as a leaky cavity formed
by the giant atom’s coupling points. Through the analysis of second-order correlation functions, we observe
the bunching behavior for transmitted photons, antibunching behavior for reflected photons, and the distinctive
retrieval behavior at the coupling points’ separation.
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I. INTRODUCTION

In atom-waveguide systems, the manipulation of pho-
tons and the exploration of fundamental physics related to
strong light-atom interactions and atom-mediated photon-
photon interactions are of significant importance [1–3]. These
studies demonstrate promising applications towards quantum
communications and quantum networks [4–7]. In waveg-
uide quantum electrodynamics (WQED) systems within the
Markovian approximation, the coupling between emitters and
the waveguide mode is frequency independent, and various
phenomena, such as the generation of entanglement [8–11],
superradiance, and subradiance [12–14], have been inten-
sively investigated. Conversely, some theoretical interests
have shifted towards exploring the physics of non-Markovian
WQED systems [15–17], which exhibit a diverse range of
novel physical phenomena, including non-Markovian superra-
diance and subradiance [12,18–21], as well as the generation
of highly entangled states [22–24]. There have been some pro-
posals and experimental implementations of non-Markovian
systems using circuit QED [25] and cold atoms [26]. Of
particular interest in non-Markovian WQED systems is the
existence of single-excitation polaritonic bound states, which
are normalized eigenstates of the WQED Hamiltonian. These
bound states have been extensively investigated in systems
where the waveguide mode possesses a band gap, with the
energy of the bound state falling within this gap [27,28].
Moreover, certain non-Markovian WQED systems can sup-
port bound states at frequencies that can propagate in the
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waveguide, known as bound states in the continuum [29,30].
Although exciting these bound states with single-photon wave
packets is unfeasible, interactions between photons mediated
by emitters can be leveraged to excite them using two-photon
states [16,29]. This capability presents opportunities for stor-
ing quantum information carried by two-photon wave packets
into these bound states.

Additionally, conventional atom-photon interactions have
primarily focused on the small-atom regime, where inter-
actions are confined to localized regions due to the atoms
being significantly smaller than the wavelength of photons.
Recently, some researches have shifted towards investigating
a novel paradigm termed “giant atom,” characterized by non-
local couplings [31–37]. This configuration has been achieved
by coupling artificial atoms to propagating fields, such as
surface acoustic waves (SAWs), with wavelengths smaller
than atomic sizes [38], or by utilizing meandering waveguides
at separated points [39]. In Markovian giant-atom systems,
the time for radiation to traverse the atom is much shorter
than the interaction duration with the atom. Conversely, in the
non-Markovian regime, giant atoms interact with the radiation
field at a timescale comparable to that required for radiation to
propagate across the atom. This leads to nontrivial phenomena
such as nonexponential decay [38,40,41], oscillating bound
states [42,43], and disentanglement dynamics [44].

In this study, we explore one- and two-photon scatter-
ing in a one-dimensional (1D) waveguide interacting with
a giant atom within the non-Markovian regime. Our analy-
sis is based on the resolvent approach. The non-Markovian
nature of the system gives rise to the atom-photon bound
state in a one-photon Hamiltonian, which cannot be excited
by a single incident photon. However, this bound state can
be excited in the two-photon scattering process, necessitating
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FIG. 1. Schematic illustration of a two-level giant atom side cou-
pled to a one-dimensional (1D) waveguide. The atomic transition of
the ground state |g〉 and the excited state |e〉 is coupled to waveguide
modes at positions at x = 0 and d .

the application of multichannel scattering theory. By deriv-
ing multichannel scattering matrix elements which utilize the
solution of a Fredholm integral equation of the second kind,
we obtain an analytical expression that effectively predict the
trapping rate of a photon in the atom-photon bound state.
Furthermore, we extend our analysis to encompass the two-
photon scattering process and obtain the analytical form of the
S matrix and, consequently, analytical expressions of scattered
states. As the non-Markovian effects intensify, two peaks
emerge in the incoherent power spectrum. This behavior can
be explained by considering this system as a leaky cavity
formed by two coupling points of the giant atom. Through cal-
culations of the second-order correlation function, we find that
the transmitted photons exhibit bunching behavior, reflected
photons display antibunching behavior, and both exhibit dis-
tinctive retrieval behavior at the separation of coupling points.

The paper is structured as follows. In Sec. II, we introduce
the physical model that describes the WQED system with a
giant atom. In Sec. III, we analyze the single-photon scattering
and the formation of bound states. In Sec. IV, excitation of
the bound state through two-photon scattering is studied. In
Sec. V, the non-Markovian two-photon scattering processes
are discussed. At last, the conclusions drawn from our study
are given in Sec. VI.

II. THE PHYSICAL MODEL

We consider a two-level giant atom interacting with an
open 1D waveguide at two coupling points, as shown in Fig. 1.
This system can be realized in two distinct experimental
configurations: a transmon qubit with multiple interdigital
transducers (IDTs) coupled to SAWs through piezoelectric
effects [38,45–47], or an Xmon qubit with multiple arms
capacitively coupled to a coplanar waveguide [39,48]. The
Hamiltonian describing the system is given by

Ĥ = Ĥ0 + V̂ ,

Ĥ0 = ωeσ̂+σ̂− +
∫ ∞

−∞
dk ωkâ†

k âk,

V̂ =
√

γ νg

4π

∫ ∞

−∞
dk[â†

k σ̂−(1 + e−ikd ) + H.c.], (1)

where ωe represents the atomic transition frequency, and σ̂− =
|g〉〈e| and σ̂+ = |e〉〈g| are the atomic transition operators.
The frequency of the bosonic fields in the 1D waveguide
follows a linear dispersion relation, i.e., ωk = νg|k|, where νg

is the group velocity and k is the wave vector. The positive
and negative values of k correspond to right-propagating and

left-propagating photons, respectively. The field operator â†
k

satisfies the commutation relation [âk, â†
k′ ] = δ(k − k′). The

giant atom couples to the waveguide at positions x = 0 and d

with an identical coupling strength of
√

γ νg

4π
, where γ is the

atomic relaxation rate to waveguide modes. The time taken
for photons to travel between these two coupling points is
τ = d/νg. In this study, we focus on phenomena arising from
non-Markovian dynamics, which become significant when the
time delay τ is non-negligible.

