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In systems with periodic potential fields, building relatively local Wannier functions can significantly simplify
the Hamiltonian and enhance our understanding of the system’s ground state and dynamic properties. In this
work, we improve the current method of building the Wannier functions of ultracold atomic systems, including
the case in the presence or absence of interactions. In noninteracting systems, we propose a method to directly
obtain the real-valued maximally localized Wannier functions (MLWFs) by using real-valued eigenstates, and
verify the effectiveness of this method in a two-dimensional (2D) degenerate system. In interacting systems, we
obtain the effect of high-energy bands on the lowest-energy band by using the accurate calculation results of the
two-particle system. In the two-particle system, we consider the effect of the entanglement between the particles
and obtain the optimal two-particle Wannier functions. These Wannier functions are then further utilized to
obtain the parameters of the extended Bose-Hubbard model. The effectiveness of the method is verified by taking
a one-dimensional (1D) system with contact interaction as an example. In the three-particle and four-particle
systems, compared calculation results with the original system and the unmodified two-band Bose-Hubbard
model, we find that the effective Hamiltonian is more accurate than the unmodified two-band model. This verifies
the effectiveness of our method, and the parameters obtained can reflect the original system well, which provides

an effective method for accurate modeling of interacting systems.
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I. INTRODUCTION

With the development of laser technology and atom cool-
ing technology, ultracold atoms can be loaded into various
types of optical lattices, such as double-well lattice [1], hon-
eycomb lattice [2], triangular lattice [3,4], Kagome lattice
[5-7], artificial graphene [8,9], and more. The interaction be-
tween atoms can be adjusted by Feshbach resonance [10,11].
These ultracold atomic optical lattice systems are widely used
in quantum simulations [12—-14], quantum phase transitions
[15-17], many-body interactions, quantum information pro-
cessing [18,19], and quantum computation [20,21].

Theoretically, cold atoms in optical lattices are generally
described by the Bose-Hubbard model [17,22,23]. The key
parameters are the nearest-neighbor hopping and on-site inter-
action between particles, and these parameters are determined
by the single-particle Wannier functions. Therefore, the first
step to accurately model these systems is building appro-
priate local Wannier functions. Due to the U(1) symmetry
of Bloch functions, the Wannier functions are not unique.
A well-known criterion is the maximum localization crite-
rion introduced by Marzari and Vanderbilt [24] in solid-state
physics, requiring that the built Wannier function has a mini-
mum spatial extension. This method has been widely used in
ultracold atomic systems [25-29]. Brouder et al. [30] proved
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that MLWFs should be real if the system is topologically
trivial, but the above methods rely on Bloch functions, so
the variational space is complex and may fall into the local
minimum of the complex number. Paul et al. [31] proposed
to obtain the real-valued eigenstates by using discrete variable
representation (DVR) and then obtain the real-valued Wanneir
functions by using the method proposed by Kivelson et al.
[32]. Since the maximum localization criterion is not adopted,
the resulting Wannier function has room for optimization.
Due to the interaction, Bloch functions are not the eigen-
states of the system, so a set of Wannier functions is no longer
an invariant subspace of the Hamiltonian. When the interac-
tion is weak, the standard Bose-Hubbard model can accurately
describe the properties of the system. When the interaction
increases or long-range interactions (such as dipole interac-
tions) are considered, this model will inevitably fail [33-38].
To describe the system accurately, it is necessary to modify
the Bose-Habbard model reasonably. Therefore, more Hamil-
tonian terms are introduced, such as next-nearest-neighbor
hopping [39], density-induced tunneling [40,41], and pair tun-
neling [42-44], and the effects of higher-energy bands are
considered, such as modifications of on-site interactions [45],
multiband model [46,47], and three-body interaction [48-50].
Considering the effects of high-energy bands is a relatively
complex process, and it is difficult to get accurate results.
Many efforts have been made in this respect, such as mod-
ifying the Wannier functions [51,52], parameter comparison
[53], and second-order perturbation theory [54]. Currently,
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the methods of modifying the Wannier functions reflect the
contribution of high orbits, but do not fully reflect the effect
of multi-particle entanglement in interacting system.

