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I. INTRODUCTION

The quantum electrodynamics (QED) of atomic systems
has so far been formulated for an infinitely heavy nucleus,
using the so-called Furry picture, in which the Dirac prop-
agator includes the Coulomb potential [1]. The inclusion of
finite nuclear mass effects in the exact relativistic formalism
is highly nontrivial. The unperturbative in the Z o formula for
the leading recoil correction to the binding energy was origi-
nally derived about 40 years ago by Shabaev in Refs. [2,3] and
was confirmed by an independent derivation in Ref. [4]. This
formula formed the basis of extensive numerical QED calcu-
lations of nuclear recoil effects in heavy hydrogenic [5,6] and
heavy few-electron ions within the so-called 1/Z expansion
[7]. This leading recoil correction was later extended to the
presence of the homogenous magnetic field [8], and recently
to the finite-size nucleus [9], but no other progress has been
achieved so far.

Nuclear recoil effects are significant for light hydrogenic
systems, where a different QED approach has been developed.
These corrections have been calculated over many years using
Z o expansion, which led to very accurate results and conse-
quently the accurate determination of fundamental constants
and quantum electrodynamics tests. Nevertheless, some im-
portant higher-order recoil corrections are not yet known and
limit theoretical predictions. For example, the radiative recoil
correction a(Z a)® m/M currently limits theoretical predic-
tions for the hydrogen Lamb shift and the muonium hyperfine
structure [10]. This is due to the high complexity in calcula-
tions of higher order (in @ and Z «) recoil corrections. Some
of them have been calculated only by one group, such as the
(Z a)*> m/M correction to the hyperfine splitting in hydrogen
about 40 years ago by Bodwin and Yennie [11], which has
not yet been confirmed. Therefore, the exact in Z o formulas
for recoil and radiative recoil corrections of arbitrary order in
mass ratio would be very desirable.

Very recently, the method from Refs. [4,9] has been ex-
tended to derive the exact, in Z «, pure recoil correction to the
hyperfine splitting in hydrogenic systems [12]. It was noticed
there that the use of the temporal gauge for the photon ex-
change propagators greatly simplifies the derivation and final
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formulas, so they can be a basis for direct numerical calcula-
tions, but also they can be a basis for the analytic derivation of
Z a expansion coefficients, such as that of Bodwin and Yennie
[11].

In this paper, we demonstrate that the method from
Ref. [12] can be further developed to derive exact, in Z «,
formulas for corrections of an arbitrary order in the mass
ratio and «. As an example, we present them for the leading
radiative recoil correction and for the complete nonradiative
second order in mass ratio correction. Finally, we perform
an exemplary numerical calculation of nuclear recoil with
the electron vacuum polarization for muonic atoms. Theo-
retical units 1 = c = 1 are used throughout this work with
a = ¢?/(4 ) and e being an electron charge.

II. EXPANSION IN THE ELECTRON-NUCLEAR
MASS RATIO

To begin with the precise formulation of the nuclear recoil
correction, let us note that on the basis of QED theory, the
binding energy of a two-body system is a function of «,
Z a, and the mass ratio m/M, namely E = E(m/M,Z o, ).
Assuming that one of the particles is much heavier and of
extended size, one can perform an expansion in the mass ratio
together with the expansion in the fine-structure constant «,

E(%,Zu, a) = ;E(i'j)(Zoz), (1)

where the dependence on the finite nuclear size, typically
mr¢, is not explicitly shown, and where

ECD(Za) = m(ﬁ) o E4D(Z ). )

M
The power of o represents the number of QED loops,
namely the number of the lepton self-energy and the vacuum-

polarization loops. Here, E®?(Z o) = Ep is the Dirac energy
in the infinite nuclear mass limit,

Hpo =Ep¢, 3)
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where
Hp=a- -p+pm+ Ve, 4

and where V¢ is a Coulomb potential including the nuclear
charge distribution p¢(r),

3 7 Zo ’
Ve(r) = —/d r *—?’IpC(r)' )

|7

The next term, E®V(Z a) = Egir + E,p, is the sum of the
one-loop electron self-energy and vacuum-polarization cor-
rections. Namely, the electron self-energy correction is