III. SINGLE-PHOTON SCATTERING AND FORMATION
OF THE BOUND STATE

The formation of bound states confined within the coupling
points is the distinction between the Markovian and the non-
Markovian dynamics with giant atoms. To obtain the bound
state in the one-photon sector, we employ the resolvent of the
Hamiltonian [49,50], which is defined by

Ĝ(z) = 1

z − Ĥ
. (2)

The resolvent operator Ĝ(z) satisfies the Lippmann-
Schwinger (LS) equation, which is

Ĝ(z) = Ĝ0(z) + Ĝ0(z)V̂ Ĝ(z) = Ĝ0(z) + Ĝ(z)V̂ Ĝ0(z). (3)

Here, Ĝ0(z) = 1/(z − Ĥ0) is the resolvent of the free Hamil-
tonian. In the one-photon sector, the waveguide states |k〉 and
the atomic excited state |e〉 form a complete basis. Conse-
quently, there exist four matrix elements of Ĝ(z), which are

G1(z) = 〈e|Ĝ(z)|e〉, G2(z; k) = 〈k|Ĝ(z)|e〉,
G3(z; k) = 〈e|Ĝ(z)|k〉, G4(z; p, k) = 〈p|Ĝ(z)|k〉. (4)

By employing the LS equation in (3), these matrix elements
fulfill the following relationships:

G1(z) = 1

z − ωe

[
1 +

√
γ νg

4π

∫ ∞

−∞
dk(1 + eikd )G2(z; k)

]
,

G2(z; k) = 1

z − ωk

√
γ νg

4π
(1 + e−ikd )G1(z),

G3(z; k) = 1

z − ωk

√
γ νg

4π
(1 + eikd )G1(z),

G4(z; p, k) = δ(p − k)

z − ωp
+ 1 + e−ipd

z − ωp

√
γ νg

4π
G3(z; k). (5)

Substituting the expression of G2(z; k) into the equation for
G1(z) yields

G1(z) = 1

z − ωe − 	1(z)
. (6)

Here, 	1(z) = −iγ (1 + eizτ ) represents the self-energy term
and its detailed calculation is presented in Appendix A. The
poles of G1(z) are directly related to the bound state of the
system. When a pole is real, it corresponds to an atom-photon
bound state that does not decay despite the presence of a
dissipative environment. In Appendix B, the poles are given
as zn = ωe − iγ + iWn(−γ τeγ τ eiωeτ )/τ , with Wn(x) the nth
branch of the Lambert W-function [51]. It can be verified that

033707-2



TWO-PHOTON DYNAMICS IN NON-MARKOVIAN … PHYSICAL REVIEW A 110, 033707 (2024)

FIG. 2. Field density of the bound state. (a) Steady-state field
density as a function of x. (b) Time evolution of field density. The
parameters are γ τ = 0.5, ωeτ = (2n + 1)π , and n = 3.

the real solution of z should satisfy the conditions z = ωe and
the time delay τ = (2n + 1)π/ωe [42,52,53].

To further obtain the explicit expression for the bound
state, denoted as |ψb〉, we employ the theory of the Green’s
function [54]. The atomic part of the bound state is derived
using the residue theorem,

〈e|ψb〉〈ψb|e〉 = Res[G1(z), ωe] = 1

1 + γ τ
. (7)

Similarly, the photonic part of the bound state is obtained
through

〈p|ψb〉〈ψb|k〉 = Res[G4(z; p, k), ωe]

= γ νg

4π

1

1 + γ τ

(1 + e−ipd )(1 + eikd )

(ωe − ωp)(ωe − ωk )
. (8)

Combining these results yields a complete expression for the
bound state,

|ψb〉 =
√

1

1 + γ τ

[
|e〉 +

√
γ νg

4π

∫ ∞

−∞
dk

1 + e−ikd

ωe − ωk
|k〉

]
. (9)

To represent the bound state in real space, we utilize the
transformation

|x〉 = 1√
2π

∫ ∞

−∞
dke−ikx|k〉. (10)

Consequently, the bound state in real space is given by

|ψb〉 =
√

1

1 + γ τ

[
|e〉 +

√
2γ

νg

∫ d

0
dx sin

(
ωe

νg
x

)
|x〉

]
. (11)

The photon position probability density p(x) is then given by

p(x) = |〈x|ψb〉|2

=
{

2γ

νg(1+γ τ ) sin2
(

ωe
νg

x
)
, 0 < x < d

0, x < 0 , x > d.
(12)

It is evident that the photonic states are localized within the
region between the coupling points, as illustrated in Fig. 2(a).
In the context of scattering problems within the one-photon

FIG. 3. Time evolution of the atomic excitation probability ẽ(t )
with different values of γ τ under the condition of ωeτ = (2n + 1)π .

sector, the bound state does not play a significant role as its
overlap with any incident wave packet is zero [22]. However,
when the initial state contains the atomic contribution, the
inclusion of the bound state becomes essential [12]. Here,
we consider the dynamics of the system with an initially
excited atom. The evolution of atomic excitation e(t ) and field
function ϕ(k, t ) can be obtained through the inverse Laplace
transformation,

e(t ) = i

2π

∫ ∞+ia

−∞+ia
dzG1(z)e−izt (a > 0),

ϕ(k, t ) = i

2π

∫ ∞+ia

−∞+ia
dzG2(z; k)e−izt (a > 0). (13)

The detailed derivation is provided in Appendix B, which
gives

e(t ) =
∑
n∈Z

e−iznt

1 − γ τeiznτ
. (14)

In the rotating frame of atomic frequency ωe, e(t ) =
ẽ(t )e−iωet . The time evolution of the atomic excitation proba-
bilities ẽ(t ) with different values of γ τ is presented in Fig. 3. It
shows that the atom does not decay to the ground state despite
the coupling to the waveguide modes, due to the existence
of the bound state. In the limit of long time, ẽ(t → ∞) =
1/(1 + γ τ ). Such a phenomenon arises from the emission
cancellation at the two coupling points, which fulfills the
phase difference ωeτ = (2n + 1)π [52].

