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Raman effects in quantum frequency conversion using Bragg scattering
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We present a quantum-mechanical model that describes fiber-based frequency conversion by four-wave-
mixing Bragg scattering in the presence of Raman interactions. In the case of continuous-wave pumps, we find
closed-form expressions for the conversion efficiency and photon statistics characterized by the second-order
correlation function. For pulsed pumps, we derive a highly general model based on Green functions and provide
a numerical solution method using a split-step scheme. In both cases, we find that noise from spontaneous
Raman scattering can pose a serious challenge to this type of frequency conversion if the pumps are less than
30 THz from the quantum fields. However, this impact can be mitigated with cross-polarized pumps and, on the

anti-Stokes side, through fiber cooling.
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I. INTRODUCTION

Quantum frequency conversion is a crucial component for
future photon-based quantum communication and computing
applications [1-4]. The ability to flexibly convert photons
between wavelengths without destroying the fragile quantum
states [5,6] provides an interface between different parts of a
quantum-optical system such as a photon source, a transmis-
sion fiber, or a quantum memory [7].

Four-wave-mixing Bragg scattering (FWM-BS) provides
a platform free of additional noise [8], ideal for quantum
frequency conversion. Compared to the well-known processes
of sum-frequency and difference-frequency generation [9,10],
the two pump fields in FWM-BS provide increased flexibility
[11]. In addition, FWM-BS is possible in optical fibers with
efficient integration into an existing network [12,13]. This has
proved to be a promising platform for frequency multiplex-
ing of single photons [14] and has furthermore been used to
demonstrate quantum interference between spectral channels
[15,16].

Unfortunately, fiber-based FWM-BS is often accompanied
by a broadband emission from spontaneous Raman scattering
(SpRYS) induced by nonlinear interactions of light and local-
ized material vibrations [13,17]. This can be partly mitigated
through cooling [12] and partly through restriction to short
frequency shifts [13]. However, long frequency shifts require
a strong pump that is spectrally close to the fragile quantum
fields and thus necessitates a more careful analysis of the im-
pact of Raman scattering. Appropriate quantum models exist
in the context of photon-pair generation [18,19], but FWM-BS
has only been studied using classical models [20] or with a
full Lindblad approach [21] with the associated computational
challenges.

In this work, we provide a semiclassical quantum model of
FWM-BS in the presence of Raman scattering by exploiting
the bilinear nature of the equations of motion. This leads
to exact solutions for the quantum fields in terms of Green
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functions without needing to restrict the Hilbert space. Using
this model, we provide quantitative guidelines for how the
quality of frequency conversion depends on the system config-
uration. We study the photon statistics and spectral properties
of converted single photons in the presence of Raman scat-
tering for both continuous-wave (cw) pumping and pulsed
pumping using a numerical split-step scheme.

II. THEORY

In this section, we introduce the evolution equations for the
quantum and classical pumps and derive a general expression
for the second-order correlation function for the frequency-
converted light.

A. Frequency conversion using Bragg scattering

FWM-BS is the coherent interaction between four spec-
trally separated fields, as illustrated in Fig. 1(a). An input
signal field (s) is frequency translated into the idler field (i)
through a x®)-nonlinear interaction mediated by two strong
pumps (p and q), under the requirement of energy con-
servation w; — ws + wp — wq = 0. For the remainder of our
analysis, we assume that the separation 2 = w; — g is within
the Raman bandwidth, while the two pumps are separated
sufficiently far that we may neglect Raman interactions over
this frequency span (that is, there are no phonon modes with a
sufficiently large frequency to mediate such interactions). For
linearly polarized fields, the x ®-tensor distinguishes between
two different polarization configurations of the fields: co-
polarized and cross polarized, as illustrated in Fig. 1(a). The
co-polarized configuration has the largest nonlinear strength
and is therefore usually preferable [22]. However, the Raman
response divides the cross-polarized configuration into two:
the isotropic and anisotropic configurations [22]. These cor-
respond to the fields within the Raman bandwidth of each
other being co-polarized and cross polarized, respectively.
The co-polarized configuration maximizes Raman scattering
through the parallel Raman response, whereas the anisotropic
minimizes it through the orthogonal Raman response. The
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FIG. 1. (a) Illustration of two possible polarization configura-
tions of the four fields: idler (i), signal (s), and pumps (p and q). The
pumps are separated from the nearest quantum fields by a frequency
detuning 2. (b) The Raman response corresponding to the two po-
larization configurations for a silica fiber. The data are acquired from
Refs. [22,24].

corresponding response functions for a silica fiber are il-
lustrated in Fig. 1(b). For these reasons, we focus on the
co-polarized and anisotropic configurations in the following
analysis. It should be noted that these polarization config-
urations only hold for linearly polarized fields. The model
presented in this paper is completely general and is therefore
applicable for more complicated polarization modes, such as
orbital angular momentum modes [23] and spatial mode con-
figurations, although we only consider co-propagating modes.
For the sake of simplicity, we focus on the linearly polarized
modes during the presentation of the model.

