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Area theorem for surface plasmons interacting with resonant atoms
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We show how the area theorem is applicable to the analytical description of the nonlinear interaction of
surface plasmon modes with resonant two-level atoms. A closed analytical solution is obtained and analyzed for
a dielectric-negative index metamaterial interface, which shows that surface plasmons can form long-propagating
27 pulses when interacting with an optically dense two-level atomic ensemble. The possible applications of the
surface pulse area theorem and the conditions for the detection of 27 surface plasmon pulses are discussed.

DOI: 10.1103/PhysRevA.110.033502

I. INTRODUCTION

The resonant interaction of light pulses with coherent
atomic ensembles plays an important role in quantum optics,
laser physics, and quantum technologies [1-3]. Considerable
advances have been achieved over the past years in cavity
systems and photonic structures and, more recently, in the
field of plasmonics. The surface plasmon (SP) modes prop-
agate at the interface connecting a dielectric and metal with
highly confined electric field amplitude and thus large energy
concentration at nanoscale distances near the interface [4-7].
The nano-optics nature of these SP modes enables them to
circumvent the diffraction limit that other techniques suffer,
making plasmonics viable candidates to generate strong cou-
pling with atoms and thus providing a potential platform to
explore coherent light-atom interactions and possible device
applications that require strong coupling with atoms. These
properties of SP fields are of great interest for the coherent
interaction of light with resonant atomic ensembles [8—14].

The highly inhomogeneous spatial structure of the elec-
tromagnetic field of SP greatly complicates the theoretical
description of the nonlinear effects of their interaction with
atoms. These difficulties are currently being overcome by the
use of perturbation theory [10,11,13], which has a limited
scope of applicability and does not allow a more complete
understanding of the nonlinear patterns of the interaction of
SP pulses with resonant atoms. In this paper, we want to draw
attention to the usefulness of using the area theorem for the
theoretical description of the nonlinear coherent interaction of
SP pulses with resonant atoms.

The area theorem provides researchers with a powerful
tool for obtaining exact analytical solutions of nonlinear equa-
tions [15] that allow the description of general patterns of
interaction and propagation of light pulses in a coherent
resonant medium. The area theorem was derived in the well-
known work of McCall and Hahn [15] for the propagation of
a light pulse through a resonant medium of two-level atoms,
which led to the prediction of self-induced transparency for
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light pulses having a pulse area equal to 2, and then led to
the discovery of optical solitons [16]. The pioneering theo-
retical and experimental work on area theorem [15] for the
interaction of a single light pulse with resonant atoms has
induced much work devoted to its application to solving var-
ious problems of the interaction of light pulses with resonant
atomic ensembles. As an example, we note the application of
the area theorem [15-18] to the photon echo in an optically
dense medium [19-24], self-induced transparency [25] and
photon echo [26] in resonators, and cavity-assisted Dicke
superradiance [27], and to the description of the interaction
of light pulses with three-level [28,29] and four-level atoms
[30], optical quantum memory protocols [31,32], and the de-
scription of various modes of laser generation [33,34].

In this work, we develop the pulse area approach for SP
modes interacting with an inhomogeneously broadened two-
level atomic ensemble. For a more general analysis, we take
the interface to contain a dielectric doped by the two-level
atoms and a negative index metamaterial (NIMM) [35-37],
since a NIMM interface supports both transverse electric (TE)
and transverse magnetic (TM) polarized SP modes. The inter-
est in these artificially fabricated materials has also expanded
due to the fabrication of NIMMs at optical and desirable
frequencies, and more recently on crystals with rare-earth
ions at telecommunication wavelength [38], the emergence
of quantum plasmonics, and the possibilities of implementing
optical quantum processing (see reviews [39-43]).

The strong coupling of the SP modes with two-level atomic
ensemble leads to nonlinear dynamics of SP modes propaga-
tion that we like to explore. Here, we are interested in the
possibility of modifying the McCall-Hahn theorem and the
formation of long-propagating 27 pulses in this case.

II. PLASMONIC MODES

In Fig. 1 we show the hybrid structure under considera-
tion, containing a dielectric-metamaterial interface with an
ensemble of two-level atoms. The upper half-space of the
interface (z > 0) can be any dielectric material characterized
by constant dielectric function or permittivity &; and constant
magnetic permeability p;. In the analysis below we shall
take the upper half to be a rare-earth dielectric crystal. The
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FIG. 1. An interface containing a dielectric in the upper half-
space (z > 0) with constant permittivity &; and permeability w; and
a NIMM in the lower half-space (z < 0) characterized by a dielectric
function &;(w) and permeability p,(w). The two media are joined at
interface z = 0. The electric field of the SP mode decreases exponen-
tially with the distance z from the interface. The SP pulses propagate
along the x direction, interacting with a two-level inhomogeneously
broadened atomic ensemble (atomic states |1) and |2)) located above
the interface, where wy is a central frequency of atomic transition and
a carrier frequency of SP pulse.

two-level atoms are embodied in the dielectric crystal part
of this structure with a given atomic density p(x,y, z) and
inhomogeneous broadening function G(A/Aj,) of resonant
transition (Aj, - linewidth) and detuning A. The lower
half-space of the interface (z < 0) is a NIMM medium char-
acterized by frequency-dependent complex dielectric function
or permittivity &;(w) and complex magnetic permeability
U2 (w). For a certain frequency range, the real parts of &;(w)
and u,(w) are negative. When both real parts of &;(w) and
wo(w) are negative, both TE- and TM-polarized plasmonic
modes can exist with low losses, and this is the main advan-
tage of using NIMM in this work.