In this article, we primarily focus on the above two points
and propose potential methods for improvement. When in-
teraction is not considered, we still use DVR to obtain
real-valued eigenstates instead of Bloch functions, and then
we adopt the maximum localization criterion to obtain the
MLWFs. When interaction is considered, we use the idea
of modifying the single-particle Wannier functions from the
two-particle system in Ref. [52], and fully consider the effects
of the entanglement of two-particle to obtain the two-particle
Wannier functions, and then obtain the corresponding param-
eters for the extended Bose-Hubbard model.

Our article is organized as follows. In Sec. II, we first
introduce some consensus on the Wannier functions in the
non-interacting case. Then we introduce how to get the ML-
WFs in real space, including selecting the initial Wannier
functions and optimizing the Wannier functions. Finally, the
validity of this method is verified in a two-dimensional (2D)
degenerate system. In Sec. III, we first introduce how to find
the optimal two-particle Wannier functions in the interacting
two-particle system, including the initialization and optimiza-
tion of the two-particle Wannier functions, and how to use
the two-particle Wannier functions to obtain the parameters of
the extended Bose-Hubbard model. Then the above method
is applied to one-dimensional (1D) system with contact in-
teraction, and obtain the corresponding parameters of the
extended Bose-Hubbard model. The calculations of energy
spectrum and dynamics are carried out in three-particle and
four-particle systems, and the results are compared with the
original system and the unmodified two-band Bose-Hubbard
model to verify the accuracy of the obtained parameters. Fi-
nally, we provide a summary and outlook in Sec. IV.

II. PERIODIC SYSTEMS WITHOUT INTERACTIONS

A. Wannier functions
For simplicity, we consider 1D periodic systems, the

Hamiltonian can be written as H = % + V(x), where V (x) is
a potential field with period a. According to Bloch’s theorem,
the eigenstates are Bloch functions |g, ), where n is the
indication of the energy band and k is the quasimomentum

il

@n,k(x) =e kxun,k(x)a un,k(x) = Mn,k(x +a). (1)

Assuming that the first [ bands overlap, the relatively lo-
cal generalized Wannier functions |w, ) can be obtained by
Fourier transforming the Bloch functions of these bands

1 1 k
lwag) = —= Y e RUP 19,1, )

where R represents the different unit cell, U® is a unitary
matrix associated with the quasimomentum k, N is the total
unit cell, and 1 < n, n’ < [. Because of the arbitrariness of
U}f,’fl)l, the Wannier functions are not unique. From the above
equation, we can also deduce that |w, g+1) = f"alw,,,R), in
which the operator 7, represents the translation distance a

along the x direction. if we make a unitary transformation of

the Wannier function
i=l, j=l,m=N

DNEREY

i=1,j=1,m=1

i jmAij ® T [y g), 3)

and A,-, jlwy r) = 8;,lw; r), where § is the Dirichlet function.
It can be verified that |w;, ;) is still the Wannier function
of these bands. Therefore, we can attribute the arbitrariness
of the Wannier functions to the arbitrariness of {c; j,}. In
other words, we need to find the most suitable {o; ;. } to get
the MLWFs.

B. Maximally localized Wannier functions

To obtain the most appropriate {c;, .}, we adopt the
method in Ref. [24], which is to minimize the spread of the
Wannier functions, and the corresponding local functional is
defined as

Q=" (w02 wn0) — (Wol&lwn0)’. €

In prior work, they rewrote the above functional in k space and
searched for the minimum by changing Un(k ,)7 of Eq. (2). We
know that MLWFs are real-valued when the system is topo-
logically trivial. However, the prior methods rely on the Bloch
functions, so the variational space will be complex and may
fall into the local minimum of the complex number. In addi-
tion, in the optical lattice systems, we often obtain eigenstates
by the DVR method, so they are always real-valued rather than
Bloch functions. If we take these real-valued eigenstates as
our starting point and restrict the variational space, that is,
{@; jm}, to be real, then we not only reduce the variational
space but also guarantee that the resulting Wannier functions
are real. We can achieve this in the following two steps.