Eself = <¢;|Zrad(ED)|¢)a (6)
where ¢ = ¢t ¢, and

d*k 1 72 2
Erad(E) — 62 '_yﬂ efzk~r SF(E +(,()))/ ezkd" (7)
Q2m)*ik? "

with @ = k° the Feynman integration contour is assumed, and
where

1
P—v'Ve—m
is the Dirac-Coulomb propagator.

In the second contribution E,,, the electron vacuum polar-

ization modifies the photon propagator, which is exchanged
between the lepton and the nucleus

Sp(E) = ®)

_guv _ 8uv
2 TR0+ ot

€))

At the one-loop level @ (in electron mass units) is given by

- o, [T 2 2
- = - 1
o) = —k /4 d(q )qZ( ng_kz)u(q ), 10

@)=+ 1—i(1+3) (11)
u(q =3 o qz'

The resulting vacuum-polarization potential for a point in-
finitely heavy nucleus is given by

where

Zaa [*d(g?) —ar
Vip(r) = ——— ——e ed

rols g

u(@®), (12
while for the finite-size nucleus it is
Veu(r) = / V(P = Dpctr), (13)

and the corresponding vacuum-polarization correction to the
binding energy is

Evp = <¢|VCVp|¢> (14)

These QED corrections in the infinite nuclear mass limit can
be formally extended to an arbitrary number of loops, and
calculated numerically (see, for example, the two-loop self-
energy calculation of the Lamb shift by one of us [13]).

II1. HPQED

Heavy-particle quantum electrodynamics (HPQED) is the
formalism that allows to derive nuclear recoil corrections of
an arbitrary order in m/M and «. The starting point is the
nonrelativistic QED Hamiltonian for the nucleus, namely

l:[2 q > o q81-> -
Hy=— +gA°— 4 o7 . p_ 905 . F
om 9 oM’ 8 M2
q - - > o -
— 5= DI [Ex A=Tx El4+-- . (19)

where T = P — q/T, q = —Z e, I is the nuclear spin, §, = 0,
812 = 1, and where we introduced the nuclear g factor, de-
fined as

- 9 =z

=3 Mgl . (16)
We will neglect the nuclear quadrupole and all higher elec-
tromagnetic moments, because their contribution is usually
very small. Moreover, the finite charge and magnetic moment
distributions, which are described by electromagnetic form
factors Gg(—k?) and Gy (—k?) (normalized to 1 at k> = 0)
will be moved to the photon propagator. This can be done,
because every photon exchange between the point lepton and
the nucleus is associated with the product of the nuclear
vertex which contains these form factors and of the pho-
ton propagator. Moreover, we will assume at the beginning
that all these form factors are the same, namely Gg(—k?) =
Gu(—k?) = pc(—k?). This can be generalized at the final
stage of derivation. We will also neglect nuclear polarizability,
namely all interactions beyond the elastic form factors. Its
calculation would require a separate treatment. Moreover, the
diagrams involving the photon emission and absorption by
the nucleus will also be neglected. Their consideration is very
problematic when an elastic approximation is assumed. This
is because, even for light elements such as Mg (Z = 12),
the effective electromagnetic coupling Z? « is larger than 1
and the QED perturbation theory may not work in such a
case, which demonstrates limitations of the elastic form factor
approximation.

Returning to the nuclear Hamiltonian in Eq. (15) we con-
struct the quantum electrodynamic theory using the Coulomb
gauge and the Furry picture. Namely, the Coulomb interaction
Ve between the finite-size nucleus and the lepton is accounted
for unperturbatively, and all other interactions are treated us-
ing the perturbation theory. At the zeroth order, we have the
standard QED with the static Coulomb potential, as described
in the previous section. The first-order term in the mass ratio
is represented as an expectation value
(P—qA? ¢ - -

M 2MgI'B|‘IJ>QED 17)
on a hydrogenic state |\W), which is a second-quantized Fock
state centered at the position of nucleus R. The meaning of
the “QED” expectation value needs to be explained and we
here follow Refs. [1,12]. The matrix element of an arbitrary
operator Q on a state W in a QED theory is

(W|TQexpl—i [ d*y H ()W)
(W|Texp[—i [ d*y H/(;»)]|¥)

EY = (]

(WQI¥)qeD = . (18)
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where T denotes chronological ordering with an assump-
tion that the time coordinate of Q is t = 0, the interaction
Hamiltonian is

H;(y) = e ju(MA* (), 19)

and j* is the four-vector current.