These SP modes are confined to interface and propagate in
the x direction with complex wave vector K. We shall assume
that the propagation along the x direction is facilitated by a
channel or groove [44] of width L, in the y direction so as
to direct the SP propagation along the x direction. We shall
shortly estimate the width of this channel. The SP electric
field amplitudes decay away in both sides with distance from
the interface at z = 0 with high energy concentration close to
interface. So, the SP electric field E of a transverse mode of
frequency w satisfying the wave equation

V2E,, + @*eo o m(@)im(®)E, = 0 (1)

is in the form (m = 1,2 for the two media)

. K
Ek(r) = 1" [u(z)<ﬁ + ilk—|>e_k‘zA1 +u(—2z)
1

K,
y <x _ il—|>ek2zA2]. ®)
k

Here, u(z) is the Heaviside step function, and the constants
Ay are to be determined from boundary conditions and SP
field quantization shortly. Where g is the vacuum dielectric
constant (or permittivity) and g is the vacuum permeabil-
ity, ¢ = 1/./eotto is the speed of light in vacuum, &,(w)

is the dielectric function of the medium, and w,(w) is
magnetic permeability. The wave numbers k,, = k,,(w) =
v Kﬁ — (w/c)*em(w)m(w) are the wave vector components
along the z direction normal to the interface characterized
by positive real parts Re[k,,] > 0 so that the SP field am-
plitudes decay away from the interface. These SP modes
are thus bound to interface and propagate at wave vector
K| parallel to the interface. Applications of electromagnetic
boundary conditions at interface z = 0, namely, continuity of
tangential electric fields, leads to A} = A, = A/, an overall
normalization factor to be determined shortly. The continu-
ity of displacement vector normal to interface results in the
following condition for TM-polarized SP modes [5,6]:

kigx(w) + ke (@) = 0,

. © | & — U8
KH = k” + ik = — 8182ﬁ. (3)
c &y — &)

The case of TE modes can be analyzed along the same line
with the exchange ¢ <> . In this work we focus on analysis
for the TM modes, and shall drop reference to the mode index.

In these equations, the real part k) of the complex wave
vector Kj gives the dispersion relations for (TM-polarized)
SP modes, while the imaginary part « gives SP loss that
determines the SP propagation distance L, = 1/|«| along the
interface. The positive real parts of the wave numbers k,,
normal to interface give the skin or penetration depth of the
fields into both media, which we take as our definition of field
confinement and denote as ¢,, = 1/Re[k,,]. Smaller values of
¢ indicate better confinement, which means the field can be
confined to a dielectric interface, and vice versa; large ¢, leads
to poor confinement or possibly deconfinement. The SP prop-
agation distance L, and confinement ¢, are interrelated, as
we see shortly. Since real k; » are positive, Eq. (3) is fulfilled
when the electric permittivity of one of the two media has a
negative real part.

To illustrate the basic dispersion and losses of these modes,
we take the case where the first medium is described by the
pair (u; = 1 and &; = 1.5) corresponding to a crystal doped
by rare-earth ions, while NIMM is modeled in the Drude
model by the frequency-dependent electric permittivity &;(w)
and magnetic permeability u,(w) as

2 wi
sw)=1— —4——| w)y=1—-— —"——,
2() o(w +iy.) #a(@) w(w + iyy)

“4)

where w, is the electron plasma frequency usually in the
ultraviolet region, y, is the electric damping rate due to ma-
terial losses, w; is the magnetic plasma frequency, and y;
is the magnetic damping rate. The plasma frequency w, is
a natural scale for frequency and the corresponding plasma
wave number k, = w,/c is the scale for all wave numbers.
The dispersions are shown in Fig. 2, where we display the
mode frequency w/w, as a function of real part k| scaled to k.,
and in Fig. 3 we show losses as given by « (w) = Im[K|;(w)] of
Eq. (3) scaled to k,. The parameters are w, = 1.4 x 100571,
Ye = 2.73 x 1057 (for silver). Since the medium response
to the magnetic component of the field is weaker than the
electric component, we assume w;, = w,/2 and y, = y,/500.
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FIG. 2. Dispersion curves showing TM mode frequency w/w, as
a function of wave number k/k,, w, = 1.4 x 10'Ss7!, k, = 4.5 x
10’m~". The point (k, wo) scans the linear part of dispersion where
wy is the atomic ensemble central frequency and ko = k(w). The
linear segment in the lower branch of the curve is the part of interest
to us.

From Fig. 2, the dispersion relation is approximately linear in
the frequency range below w/w, < 0.35, and losses measured
in k, are also highly reduced in this frequency range (Fig. 3).
We note here that the frequency w/w, = 0.4 is enticing to
work with since it corresponds to highly reduced losses, which
are, however, accompanied by very poor confinement and may
even complete deconfinement. This trade-off between losses
and confinement means we need to maintain a reasonable
level of losses and SP field confinement in the chosen fre-
quency range. So, for the rest of this work, we will focus on
the frequency range 0.05 < w/w, < 0.35, where dispersion
is linear, losses are reduced, and SP fields are confined, as our
operating working frequency range.