1. Step 1: Find an arbitrary set of real Wannier functions

We assume that there are / Bloch band energy spectrum
overlapping together, and label these eigenstates of position
representation as @. Our goal is to find a set of real Wannier
functions wy, such that they represent the same Hilbert space
as . We can start from an initial set of Wannier functions
Win; and gradually iterate to approximate the target Wannier
functions wWy,. In the @, the eigenstates with k = 0 are the
easiest to identify, they are real and the distribution of wave
function in each unit cell is the same. Therefore, we can
intercept the wave function of the eigenstate with k = 0 in
each unit cell. After normalization, each wave function that is
intercepted is an element of the initial Wannier functions ijp;.

Next, we use ¢ to modify wi,;. We first calculate the degree
of coincidence of the Hilbert space of ¢ and Wy,

M; ; = (pilw;), )]

where |@;) represents the ith element in @, and |w;) represent
the jth element in Wj,. If the matrix M is not unitary, it
indicates that the Hilbert spaces represented by ¢ and iy
are inconsistent, then, we should adjust ¢ and w;,; according
to matrix M. To keep the Hilbert space described by the
modified ¢ unchanged, the matrix M must be modified to be
unitary. Commonly used methods include the Lowdin orthog-
onalization [55] and the Schmidt orthogonalization [56]. The
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calculation efficiency of Lowdin orthogonalization is high, but
the error of numerical calculation will increase rapidly when
the eigenvalue of the matrix approaches zero. For the stability
of the calculation, we adopt the Schmidt orthogonalization.
When the matrix M is unitary, we update ¢ and Wiy;,

¢new = M@olda (6)

ﬁ)ini = anew- (7)
Win; obtained from Eq. (7) generally does not satisfy transla-
tional symmetry and needs to be modified appropriately. An
efficient method is to translate all Wannier functions in wjy;
to the first unit cell and add these states to obtain new Wan-
nier functions |wy, new), and then translate these new Wannier
functions |wy new) to each unit cell to obtain Wiy satisfying
translation symmetry. The specific operation is as follows:

Z Tl R|wnR

TaR71 |wn,new>

|wn,new |wn,R) =

(wn,new |wn,new>

®)

This also applies to two-dimensional and higher-dimensional
systems, because translation operators in different directions
are commutative. We can perform the similar operation as
Eq. (8) in each direction to make each Wannier function to
the first unit cell and get |w, pew), and finally perform the
inverse procedure to obtain w;,; with translation symmetry.
Next, we use the w;,; obtained from the above equation as a
new starting point and repeat the above process from Eq. (5)
until the matrix M obtained from Eq. (5) becomes the identity
matrix. The resulting w;y; is our target Wannier functions ;.

The specific process of the above method can be simply
summarized as follows: In the first step, we use the numerical
calculation to obtain the eigenstates @ and give the initial
Wannier functions wi,;. In the second step, Eq. (5) is used
to calculate the degree of coincidence of the Hilbert space
represented by ¢ and Wj,;. When they do not coincide exactly,
@ and w;y,; are modified using Egs. (6), (7), and (8). In the third
step, the above two steps are repeated until the Hilbert space
represented by @ and w;,; coincide. It should be noted that
in the first few iterations, we do not need to update w;,; with
Egs. (7) and (8), which can ensure that the Wannier functions
Wy, are relatively local at the end.

2. Step 2: Obtain the MLWFs

Now, we combine Egs. (3) and (4) to update the Wannier
functions wy,. Because we require the transformation matrix
to be unitary, the o; ; ,, in Eq. (3) needs to satisfy additional re-
strictions. To avoid additional constraint equations, we adopt
the equivalent exponential form

W ) = el (A @ A T, " w, &)
n, s
- ]:g|wn,R)~ (9)

The operator AAi, j» written in matrix form, is a/ x [ zero matrix
with value of 1 only in the (i, j)th element. It is not difficult
to find that the operators f"g are unitary operators. Because it
is calculated in position space, to avoid boundary effects, we
choose the Wannier function located in the middle unit cell R

as the starting point. Substituting Eq. (9) into Eq. (4), we have

n=I

Q=" (warl T Tywy ) —

n=1

(wn | T, 2T |w,r)*.  (10)

Since A;; ® T and T, are not commutative, we cannot obtain
the derivative of {2 concerning «; j , for any {o; ; ,,}. However,
obviously, it’s easy to get the derivative for {c; ;,,} = 0. Let