The second term in Eq. (17) leads to the well-known hy-
perfine splitting, and its calculation is standard. The crucial
point is the interpretation of P from the first term in Eq. (17)
and its action on |W) and /. Namely, let us consider the
representation of the fermion field v in terms of creation and
annihilation operators of one-particle hydrogenic states ¢;,

+ _
U(x) = Z agpy(F)e Bl 4 Z by (B)e B |

+ —
) = atel M+ > bref e (20)

The differentiation ?R acts on functions ¢; and operators
ay, by, and this can be represented as [12]

-

e = / & r§ (B3 1 (F) + i
__ / Br it @3, () + g @1

where 1/7(7) = xfr(O, 7), and §R is understood in the following
sense. The hydrogenic state ¢, is a function of ¢, (7 — I?) of the
difference in electron and nucleus position vectors; therefore
5}3 ¢s = —5, ¢, and a, lA;‘Y remain intact. As a test, for t = 0,

as it should. Moreover, for an arbitrary Fock state |¥),
VrlW) = — / &yt (@), g, (23)

and this holds in particular for the vacuum state |0).

A crucial observation was made in Ref. [12], that every
occurrence of P — g A in the Coulomb gauge can be replaced
by —g A in the temporal gauge, where the photon propagator
becomes

I o G = WA <¥ 2
G (w, k) = Ck—2<5f - 7) (24)

The temporal gauge is a particular case of the axial gauge
and is defined by the condition G¥ =0 for every . The
singularity at @ = 0 is taken care of, as explained below.
This crucial observation leads to a significant simplification
of matrix elements for all recoil corrections, because one can
use standard perturbation theory, such as a two-time Green’s
function approach [1], and thus avoid cumbersome @R dif-
ferentiation. Below, we present formulas for the leading two
terms in the large nuclear mass expansion for hydrogenic
atoms.

IV. PURE RECOIL CORRECTION

The leading pure recoil correction is Eye = E @Oz ). 1t
is given by the first term in Eq. (17). As we have already
mentioned, for the point nucleus it was first derived by
Shabaev in Refs. [2,3], and the generalization for the finite-
size nucleus was achieved recently in Refs. [9,12], namely

Erec = (&IZrec(ED)Wb) (25)

_1 [, J
Yrec(E) i ZnDT(w)SF(E + w)D7(w), (26)

where
D)(w,7) = —4nZa y' G (w, P). (27)

The subscript s in the integration denotes a symmetric
integration path. Namely, we perform Wick rotation and sym-
metrically integrate around the pole at @ = 0. The apparent
singularity at @ = 0 is a spurious one, as can be seen by
changing to the Coulomb gauge propagators

A . 1 .
D/(w) = D}(w) + E[w + Ep — Hp, p' (Vo)l. (28)

Moreover, the temporal gauge propagator for a point nucleus

withw = V—w? +ie,

Gi(0,7) = —(8” +

VIV e
> 29)

w? Janr’

contains the Dirac § function; therefore, the Coulomb gauge
propagators are more convenient for numerical calculations.

V. RADIATIVE RECOIL CORRECTION

The exact, in Z «, radiative recoil correction Eygrec =
E@D has not yet been published in the literature. We split
it into self-energy and vacuum-polarization parts,

Eradrec = Eselfrec + Evprec- (30)

The vacuum-polarization part can be implemented by the ef-
fective charge density pvp(—kz), namely using Egs. (9) and
(10),

pewp(—K*) = —o(K*)pc(=K?), 31
and thus takes the form analogous to Eq. (26),

] dow - )
Eyprec = svpﬂil f %«pwwwm (Ep + o)D(0)[¢). (32)

where 8, perturbs ¢, Hp, Ep, and D’Tl, whenever pc is present,
namely

i dw T ;

