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Robust estimation of nonlinear properties of quantum processes
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The accurate and robust estimation of quantum process properties is crucial for quantum information process-
ing and many-body physics. Combining classical shadow tomography and randomized benchmarking, Helsen
et al. introduced a method to estimate the linear properties of quantum processes. In this work, we focus on
the estimation protocols of nonlinear process properties that are robust to state preparation and measurement
errors. We introduce two protocols, both utilizing random gate sequences but employing different postprocessing
methods, which make them suitable for measuring different nonlinear properties. The first protocol offers a
robust and sound method to estimate the out-of-time-ordered correlation, as demonstrated numerically in an Ising
model. The second protocol estimates unitarity, effectively characterizing the incoherence of quantum channels.
We expect the two protocols to be useful tools for exploring quantum many-body physics and characterizing

quantum processes.
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I. INTRODUCTION

With the development of quantum technology, the ability to
control large quantum systems enables us to simulate exten-
sive quantum many-body systems and investigate associated
phenomena. Quantum processes, central to quantum physics,
are mathematically described as quantum channels, which are
completely positive and trace-preserving maps. All properties
of interest within quantum processes are functions of the
quantum channel, such as the scrambling strength [1], the uni-
tarity [2], and the similarity between two quantum processes
[3]. While quantum process tomography [4] offers a straight-
forward approach to estimating all these properties, its com-
plexity grows exponentially with the number of qubits, ren-
dering it impractical even for small-scale quantum systems.

Fortunately, full knowledge of a quantum channel is
not always necessary to estimate some specific proper-
ties. Estimating partial knowledge of quantum channels can
significantly reduce sample complexity compared to full to-
mography. This concept is analogous to progress in quantum
state learning [5], such as classical shadow tomography [6]
and its variations [7-10], which utilize random measurements
for the efficient estimation of state properties. The process
of classical shadow involves applying random unitary evo-
lutions to the target state, followed by computational basis
measurements, allowing for the simultaneous estimation of
multiple state properties. This approach has been adapted for
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channel property estimation through the Choi-Jamiotkowski
isomorphism [11]. Specifically, one inputs random states to
the quantum channel and performs randomized measurements
on output states, equivalent to performing randomized mea-
surements on the Choi state of the target channel. Like state
shadow tomography, this technique allows the simultaneous
estimation of multiple quantum channel properties.

While the aforementioned method can efficiently esti-
mate certain channel properties without exponential sample
complexities, it lacks robustness against state preparation
and measurement (SPAM) errors. In many practical systems,
SPAM errors, particularly measurement errors, can be as
significant as or even surpass quantum gate errors [12,13].
Therefore, accurately estimating channel properties necessi-
tates mitigating the influence of SPAM errors. Randomized
benchmarking serves as a widely adopted protocol for this
purpose, allowing property estimation of quantum channels
while reducing the impact of SPAM errors [14]. However,
conventional randomized benchmarking protocols are limited
in measurable properties, primarily restricted to properties
such as average fidelity [15].

Utilizing group twirling and fitting techniques, Helsen
et al. have combined randomized benchmarking with classical
shadow to estimate arbitrary linear properties of quantum
channels, robust against SPAM errors [16]. However, to fully
explore quantum phenomena and characterize quantum chan-
nels, linear properties alone are insufficient. Many critical
nonlinear properties exist, such as out-of-time-ordered cor-
relation (OTOC) [1], a measure of information scrambling.
The quantity of OTOC is critical in both quantum many-body
physics [17,18] and quantum information [19,20]. Yet, cur-
rent estimation methods for OTOC lack robustness against
SPAM errors [21-27], which poses a challenge to observe

©2024 American Physical Society
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Protocol 1: Correlation with independent sequences
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FIG. 1. The workflow of the nonlinear channel properties estimation via the generalized uniformly independent random sequence protocol
introduced in Secs. III A and III B. In step “a,” we obtain the shadow sequence data (x, g) by implementing random gate sequences and
POVM measurements. For each sequence length m, we measure the same gate sequences for r times and iterate the process with ¢ different
gate sequences. In step “b,” we calculate the correlation function k(m) using the shadow sequence data. The first protocol utilizes data from
independent sequences, while the second protocol involves data from identical sequences. The entire procedure is repeated for several different