Moreover, the evolution of the field function in real space
is given by ϕ(x, t ) = 1√

2π

∫ ∞
−∞ dkeikxϕ(k, t ), which is

ϕ(x, t ) = − i
√

γ

2νg

∑
n∈Z

e−iznt

1 − γ τeiznτ

× {eiznx/νg (1 + e−iznτ )�1(t, x)

+ e−iznx/νg (1 + eiznτ )�2(t, x − d )

+ e−iznx/νg[�2(t, x) − �2(t, x − d )]

+ eizn (x/νg−τ )[�1(t, x − d ) − �1(t, x)]}, (15)
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where �1(t, x) = θ (t − x
νg

) − θ (− x
νg

), �2(t, x) = θ (t +
x
νg

) − θ ( x
νg

), and θ (·) is the Heaviside step function. The field

density is p(x, t ) = |ϕ(x, t )|2. The time evolution of the field
density is shown in Fig. 2(b), which is consistent with the
steady-state field density in Fig. 2(a) in the the long-time
limit.

Additionally, we explore the dynamics of single-photon
scattering. When the frequency of the incident photon ωk 	=
ωe, it corresponds to a scattering eigenstate that is orthog-
onal to the bound state. This orthogonality arises from the
distinct eigenfunctions associated with different eigenvalues
[55]. Furthermore, when considering the condition ωk = ωe,
we examine the probability of atomic excitation to indicate
that of the bound state by an incident photon. This analysis
involves the relationship between the S matrix and the T
operator in the one-photon sector,

〈e|Ŝ|k〉 = −2π iδ(ωe − ωk )〈e|T̂ (ωk )|k〉. (16)

The transition operator T̂ obeys the LS equation and can be
expressed in the Dyson series as

T̂ (z) = V̂ + V̂ Ĝ0(z)V̂ + V̂ Ĝ0(z)V̂ Ĝ0(z)V̂ + · · · , (17)

and we have

〈e|T̂ (z)|k〉 =
√

γ νg

4π
(1 + eikd )

z − ωe

z − ωe − 	1(z)
. (18)

It can be verified that in the limit of ωk → ωe, 〈e|T̂ (ωk )|k〉 =
0, i.e., 〈e|Ŝ(ωk )|k〉 = 0. This indicates a complete decou-
pling between the regions outside and inside the coupling
points [22]. In order to generate the bound state in the
non-Markovian regime with significant time delays through
photonic states, overlap with the photonic component of the
bound state is necessary. Practically, a single photon scattered
off the emitters cannot excite a bound state. This is because the
incident state in the one-photon sector is always orthogonal
to the bound state. However, this statement does not hold for
multiphoton scattering because of the intrinsic qubit nonlin-
earity [29].

On the other hand, the one-photon reflection and transmis-
sion coefficients can be achieved by utilizing the relationship
between the S matrix and the T operator,

〈p|Ŝ|k〉 = 〈p|k〉 − 2π iδ(ωp − ωk )〈p|T̂ (ωk )|k〉. (19)

The element of the T operator is

〈p|T̂ (z)|k〉 = γ νg

4π

(1 + eikd )(1 + e−ipd )

z − ωe + iγ (1 + eizτ )
. (20)

We can express δ(ωp − ωk ) using the properties of the delta
Dirac function as

δ(ωp − ωk ) = [δ(k − p) + δ(k + p)]/νg, (21)

which leads to

〈p|Ŝ|k〉 = tpδ(k − p) + rpδ(k + p). (22)

The reflection and transmission coefficients are

rp = −i
γ

2

(1 + e−ipd )2

ωp − ωe + iγ (1 + eiωpτ )
,

tp = 1 − i
γ

2

(1 + eipd )(1 + e−ipd )

ωp − ωe + iγ (1 + eiωpτ )
. (23)

IV. EXCITING THE BOUND STATE VIA
TWO-PHOTON SCATTERING

In contrast to the single-photon scattering, where the bound
state remains unexcited due to orthogonality with the incident
state, the dynamics change with the introduction of another
photon. Here, one photon can become trapped within the
bound state while the other photon scatters away. In the two-
photon sector, |k1k2〉 and |k, e〉 constitute a complete basis,
and the elements of the resolvent operator are defined as
follows:

G5(z; p, k) = 〈p, e|G(z)|k, e〉,
G6(z; p1, p2, k) = 〈p1 p2|G(z)|k, e〉,
G7(z; p, k1, k2) = 〈p, e|G(z)|k1k2〉,

G8(z; p1, p2, k1, k2) = 〈p1 p2|G(z)|k1k2〉. (24)

The orthogonality condition for the two-photon state is given
by 〈p1 p2|k1k2〉 = δ(p1 − k1)δ(p2 − k2) + δ(p1 − k2)δ(p2 −
k1). By utilizing the LS equation in (3), we can obtain the
following relationships:

G5(z; p, k) = δ(p − k)

z − ωe − ωp
+

√
γ νg/4π

z − ωe − ωp

∫ ∞

−∞
d pi(1 + eipid )G6(z; p, pi, k),

G6(z; p1, p2, k) =
√

γ νg/4π

z − ωp1 − ωp2

[(1 + e−ip1d )G5(z; p2, k) + (1 + e−ip2d )G5(z; p1, k)],

G7(z; p, k1, k2) =
√

γ νg/4π

z − ωk1 − ωk2

[(1 + eik1d )G5(z; p, k2) + (1 + eik2d )G5(z; p, k1)],

G8(z; p1, p2, k1, k2) = δ(p1 − k1)δ(p2 − k2) + δ(p2 − k1)δ(p1 − k2)

z − ωp1 − ωp2

+
√

γ νg/4π

z − ωp1 − ωp2

[(1 + e−ip1d )G7(z; p2, k1, k2) + (1 + e−ip2d )G7(z; p1, k1, k2)]. (25)

033707-4



TWO-PHOTON DYNAMICS IN NON-MARKOVIAN … PHYSICAL REVIEW A 110, 033707 (2024)

By defining H (z; p) = z − ωe − ωp − 	1(z − ωp), where 	1

is the self-energy presented in Appendix A, the expression for
G5(z; p, k) can be written as

H (z; p)G5(z; p, k) = δ(p − k) + γ νg

4π
(1 + e−ipd )

×
∫ ∞

−∞
d pi

1 + eipid

z − ωp − ωpi

G5(z; pi, k).