XX, ;= w OF0(), Xij = b ORD(), (11)

where w(i) = |wint[1+(i71)/N],i7N><int[(i71)/N]> and the function
int() represents to get the integer part of a real number. Then,
we have

Q2
8ai,j_m

a=0
n=l

=Y (nRI[A;®T,™ —A;; ® T,". XX ||n. R)
n=1

—2(n, RIX|n, RY(n,RI[Ai; ® T, — A;; @ T", X
x |n, R). (12)

|n, R) represents the Rth basis vector in the nth band and it is
a NI zero vector with value of 1 only in the [N(n — 1) 4+ R]th
element. To obtain the MLWFs, we must ensure that the above
equation is equal to O for all ; ; ,. When the above equation is
not equal to 0, we need to use the gradient descent method to
gradually decrease 2. For the pth iteration, we set

a2
o = A , (13)
s Bai,j.m a=0
T, = it @l (AL ® T Ay T, ) (14)

where )ﬁ a real number from O to 1. After each iteration, we
update XX and X,
ﬁnew = TpfﬁoldT , Xnew = TpTXold Tp~ (15)

Assume that the derivative of Q2 is O after P iterations, we have

p=P
wﬁnal = 1_[ Tpﬁ)lar, (16)
p=1
the corresponding effective Hamiltonian Hes can be
written as
Heri.j = gy (DH Bgnar (7). (17)

Inevitably, if the target Wannier functions wy,, are not selected
properly, the convergent €2 may not be the global minimum.
We need to repeat the above steps starting with step 1. The
initial Wannier functions wj,; in step I is set to the Wgpy
obtained from Eq. (16), but only the wave function of the
unit cell with the highest probability is retained, and the wave
function of other unit cells is set to 0. If the two optimization
results are equal, then this is the optimal basis vector that can
be obtained by this method.
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FIG. 1. (a) The checkerboard potential field when V| = 32.8E,.
Each unit cell consists of a deep and a shallow well. The color indi-
cates strength, and the unit is the recoil kinetic energy E,. (b) Contour
plot for one of the MLWF:s of p, orbital. The color in the figure stands
for the logarithm of the absolute value of this Wannier function, with
the corresponding parameter values V, = 32.8E, and § = 0.4375x.

C. Example
Here, we use a 2D optical lattice system to illustrate the
validity of our method, and the Hamiltonian is

Hy=— £ (82 +92) + V(x.y), (18)

V(x,y) = — Vi| cos(kx) + e’ cos(ky)|2. (19)
This kind of potential field has been studied experimentally
and theoretically [57,58]. V| and B are adjustable parameters.
When B = 7, the system can be decomposed into two inde-
pendent 1D systems. To couple the potential fields in x and
y directions, we set the parameter 8 to deviate from 7. Due
to the limitation of computing resources, we consider four
periods in the x and y directions, respectively.

Figure 1(a) shows the potential field of the calculated
system, which contains 32 unit cells. Under appropriate pa-
rameters, the first energy band consists of the s orbital of the
deep well, and the second energy band consists of three Bloch
bands corresponding to the s orbital of the shallow well and
the p, and p, orbitals of the deep well. Our goal is to get the
MLWFs for the second energy band and write the effective
Hamiltonian of this energy band under these localized basis
vectors. In Fig. 1(b), we show one of the MLWFs of p,
orbital obtained by the above method. The color represents the
logarithm of the absolute value of the wave function, and it can
be seen that it decays exponentially with distance. Using the
obtained MLWFs, we get the corresponding effective Hamil-
tonian by numerical calculation. As the distance between the
two unit cells increases, the hopping decays exponentially, so
we only keep partly significant values. We label three different
MLWEFs by {s, x, y}, and this energy band can be accurately
described by the following Hamiltonian:

WP
+ 30> @ apriee + @ 8, 5e—s, + Hel]
Il w i F+ete, w e —g,
W, F
+J E [aT ~a +a a +Hc]
1 W, r+eé+e, W F+eé—é,
W,