B. Field equations

The full-vectorial quantum field equation describing FWM
for quantum operators representing the two polarization com-
ponents has been derived in previous papers [18,25]. In
Appendix A, we have deduced the nonlinear coefficients and
response functions when the quantum operators represent
arbitrary spatial and polarization modes and find that the
resulting equation of motion is identical to the full-vectorial
quantum field equation. To model FWM-BS, we consider the
four fields described in the previous section and only keep the
FWM terms for which w, — wq + w; — ws = 0 is fulfilled. To
simplify the equations, we decouple the pump equations from
the signal and idler equations by letting the pumps be classical
fields that are normalized such that |A, 4|* is the power. This
corresponds to an undepleted pump approximation. The quan-
tum fields are normalized to have the standard equal-space
commutation relations [&,(z, t), & (z,1')] = 8,,8(t —t'). The
idler equation is thereby

i
N N 2.
0.8; = —B1;0:a; — EﬂZiat a;

+ 2i(yip |Ap|2 + Yiq |Aq|2)ai + 2Vipqu;Aq&s

+ iAq / dt’ figps(t — 1A (2, 1)as(z, 1)

+ iAq f dr’ fiqqi(t — t')A:(z, 1)ai(z, t") + imigAq. (1)

The indices are contracted such that ip = iiqq and the fields
without an argument are evaluated in (z, ¢). The instantaneous
electronic response is described by y;ji;, and the noninstan-
taneous Raman response is represented by fij, and each
characterizes the interaction between the four fields i, j, k, and
1. The noise operator 71;; describes the creation or annihilation
of a phonon under the interaction between the two fields i
and j and thereby represents SpRS. Both the Raman response
function f;; and the noise operator 7;; oscillate at frequency
2, as described in Appendix A. In addition, the linear dis-
persion is expanded around the central idler frequency in
terms of dispersion parameters f;; and By;. In this model, we
kept the terms responsible for linear dispersion up to second
order, nonlinear phase modulation (NPM) from the pumps,
FWM-BS, delayed FWM-BS, delayed NPM, and SpRS. We
neglected the Raman terms that require interaction with a
phonon at the large frequency separation, for example, SpRS
from pump p to the idler. The signal field equation is identical
under the substitution s <> i and p <> q. We note that unlike
their electronic counterparts, the delayed versions of NPM and
FWM-BS do not perfectly conserve the energy of the optical
fields, leading to stimulated Raman effects.

The noise operators are based on the initial thermal phonon
distribution and are thus completely determined by their
second-order correlation,

(i} (2, @Y (2, ) = 8(w — @)8(z — Fiju (@), (2a)
Fiju(@) = V2xIm[ fijp(@)lng (@ + Q),  (2b)

where ny(w) = [exp([;—‘;) — 117! is the thermal population

number. Since the field equations are bilinear in the quantum
fields, the solution takes the simple input-output form [26,27]
after an interaction of length z = ¢,

ai(l, 1) = /dt/[Gn(f,t,t’)&i(O,t')+Gis(ﬂﬁt,t’)&s((),t’)]

4
+i / ar / A2 [Ag(2, 1)Gi(E — 2 1, 1 yitig (2, 1)
0

+Ap(@, )Gy (€ — 2 t, g (2, )], 3)

where G;; are Green functions. The first term here represents
the frequency-conversion process, while the second term rep-
resents contamination from SpRS that is also subjected to the
frequency-conversion effect after its creation.

The strong classical pumps are unaffected by the single-
photon-level FWM-BS and are thus governed by

i
A, = —BipdAp — E,szpapr
+ J/p|Ap|2Ap + 2y |Aq|2Aq

+ity [ ar (e = Ol

+iAq f dt’ foq(t — 1Az, 1) 4)
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The equation for pump q is found by substituting p <> q. By
treating the pumps classically, the problem simplifies con-
siderably since the equations of motions are now bilinear
in the signal and idler fields. However, as a consequence
of the delayed nonlinear response and the phonon operator,
the optical-field commutators are no longer perfectly pre-
served. In Appendix B, we demonstrate the validity of the
quantum model by showing that the commutators are pre-
served to first order in the Raman response. In this sense,
the model is perturbative, which is the experimentally de-
sired situation. This is most problematic on the Stokes side
where the field operators are (classically) amplified instead
of populating higher Fock states, and the spontaneous Raman
scattering cannot be minimized in regard to the temperature.
On the anti-Stokes side, which is the most experimentally
relevant, this behavior is less problematic since the induced
decay of the field operator simply lowers their expectation
values with respect to the vacuum, while a lower tempera-
ture decreases the amount of spontaneous Raman scattering.
Calculating the photon flux, the amplification and depletion
are correctly captured; however, the second-order correlation
function measures the photon statistics, which can therefore
not be described properly under a classical amplification.
Since the second-order correlation function is insensitive to
loss, the photon statistics of classical depletion are accurately
described.

C. Second-order correlation function

For single-photon applications, the second-order correla-
tion function is an important metric. At the waveguide output
z = £ and at times 11, t», it is defined as

(@ €, 1)al (€, n)ae, n)ae, n))
(@ e, e, el (€, n)ae, 1)

At zero delay, a g®(¢, t) value of close to 0 indicates strong
antibunching and thus single-photon statistics at the output at
time ¢. For a frequency-converted single photon, a value larger
than O indicates contamination by Raman noise photons. We
consider a single-photon input state with a temporal amplitude

V().

g2, 0) = (5)

) = / dr Y (02} (1)]0), ©)

for which the second-order correlation function is calculated
(see Appendix C for details),

§2,0) = {1Wou(t)PE (12, 12)

Iout (tl )Iout(t2)

+ [You@)PE(t1, 1) + E(t1, t)E (2, 1)

+ 2Re[Yr, (1) Vou ()E (11, )] + |E(t1, )]},
(7)

where the expectation values are determined in terms of the
Green functions,

Iouwt(t) = [You* + E(t, 1), (8a)

Vou(r) = fdt/Gis(& L), (8b)

L
E(tlatZ)Zf dz// drdt’Q*(z, 11, 1)Q(z, 1o, t)F (t — 1),
0

(8c)
0z, 1,1") = Aq(z, )Gii(z, 1, 1) + Ap(z, 1)Gis(z, 1, 1) (8d)

We have assumed a balanced Raman response, F' = Fgq; =
Fgps» such that the Green functions can be factorized. Here,
F (¢) is the inverse Fourier transform of F (). Thus, the prob-
lem of calculating g is reduced to the calculation of the
Green functions.