We now estimate the required channel width L, needed
to direct SP propagation along the x direction by estimating
the minimum uncertainty or deviation in the SP frequency
(Aw) inside and outside the channel. The uncertainty in the
SP energy is AEAt > I, where At ~ L,/v, is the time to
traverse the channel width L, at the surface plasmon group
velocity v, calculated from the dispersion relation. Then, the
SP energy deviation is AE > hv,/L,. Taking the channel
width of order 400 nm and v, ~ 0.8c, the frequency deviation
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FIG. 3. SPlosses «(w) scaled to plasma wave number k, as given
by the imaginary part of the SP wave vector are shown as a function
of scaled mode frequency w/w,. Parameters as in Fig. 2, and see also
text.

corresponding to this energy deviation is Aw = 0.5eV/h. For
SP modes (without the channel) the frequency is usually of the
order of the plasma frequency w, = 1.4 x 10'6s~! (for silver,
for example), and thus the SP energy is E = fiw = 9.2 eV.
Then, for the channel width L, ~ 400 nm, the frequency devi-
ation is reduced by an amount (0.5eV/k)/(9.2 eV /h) =~ 5%).
The frequency deviation is the difference between the SP
frequency inside and outside the channel, so by taking the
channel width of the order 400 nm, this frequency deviation
can be reduced and made as small as 5%, which means that
the width 400 nm is large enough to neglect the frequency
deviation and assume the SP frequency inside and outside the
channel are practically the same and ignore the channel edge
effects.

III. QUANTIZED SP FIELDS

We adopt a quantum approach to substantiate the initial
equations and for more general analysis of the interaction
of SP fields with atomic ensemble. We are concerned here
with SP transport along the x direction in optically dense
atomic medium. In the low loss range (0.05 < w/w, < 0.35)
K| ~ k; = k, and the SP quantization will determine the field
amplitudes needed to couple to the two-level atoms that we
need to consider in the next section. The quantized SP field is
constructed as the sum of SP modes of the type in Eq. (2) and
is written as

E(r, 1) = / E(k, 2)a(k, 1)e™dk + H.c., 5)
where we use shorthand notation k = k. The mode field
operators a(k, t) and &' (k, t) of the plasmonic modes obey the
bosonic equal time commutation relation [a(k, t), &' (K, t)] =
8k — k).

The quantization procedure [7-9] culminates in the follow-
ing expression for the SP field amplitude (see Appendix for
details):

E(k, z) =N[u(z)<f< + ili—k)e—"lz

1

ik L
+u(—z)[ & —2— ||, (6)
2
where
hw
NO =\ e Loy @
C()2
Li(@) = D) + 2 5(@), )
D(w)=%;1Re<a(§’gl)>[1+(;1k)2]
w
1
4 E;ZRe(a(;“ ‘92))[1 @kl O
w
1 a( ) 1 a(
S(w) = E;ERe(g’—w‘“)w + 5:3Re<§”—w’“>|ez|2.
(10)

In the above equations, the normalization factor N (w)
determines the field amplitude and is given in terms of various
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plasmonic parameters. To avoid cumbersome notations and
for convenience, we suppress the frequency dependence and
write 12 = §12(w), &2 = &2(w), H2 = U2 (w), k12 = ki 2(w),
k = ky|(w), etc., with &,, = 1/Re[k,,]. We shall retain the fre-
quency dependence when appropriate. Furthermore, we write
quantities above as functions of w only since kj is also a
function of w. The normalization length L,(w) is given in
terms of confinement ¢, and is determined by the physical
properties of the NIMM medium, such as by its permittivity’s
¢ and permeability’s p, given above.

An important point to note in Eqgs.(7)—(10) is that larger
values of the wave numbers Rel[k,,] lead to smaller values
for ¢, and thus highly confined modes. Likewise, suppressed
values of Re[k,,] mean large values of ¢,, indicating poor
confinement and thus large value of L,. In the frequency
range where confinement is high, we see that losses are also
high, leading to short SP propagation distances L, = 1/|k]|,
while for poor confinement losses are low and hence longer
propagation distance. This trade-off between confinement and
losses needs to be considered carefully so that we can find
the optimal confinement with optimal losses that suit practical
needs. Appropriate choice of materials, i.e., adjusting the pairs
(e1, w1) and (g2, U2), can lead to a decrease in L,(w). The
reduction of the interaction volume [L,L,L.(w)] considerably
enhances the field amplitude, thus leading to strong atom-field
coupling [45].

IV. SP PULSE INTERACTION WITH TWO-LEVEL
ATOMIC ENSEMBLE

We here explore the resonant interaction of the SP pulse
modes with an ensemble of two level atoms near a NIMM
interface as shown in Fig. 1. Recent work has shown [46] that
an atomic ensemble can emit energy into SP modes at least
two orders of magnitude stronger than into free space modes.
Therefore, only the SP modes are included in the Hamiltonian
used in studies of coherent interaction of an atomic ensemble.
The total Hamiltonian is given as

H=H,+H; + H, (11)
with
A 1 .
Ha=52jjh<wo+A,>og, (12)
A 1 .
Hf = 5 / dkho(k)[a' (k)ak) + H.c.], (13)