(@)o.05 ; ' ' v
Gy *~ — W-J
g K — o — e e Ji
35 or —k=J1
3 K = " —— g - = = _*'Je
&) _ - o =3
-0.05 b=t : ' ;
-5 0 5 10
(b) Vg — vp(units of E,)
) ’ =0 =original Hamlltomar
36T * Heg
—~ -37F X x x ® 1
5 « A ¢ »
5 b **—*—#*—*—***:*—;* )
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FIG. 2. (a) Plot of the tunneling coefficients in Eq. (20) as
a function of vy —wv, for V| =34.6E,, the corresponding B is
(0.4625, 0.4500, 0.4375, 0.4250, 0.4125)x. (b) The energy spec-
trum of the effective Hamiltonian H.g and the original Hamiltonian,
where V; = 34.6E, and B = 0.4375x. The inset on the right shows
the Brillouin zone of the system and the points shown in (b) fall on
the red line. The inset on the left shows the difference between the
eigenvalues of H. and the original Hamiltonian in (b).

+,) [
LT

PO
a, 2,542, + H.c.]

+ (v —p) Yl ag (20)

where AS)? and a A(T) are bosonic annihilation (creation) op-
erators for pM(/x = {x,y}, u = {y,x}) and s orbitals at unit
cell position 7. €, and €, are unit vectors, shown in Fig. 1(a).
Because v; — v, changes too fast with 8, Fig. 2(a) illustrates
the variation of the other parameters with vy — v,. The en-
ergy unit is the recoil energy E, = hzz—,’f: Figure 2(b) shows
the energy spectrum of the effective Hamiltonian Heg and
the original Hamiltonian. The inset on the right shows the
difference between the eigenvalues of these two Hamiltonian
calculations, which is very small, indicating that the effective
Hamiltonian describes the original Hamiltonian well.

II1. PERIODIC SYSTEMS WITH INTERACTIONS

A. Two-particle Wannier functions

When the system has interaction, the system is usually
written as a Bose-Hubbard model by using the Wannier
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functions of the lowest-energy band. This method ignores the
coupling of the lowest-energy band and higher-energy bands,
and with the increase of the interaction, it will introduce
a larger error. To solve this problem, based on Ref. [52]
and fully considering the effect of two-particle entangle-
ment, we propose a method to modify the parameters of the
Bose-Hubbard model by using the calculation results of the
two-particle system.

For simplicity, we study 1D boson systems with interac-
tions, and potential field V (x) satisfies V (x) = V(x 4+ a). The
Hamiltonian of the two-particle system is

2

h
H = —%(afl +07) + V() + V) + I(lx —x2)). 21

First, we need to get the eigenstates of the lowest-energy band.
We use the MLWFs of the system at zero interactions, which
are assumed to be known, as the basis vectors for the Hamil-
tonian, which needs to be written in a quadratic quantized
form due to the boson system. We only care about getting
the information of the lowest-energy band accurately, so we
do not need to use all Wannier functions to save computating
resources.

Next, we describe the method of obtaining the effective
parameters of the lowest-energy band in detail, and label the
lowest-energy band as s. In this two-particle system, there
is still the translational symmetry sza [59], that is, when
two particles are translated by a distance of a simultane-
ously, the Hamiltonian remains unchanged. This symmetry
will play a key role in the subsequent search for the effective
Hamiltonian.

Our goal is to obtain the optimal basis vector |w; ;) (in the
noninteracting limit, |w; ;) o aja i |0), where a;f is the creation
operator for the ith MLWFs of the s band), and we have reason
to believe that it should be dominated by the corresponding
Fock state a; ajf |0). We will take advantage of this by requiring
|w; ;) to have the maximum projection on the corresponding
Fock state aj'a; |0).

Our method consists of two steps. The first step is to
find a set of the target two-particle Wannier functions @,
that satisfies the symmetry 7> ,, and the method for this step
is similar to the noninteracting method. First, we use exact
diagonalization to obtain the eigenstates of the system, and
select the eigenstates we need. In our case, we need to select
the eigenstates |¢) with the probability of s orbital greater
than 50%, that is, (¢| Y, aja,-|go) > 1, and label these states as
@. Next, we choose the initial two -particle Wannier functions
Wini, which could be |w; ;) o a |0) For the convenience of
calculation, we need to rearrange the elements of vectors W;y;
according to the invariant subspace of operator 75 4,

il

_ Wy A

Wini = v Dalwin) = |wjig), (22)
Wy

where j and / denote the /th element in vector ®;, and k is

the number of invariant subspaces of operator TZ,a in the W;y;.
Then, calculate the coincidence degree of the Hilbert space
represented by Wiy and @,