Evpree = - / E[2<¢|D-Tvp(w)sF<ED + w)D}(0)|¢)
+ 2(@1y° Vewp Sy (Ep)D} ()SF (Ep + @)Djj (0)|¢)
+ (@D} (@)SF(Ep + @)y (Veyy — (Vo))

x Sp(Ep + w)D}(0)9)], (33)

and where Sy (Ep) is the reduced Dirac propagator (the refer-
ence state with the energy Ej is subtracted out).
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The self-energy part is obtained as follows. The fermion propagator

p—m—X(E)

has corrections due to the self-energy and the recoil
S(E) =
where X, is defined in Eq. (7), X\ in Eq. (26), and

Eradrec(E) = (2 7_[)4 i k2

(34)

z:rald(E) + Zrec(E) + z:radrec(E) +---, (35)

] do' d*k 1
= f e — [y e Sp(E + a)D}(@)SF(E + o + o )Di@)Sk(E + )y, ¢

+ DI ()SF(E + )y" e F Sp(E + 0 + )y, ¥ Sp(E + Dl (o)

+ " e R Sp(E 4+ 0)DL(0)SE(E + o + o )y, €5 Sp(E + o)D)

+ D (@)SF(E + )y" e * Si(E + o + o)D) (@)Sp(E + )y, €] (36)

is a sum of all one-particle irreducible diagrams (in the tem-
poral gauge). The change in the position of the pole of the
fermion propagator in Eq. (34) due to the presence of X(E) is

Eqeltrec = (P Zradree (Ep)|9)
+ 2(¢|Zraa (Ep)Sk (Ep) Tiec (Ep)|¢)
+ (12,4 (ED)|d) (@] Zrec (Ep)|9)
+ (12 (ED)|) (DI Zraa(ED)l).  (37)

This radiative recoil correction has been calculated only up
to « (Z )’ order, and the higher-order terms are unknown,
which limits the accuracy of the hydrogen Lamb shift [10].
Moreover, we expect this correction to be significant for light
muonic atoms, where the electron vacuum polarization is
combined with a relatively large muon-nucleus mass ratio.
Therefore, we perform exemplary calculation of this correc-
tion for several hydrogenic ions in Sec. VIIIL.

VI. RECOIL CORRECTION TO
THE HYPERFINE SPLITTING

The nonperturbative formula for the recoil correction to
the hyperfine splitting in hydrogenlike ions has recently been
derived in Ref. [12]. It comes from the NRQED Hamiltonian
of the nucleus in Eq. (15) (including the relevant terms only),

Hye = — — _gl B

2M  2M

—m(g—])['[EXH—HXE], (38)
and takes the form

Ehfsrec = Ekin + Eso + Eseu (39)
where
dw 1 j j
Eyin = — —[(@IDF(@)SF(Ep + )0’ (Vass(@)) )

—(¢|3’(Vhfs(w))SF(ED + ®)Dj (0)|¢)]

] d - .
+ / 2 GIDH @S (Ep + @)D} @)IB),
(40)

=1 ;4. [do
ESOZ—TE]](I Ew

X (¢ D} (@)SF(Ep + 0)Dh()|6), (41)

E drxZa \? iiklk/da)l
= € —_—
see 2M g 2T w

X (@17 x V) D(w)Sr(Ep + w)(7 x V) D(w)|¢),

(42)
where
D(w, r) = @k jirp (kz — ) 43)
Qry’ —k2
and
Vigs(w, F) = efi - 7 x VD(w, 1), (44)

such that Vi(0, r) = Vi (r), where

N 7

Vo (r) = 7L -y X |:—3] . (45)
= s

This recoil correction has not yet been numerically calculated.

Expansion terms up to (Z «)* Er are presently known [11], but

the higher-order recoil terms have not yet been studied.