In realistic experiments, we cannot access g2 (¢, 1) di-
rectly due to the finite temporal resolution of single-photon
detectors. Instead, we measure photon detection events
(“clicks”) within a certain time window 7. Thus, the exper-
imentally relevant metric is instead [28]

o S dndnial 6, 0)a] (€ b)a e, m)ae, 1))

click = [ _Tﬁz dt(&;r(f, L, t))]z

€))
In the following sections, we analyze the second-order photon
statistics of frequency-converted single photons in the pres-
ence of stimulated and spontaneous Raman scattering for both
the case of cw pumps and the experimentally relevant case of
pulsed pumps.

III. CONTINUOUS-WAVE PUMPS

In this section, we analyze the case of cw pumps where
analytical solutions are obtained.

A. Signal and idler evolution
The cw pumps propagate with the pure phase evolu-
tion Ap 4(z, 1) = Poe'?@. Defining the Fourier transform as
ai(z, w) = \/%7 [75, dtai(z, 1)e'", we obtain the simple quan-
tum evolution equation for the idler,
0:4i(z, w) = iki(z, w)ai(z, )
+ ig(w)as(z, w) + iV Poritig (2, ®), (10)

where the coupling functions are given by

(@) = Bi(@) + V2T Py fiogi(@) + %’3 (11a)
8(@) = 2Py¥igps + /27 Py figps (). (11b)

Here, the real part of «; describes phase modulation, while
the imaginary part describes classical. amplification or de-
pletion. The real part of g(w) describes the gain in the idler
field due to the frequency conversion and stimulated Raman
scattering given by the imaginary part. The signal equation is
found under the substitutioni <> s, q <> p, and A — —ApB.
Due to the pumps being cw, the Green functions take the form
G;j(€,t,t") = G;;(£,t —1'), and the solution in the frequency
domain is thereby found,

ai(g’ 0)) = Gii(ev CL))&I(O, 0)) + GiS(£9 w)&S(O’ (U)

¢
+ivP0/ dz[Gii (€ — z, w)iig(z, ®)
0

+ Gis(£ — 2, w)iigp(z, ®)], 12)

033508-3



KORSGAARD, KOEFOED, AND ROTTWITT

PHYSICAL REVIEW A 110, 033508 (2024)

where the Green functions are given by

e 1k (@)+ri(w)lz
Gii(z, w) = @) {k(w) cos[k(w)z]
I Sin[k(w)z]}, (130)
Gis(z, w) = RAGHS TRERIR sin[k(w)z],  (13b)
k(w)

and we have defined the effective coupling function
due to phase mismatch, field walk-off, and higher-order
dispersion as

k(w) = $v/4g(@)? + AB(w)?. (14)

From the explicit expressions of the Green functions, the
classical amplification or depletion of the quantum fields is
seen to enter through the imaginary part of « ; and k.

1. Spectral filtering
In practice, the idler is filtered spectrally to reduce the
amount of spontaneously emitted Raman photons. The filtered
quantum field after the nonlinear interaction is written as

a0, 1) = doH (0)a(C, w)e™ ™, (15)

1 oo
N2 /700
where H(w) is the spectral filter transmission function, which
is centered around the center frequency of the idler. The output
temporal distribution of the photon state is thereby

Voull) = % / dr’ / doH ()Gis(€, )y (¢ )e 0=,
(16)

The expectation value of the phonon operators is similarly
found to be

Et,t) =

v A KT

dz | dwlH ()|

27 Jo

x |Gii(z, w) + Gis(z, 0)|*F (0)e =) (17)

In the following, we consider a rectangular spectral filter with
spectral width Aw.

2. Linearly polarized fields

The results presented in the previous sections are com-
pletely general as they describe any field mode or polarization.
In the following examples of the model, we restrict our at-
tention to the experimentally relevant situation of linearly
polarized fields. Additionally, we parametrize the response
functions through the Raman fraction fr, which describes the
fraction of the nonlinear response that is attributed to Raman
scattering. For silica fibers, which will be our focus of interest,
fr & 0.18 [29]. The electronic and Raman response functions
thereby take the form [18]

Vit = 2y (L= )88k + 8udji + 8ud i), (18a)

finr @) =y fre™ [ha()8;;80 + hp() (s + 84851)],
(18b)
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FIG. 2. The relative output flux, as a function of the di-
mensionless nonlinear interaction strength yPy¢ in a co-polarized
configuration. The colored lines include Raman scattering and are
illustrated for fr = 0.18, detuning /27, and Aw/L, = 1.

where the indices on the Kronecker deltas refer to the po-
larization of the corresponding mode, and y depends on the
spatial mode overlap of the field profiles, as described in
Appendix A. In the remaining, we assume a single-mode
fiber such that y is the same for NPM and Bragg scattering.
Throughout, we use the nonlinear coefficient of silica, y =~
1 (Wkm)~! [30]. The sum of the isotropic-orthogonal £, and
anisotropic-orthogonal 4, Raman response gives the parallel
response h, which can be estimated as a sum of harmonic
oscillators,

h(t) = ©(t) Y Fd;sin(wit)e ™, (19)

where ©(¢) is the Heaviside step function, w; is the resonance
frequency of the phonons, F; is the resonance amplitude, and
d; is the phonon decay rate. Using 11 oscillators provides
a good approximation for the silica Raman response func-
tion [24]. From the parallel response function, we extract the
anisotropic response function using Ref. [22].