(26)

Next, we introduce the term

U (z; p, k) = H (z; k)[H (z; p)G5(z; p, k) − δ(p − k)]

γ νg/4π
. (27)

This allows us to obtain the following integral equation:

U (z; p, k) = (1 + eikd )(1 + e−ipd )

z − ωp − ωk
+ γ νg

4π

∫ ∞

−∞
d pi

× (1 + eipid )(1 + e−ipd )

H (z; pi )(z − ωp − ωpi )
U (z; pi, k), (28)

which is presented in terms of the solution to a linear Fred-
holm integral equation of the second kind. The solution of the
integral equation is discussed in Appendix D

To calculate elements of the two-photon scattering sce-
nario, we employ a multichannel scattering formalism [50].
In the two-photon sector, there exist two distinct sets of sta-
ble states that can be considered as incoming or outgoing
asymptotic states within a scattering matrix framework. These
sets are defined as follows: (a) Channel 0: comprising two
scattered photons (k1 and k2) with the giant atom in its ground
state. (b) Channel 1: involving one scattered photon (p) and
a bound state formed by the photon and the giant atom. Con-
cretely, the state of channel 0 is denoted by |k1k2〉 and the state
of channel 1 is denoted by |p, ψb〉. The multichannel S matrix
describes transitions between these different states, and the
element fulfills

〈φ f |Ŝ|φi〉 = 〈φ f |φi〉 − 2π iδ(Ei − E f )〈φ f |Uf i(Ei )|φi〉. (29)

Here, |φ j〉 is an arbitrary asymptotic state in channel j ∈ {0, 1}
with the energy Ej , and Uf i(z) is the channel-dependent tran-
sition operator. The relationship between the resolvent G(z)
and Uf i(z) is described by [56]

G(z) = G f (z)δ f i + G f (z)Uf i(z)Gi(z), (30)

where Gj (z) = 1/(z − Hj ). Here, G1(z) is related to H1 =
H0 + V ′, where V ′ is similar in form to V , but it acts only on
the bound-state component of the wave function of channel 1
and not on the free photon part. Consequently, the operation
of the resolvent G1(z) fulfills

G1(z)|p, ψb〉 = 1

z − ωp − ωe
|p, ψb〉. (31)

Here, our focus is on the excitation of the bound state
through the two-photon scattering, where one of the scattered
photons gets trapped to form the bound state with the gi-
ant atom. Therefore, we consider the initial state consisting
of two free photons as |φi〉 = |k1k2〉 with the energy Ei =
ωk1 + ωk2 , and the final state as |φ f 〉 = |p, ψb〉 with the energy

FIG. 4. The transition operator |T (ωp, ωe, ωk1 , ωk2 )| in units of
(γ νg/4π )3/2 as a function of (ωk1 − ωe)/γ and (ωk2 − ωe)/γ , with
γ τ = 0.5.

E f = ωp + ωe. This process is characterized by the matrix
element

〈p, ψb|S|k1k2〉 = −2π iδ(E f − Ei )T
(
ωp, ωe, ωk1 , ωk2

)
, (32)

with the transition operator defined by

T
(
ωp, ωe, ωk1 , ωk2

) = 〈p, ψb|U10
(
ωk1 + ωk2

)|k1k2〉. (33)

Following the detailed derivation in Appendix C, the transi-
tion operator equals

T
(
ωp, ωe, ωk1 , ωk2

) =
√

1

1 + γ τ

(γ νg

4π

)3/2
[

(1 + eik1d )

× U (zos; p, k2)

H (zos; k2)
+ k1 ↔ k2

]
. (34)

The transition operator is closely connected to U (z; p, k).
The solution for U (z; p, k), derived from the Fredholm inte-
gral equation given in Eq. (28), is detailed in Appendix D.
While obtaining an explicit solution for U (z; p, k) is chal-
lenging, within the moderately non-Markovian regime where
γ τ � 1,U (z; p, k) can be expressed as a Neumann series:
U (z; p, k) = ∑∞

n=0 Vn(z; p, k). This series is typically solved
iteratively and truncated after a few terms. As discussed in
Appendix D, the approximation U ≈ V0 + V1 provides a re-
liable prediction in the γ τ � 1 regime. In Fig. 4, we depict
the function |T (ωp, ωe, ωk1 , ωk2 )|, normalized to units of
(γ νg/4π )3/2. The figure illustrates that it is possible to trap
a photon to form the bound state, with the largest probabil-
ity occurring at a slight detuning from ωe. However, when
ωk1 + ωk2 = 2ωe, the bound state cannot be excited. This lim-
itation arises from the condition ωp = zos − ωe = ωe, where
the transition operator is multiplied by the factor 1 + e−ipd

that satisfies 1 + e±iωpτ = 0.
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V. THE NON-MARKOVIAN TWO-PHOTON
SCATTERING PROCESS

In this section, we explore the quantum characteristics of
the output field in the non-Markovian two-photon scattering
process. According to Eq. (29), the scattering element is gov-
erned by the expression

〈p1 p2|S|k1k2〉 =〈p1 p2|k1k2〉
− 2π iδ

(
ωp1 + ωp2 − ωk1 − ωk2

)
× 〈p1 p2|U00(zos)|k1k2〉. (35)