VII. SECOND-ORDER RECOIL CORRECTION

The second-order recoil correction Eguugrec = E*? has
also not yet been considered in the literature. It comes from
the NRQED Hamiltonian for the nucleus in Eq. (15) (includ-
ing relevant terms only),

ﬁZ q - q 81 > -
Hye = — — ——gI - B — V.E, 46
and is split into three parts,
Equadrec = Exin + Emag + Ezit, (47)

which are obtained as follows.
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The kinetic energy part Eyj, is the second-order correction due to the nonrelativistic kinetic energy of the nucleus,

Ekin == (é'Equadrec(ED)M)) + ((IS|Erec(ED)S/(ED)EreC(ED)|¢> + (é'E;eC(ED)M’) (é'zrec(ED)l(P)a (48)

where Y. (E) is defined in Eq. (26), and Zguadrec (E) is a sum of all one-particle irreducible diagrams, namely

i dwl i da)2
Equadrec(E) = M/ﬁ M/E

x [D}(@01)SF(Ep + @)D} (02)SF (Ep + @1 + @2)Dp(01)Sr (Ep + w2) D) (w2)
+ D} (01)SF(Ep + w1)D}(02)SF(Ep + w1 + 02)D}(2)SF(Ep + w1)Dj (1)) (49)

The magnetic contribution Ep,, is the second-order
correction due to —ji - Bin Eq. (40),

Emag = (@Vhts Sy (Ep)Viss|9), (50)

and the product of the nuclear magnetic moments in the above
is to be replaced by u?u’ — 8% ji?/3. We note that the
antisymmetric part would contribute to the hyperfine splitting,
but it would be incorrect. The correct formula was presented
in the previous section in Eq. (42).

Finally, the zitterbewegung term E,; depends on the nu-
clear spin. It vanishes for scalar particles (nuclei), while for
spin 1/2itis 8y, = 1, and

Eq = L (2(V0). 51)
8 M?

The numerical calculation of this second-order correction is

not trivial, but what is important is that all such formulas can

be written down.

VIII. NUMERICAL CALCULATION OF THE NUCLEAR
RECOIL ELECTRON VACUUM-POLARIZATION
CORRECTION IN MUONIC ATOMS

This is an exemplary numerical calculation of the nuclear
recoil electron vacuum-polarization (EVP) correction for sev-
eral muonic (hydrogenlike) atoms. This correction, given by
Eq. (32), we transform to the Coulomb gauge

2

L [ _dwsypgllp ~Diw)]

x [Ep — Hpl”'[p = Dl(@)]i¢).  (52)
where m,, is the muon mass, d,, denotes perturbation by the
electron vacuum polarization, D/-(w) = —4nZa o' G (w, F)

and Géj is the transverse part of the photon propagator in the
Coulomb gauge given by

m
Evprec =

. . iyJ
Gl (w, 7) = 8" D(w, r) + ——[D(w, r) — D0, )], (53)
w
and
&Pk L p(k* — w?)
D(w,r) = 2n)} e N 54)
See Ref. [9] for details.
We divide Eypre. into two parts,
Evprec = Evprec,ph + Evprec,els (55)

(

where Eyprecpn 1S due to perturbation of Dc(w) by vac-
uum polarization, whereas Eyprecel iS the remainder. The
calculation of Eypecel is relatively straightforward. We in-
clude the vacuum-polarization potential Vcyp () into the Dirac
Hamiltonian, calculate the recoil correction using the proce-
dure developed in Ref. [9], and then linearize with respect to
Vewp by taking the numerical derivative.

The computation of Eyprec,ph is more complicated. We write
it in the Coulomb gauge as follows,

2 .
E hzﬂifoodwz !
Rt M ) _ — Ep + w — E,(1 —i0)

x [—(o|pln)(n|d,pDc(w)|9),
+ (¢|Dc(w)|n) (n]8ypDe(w)|p)]. (56)

The function SVpDé(a)) is obtained from Dé(a)) by modifying
the photon propagator with vacuum polarization. This modifi-
cation leads to the replacement

D(w, r) = Dyy(w, 1), (57)
where
d’k S p(k* — w?)
Q) w? — k2

and @(k?) is defined in Eq. (10). Let us now obtain Dy, for the
exponential model of the nuclear charge distribution

[~@(w® —k2)], (58)

Dvp(a)7 r) =

> A
pk) = ————. (59)
(A2 +E2)2
We first consider the case of pure imaginary . For w? =

—a)2, we get

00 2 3 R
Dy(iw, r) = —% / d(qz)% / (;ﬂ’; R X (60)
4

where
1 A4

X = - -
(mgq2+w2_|_k2) (}\2+w2+k2)2

_ A4 1
(r2 _mng)z m2 g* + w? + k2
1 A —m?q?