A

1 . .
Hypy=— 3 Z]: / dth(zj)aia(k)e ki 4 He., (14)

where H, is the atomic ensemble Hamiltonian with central
transition frequency wg and detuning A ; for the jth atom that
is inhomogeneously broadened by function G(AAM) with spec-
tral width Aj,, the two-level atom operators are raising 0_{ =
12;) (1], lowering ol = [1;) (2;| operators, and the inversion
ol = %(|2]~) (21 = [1;)(1,]), Hy is the SP field part with
mode frequency w(k) (where k = ke,), and Hiy is the dipole
interaction Hamiltonian of the SP field with atoms in slowly
varying envelope approximation, r; = (x;, y;, z;) is position
of the jth atom, and % is the reduced Planck constant. The

atom-SP field coupling strength R(z;) = 2d3, - E(z;, wo)/ i is
a function of atomic location along the z direction normal to
the interface and atomic central frequency wy. The SP field
amplitude is given by Eqgs. (6)~(10), and dj, is the dipole
moment of the atomic transition. The Hamiltonian Hi,, de-
scribes the interaction of atoms with SP pulses in so-called
rotating wave approximation, which is valid for pulses with
sufficiently long duration 8f; 3> A/c and weak coupling con-
stant of the SP field with atoms.

The effect of inhomogeneous broadening of the atomic
transition of atoms located near a metal interface (dielectric-
metamaterial) was considered in the experimental work [47],
where the influence of inhomogeneous broadening on the de-
cay of atomic coherence excited by short pulses in interaction
with surface plasmons was demonstrated. In addition, the
presence of inhomogeneous broadening makes it possible to
realize strong interaction of atoms (molecules) with SP modes
[45] and implementation of photon echo on surface plasmons
[48,49].

As a resonant two-level atomic ensemble we take an en-
semble of rare-earth ions (REIs) in a crystal (like Eu’t and
Pr3t ions in Y,SiOs crystal). We assume, as it is the case,
that the experiment is carried out at low (helium) tempera-
tures (T < 4.2 K), when the inhomogeneous broadening of
the resonant optical transition of REIs is due to the presence
of the static local inhomogeneities of electric fields. A very
characteristic property of the REIs at such temperatures is
the relatively large value of the inhomogeneous broadening of
optical transitions, which significantly exceeds the homoge-
neous linewidth y (Aj, > y) determined by the dipole-dipole
interaction and the dynamic fluctuations of local fields [50].
In this case, the inhomogeneous broadening A, usually lies
in the range from 30 MHz to 10 GHz, while the homogeneous
linewidth can be y ~ 50 KHz and less [50]. More detailed in-
formation about coherent interactions of the light pulses with
REIs in crystals at such temperatures can be found in recent
reviews [51,52]. Furthermore, for the interaction of light and
SP fields with REIs, the authors of the work [47,53] have
shown that at small atomic concentration, the dipole-dipole
interaction of REIs turns out to be so weak that it can be
assumed that the electromagnetic field interacts individually
with each atom. These properties correspond to the physical
conditions of the system under consideration, which provide
the possibility of applying the system of Maxwell-Bloch equa-
tions with the Hamiltonian (11), accordingly. It is also worth
noting that a Hamiltonian similar to the one we use (11)
has been recently applied in the studies of two-pulse photon
echo on quantum emitters interacting with surface plasmons
[48,49].

In the following we consider the interaction of a single
short SP pulse with a system of resonant two-level atoms,
which has a duration much shorter than the phase relaxation
lifetime of atoms (8¢, < y~! ~ T). Regarding the atomic
ensemble model we use, it should also be added that the
optically excited atoms located very close to the interface
of metal (metamaterial)-dielectric (<10 nm) rapidly transmit
their excitation to metal electrons in a nonradiative manner
[53], so this small fraction of atoms will not participate in
longer-term coherent interactions or may be removed during
the interface fabrication process.
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To explore the transport of SP fields in space, it is more
appropriate to work in the Heisenberg picture with the SP field
operator written in the space formalism. We define the space
representation of SP field operators a(x, ¢) and its Hermitian
conjugate &' (x, t) in terms of their Fourier transform operators
a(k,t) and (&' (k, t) = [a(k, t)]") by the relations

o0
alx,t) = — dka(k, t)e'™*,
A/ 2 —00
1 o0 "
atk,t) = —/ dxa(x, t)e **. 15)
A/ 27T —00

Furthermore, for the operators a(x, t) and oi (1) we introduce
the slowly varying operators &(x, t), 51(t),

a(x, t) = a(x, t)e @ ko,
Ui )= 5’i(t)ei"(w0’*kox)’ (16)
where [&(X, t)7 CNIT()C’, t)] = S(x — X/), while O'Zj(t) — 5}](1‘),

and ko = kjjo = k|(wp) (see caption to Fig. 2). Then, the
Heisenberg equation of motion for the operator Q(¢),

90 R .
ih% — [0, A1, (17)

gives Heisenberg-Langevin equations of motion for the slowly
varying field and atomic operators

=iym/2) R &8 — X)) + /Vuwbin(x, 1),
J

(18)
~j ' ) '
8aa_t(t) = —iA;5 (1) — %R(Zj)gzj(t)a(xj’ 0.
,.j ' '
8U§t(t) = i[R(z))5] (a(xj, t) — R*(z;)6 . (t)a" (x;, 1)].