B. Photon flux

To illustrate how Raman scattering impacts the general
frequency-conversion process, we start by investigating the
frequency-converted photon flux I,. We consider a single
photon with a spectral width much smaller than the variations
of the Raman response, being f—lp <« min{d;}. The filter width

is correspondingly decreased, such that Aw < min{d;}. For
the remainder of this section, we assume perfect phase match-
ing AB(w) = 0 corresponding to k(w) = g(w). To first order
in the filter width, the output flux thereby becomes

ot = |Gis(€, © = 0)* Iy
Aw
4/2n

where Im{f(w)} = v/27y frR(w), and the indices have been
suppressed for compactness. In Fig. 2, the relative output flux
is shown as a function of the dimensionless nonlinear interac-
tion strength yiqpsPol, in a Stokes (/27w = —17 THz) and an
anti-Stokes (€2/2mw = 17 THz) configuration, with fg = 0.18.
These are compared to the relative output flux in the absence
of Raman scattering, fgr = 0.

+ {1 — exp[—87 frR(0)y Poll}nn(£2),  (20)
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The optimal interaction strength in the absence of Raman
scattering is given by yiqpsPof = 7, as can be seen directly
from the Green function Gj. As Raman scattering is in-
troduced, the relative output flux significantly depends on
the frequency detuning. Due to stimulated Raman scattering,
the Stokes configuration experiences gain, whereas the anti-
Stokes configuration experiences depletion. The impact of
stimulated Raman scattering can be seen more easily through
the explicit expression of the Green function,
e—ZIm{K}l
|Gis|? = T{cosh[ZIm(g)zz] — cos[2Re(g)¢]}.  (21)
The imaginary part of the cross-field coupling function g
induces a gain through Raman-induced Bragg scattering, ef-
fectively constituting a four-field stimulated Raman scattering
effect. However, the imaginary part of the self-field cou-
pling function « introduces gain or absorption, depending
on the sign of 2, and is the well-known stimulated Raman
scattering effect. Evidently, stimulated absorption requires an
anti-Stokes configuration, corresponding to Im{x} > 0 and
Im{g — «} < 0. In the examples presented here, we consider a
balanced Raman response, Im{g — x} = 0. To see the impact
of spontaneous Raman scattering, it is necessary to investigate
the second-order correlation function.

C. Second-order correlation

Having determined the output probability amplitude oy
and the phonon expectation value, given by Eq. (17), the
second-order correlation function is directly determined by
Eq. (7). We choose to investigate an input state with a
Gaussian temporal amplitude, given by

1 T 472
Yt)=———e 7, 22)
ﬁ(Zn)Z

where 1, is the standard deviation of the probability distri-
bution ||?. For the present analysis, we focus on photon
pulses with a duration of the order of the Raman response,
7, = 0.1 ps. The filter width is chosen corresponding to the
pulse duration Aw = %, so that the photon with high proba-
bility passes through the filter.

In Fig. 3(a), the second-order correlation function given by
Eq. (7) is shown. Along the dashed line in Fig. 3(b), the g»
value at zero delay time g (¢, t) is found. From this, the idler
field is seen to exhibit single-photon statistics when the single
photon is present, [t|| = [t2] < 7,. Outside the time window
of the single photon, the idler field exhibits thermal statistics,
which indicates the presence of spontaneous Raman photons,
which are inherently thermal. The solid line in Fig. 3(b) corre-
sponds to the g value as a function of delay time, measured
exactly at the single-photon peak.

‘We now consider the experimentally relevant time-resolved
g(ji)ck value with a time window of 10 ps, of the order of
realistic detector resolutions [31]. In Fig. 4(a), g(ji)ck is shown
as a function of the nonlinear interaction strength with a vary-
ing interaction length, for a frequency detuning of /27 =
17 THz and a fiber temperature of 300 K. Initially, the field is
dominated by spontaneous Raman photons, which is charac-
terized by a value of g(ji)ck ~ 1. Here, the thermal statistics are

ts (ps)

—05 00 0.5 1.0
t (ps)

FIG. 3. (a) The second-order correlation function g?(¢,1,)
illustrated for 7, = 0.1 ps, fg = 0.18, /27 = 17 THz, and a tem-
perature of 300 K. (b) The cross sections of g given by the solid
and dashed lines in (a).

not apparent since the thermal correlations are much shorter
than the detector window due to the broadband nature of the
Raman spectrum. As the interaction length increases, g(ji)ck
decreases, indicating the conversion of the single photon. The
anisotropic polarization configuration yields a significantly
lower g(ji)ck value, compared to the co-polarized configuration,
even though the appropriate interaction length is a factor of
three larger. This is primarily caused by the orthogonal Raman
response being approximately a factor of 10 smaller. The
optimal g(ji)ck value is not obtained at the optimal interaction
length due to the linear increase in spontaneously generated
Raman photons.

In Fig. 4(b), g(ji)ck is shown as a function of frequency
detuning at the optimal interaction length, for three different
temperatures and the two polarization configurations. The
Raman response is clearly present for the two larger temper-
atures, which again shows the significance of the anisotropic
response. At 22 THz, the ggi)ck value is comparable for the
two polarization configurations due to a small difference in the
Raman responses [see Fig. 1(b)], while the interaction length
for the anisotropic configuration is still a factor of 3 larger.
For the low temperature 4 K, the phonon occupation is almost
nonexistent, thereby suppressing the amount of spontaneous
Raman scattering.

In the example presented here, the single-photon duration
is of the order of the Raman response, ~0.1 ps. However,
single photons produced by quantum dots are usually of
the order of nanoseconds, permitting a filter width of the
order of GHz [32]. We therefore consider the regime in
which the spectral filter width Aw is much smaller than the

033508-5



KORSGAARD, KOEFOED, AND ROTTWITT

PHYSICAL REVIEW A 110, 033508 (2024)

10[)
1024+

10—4_

2

Yelick

1076.