Here, the on-shell energy fulfills zos = ωp1 + ωp2 = ωk1 +
ωk2 . Utilizing Eq. (30), we obtain

〈p1 p2|U00(zos)|k1k2〉
=

∑
m,n

(1 + eik3−md )(1 + e−ip3−nd )

×
[(γ νg

4π

)2 U (zos; pn, km)

H (zos; pn)H (zos; km)
+ γ νg

4π

δ(pn − km)

H (zos; pn)

]
,

(36)

where m, n ∈ {1, 2} denote photon indices, resulting in four
distinct pairings of (km, pn) in the summation above. In the
previous discussion, we have shown that U (zos; pn, km) can be
expanded in a Neumann series. For the term V0(zos; pn, km) =
(1 + eikmd )(1 + e−ipnd )/(zos − ωpn − ωkm ), through the use of
the Sokhotski-Plemelj theorem, we have

1

zos − ωpn − ωkm

= P 1

zos − ωpn − ωkm

− iπδ
(
zos − ωpn − ωkm

)
, (37)

where P refers to the principal value. By extracting a delta
Dirac function, the remaining terms with the principal value
are denoted as U ′(zos; pn, km), which is

U ′(zos; pn, km) = P (1 + eikmd )(1 + e−ipnd )

zos − ωpn − ωkm

+ V1(zos; pn, km) + · · · . (38)

By now, for the δ term, we have δ(zos − ωpn − ωkm ) =
δ(ωp3−n − ωk3−m ). With the use of the relation δ(ωp3−n −
ωk3−m ) = [δ(p3−n − k3−m) + δ(p3−n + k3−m)]/νg, we can de-
rive the single-photon reflection and transmission amplitudes,

rpn = −i
γ

2

(1 + e−ipnd )2

H (zos; p3−n)
,

tpn = 1 − i
γ

2

(1 + eipnd )(1 + e−ipnd )

H (zos; p3−n)
, (39)

which are consistent with Eq. (23). The element of the S
matrix eventually takes the form

〈p1 p2|S|k1k2〉
= tp1tp2 [δ(p1 − k1)δ(p2 − k2) + δ(p1 − k2)δ(p2 − k1)]

+ rp1 rp2 [δ(p1 + k1)δ(p2 + k2) + δ(p1 + k2)δ(p2 + k1)]

+ tp1 rp2 [δ(p1 − k1)δ(p2 + k2) + δ(p1 − k2)δ(p2 + k1)]

+ rp1tp2 [δ(p1 + k1)δ(p2 − k2) + δ(p1 + k2)δ(p2 − k1)]

+ B(p1, p2; k1, k2)δ
(
ωp1 + ωp2 − ωk1 − ωk2

)
. (40)

Here, the first four terms correspond to the coherent scattering,
while the last term represents the bound-state contribution that
is

B(p1, p2; k1, k2) = −i
γ 2ν2

g

8π

∑
m,n

U ′(zos; pn, km)

H (zos; pn)H (zos; km)

× (1 + eik3−md )(1 + e−ip3−nd ), (41)

which originates from the incoherent scattering. The scat-
tering matrix element presented here closely resembles the
two-photon scattering results from Refs. [57,58], but general-
ized to the giant-atom WQED in the non-Markovian regime.

When considering the input state of two independent pho-
tons represented by |k1k2〉, the output state is

|ψ f 〉 = 1

2!

∫∫
d p1d p2〈p1 p2|S|k1k2〉|p1 p2〉. (42)

For the scenario where the input state consists of
two right-moving photons (k1, k2 > 0), the transmitted
field (p1, p2 > 0) takes the form tk1tk2 â†

R(ωk1 )â†
R(ωk2 )|0〉 +∫

dωϒ(ω)â†
R(ω)â†

R(zos − ω)|0〉. Here,

ϒ(ω) = B
(
ω, zos − ω; ωk1 , ωk2

)
/2ν2

g (43)

by replacing kmd = ωkmτ and pnd = ωpnτ in the term
B(p1, p2; k1, k2). This suggests the presence of the photon
pair state entangled in energy, similar to that which oc-
curs in the spontaneous parametric down-conversion (SPDC)
process [59]. Similarly, the reflected field (p1, p2 < 0) is
rk1 rk2 â†

L(ωk1 )â†
L(ωk2 )|0〉 + ∫

dωϒ(ω)â†
L(ω)â†

L(zos − ω)|0〉.

A. Incoherent power spectrum

The spectral power spectrum of the scattered field is de-
fined as

Sα =
∫

dte−iωt 〈ψ f |â†
α (x0)âα (x0 + t )|ψ f 〉, (44)

where α = {R, L} and x0 represents the position of the detec-
tor located far away from the scattering region. The power
spectrum comprises both coherent and incoherent compo-
nents. The coherent scattering component gives rise to a δ

function, while the incoherent scattering component indicates
the correlation of the bound state [60]. Here, we consider the
incoherent power spectrum that is

Sincoh
α (ω) = 4|ϒ(ω)|2, (45)

which can be utilized as a direct indicator of photon pair
generation at the frequency ω.

Within the moderately non-Markovian regime where
γ τ � 1, a fundamental approximation known as the quasi-
Markovian approximation is commonly employed. This
approximation, mathematically equivalent to considering only
the principal value of V0(zos; pn, km) [61], can be physically
explained by viewing photons propagating in the waveguide
as an effective reservoir. The rapid decay of time correlations
between these photons characterizes the Markovian regime.
The term “quasi” is used to signify that the field values
as positions of different scatters can still differ from each
other by a phase factor. Therefore, neglecting the higher-order
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corrections is equivalent to making the quasi-Markovian ap-
proximation. Furthermore, in the regime of the Markovian
limit where γ τ � 1, we can replace the phase factor by a
constant, i.e., pnd = kmd = θ . This leads to the bound-state
term,

ϒ(ω) = iγ 2(1 + cos θ )2/π

[zos/2 − ωe + iγ (1 + eiθ )][ω − ωe + iγ (1 + eiθ )]

× 1

[zos − ω − ωe + iγ (1 + eiθ )]
, (46)

under the condition of ωk1 = ωk2 = zos/2. The result is con-
sistent with that in Ref. [60].