19)

The SP group velocity v, = dw/0k results from the ex-
pansion of w(k) = wy + (k — ko)dw/dk, (with k = k). In this
expansion (see Fig. 2), wy = wk|k=k, corresponding to the
two-level transition frequency center as in Fig. 1, and kg is
the corresponding wave number on the dispersion relation;
yw 1s a decay rate of the SP field, which will be discussed
in connection with SP absorption coefficient; and Bin(x, 1)
is related to the local input Langevin force with the usual
bosonic commutation rules ([bi, (X', 1), l;iTn(x, H] =8(x—x))
and zero quantum average value (Bin (x, 1)y =012].

V. SP AREA THEOREM

To proceed with the equations of motion in Eq. (19), we
shall assume that the SP coherent field is represented by a
coherent state whose eigenvalues are complex numbers so that
we can replace the SP field operator by a complex quantity
of some amplitude and phase. Furthermore, we consider only
the situation of the large average number of quanta in the SP
pulse, where the quantum correlations between SP field and
atom operators can be ignored, and the average of product of

operators can be replaced by the product of averages [1], i.e.,
(o " (xj, 1) = (o] O)@" (xj 1)) = STOb(x;, 1),
(o Malx;, ) = SI1)b(x;, 1)e™),

where (01 (1)) = S% (1), and b(x, ) and ¢(x) are the SP (real
value) field amplitude and phase.

Now, to calculate the macroscopic response in (18) for
a(x, t) we replace summation with integration as follows:

D RS ()8 (x — x))

! o) Ly, oo A
:/ dz/ dyp(r)/ dAG( )R*(Z)S(A,r,t),
0 0 —00 Ain
(20)

where instead of the discrete variables j, Aj,r;, we in-
troduced continuous variables in the atomic coherence
S/, r i) — S_(A,r,t). We consider only the symmetrical
smooth shape of the inhomogeneous broadening G(AAm). This
simplification is valid for a fairly narrow spectrum of the sig-
nal pulse dwy; < Ajy, the central frequency of which coincides
with the center of resonance line w; = wy [1]. The presence
of any narrow resonant lines and branch cuts located at a great
distance from the center of atomic transition will only affect
the magnitude of the phase and group velocity of the SP field,
which can be taken into account in the developed theoretical
approach without leading to a qualitative change in the final
result. In (20) p(r) is the atomic density, which is assumed
to be constant [p(r) = po = N/V], N is the total number of
atoms, and V is the volume of the dielectric medium. In
the above integration, we show explicitly the dependence of
atomic coherence S_(A, r, t) on frequency detuning A, spa-
tial position (x, z), and time ¢. Equation (20) means that there
is a sufficiently large number of REIs N > 1 in the volume
8V a2 23, the frequency distribution usually described by the
spectrally broadened function G(AAN) at helium temperatures
[50]. The dipole moments of optical transitions in REIs are
two to three orders of magnitude weaker than in atoms with
allowed optical transitions, which makes it possible to use a
larger concentration of such ions and facilitate the feasibility
of the model used (20).

It is clear from Egs. (19) and (20) that the pulse transport
properties are determined from the spatial shape of atomic
density p(r) and z dependence of the coupling strength R(z)
at y =0, which has position and mode frequency depen-
dence (suppressed so far). To describe the atomic response
to the action of a SP pulse, we take into account a neg-
ligibly small value of the homogeneous linewidth A; —
Aj — iy where Ajy, 817! > y — 0 in the calculation of the
envelope area n(x,t) = fioo b(x, t)dt. Integrating the first
equation in (19) for SP pulse (a@(x, t)) = b(x, t)e’*™ in time
f_oooo dt --- and assuming all atoms initially in their ground
states, S_(A, x, z, —00) = 0, so we get

3, Y ip(x)
( ox + 2v, ) ne

2 > h
:nWL»"G(O)/ dZ,00|R(Z)|2/ dtb(x, 1)
8 0 o
x ¢S (A =0,x,2,1), @D
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where we put the atomic coherence equal to its value in
the center of the system (y =0) S,(A =0,r,7) =S5,(A =
0,x,y=0,21)=S(A=0,x,2,1), nx) = [ 0 b(x,t)dt.
When calculating the last integral on A in (20), we
take into account that G(AA) = G(—AA), S.(A,r,t) =
S.(—A,r,t), and the followingn property of Langevin forces
J oo bin(x, 1))dt = 0 [2].

From the solution of (19) for S,(A =0,x,z,1) =
—cos[|R(2)|n(x, t)] [where S.(0,x,z, —o0) = —1 at initial
conditions] we obtain for Eq. (21)

( O 4w )n(x)efwm - N\/g GOL ot py o). 22)
v

ox = 2v, M

where
Fln(x)] = —/ dzpolR(2)| sin [|R(2)In(x)]. (23)
0

We see that ¢ (x) = Const is a solution of (22). The integra-
tion in Eq. (23) is evaluated over the cross section (y-z plane)
normal to the field propagation direction x. The integral over
z is evaluated by substituting the position-dependent coupling
strength given from the SP field relations (6)

R(z) = R(z, wy) = Roe ¥1@07,

N (wo) . k(wo)
h (dx +id; ky (w0)>’ &9

where for short we write Rog = R(z = 0, wg), and on res-
onance w = wy. The dipole moment of atomic transition
is dy; = Xd, + yd, + 2d., and the atom SP-field interaction
takes place above the interface in medium 1. The coupling
strength is composed of components parallel d, and normal d,
to interface with modulus |Rg]|.