10754

— 300

107]0

0 5 10 15 20 25 30
Freq. detuning Q /27 (THz)

FIG. 4. (a) The time-resolved second-order correlation value
¢ as a function of nonlinear interaction strength, with y Py =
1 (km)~!, fx = 0.18, a fiber temperature of 300 K, and a frequency
detuning of /27 = 17 THz. (b) ggi)ck as a function of frequency
detuning. This is illustrated for the co-polarized (solid line) and
the anisotropic (dashed line) polarization configuration, for three
different fiber temperatures. The black dotted lines correspond to the
approximated gfh)ck value, given by Eq. (23), for the corresponding
temperatures.

variations of the Raman response. Additionally, we assume
that the photon is completely captured both spectrally and
temporally, such that T Aw >> 1. Finally, we assume that the
effect of the spontaneous Raman photons is smaller than the
frequency conversion of the single photon corresponding to
|T Awfry Py¢R(0)| < 1. Under these three assumptions, we
obtain the approximate result,

g8~ (T Aw + 2)V/ 2 R(0)n () fry Pol.- (23)

Evidently, g(ji)ck is proportional to R ny,, which is the sponta-
neous Raman spectrum. In the regime |Q2| — oo, the Raman
response can be expanded in a Laurent series such that R(0) =
& > Fia),-diz, which is used in Fig. 4(b) to illustrate the
approximated g(ji)ck value, given by Eq. (23), as the black
dotted lines. Even though Aw/27 = 20 THz is much larger
than the variations of the Raman response in Fig. 4(b), the
approximated g(ji)ck value estimates the order of magnitude
for the exact value, for the temperatures 300 K and 77 K.
However, for 4 K, the approximation error is emphasized due
to ny, being small.

The analytical results show that it is possible to achieve
a second-order correlation value on the single-photon level
within the Raman bandwidth by properly engineering the
fields through frequency detuning, polarization configuration,
and fiber temperature. However, using pulsed pumps unlocks

additional degrees of freedom, and we consider this case in
the following section.

IV. PULSED PUMPS

In this section, we present a general evolution equation for
the Green functions introduced in Eq. (3). In contrast to
previous approaches, which involve propagating modes of a
Schmidt decomposition without Raman scattering [33,34], we
directly solve for the Greens function. We obtain the gov-
erning equations by inserting the proposed solution given by
Eq. (3) into Eq. (1). The resulting Green function equation is
expressed as a vector equation of the form

(@ + 8,0 + %éﬁf)G(z, Li)=i f drK (. 1. 1)G (. 1.1),
(24)

where the Green function vector and dispersion coefficient

matrices are given by
,Bni 0 )
= . (25
8.-(7 5) @

Gii(z, 1,1)
Gsi(Zv z, t,) '

The coupling matrix K has an instantaneous and noninstan-

taneous part, representing the electronic Ky and Raman Ky

response, respectively. These are given by

Kz, 1,1") = Kglz, )8t — 1) + Kp(z, 1, 1), (262)
E E iAB
Kige) Ko ) 2ot

G(z,t,t') = <

KL (2, 1)e 8 KE (2, 1)

KE(Zi t) = (

R /
Kiqqi(z, t,t")

R N\alABz
4 Kigps (@, 1, 1) pe
(Z, t, t/)e—tA/Sz

Kz 1, 1)

(26¢)

KR(Za z, t/) = (KR

spqi

where the matrix elements are defined as
Ki];kl (z,1) = 2¥uA; (2, DA (z, 1),
K5z t,0) = fyu(t — )ALz, 1Az, 1).

For the present analysis, the equations for Gj; and Gg; are
sufficient since Gj; = G;. However, the equation for the two
remaining Green functions is found under the substitution i <>
s and q < p. From Eq. (3), the initial condition to the Green
function equation is inferred and is given by

(27a)
(27b)

G(z=0,1,t)= (é)&(r —1t). (28)

The Green functions depend on the evolving pump fields.
Therefore, to solve the Green function equation, it is necessary
to simultaneously solve Eq. (4), which is carried out in the
following using the conventional split-step Fourier method
[35]. Before giving an example of the solutions, we outline
how the split-step Fourier method is applied to the Green
function equation.

A. Split-step scheme for Green functions

In this section, we describe a completely general split-step
scheme for solving the Green function equation. The spatial

033508-6



RAMAN EFFECTS IN QUANTUM FREQUENCY CONVERSION ...

PHYSICAL REVIEW A 110, 033508 (2024)

»: »
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Dispersion
Electronic scattering

Raman scattering

BN N

FIG. 5. Illustration of the incremental evolution of the three
operators in the split-step scheme, applied on three iterated steps.
Starting from the first ’E’-dispersion step, the black arrows illustrate
the chronological order of the scheme.

evolution of the Green functions can be expressed as

G, =D+ E;+R)G,, 29)

where D, E,, and R, are operators representing dispersive
effects, and electronic and Raman-induced NPM and Bragg
scattering at position z, respectively. The operators only act
on the first time argument, as described by Eq. (24). Solving
the equation over an increment . and invoking the trapezoidal
rule to approximate the integral in the exponential, the formal
solution can be expressed as

G,y = exp[Dh + E.h + R.h]G, + O(h?), (30)

where O, = %(Oerh + 0,). From here, the Baker-Hausdorf
formula [35] can be applied twice, thereby separating the
evolution of each of the physical effects, giving rise to a sym-
metrical split-step scheme with three operators and a local step
error of O(h?). In Fig. 5, the symmetrical split-step scheme is
illustrated for a single step and the consecutive application
of the scheme. Each step is propagated by determining the
impact of each operator, which is found by solving the equa-
tion for each physical effect. The dispersive and electronic
effects have the exact solutions

[e”"G:)(w, t') = exp [i(B, 0 + 5B,07)h]G.(w, 1),
Gi(z,t)  G(z,1)
_g*(zat) gsi(zat)

where the frequency argument in the dispersive step implies a
Fourier transform. We have defined the matrix elements of the
electronic step as