M j = (gilw;), (23)

where |@;) represents the ith element in @, and |w;) represent
the jth element in Wi,. If the matrix M is not unitary, we
will use Schmidt orthogonalization to change it into a unitary
matrix. Then, we update @ and w;y;,

Prew = MPola, (24)

ﬂ)ini = @new- (25)

The w;,; obtained from the above equation does not nec-
essarily satisfy 7>, symmetry. We can follow Eq. (8) and
Eerform the following operation for each invariant subspace of
T2,a in ﬁ)ini:

1), Wnew)
(wj,new|wj,new) '
(26)

and the definition of j and [ refers to Eq. (22). We use the
Win; obtained from the above equation as a new starting point
and repeat the above process from Eq. (23) until the matrix
M obtained from Eq. (23) becomes the identity matrix. The
resulting wj,; is our target Wannier functions iy,. It should be
noted that we do not perform Egs. (25) and (26) in the process
of the first few iterations.

In the second step, we require that the two-particle Wan-
nier function [52,59] in the Wy, is as similar as possible to
the corresponding Fock state |w’ ;) ocaj aT|0) We label these
Fock states as w’, and refer to Eq (22) to reorder the Fock
states in W’ accordmg to the invariant subspace of symmetry
T 4. According to the previous work [60], the corresponding
variational function can be defined as

1-1
|wj,new ZT |w/l |wj,l>=

k
Q= Z|<w,~,1|w;,1>|2, 27)

where k is the number of invariant subspaces of operator 75 ,
in the @’. Then, we can define unitary operators

N i=k, j=k,m=N X Am R A
T = eXirimtnot @imA®T, 40T, (28)

where A ;i represents the mapping from the ith invariant sub-
space to the jth invariant subspace, AAj,i|wn,]) = 8;nlwj;), and
N is the total unit cells. Every subspace has N basis vectors,
except when N is even, there is a subspace with N/2 basis
vectors. Any two possible two-particle Wannier functions can
be connected by the above unitary operator 7', so we can find
the optimal «; ; ,, that maximizes the value of €2 by variation.
We define the coupling matrix O,

0,;= (wi|w;>, (29)

where i represents the ith element in iy, and j represents the
jth element in @’. We describe the each element in iy, or @’
in two ways, for example, the (N + 1)th element |wyy;) in
Wiy can also be written as |w, 1) to represent the first element
in W,. Then, we have

n=k
Q=) ln 1T O0In, P, (30)

n=1
where |n, 1) is a N(N — 1)/2 zero vector with a value of 1
only in the [N(n — 1) + 1]th element. Because the operators
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A i® sza and T are not commutative, we can only take the
derivative at o = 0,

k

092
= (n, 110|n, 1)
Bai,j,m =0 ;
x <Vl, 1|(A’J ® TZ,_am _Aj,i ® T2r,na)0|ns 1>
+ H.c. (31)

When the above equation is not equal to 0, we need to use the
gradient ascent method to gradually increase 2. For the pth
iteration, we set

o =308 (32)
ijm E
’ 0 jm | 4o
i=k,j=k,m=N _p m -
Tp — eZi:l,;‘:],m:l al{,j.m(Aj-"®T2.a_A"vl®T2Aa”)’ (33)

where A is a real number from O to 1. After each iteration, we
update O,

Onew = T, Ooia, (34)

and assume that the derivative of 2 is O after P iterations, we
have

p=F

ﬁ)ﬁnal = 1_[ prtar (35)
p=1

The corresponding effective Hamiltonian H, can be written as
Hv,i,j = <wﬁnal,i|H|wﬁnal,j)~ (36)

Finally, we use the obtained Hamiltonian H; to get the param-
eters of the effective two-body Hamiltonian terms. We assume
that the single-body Hamiltonian terms Hy are invariant and
known and calculate Hyemain = Hy; — Hy. The equivalent two-
body interaction terms and corresponding parameters can be
obtained by rewriting the matrix Hyemain in the form of the
quadratic quantization.