In Fig. 5, we plot the incoherent power spectra for various
values of γ τ . In the regime where γ τ � 1, the incoherent
power spectrum aligns with the Markovian approximation.
However, as the time delay between the coupling points, i.e.,
the degree of non-Markovianity, increases, two main peaks
begin to emerge. This behavior can be understood by model-
ing this system as a leaky cavity formed by the two coupling
points of the giant atom. In this framework, the observed
peaks correspond to the renormalized excitation frequencies
of the effective cavity, broadened by the renormalized decay
rates. As a result, distinct bound-state-like peaks appear in the
incoherent power spectrum of the scattered photons, resem-
bling cavity resonances [62]. The frequencies and linewidths
of these peaks can be interpreted in terms of the poles zn in
Eq. (B2). For instance, when γ τ = 1, the peaks are primarily
determined by z0 = ωe + 1.26 − 0.35i. Similarly, for γ τ =
2, z0 = ωe + 0.8 − 0.1i. As the parameter γ τ increases fur-
ther, these main peaks shift closer to ωe and become sharper,
indicating a reduction in the effective cavity linewidth, ap-
proximately proportional to 1/(γ τ ). This shift suggests that
the effective cavity resonances approach the resonance of the
two-level system, thereby improving the reflectivity of the
atomic coupling points and increasing the quality factor of
the effective cavity. Additionally, higher-order peaks begin to
emerge. For example, when γ τ = 5, we find that the peaks are
determined by z0 = ωe + 0.4 − 0.01i and z1 = ωe + 0.66 −
0.03i, z−1 = ωe + 1.5 − 0.1i. Furthermore, when γ τ = 10,
the peaks are governed by z0 = ωe + 0.2 − 0.002i, z1 =
ωe + 0.36 − 0.006i, z−1 = ωe+0.8−0.02i, and z−2 = ωe +
1.4 − 0.05i.

Moreover, the quasi-Markovian results show good agree-
ment with the exact solution when γ τ � 1. However, as
the time delay increases (γ τ � 1), discrepancies between
the approximate and exact solutions begin to emerge. One
difference is that the quasi-Markovian theory tends to over-
estimate scattering into the incoming frequency states near
ω = ωe, as seen for γ τ = 5 and 10 in Fig. 5. This overestima-
tion arises because, unlike the exact solution which accounts
for infinitely many excursions of photons to the atom, the
quasi-Markovian approximation assumes that each photon
undergoes only a single scattering event before leaving the
system. As a result, the quasi-Markovian approach yields a
more elastic scattering result compared to the exact solution
[63]. Another difference is that the higher-order peaks result-
ing from inelastic scattering become more pronounced in the
exact solution, as highlighted in the insets of Fig. 5. These dif-
ferences underscore the importance of fully accounting for the

FIG. 5. Incoherent power spectra for different values of (a) γ τ =
0.1, (b) γ τ = 0.5, (c) γ τ = 1, (d) γ τ = 2, (e) γ τ = 5, and (f)
γ τ = 10. The red solid, blue dashed, and green dot-dashed lines
indicate the exact, quasi-Markovian, and Markovian solutions. The
other parameters are ωeτ = (2n + 1/4)π and ωk1 = ωk2 = ωe.

non-Markovian effects in accurately describing the scattering
dynamics.

B. Second-order correlation function

By utilizing the Fourier transforms
â†

R(ω) = 1/
√

2πνg
∫

dxâ†
R(x)eiωx/νg and â†

L(ω) =
1/

√
2πνg

∫
dxâ†

L(x)e−iωx/νg , we can express the two-photon
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FIG. 6. Second-order correlation functions of (a) transmitted and
(b) reflected photons for different values of γ τ = 1, 3, and 5. The
other parameters are ωeτ = (2n + 1/4)π and ωk = ωe.

state |ψ f 〉 in real space, which is

|ψ f 〉 =
∫

dx1dx2

[
fRR(x1, x2)√

2
â†

R(x1)â†
R(x2)

+ fLL(x1, x2)√
2

â†
L(x1)â†

L(x2)

+ fRL(x1, x2)â†
R(x1)â†

L(x2)

]
|0〉. (47)

Under the condition of identical frequencies for the incident
photons, i.e., ωk1 = ωk2 = ωk , the two-photon transmission
and reflection amplitudes are given by

fRR(x1, x2) = eizosxc

2πνg

[
t2
k + Bk (x)

]
,

fLL(x1, x2) = e−izosxc

2πνg

[
r2

k + Bk (x)
]
,

Bk (x) =
∫

dωϒ(ω)ei(ω−zos/2)|x|/νg, (48)

where xc = (x1 + x2)/2 and x = x1 − x2. The normalized
second-order correlation functions are

g(2)
R (x) = ∣∣1 + Bk (x)/t2

k

∣∣2
,

g(2)
L (x) = ∣∣1 + Bk (x)/r2

k

∣∣2
. (49)

The plots of the normalized second-order correlation func-
tions of the transmitted and reflected photons are shown in
Fig. 6. For transmitted photons, g(2)

R (0) > 1, indicating super-
Poissonian statistics where the photons tend to bunch together.
Actually, this result is consistent with the expected enhance-
ment in power extinction at zero detuning [64,65]. On the
other hand, for the reflected photons, g(2)

L (0) < 1, illustrating
the antibunching behavior. Notably, the presence of long-
range photon correlations is evident, with the second-order
correlation components not decaying to unity even for delays
significantly exceeding the separation between the coupling
points, i.e., x  d . It is also worth noting that this correlation

effect becomes more pronounced as d increases, manifesting
as slightly damped oscillations around unity in the correlation
functions.