Now, taking into account the constant atomic density
p(r) = po, and substituting from (24) for the coupling
strength R(z) into (23) and evaluating the integration over z,
Eq. (22) reduces to

d  Yu _ sin’[O(x)/2]

Ro=2

where the pulse area ®(x) = |Ry|n(x) and absorption coeffi-
cient o

(26)

1 \/Ea)opoG(O)[df+dzz(§lk)2] o
2V 2

o= .
eoh L.v,

The strong interaction of SP pulse with resonant atoms
(> yw/vg) allows a closed analytical solution of (25),
which gives finally the closed expression for the surface plas-
monic pulse area theorem:

x:xo—é(T[@;x)]—T|:®(2XO)]), 27)

T[y] = In[sin (y)] — y cot (). (28)

The “surface plasmonic area theorem” (SP area theorem)
as given by Eq. (25) and its solution in Egs. (27) and (28) are
the main results here. Equation (25) is nonlinear like all other
area theorems, and in NIMM it has a very rich spectrum of

where

40000

30000¢
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a(cm” 1)
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0, , , .
0.0 0.1 0.2 0.3 0.4 0.
wo/w,

o e i

FIG. 4. The absorption coefficient as given by Eq. (26) as a
function of atomic central frequency wy/w., for REIs with the fol-
lowing parameters: atomic density py = 10* m~3, dipole moment of
resonant transition d = 5 x 1073 Cm, inhomogeneous broadening
A = 0.5 x 108571,

structure parameters that can be utilized to explore its differ-
ent facets; the modified pulse area ®(x) = |Ry|n(x) depends,
among many parameters, on the SP modes confinement ¢, the
SP group velocity v,, the normalization length L;(wp), and
the modulus of the coupling strength |Ro|. In the limit of a
small pulse area [O(xy) K 7], Egs. (25) and (27) reduce to
the well-known Beer-Lambert law [©(x) = @ (xg)e 2¢ 0],
It is worth noting that due to the linearity of the quantum
equations (19) when interacting with weak SP fields, this
law (exponential decay of the fields) is obtained theoretically
with a strict quantum approach to the SP field. In the case
of a large pulse area, when nonlinear patterns of interaction
between the SP field and atoms begin to appear, the influence
of the quantum properties of the SP field remain an unsolved
problem requiring special consideration.

VI. DYNAMICS OF 2z SP PULSES

The SP pulse dynamics is influenced by atomic and struc-
ture parameters. Equation (26) shows that the specific features
of the absorption coefficient o, which are related to the in-
terface properties, are determined by the multiplier S(wg) =
wol1[1 + (Clk)z]/[Lz(vg/c)], indicating that the maximum ab-
sorption gain occurs at a higher ratio of parameters i—‘ and
lower group velocity v,. At the same time, it is desirable to
ensure this condition for a sufficiently high SP confinement
(i.e., for a small value ¢;). Using conservative spectroscopic
parameters for the system of rare-earth ions, in Fig. 4 we plot
the absorption coefficient «(wy) as in Eq. (26) as a function
of scaled central frequency wy/w,. The absorption coefficient
obviously depends on the atomic part, namely, atomic density
po, magnitude of dipole moment d, and the inhomogeneous
broadening function G(0), and on the NIMM part as given by
the combined effects of the quantity B(wp). The qualitative
behavior of the absorption is well represented by the com-
bined effects of these parameters. However, its magnitude is
influenced most by the atomic density, magnitude of dipole
moment, and function G(0).

The experimental data [50] for rare-earth ions give atomic
concentration of py ~ 10%° m~3, dipole moment d ~ 5 x
10732 Cm, and linewidth of optical transition G(0) &~

€
Aip
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FIG. 5. The McCall-Hahn area theorem [Eq. (29)] [15] is shown
for initial conditions ®(xy) = 0.97,2.97,4.97 (solid line) and
O(xo) = 1.17, 3.1, 5.1z (dotted line).

2 x 107% s. For this set of parameters we get o ~ 40000
cm™! for the frequency range of interest. It is possible to
achieve a higher optical depth « by choosing crystals with
less inhomogeneous broadening and a higher concentration
of rare-earth ions [38]. With such a value for the resonance
absorption coefficient o, we can see from Eq. (25) that the
SP decay rate y,, is negligibly small compared with & when
Yuw/Vg < 4000 cm™!, which is often implemented experimen-
tally [5]. It is worth noting that the absorption coefficient of
surface plasmons can be significantly lower in a number of
materials, for example, in graphene [54], which will signif-
icantly simplify the feasibility of the condition a > y,,/v,
for the implementation of the considered interaction of SP
fields with resonant atoms. In the studied frequency range, the
spatial localization of surface plasmons near the interface is
about &} max = 500 nm. For the validity of using the SP area
theorem, the resonant atoms must be also located in a layer
(see Fig. 1) approximately no less than ~3¢ max-

The possibility of increasing resonant absorption by using
a higher atomic concentration requires special consideration
in order to take into account the influence of interatomic
interactions on the growth of the atomic phase relaxation in
the hybrid system under consideration. It is worth noting that
the pulse area ®(x) in the SP area theorem is determined by
the maximum of SP amplitude, which takes place near the
interface surface. Accordingly, the enhanced interaction of
the SP field with resonant atoms is directly affected by the
increase in the optical density of the resonant transition.