(31a)

(G, 1) = ( )Gz(t, ), (b

eikl(z,t)h—éAﬂh

Gi(z, 1) = W{kz(z,t)cos[kz(z, 1)h]
+ 2 [Klqu(z’ t) spps(Z’ t) + Aﬁ] Sin[kz(L [)h]}s
(32a)
lqps(z’ ) k-t aph .
G(z,t) = i————e"™1 @28 gin[ky (2, t)H], (32b)
ka(z, 1)
1
ki(z.1) = = [ K@)+ KS0(z,1)], (32¢)
ka(z. 1) = { &S (2D
+[Rei ) — Ko@)+ ABTY2 (324

where G is found from G;; by substituting i <> s, and A —
—Ap. The tilde denotes the average over the z and z+ h

points. Notably, the solution to the pure electronic scattering
has the same form as the solution in the cw regime.

Finally, we solve the Raman step. The equation govern-
ing this step is an integro-differential equation, which has a
form that does not have a general analytical solution. The
equation can be solved using numerical ODE solvers; how-
ever, here we propose a simple iterative approach. We start
by integrating R.G. over the increment &, and invoking the
trapezoidal rule to approximate the z integral,

[eR"G,1(t, 1) = G,(t, 1) + AG,(t, 1), (33a)
AG (t, 1) = llz/d‘t[KR(Z, t, 7)G (1, 1)
+Kp(z+ht, 1)Goyn(t, 1')]. (33b)

We determine AG, recursively by first assuming G, =
G.. After three iterations, the error is O(h?), which is consis-
tent with the error of the symmetric split-step scheme.

B. Numerical results

In this section, we apply the scheme developed in the
previous section to the simple case of an optical fiber with
the fields placed symmetrically around the zero-dispersion
line. The fields thus co-propagate pairwise with 8;; = B4 and
Bii = Pip, and walk-off Bis — Bi; = A'le’"f , where c is the speed
of light and we choose An; = 1073, For simplicity, the input
pumps are chosen to be identical to a Gaussian pulse form,

—(r + At 2
Agp(0,1) = V/Pexp [%]
TP

(34)

where P is the peak power, 7, is the pulse duration, and
At is the initial separation between the pumps. The fiber
length is chosen so that the pump fields collide at the fiber
midpoint, corresponding to £ = iﬁ’ < and to ensure complete
pump-pump collision, we choose At = 67,. To highlight the
phonon-induced temporal dynamics, we only consider pulse
durations of the order of the Raman response, 7, = 0.1 ps.

In Fig. 6, the cross-Green function is illustrated for y P¢ =
47, which ensures full conversion for a suitably chosen in-
put shape. Lines of causality, illustrated by the white dashed
lines, inherently bound the cross-Green function for a pure
electronic response due to the instantaneous nature of the
electrons. The lines are given by i3 =1 + Biisf, with 4
being the upper line and 7, the lower line, corresponding to
the earliest and latest times at which a frequency-converted
photon can arrive. Figure 6(a) shows |Gjs| for a pure electronic
response. It is characterized by the shape of the pump and a
ripple. The same behavior has been observed in the analyt-
ical solutions, which have previously been determined for a
pure electronic response, where the ripple enters through the
zeroth-order Bessel function of the first kind [36]. Introducing
second-order dispersion in Fig. 6(b), a complicated overlying
pattern appears due to interference between the possible paths
of conversion. In Figs. 6(c) and 6(d), Raman scattering is
included with fr = 0.18 and fr = 1, respectively. For fr =
0.18, the Green function is mildly distorted, while for fg = 1,
the Green function is significantly altered and extends beyond
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FIG. 6. The cross-Green functions |G| illustrated for four
choices of parameters, each normalized to their respective maximum.
(a) Pure electronic response fgr = 0. (b) Pure electronic response
frR =0 and second-order dispersion i, = —phiq = 0.01 %.
(¢) Raman fraction corresponding to a silica fiber, fr = 0.18.
(d) Pure Raman response fgr = 1.

the slow (electronic) causality line due to a delay induced by
the noninstantaneous Raman response.

To investigate the temporal dynamics, it is convenient to
decompose the Green functions into Schmidt modes, which
explicitly reveal the temporal shapes that are converted.
The Schmidt decomposition of the Green function has the
form [36,37],

Gis(t, 1) = hnvn (Ot (), (39)

where A, is the Schmidt coefficient describing the weight of
each Schmidt mode, v, is the output mode, and u, is the
input mode. If the nth input Schmidt mode is chosen as the
input, it is converted to the corresponding nth output Schmidt
mode with conversion efficiency |A,|?. In Fig. 7, the Schmidt
coefficients for the two first Schmidt modes are shown as a
function of the nonlinear interaction strength y P{, for three
choices of fr. For the pure electronic response fr = 0, the
first-order Schmidt coefficient initially dominates, indicating
a separable Green function in the low-interaction regime. As
y P{ increases, the second-order Schmidt coefficient becomes
significant, which is seen as the emergence of a ripple in the
Green function; see Fig. 6(a). For sufficiently large nonlin-
ear interaction strength, both Schmidt modes are perfectly
converted. The same behavior was observed in analytical
models [36].

Introducing Raman scattering, fg = 0.18, the Schmidt
coefficients decrease primarily due to absorption from stim-
ulated Raman scattering. For fr = 1, the absorption is more
significant and, notably, the second-order Schmidt coefficient
increases faster initially, indicating that Raman scattering
deteriorates the separability of the Green function. Around
yP?¢ =Tn, the gains induced by phonon-mediated FWM
and absorption from stimulated Raman scattering no longer

— frR=0 fr=1

— fr=0.18

1.0

0.5 1

Schmidt coefficients |\, |?