Additionally, the normalized second-order correlation
functions g(2)

R (x) display peaks, while g(2)
L (x) show dips at the

separation distance d between the coupling points, especially
under the condition γ τ  1. This phenomenon can again be
explained by considering the scenario of a leaky cavity formed
by the giant atom. When a photon gets trapped between the
atom’s coupling points, it can undergo reflections off the
cavity’s walls, resulting in the formation of the peaks in the
second-order correlation function. This feature is particularly
interesting because the second-order correlation function is
a measurable quantity in experiments, rendering these peaks
potentially observable effects.

VI. CONCLUSIONS

To conclude, we have studied the dynamics of one- and
two-photon scattering in a 1D waveguide interacting with a
giant atom within the non-Markovian regime based on the
resolvent approach. While the atom-photon bound state can be
formed in the one-photon Hamiltonian, it cannot be excited by
a single incident photon. However, by extending the scattering
process to include two photons, excitation of this bound state
becomes feasible. Using multichannel scattering theory, we
derive an analytical expression for the trapping probability
of a photon in the atom-photon bound state. Additionally, we
investigate the incoherent power spectrum and photon-photon
correlations in two-photon scattering process. When the non-
Markovian effects become significant, two peaks emerge in
the incoherent power spectrum. This behavior can be ex-
plained by considering this system as a leaky cavity formed by
two coupling points of the giant atom. As for the second-order
correlation function, the transmitted photons exhibit bunching
behavior, while the reflected photons display antibunching
behavior. Both types of photons exhibit distinctive retrieval
behavior at the separation of coupling points.
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APPENDIX A: CALCULATION
OF THE SELF-ENERGY �1(z)

In the one-photon sector, the self-energy of the atom is
given by

	1(z) = γ νg

4π

∫ ∞

−∞
dk

(1 + eikd )(1 + e−ikd )

z − ωk

= γ

2π

∫ ∞

0
dωk

(1 + eiωkτ )(1 + e−iωkτ )

z − ωk
. (A1)

The interaction primarily occurs around the atomic transition
frequency ωe, and ωk varies minimally outside this frequency
range. Consequently, we can extend the lower limit of the ωk
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integration to −∞. By employing the residue theorem, the
final result for the self-energy is 	1(z) = −iγ (1 + eizτ ).

APPENDIX B: DETAILS FOR THE CALCULATION
OF e(t ) AND ϕ(x, t )

In this Appendix, we present the analytical expressions for
the time-dependent emitter excitation probability e(t ) as well
as the field function ϕ(x, t ), which are the inverse Laplace
transform of elements of the resolvent operator in Eq. (13).
Concretely,

e(t ) = i

2π

∫ ∞+ia

−∞+ia
dz

e−izt

z − ωe + iγ (1 + eizτ )
(a > 0).

(B1)

The integral can be obtained using the residue theorem, where
the poles of the denominator are given by

zn = ωe − iγ + iWn(−γ τeγ τ eiωeτ )/τ. (B2)

Here, Wn(z) represents the nth branch of the Lambert W-
function [19]. Thus, the expression for e(t ) is

e(t ) =
∑
n∈Z

e−iznt

1 − γ τeiznτ
. (B3)

Furthermore, the time-dependent field function ϕ(k, t ) in
the waveguide is given by

ϕ(k, t ) = i

2π

∫ ∞+ia

−∞+ia
dzG2(z; k)e−izt ,

=
√

γ νg

4π
(1 + e−ikd )

[
e−iωkt

ωk − ωe + iγ (1 + eiωkτ )

+
∑
n∈Z

1

zn − ωk

e−iznt

1 − γ τeiznτ

]
. (B4)

The time-dependent field function in real space is expressed
as

ϕ(x, t ) = 1√
2π

∫ ∞

−∞
dkeikxϕ(k, t ). (B5)

By employing the standard contour integral technique, the
field function becomes

ϕ(x, t ) = − i
√

γ

2νg

∑
n∈Z

e−iznt

1 − γ τeiznτ

× {eiznx/νg (1 + e−iznτ )�1(t, x)

+ e−iznx/νg (1 + eiznτ )�2(t, x − d )

+ e−iznx/νg[�2(t, x) − �2(t, x − d )]

+ eizn (x/νg−τ )[�1(t, x − d ) − �1(t, x)]}, (B6)

where

�1(t, x) = θ

(
t − x

νg

)
− θ

(
− x

νg

)
,

�2(t, x) = θ

(
t + x

νg

)
− θ

(
x

νg

)
, (B7)

and θ (·) is the Heaviside step function. In the limit of long
time, i.e., t → ∞, for the given bound state where zn → ωe,
the field function becomes

ϕ(x, t ) = 1

1 + γ τ

√
2γ

νg
sin(ωex/νg). (B8)

APPENDIX C: CALCULATION OF THE
TRANSITION OPERATOR

To obtain the explicit expression of the transition oper-
ator T (ωp, ωe, ωk1 , ωk2 ) in Eq. (33), we utilize the relation
U10(z) = G−1

1 (z)G(z)G−1
0 (z) and have

〈p, ψb|U10(z)|k1k2〉 = (z − ωp − ωe)(z − ωk1 − ωk2 )

× 〈p, ψb|G(z)|k1, k2〉. (C1)

Here, according to Eq. (33), z should take the on-shell
energy zos → ωp + ωe = ωk1 + ωk2 . It should be noted that
〈p, ψb|U10(zos)|k1k2〉 in Eq. (C1) is multiplied by two zero
factors, i.e., (zos − ωp − ωe)(zos − ωk1 − ωk2 ). As a result, the
contribution arises from the condition of 〈p, ψb|G(z)|k1k2〉
that must have a double pole at zos, while the other terms
would approach towards zero.