It is interesting to compare the properties of the SP area
theorem and the McCall-Hahn area theorem [15,17,18] de-
rived for the case of the interaction of a light pulse with
two-level atoms in a free space, which has the general solution

1] < tan[O(x)/2] )

x=xg— —In| ————
o tan[®(xp)/2]

(29)

In Figs. 5 and 6 we compare the two area theorems as given
by Egs. (27) and (29) for the same initial pulse areas. As can
be seen in both cases, the evolution of the pulse areas of the
input signals leads to the formation of 2nm pulses propagating
over long distances in an optically dense medium. At the
same time, there are significant differences in the dynamics
of the formation of these 27 pulses in these two cases. In

16

18
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% %16
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13 14
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FIG. 6. The SP area theorem [Eq.(27)] for the initial conditions
(L1) ®(xg) = 0.97, (L2) 2.97, (L3) 4.97, (R1) 1.987, (R2) 3.987,
and (R3) 5.987.

contrast to the solution of the McCall-Hahn area theorem
[15], the SP area theorem does not have the bifurcation points
®(xp) = (2n + 1)rr. In addition, the arising 2 SP pulses are
unstable: even with a slight decrease in the pulse area relative
to 2nm [O(xg) = 2nm — €, € K 1], its subsequent evolution
leads to the state ®(x — 00) — 2(n — 1)7, as seen in Fig. 6.
Taking into account the irreversible losses in accordance with
(25), the attenuation rate of ®(x) near ~2nm is equal to
%@(x) A —nmy,/v, and is enhanced with increasing the
losses parameter y,, /v, and number of 27 pulses.

Moreover, in contrast to the formation of 27 pulses (soli-
tons) in free space, an increase in the total pulse area of
the input SP pulse ®(0) > 2am (n > 2,3, ...) lengthens the
formation time of independent 27t SP pulses. It seems unlikely
that the 27t SP pulse propagates in an optically dense medium
while maintaining its temporal shape. The SP area theorem
does not provide information about the temporal shape of
27 SP pulses and the dynamics of their creation from the
input intense SP pulse in the medium. The analysis of this
issue is beyond the scope of this work. Elucidation of the
space-time structure of such 27 SP pulses and the features of
their interaction with a resonant atomic ensemble will allow us
to understand the characteristic properties of their occurrence
and propagation over long distances.

VII. DISCUSSION AND CONCLUSION

In this work we derived the pulse area theorem for
the resonant interaction of SP pulse with a two-level
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inhomogeneously broadened atomic ensemble and obtained
its closed analytical solution. The SP area theorem pre-
dicts long propagating 27t SP pulses. The analysis has been
performed for TM-polarized SP modes on the interface of
a dielectric crystal doped by rare-earth ions with NIMM
medium, and it is valid also for TE-polarized SP modes due
to the same spatial properties (exponential shape) of the elec-
tromagnetic field of SP field magnitude in the dielectric part.
Moreover, due to the same spatial property, the SP area theo-
rem can be applied to the SP modes interacting with resonant
atoms on the dielectric-metal interface.

We have analyzed the physical conditions necessary to
create 2w SP pulses propagating over long distances. We
also note that in spite of significant differences in physical
properties, Eq. (25) of the SP area theorem resembles the
pulse area theorem in a single-mode optical waveguide [32].
The qualitative behaviors of the two cases may be traced back
to the fact that both pulses have decaying field amplitudes that
enter into the pulse areas. However, for the single waveguide
pulses [32] the decay has the form of a Gaussian or Bessel
function of the first kind, whereas for SP pulses decays are
exponential, and the nature of these decays demonstrates the
significance differences between the two cases. However, this
resemblance in the theoretical description makes it possible to
uniformly describe various effects of nonstationary nonlinear
coherent interaction of structured light pulses and SP fields
with resonant atomic ensembles. Herein, due to the strong
interaction of the SP mode with resonant atoms, the formation
of 2 SP pulses will be detected experimentally at an atomic
concentration lower than in the case of the formation of optical
solitons in a resonant medium [1,15,16,18].

It is worth noting that, unlike the very different behavior of
the electromagnetic field of light modes in the cross section of
various optical waveguides, the electromagnetic field of SP
fields usually decreases exponentially with distance from the
interface. This circumstance makes the SP area theorem im-
portant for describing the resonant interaction of atoms with
SP fields not only on NIMMs, but also on the noble metals and
other materials. Graphene may be particularly interesting due
to the very low attenuation of SP fields and the large compact-
ness of the devices being created. We believe the 27r SP pulses
with their interesting properties outlined above are useful for
further theoretical studies and experimental investigations.

We anticipate the SP area theorem can be helpful for stud-
ies of resonant interaction of SP pulse with resonant two- and
multilevel atoms, and various effects such as Dicke superra-
diance of SP fields [55,56], SP lasing [57,58], description of
SP echo effect [48,49] in optically dense media and SP echo
spectroscopy of atoms on the surface, and microscopic trans-
port of information via SP fields [47], all of which deserve
independent research. In a recent paper [59], the authors also
showed the possibility of implementing optical devices using
a variety of atoms interacting with a surface plasmon polari-
ton. In this regard, considering the possibility of implementing
photon echo on surface plasmons [48,49], integrated circuits
of quantum memory using photon echo on surface plasmons
may be of interest [60].