T T

—0.2 0 0.2
t— tin S
0.0 . (ps)
Vs 107

~yP/{

FIG. 7. The first (solid line) and second (dashed line) Schmidt
mode coefficients as a function nonlinear interaction strength y P{
found by varying the pump peak power P. These are shown for three
choices of Raman fraction: pure electronic response fr = 0, silica
fiber fr = 0.18, and pure Raman response fg = 1. Inset: The first-
order input Schmidt mode for each of the three responses, evaluated
at yP{ = 4.

balance each other due to phase-modulation effects in the
pumps, which give rise to an exponential increase of the
Schmidt coefficients.

The inset in Fig. 7 shows the first-order input Schmidt
modes for the three choices of fr, evaluated for yP¢ =
4m. The input Schmidt modes, including Raman scattering,
acquire a slight temporal broadening due to the delayed
Raman response, which thereby converts more efficiently be-
fore the point of collision compared to the pure electronic
response.

Using the Green functions, we can directly determine
the second-order correlation value g(ji)ck from Eq. (9).
Figure 8 shows g(ji)ck for a fiber with fg = 0.18, temperature
of 300 K, and a nonlinear interaction strength yP{¢ = 4
for four choices of input pulses, as a function of the fre-
quency detuning 2. For comparison, we have included the
case with cw pumps from the previous section. The output
quantum states are filtered spectrally, as described by Eq. (15).
The four choices of input pulses represent four methods
for optimizing the single-photon shape with respect to the
pumps.

The most primitive choice, which is the Gaussian, ensures
the single photon has the same shape and duration as the
pumps. This leads to poor performance due to the complicated
phase-modulation effects of the pumps. We take the electron-
ically induced phase modulation into account by choosing the
input shape to be the first-order Schmidt mode of Gj; with
fr = 0, illustrated by the black line in the inset in Fig. 7. This
noticeably improves the g(ji)ck value. Including the effects of
Raman scattering, by choosing the input Schmidt mode with
Jfr = 0.18, as illustrated by the red line in the inset in Fig. 7,
improves the value even further. However, only by taking
the filter into account in the Green function, is it possible to
achieve the best performance.
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FIG. 8. Left axis: The time-resolved second-order correlation
value g&), for a fiber temperature of 300 K. Right axis: The proba-
bility of detecting a frequency-converted single-photon, as a function
of frequency detuning. These are shown for four choices of input
single-photon distributions being a Gaussian centered around #,, an
electronic optimized, a Raman optimized, and a filter optimized. The
green curves illustrate the case with a Gaussian input pulse and cw

pumps, from Fig. 4(b).

For all frequency detunings of interest, the cw case has the
worst performance. This is because the average pump power
over the detection window is larger for the cw pumps, which
increases the accumulated spontaneous Raman photons.

This preliminary analysis shows that it is necessary to
consider all physical effects to achieve the best possible fre-
quency conversion. However, in a realistic experiment, the
single-photon shape is often predetermined and the pump
shapes would therefore have to be optimized with respect to
this. Although this inverse problem is generally difficult to
tackle, the present model paves the way for determining the
optimal pump shapes by taking the relevant physical effects
into account.

V. DISCUSSION AND CONCLUSION

In this paper, we have presented a general quantum-
mechanical model that describes the frequency conversion of
a quantum state in a medium constrained by Raman scattering.
We have presented the model using a simple configuration
with linearly polarized modes and a single-mode fiber. How-
ever, the generality of the model allows the modeling of
frequency conversion between complicated spatial and polar-
ization modes by using the appropriate coefficients, which can
be found using the expressions provided in Appendix A.

Our focus of interest has been on the impact of Raman
scattering on single-photon applications of Bragg scattering.
Therefore, the appropriate figure of merit is the second-order
correlation function, for which we determined an expression
in terms of Green functions.

Using cw pumps, we found analytical expressions of the
Green functions in the frequency domain, from which we have
shown that it is possible to mitigate the impact of Raman
scattering by cooling the fiber, adjusting the frequency de-
tuning, or choosing a cross-polarized field configuration. The
results show that it is not possible to achieve a reasonable g(ji)ck
value within the Raman bandwidth at room temperature. At
the same time, previous studies have shown that a frequency
beyond the Raman bandwidth is experimentally challenging
due to increasing phase-matching sensitivity [38]. Using the
approximate results for the cw model, given by Eq. (23), it is
possible to acquire a preliminary estimate of the temperature
required to achieve a g(ji)ck value on the single-photon level,
which we here consider as a value below 0.05: at the dominant
Raman peak, 2 = 13 THz, with a co-polarized configuration,
a temperature of ~135 K is necessary, while a temperature of
~253 K is sufficient with a cross-polarized configuration.

Finally, we have developed a numerical split-step scheme
for determining the Green functions in a pulsed pump con-
figuration. This opens the parameter space considerably and a
careful analysis of a specific system is necessary to design
the optimal setup. However, with the preliminary analysis,
we have shown that it is possible to considerably optimize
the 88i)ck value by taking the relevant physical aspects of an
experimental setup into account.
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APPENDIX A: NONLINEAR COEFFICIENTS

Here we give a justification for using the vectorial model
described by Lin et al. [18] to model quantum fields quantized
in arbitrary spatial or polarization modes. We start by consid-
ering the full-vectorial Hamiltonian describing the electronic
interaction, and Raman scattering [25],

. 1 U
A = / d&E > x5l DiDiDDy
ijkl

(Ala)