Upon substituting the expression of the bound state from
Eq. (9), we can obtain

〈p, ψb|G(z)|k1k2〉 =
√

1

1 + γ τ

{
(1 + γ τ )G7(z; p, k1, k2)︸ ︷︷ ︸

term 1

+
√

γ νg

4π

[
1 + eik2d

z − ωp − ωk2

δ(p − k1)

ωe − ωk2

+ k1 ↔ k2

]
︸ ︷︷ ︸

term 2

+ γ νg

4π

∫ ∞

−∞
d pi

1 + e−ipd

ωe − ωpi

1 + eipid

z − ωp − ωpi

G7(z; pi, k1, k2)︸ ︷︷ ︸
term 3

}
. (C2)

We will now examine these three terms individually. First, from Eq. (27), it gives

G5(z; p, k) = γ νg/4π

H (z; k)

U (z; p, k)

H (z; p)
+ δ(k − p)

H (z; p)
. (C3)
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Then, substituting it into G7(z; p, k1, k2), and with the use of the relation

lim
z→zos

z − ωp − ωe

H (z; p)
= 1

1 + γ τ
, (C4)

for the term 1, it becomes

(z − ωp − ωe)
(
z − ωk1 − ωk2

) × (term 1) =
(γ νg

4π

)3/2
[

(1 + eik1d )
U (zos; p, k2)

H (zos; k2)
+ k1 ↔ k2

]
. (C5)

Also, it can be verified that (z − ωp − ωe)(z − ωk1 − ωk2 ) × (term 2) = 0 and (z − ωp − ωe)(z − ωk1 − ωk2 ) × (term 3) = 0. As
a consequence, the transition operator becomes

T (ωp, ωe, ωk1 , ωk2 ) =
√

1

1 + γ τ

(γ νg

4π

)3/2
[

(1 + eik1d )
U (zos; p, k2)

H (zos; k2)
+ k1 ↔ k2

]
. (C6)

APPENDIX D: SOLUTION OF THE INTEGRAL
EQUATION FOR U (zos; p, k)

To achieve the solution of the integral equation for
U (zos; p, k) as given in Eq. (28), we start by expressing
U (zos; p, k) as

U (zos; p, k) = Ũ (zos; p, k)(1 + eikd )(1 + e−ipd ), (D1)

where Ũ (zos; p, k) fulfills

Ũ (zos; p, k) = 1

zos − ωp − ωk
+ γ

2π

∫ ∞

0
dωpi

× (1 + eiωpi τ )(1 + e−iωpi τ )

H (zos; pi )
(
zos − ωp − ωpi

)Ũ (zos; pi, k).

(D2)

By closing the integration contour in the lower half plane,
the term 2 + e−iωpi τ in the numerator vanishes, leading to a
simplified form of the equation,

Ũ (zos; p, k) = 1

zos − ωp − ωk
+ γ

2π

∫ ∞

0
dωpi

× eiωpi τŨ (zos; pi, k)

H (zos; pi )
(
zos − ωp − ωpi

) . (D3)

For the basic approximation, which is in the regime γ τ �
1, we can utilize a Neumann series to solve Ũ (zos; p, k) =∑

n Ṽn(zos; p, k) by truncating at a few orders. The zeroth-
order element is

Ṽ0(zos; p, k) = 1

zos − ωp − ωk
, (D4)

and the first-order element is

Ṽ1(zos; p, k) = γ

2π

∫ ∞

0
dωpi

eiωpi τ

H (zos; pi )
(
zos − ωp − ωpi

)
× 1

zos − ωk − ωpi

. (D5)

Via employing the contour integral, it gives

Ṽ1(zos; p, k) = iγ

{
ei(zos−ωp)τ

(ωk − ωp)
[
ωp − ωe + iγ (1 + eiωpτ )

]
− ei(zos−ωk )τ

(ωk − ωp)[ωk − ωe + iγ (1 + eiωkτ )]

−
∑
n∈Z

eiω(n)
p τ(

zos − ω
(n)
p − ωp

)(
zos − ω

(n)
p − ωk

)
× 1[

1 − γ τei(zos−ω
(n)
p )τ

]
}

, (D6)

where ω(n)
p = zos − ωe + iγ − iWn(−γ τeγ τ eiωeτ )/τ . Further-

more, the second-order element is

Ṽ2(zos; p, k)

=
( γ

2π

)2
∫∫ ∞

0

dωp1 dωp2

H (zos; p1)(zos − ωp − ωp1 )

× eiωp1 τ eiωp2 τ

H (zos; p2)(zos − ωp1 − ωp2 )(zos − ωk − ωp2 )
,

(D7)

which can be numerically integrated. In Fig. 7, we
compare |U (zos; p, k1)| with the first-order Neumann
series (Ũ ≈ Ṽ0 + Ṽ1) and the second-order Neumann

FIG. 7. Plot of |U (zos; p, k1)| as a function of (ωk1 − ωe)/γ , with
ωk2 − ωe = −2γ , ωe = (2n + 1)π/τ, n = 3, and γ τ = 0.5. Red cir-
cles are for the case Ũ ≈ Ṽ0 + Ṽ1, and green squares are for the case
Ũ ≈ Ṽ0 + Ṽ1 + Ṽ2.
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series (Ũ ≈ Ṽ0 + Ṽ1 + Ṽ2). The comparison reveals
that the approximation Ũ ≈ Ṽ0 + Ṽ1 provides a reliable
prediction.

In the case of a larger separation with γ τ � 1 under the
special condition where ωk1 = ωk2 = ωk , i.e., zos = 2ωk , an
analytical solution can be obtained as discussed in Ref. [52].
The solution is given by

Ũ (zos; p, k) = 1

ωk − ωp
+ F (ωk − ωp), (D8)

where the function F (q) is defined as

F (q) = − iγ eiϕ

λ + iγ eiϕ

∑
σ=±,0

Cσ

eiqτ − e−iσ pτ

q + σ p
. (D9)

Here, the parameters are

p =
√

λ2 + γ 2ei2ϕ, λ = δ + iγ ,

ϕ = ωkτ, δ = ωk − ωe,

C± = ± (±p − λ)e±ipτ − iγ eiϕ

2(p cos pτ − iλ sin pτ )
, C0 = −1. (D10)
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