B. Example

We take the bosons with contact interaction in the 1D
optical lattice as an example, and obtain the extended Bose-
Hubbard model and the corresponding parameters by using
the above method. We show the effectiveness of our method
by comparing energy spectrum and dynamic evolution of the
effective Hamiltonian and the original Hamiltonian. Com-
pared with the calculation results of the two-band model
without considering the parameter modification, it shows that
the effective Hamiltonian is more accurate. In addition, the
Hilbert space of the effective Hamiltonian is smaller, the com-
putation will be more efficient.

Following the above method, we consider the system with
two bosons, and the Hamiltonian of the system is

He Y

X=X1,X2

h2
|:—2—83 +V cosz(kx)] + g8(x1 —x3), (37)
m

where V is the potential field strength and g is the contact
interaction strength. Both of them are adjustable parameters,

. . . 22 .
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FIG. 3. The parameters in Eq. (38) vary with the interaction
strength g. We add uncorrected on-site interactions as a contrast. The
potential well depth of the optical lattice is V = 5E.

of the potential well is N = 6. Then we get the Wannier
functions of the first few energy bands when g=0. It is
worth noting that the more you use the Wanneir functions,
the more accurate the calculated value will be. Because we
need to verify it in the multiparticle system later, we choose
to obtain the Wannier functions of only the first four en-
ergy bands. Next, the energy spectrum and eigenstates of the
lowest-energy band are obtained by exactly diagonalizing the
Hamiltonian under the Wannier functions. Finally, the opti-
mal two-particle Wannier functions are found by using the
above method. By using the Hamiltonian under these two-
particle Wannier functions, the parameters of the two-body
operator are obtained by comparing with the Hamiltonian
when g = 0.

Keeping the relatively significant terms, the effective
Hamiltonian of the first energy band of the system can be
written as

8iiii gt ata A 8ii+Li+li atat A A
H, =H, + E [ a;a;a;a; + Tai a;, 1 qiv10i

8i,i,iikl atata A 8i—1,i,i,i+1 At  ata A
+ § [ a;d; aidix + 5 4, ,4;4i4i4]

- 2 2
8i i, iiE2 At At a it 1,i+1,ii at AT A A
> a; aja,aiﬁ + Talrlalr,a,-a,- +H.c.],
(33)

where Hj is the known single-body Hamiltonian. The first
two terms represent on-site and nearest-neighbor interactions
and the last four terms represent tunneling due to density. If
they are not corrected by higher-energy bands, their values
can be directly obtained by calculating overlap integrals of
the interaction term using the Wannier functions, they are
proportional to the interaction strength. In Fig. 3, we show
how the parameters in Eq. (38) change with the strength of
the interaction when considering the effects of high-energy
bands, specifically adding the on-site interaction without the
modification as a comparison. We can see that under the
effects of the high-energy bands, the greater the interaction
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FIG. 4. Partial energy spectra of the four-band model, the ef-
fective model, and the two-band model in the four-particle system,
where the interaction strength g = 0.45E% and the potential well
depth V = 5Eg. The inset enlarges the energy spectrum of the first
15 eigenstates.

is, the greater the correction is needed, and the absolute value
is smaller than that without the modification.

Next, we will verify the validity of the parameters in
the three and four-particle systems by comparing energy
spectrum and dynamics evolution with the original system
and the two-band Bose-Hubbard model. In the original
system, we consider six potential wells. In the process of
computational dynamics, we use the four-band model as the
approximate Hamiltonian, and mark the dynamic evolution
of states in this Hamiltonian as |y4(¢)). The similar |y (¢))
and |y, (¢)) are used to mark the dynamic evolution where
only one band and two bands are considered. In addition,
the dynamic evolution of the state computed by the effective
Hamiltonian H; is denoted |v(z)). Finally, we project all
states into the Hilbert space of the lowest energy band, that
is, [Y4(1)) = [Ya() — 1) and [Y2(1)) = [Yo(1) — 1). We
calculated the occupancy probabilities of these states in the
lowest band as Py(t) = (¥4(t) — 1|Y4(t) — 1) and P (¢) =
(Ya2(t) = 1|Ya(t) — 1), and the similarity between these
states and |y4(f) — 1) is calculated as fi(t) = |{(Y4(t) —
L) P/Pat),  f1(t) = [(Yat) = 11 (0))]*/Pa(r)  and
Ht) = [(Yat) — 1a(t) — 1)]>/Py(t)/Pr(t). This gives
a quantitative way to compare the effectiveness of effective
models.