Hy = /d3x/ deRij(w):Dichj(w, x):, (Alb)
0 ij

where Xi(j3k)l is the third-order susceptibility tensor, ¢ is the

material permittivity, R;; is the Raman response tensor, § is
the bosonic phonon operator, D; is the ith vector component
of the displacement field, and we have defined x = (x, y, z). In
contrast to previous work dealing with Raman scattering, we
choose the phonon operator to be localized in all three spatial
coordinates x. This gives rise to a multimode description of
Raman scattering, which is necessary to construct a model for
intermodal FWM-BS. We perform a mode-field expansion of
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the fields to find the Hamiltonian in terms of the creation and
annihilation operators [39],

D(X,t) = Z 28;0 [Am(Z,l‘)d(m)(l')elﬁmo“_'wmt +H.C.],

(A2a)
4w, x) % b(w, X) + b (w, x), (A2b)

where w,, and v,, is the center frequency and group velocity
of field m, respectively. The mode profiles are normalized,
fdzrld(’”)(r)|2 =1, and are not necessarily orthogonal. In-
serting this into the electronic Hamiltonian and keeping
only photon-number-conserving terms, we find the mode-field
Hamiltonian for the electronic interactions,

He = hfdz(z - %aabcd)rabchZAzAcAda (A3)

where we have defined the nonlinear coefficient,

3L [w,wpw.04 @) (abed)

Fa c = - . 0 . . s A4

T de\ vapvevg UXk;XUkl ikl (A4)
Oi" = / Erd 0)d (0)d O @©)d(x). (AS)

where 057,?1"‘1) is the inverse mode area. Similarly, we find the
Raman scattering Hamiltonian in terms of the creation and
annihilation operators,

N o0
Hth/d3x/ dw
0

x Y Rij(@)d " (1)d? (0)g(x, 0)AlAy + H.e. (A6)
ij
Following the procedure outlined by Drummond [25] and Lin

et al. [18], we arrive at the evolution equation of the quantum
fields,

o o i o
8ZAm = _ﬁlmatAm - EﬂZmazzAm

+1i Z ankl (2 - 3mn )AZAkAI + IZ mmnAn
nkl n

+iy A, / dt’ fouma (0 = HALEHAT ), (AT)
nkl
where the noise operator, describing spontaneous Raman scat-

tering, is given by

oo
mmn(27 [) = / dwRU(a)) / erdi(n)*(r)d;m)(r)
0
x [b(x, )e ™" + b (x, w)e™ 1e/ @~ | (A8)

and the Raman response function is found to be

Fabea(t) = 20(1)e’ @ f " sin(wt)Im{ fupea (@)1,
0

(A9a)

[ fupea(@)] = Y Rij(@)Ria(@)0\5 " (A9b)

ijkl

The response function and the phonon noise oscillate at
the frequency difference, w, — w,. When the field is chosen
to be the four fields described in Fig. 1, this corresponds to
the frequency detuning 2. When introducing the semiclassical
approximation, the nonlinear coefficient becomes

Fabcd
h/wawe

where a and c¢ are the pump fields. In the Raman response
functions, the coefficient (fi/w,w.)~! is absorbed into the
Raman response tensor R;;.

Yabed = (A10)

APPENDIX B: COMMUTATION RELATIONS

In a quantum-mechanical model, the commutation rela-
tions should be preserved throughout the evolution. However,
since the loss is introduced through the delayed response
function, this can no longer be the case. Here, we will show
that the commutation relations are preserved to first order in
the Raman response, which will suffice for our semiclassi-
cal model, as it is experimentally preferred to minimize the
Raman interaction.

We consider here the commutation relations in the case of
cw pumps. Using Eq. (12), we start out by noting

[ai(L, w), (¢, )] = [a(L, @), a5(€, )] =0,  (BI)

for all ¢, since [/ (z, w), ms(z', )] = 0, which can easily be
shown by Fourier transforming Eq. (A8).

Next, we Taylor expand the Green functions, given by
Eq. (13), in the Raman response g; = \/Elm{g}ﬁ,

Gii = cos(g,) — gie™ + 0(g}), (B2)
Gis = isin(g,) — gie* + 0(g}), (B3)

where g, = ~/2nRe{g}€. We can thereby determine the com-
mutation relation to first order in the Raman response g;,

[ai(€, w), &l (€, )] = gilnn(w — Q) — 218(w — &) + O(g])-
(B4)

The term with ny, originates from [1#(z, ), Ml (z, )] =
V2 Im[g(w)ng(w — Q)8(w — @')8(z — ') and captures the
gain induced by spontaneous Raman scattering. The term with
—2 describes the loss induced by stimulated Raman scat-
tering. Similarly, it can be found that [a;(¢, w), &f L, )] =
8(w — @') + O(g;). Thereby, we have shown that in the per-
turbative regime, |g;| < 1, the commutation relations are
preserved.

APPENDIX C: SECOND-ORDER
CORRELATION FUNCTION

We want to find an expression for the second-order corre-
lation function in terms of the Green functions. To simplify
the evaluation, we express the output idler operator in terms
of two operators, representing the optical and phononic parts,
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respectively,

al, 1) = A@) +iM@). (C1)

~

Using that (M) = 0, we determine the four-point correlation
for a single-photon input state, which thereby yields

(@ (tal (n)an)a))
= Yo (tDIPE (12, 1) + [You () *E (11, 11)
+ Vot Vou (2)E (12, 11)
+ Y () Vo tDE (11, 1)
+ (M DM () M) M), (C2)

where we have used the optical four-point correlation function
and the correlation function odd number of creation or anni-
hilation operators evaluate to zero, and we have defined the
expectation values as

E(ti, 1) = (M (t)H)M (1)),
Y D Vou () = (AT (1)A®)).

The phononic four-point correlation function can be factor-
ized since the phonon’s bath exhibits thermal statistics,

(MM (1) M) M(11))
=Et,h)EMt, )+ EM,R)EM, ), (C4)

(C3a)
(C3b)

and thereby we obtain the numerator of Eq. (7).
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