_A2+w2+z2 - ()»2—|—w2+122)2

i|. (61)
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TABLE I. Nuclear-recoil-vacuum-polarization correction to the 2P, ,—2S transition energy of H-like muonic ions, in meV.

IH 4He 7L1 12C 132Xe ZORPb
M/m, 8.880243 35.27765 61.83924 105.7641 1162.618 1833.145
re (fm) 0.84060 1.67860 2.4440 2.4702 4.7859 5.5012
Eyprecel —56.36324 —78.41878 —107.1656 —241.863 5407.20 6895.5
E\prec,ph 0.00555 0.03214 0.1068 1.191 —293.61 —971.2
Eyprec —56.35769 —78.38664 —107.0588 —240.672 5113.59 5924.3
Eyprec(1.0.) —56.36185 —78.60251 —108.66 —258.91 —1825 —2666

Performing integration over k, we obtain

. N EE
Dy(iw,r)= — E./z dqAw(@)| ————
__E’V@ﬁijir KB -mg evqﬂ+%2’]
r 2/ 432 |
(62)
where

a2V —42+ %) 1
3

Awlg) = — .
p q T q4 (1 _ mng/kz)z

For the general complex w, we analytically continue the above
formulas and obtain

(63)

1 ) Ei‘ Jw?—m2q*r
Dvp(ws r)y= — E/ quvp(Q) —
2
iVo?—22r

_e . l()\42 — mzq2) eimr:|. (64)

r 24/ w? — A2

We note that for w = 0, the function D,, becomes propor-
tional to the vacuum-polarization potential Vcyp,

Ve (r) =4mZa Dy, (0, r). (65)

Results of our numerical calculations of the recoil-
vacuum-polarization correction are presented in Table I for
the 2Py ,—2S transition energy of several muonic H-like ions,
together with the contribution of the leading order of the Z«
expansion of this correction,

e
Evprec(Lo') = - E M
y /00 du,Bz(—l + 6Bu)Vu? — 1(1 + 2u?)
| u*(1 4 2Buy

a(Za)?

(66)

where B =m./(Zam,,).
It can be seen that the deviation of the all-order result from
the lowest-order term is quite small for hydrogen and helium

(as expected), but grows fast with the increase of the nuclear
charge. For heavy ions, the lowest-order formula does not
reproduce even the overall sign of the total correction. More-
over, we note that for light ions the nuclear recoil electron
vacuum-polarization correction is larger than the pure nuclear
recoil for this particular transition. So, for muonic hydrogen,
the first order in m/M nuclear recoil contributes 1.63 meV
to the 2Py ,—2§ energy difference, whereas the nuclear recoil
with vacuum-polarization contributes —56.4 meV.

IX. SUMMARY

HPQED enables the systematic inclusion of finite nuclear
mass corrections using exact formulas in terms of Za. By
recognizing that the nuclear momentum P — gA can be rep-
resented as —gA in the temporal gauge, the derivation falls
within the realm of standard bound state perturbative QED
and can thus be performed straightforwardly. The obtained
formulas can be extended to many-electron systems using the
1/Z expansion [1], similarly to the leading recoil correction
[7]. Numerical calculations would likely require transforming
to the Coulomb gauge, resulting in much longer formulas.
For electronic atoms, most of higher-order recoil corrections
derived here are probably insignificant, except for the radia-
tive recoil, which is required for the improved description of
the hydrogen Lamb shift. However, for muonic atoms, these
corrections could lead to substantial effects since muons are
206 times heavier than electrons. In fact, there is an ongoing
QUARTET project [14] to determine nuclear charge radii
from the spectra of 3 < Z < 10 muonic atoms. An additional
benefit of the obtained formulas is the complete inclusion of
finite nuclear size (but not the nuclear polarizability, which
needs to be accounted for separately). Finally, the derived
formulas can be used to obtain higher-order recoil corrections
in the Za expansion, such as «(Za)®m /M, which have yet to
be addressed in the literature.
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