The quantum approach developed here for the resonant
interaction of SP fields with atoms made it possible to clar-
ify the transition to solvable semiclassical equations and to

relate the resulting solutions to limiting quantum cases. This
approach can also be used to study other problems of quantum
plasmonics related to the interaction of quantum and clas-
sical SP fields with two- and three-level atomic ensembles.
In particular, it is for the quantum memory protocols where
we usually need to describe the interaction of weak quantum
and intensive light pulses with resonant atoms [32]. Although
a complete quantum description of the area theorem does
not yet exist, the proposed approach will be a useful guide
for searching for further development of this theorem when
studying the weak manifestation of the quantum nature of
SP fields. Alongside this, the work of Hughes [61] shows
that the area theorem for the interaction of light pulses with
resonant atoms in free space becomes of limited validity when
the temporal duration of classical light pulses becomes close
to the period of the light wave, leading to deviation from the
rotating wave approximation. However, a similar analysis of
how the transition to a short SP pulse could impose restrictions
on the applicability of the SP area theorem deserves special
study elsewhere.
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APPENDIX: SP FIELD QUANTIZATION

Quantization of SP modes on dielectric-metal interface
is discussed in Ref. [7], where the authors use quantization
of a discrete set of SP modes. In our case, to describe the
interaction of a SP pulse with an atomic ensemble, it is more
convenient to use a continuous set of SP modes. We start
from the electromagnetic field energy in a dispersive medium
[62] as

_1 3 2R 2 T2
Hfiea = > d°r[E[E()]” + p[H()I7], (AD)

0 0
&= Re[a—(w(?oe?(w))}, = Re[—(wuou(w))}
w w
(A2)

The SP modes propagate along the x direction with a wave
number k. The electric field operator is constructed as a sum
of modes, which we write as

E(rt) = / dkyE(ky, 2)ak)e" =" + H.c., (A3)

The corresponding magnetic field operator H(r, t) is de-
termined from Maxwell curl equation iwuoH = curlE, and
given as

H(r,t) = / dkyH(k, 2)atk)e' =" + H.c. (A4)

The plasmonic modes annihilation and creation opera-
tors a(ky) and &T(k”) of the (TM polarized) mode and
wave vector k) obey the usual equal time commutation re-
lation [a(ky), &T(k" Pl =k — kl/ ). The (TM) mode structure
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functions satisfying the wave equation are

E(k”, z7) = N[M(Z)<)AC + i%%)e_klz + u(—z)()? — iﬁi—)ekﬂ}, (AS)
1 2
H(k, 2) =§N|:u(z)golelwe""Z _ u(—z)aszwekﬂ], (A6)

where u(z) is the step function. The SP field normalization factor A is determined by the requirement that the field Hamiltonian
in dispersive medium (A1) reduces to the canonical form Hamiltonian

1
Hfelg = 3 f dthw(k”)[Ez(kH)&T(kH) + H.c.]. (A7)

Now we use the fields in Eqs. (A3)-(A6) into the Hamiltonian (A1) to evaluate the space integrals,

1 o L N 1 0 R N
Hioa = 5 / / dxdy / dz(&1|E(z > O + julH(z > 0)1*) + 3 f f dxdy / dz(BE(z < 0 + flH(z < 0)*), (A8)
0 —0

where integration over the upper half-plane of Eq. (A8) gives

1 o A
0

1
25/ dkydk &N Packal (k) ( k”kl’>f f dze etk / dxel Bkl L e (A9)

The z integral gives confinement ¢; = 1/Re[k;] and the integral over x gives 2 3(k — k|}), which we use to evaluate the kj
integration that leads finally to the expression

d[we (w)]

A dky[atk)a’ (k) + a' (k) ack L)L N*R
El—zsof wlatk)a' (k) + a' (kyad \|)](7Ty)§§1| [Re 5o

)[1 + (&iky)?] (A10)

The term I, = (1/2) [ dxdy [ dz&|E(z < 0)|* in Eq. (A8) gives a similar expression with exchange 1 and 2, namely, Ig> =
Ig1 (1 < 2). Adding these two terms gives the electric part of energy,

1 ap AT At A 2
I =5y / dky [tk (k) + &' (ka1 L) N PD(@), (ALl
1 0 1 0
D) = 54 Re[‘”;—;(]‘“”[l + (&aky)? + 5@1«3@[1 &k 1. (A12)

The magnetic parts of energy given by the second and fourth terms in Eq. (A8) can be calculated in the same way, leading to

1 . . . . w?
Iy = 5go/ollq|[a(k”)a*(lq,) +a*(k”)a(ku)](any)wFC—ZS(w), (A13)
Ao (w)] 1 Ao (w)]
S(@) =S¢ Re—— &1 + ~JRe—— e, (A14)
dw 2 ow
The total field Hamiltonian in dispersive medium Eq. (A8) is then obtained as
Higo = = [ diylatk )" () + &t ey a2 soLy LN AlS
field = 7 platkpa’ (k) + a' (kyack)) 12w egLy L, |IN 17, (A15)
w2
L () = [D(w) + C—ZS(w)]. (A16)
This Hamiltonian reduces to the canonical Hamiltonian equation (A7) when
2 eoLyL ()N (0)]* = ho, (A17)

which is Eq. (7), and we write all quantities as functions of mode frequency w only since k|| is also a function of w.
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