In the three-particle system, we choose two initial states,
the first is |1, 0, 1, 0, 1, 0) and the second is |2, 1, 0, 0, 0, 0).
The influence of the interaction on these two initial states is
increasing gradually. In the four-particle system, the initial
states we choose are |1,1,0,1,0,1) and |2,1,1,0,0, 0). In
Fig. 4, we draw the energy spectrum of the first 75 eigenstates
of the effective model, the two-band model and the four-band
model in the four-particle system, where the first 15 eigen-
states are mainly contributed by the single-occupied states
and the last 60 states are contributed by the double-occupied
states. The inset magnifies the energy spectrum comparison
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FIG. 5. (a) The projected probability of the dynamic calculation
results in the lowest band for the four-band model. N is the particle
number, ini = 2 indicates that the initial state is the second initial
state, and g is the interaction strength. (b) Comparison of the dy-
namic calculation results of each model with the four-band model.
f; represents the effective model, f, represents the two-band model,
and f; represents the single-band model. Strength of interaction
gis 0.45Ek.

results of the first 15 states. In the eigenstates contributed
by the single-occupied states, the energy spectrums of the
effective and four-band models are almost the same, while
the energy spectrum of the two-band and four-band models
are somewhat different. In the eigenstates contributed by the
dual-occupied states, the energy spectrum of the two models
is different from that of the four-band model, but the effective
model is closer to the four-band model. Figure 5(a) shows the
change of the occupancy probability of the four-band model
in the first band with time under different interactions. We
can see that as the increase of interaction, the probability of
occupation of higher-energy bands also increases gradually.
Figure 5(b) shows the similarity of the dynamics evolution
of other models and the dynamics evolution of the four-band
model under different initial states and interactions. We can
see that the higher the number of particles, the lower the
fidelity, but in all the test cases, the result of the effective
Hamiltonian is closer to the four-band model than the two-
band model. The results show that the parameters obtained
by this method can effectively reflect the properties of the
real system, and considering the modification of parameters
cannot only improve the accuracy but also greatly reduce the
calculation time compared with directly building the multi-
band model.
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IV. CONCLUSION AND OUTLOOK

In conclusion, we propose a more rigorous method for
modeling boson optical lattice systems. This method involves
two improvements. The first improvement is to adopt the
maximum localization criterion to directly obtain the real-
valued MLWFs based on the real-valued eigenstates obtained
by using the DVR method in the case of no interaction. The
second improvement is that in the presence of interactions,
we additionally consider the effect of particle entanglement
on the lowest-energy band on the basis of considering the
effect of higher energy band on the Wanneir functions of
the lower-energy band. To achieve this goal, we extract the
information of the lowest band and obtain the effective two-
particle Wannier functions based on the local single-particle
Wannier functions and the strict calculation results using the
two-particle model. Finally, the values of the parameters in the
effective Hamiltonian are calculated by using the two-particle
Wannier functions. Compared with the dynamic calculation
results of the original system and the two-band model, the
effectiveness and relative accuracy of this method are verified,
which provides an effective method for the accurate study of
interacting systems.

As for the outlook, our current study primarily focuses
on the modification of two-body interactions by particle

entanglement, and without accounting for the effective
three-body interactions that should exist in the system, which
has been proved by many works [48-50]. Therefore, the
effect of particle entanglement on the three-body interactions
can be considered next, and the effective three-particle
Wannier functions need to be obtained by using the strict
calculation results of the three-particle model. Furthermore,
we can explore special cases. If we think that it is almost
impossible for two particles to occupy the same potential well,
when choosing the lowest-energy band, we can abandon the
multioccupied state and keep only the single-occupied state.
In this way, the effective Hamiltonian of the single-occupied
state can be obtained, which can greatly reduce the subsequent
calculation, and obtain the parameters of the -effective
Hamiltonian of the single-occupied state more accurately
than using the second-order perturbation theory.
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