[Pt

sequence lengths m. In step “c,

we perform a fitting of the correlation function k(m) against the sequence length m to extract the desired

nonlinear channel properties. With different group G, the two protocols may be suitable for evaluating different channel properties. In particular,
if G is the global n-qubit Clifford group, protocol 1 can estimate all the properties that protocol 2 can obtain, as discussed in Sec. III C.

information scrambling. In addition, other nonlinear prop-
erties, such as unitarity and nonstabilizerness of a quantum
channel, are also important and widely discussed in the quan-
tum information field [2,28].

Building upon Helsen ez al.’s framework [16], we introduce
two protocols to estimate nonlinear properties of quantum
channels with robustness against SPAM errors, as shown in
Fig. 1. Both protocols implement random gate sequences
sampled from a group and perform a positive operator-valued
measure (POVM) to collect shadow data in the first step. Then,
they differ in classical data postprocessing. The first protocol
utilizes correlations between measurement data from inde-
pendently chosen gate sequences, while the second harnesses
correlations from identical gate sequences. The expectation of
the correlation is a multiple exponential decay function with
the circuit depth. Through exponential fitting, one can get non-
linear properties of quantum channels excluding the SPAM
error. Different classical postprocessing procedures make the
two protocols suitable for evaluating different channel prop-
erties and exploring different phenomena within quantum
many-body systems. As an application, we employ the first
protocol to measure OTOC and theoretically analyze its sam-
ple complexity. In a long-range interaction Ising model, we
numerically demonstrate the effectiveness of the protocol and
resilience to SPAM errors. Moreover, we explore the potential
of the second protocol in estimating unitarity [2]. We analyze
the type of channel properties that can be measured with each
protocol when the matrix exponential fitting is allowed. We
find that when the gate sequences are sampled from a unitary
two-design group, such as the Clifford group, the measurable
quantities of the first protocol cover those of the second one.

This work is organized as follows. In Sec. II, we introduce
basic notations and the necessary preliminaries for this work.
In Sec. III, we present two protocols to estimate nonlinear
channel properties, provide two illustrative examples, and
discuss the measurable properties of these two protocols. In

Sec. IV, we showcase the results of our simulations pertaining
to OTOC estimation. We conclude in Sec. V.

II. PRELIMINARIES

In this section, we define key notations and review es-
sential concepts in the Pauli-Liouville representation, the
Clifford group, and the uniformly independent random se-
quence (UIRS) shadow [16].

A. Pauli-Liouville representation

For an n-qubit system, C? with the dimension d = 2", the
normalized Pauli group is defined as

P :{i‘ae{la G,G}®”}. (D
n \/c_i » Ox, Oy, Oz

The elements of this group, I, o,, 0y, and o, represent the
identity operator, and Pauli X, Y, and Z operators, respec-
tively, defined as

1 0 0 1
=6 V) == o)
0 —i 1 0
Uyz(l. Ol): Gzz(o _]>- )

In certain contexts, the identity operator is excluded, leading
to the set ]P’,? = ]P’n\\/i;l, where we define 1 = I®". The Pauli
group forms an orthonormal basis in the linear operator space
L(C%), equipped with the inner product (A, B) = Tr(A'B).
Consequently, any operator O can be expressed as a sum over
this basis,

0= Z (0}, O)a. 3)

U,’GP,,
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The Pauli-Liouville representation vectorizes the opera-
tor space, defined as the linear map |-)) : L(C?) — ce, by
assigning |o;)) = e;, where o; € P, and {e;} forms an orthonor-
mal basis in C¢’. Furthermore, the inner product in the Hilbert
space C?” is represented as ((A|B) = (A, B) = Tr(A'B). By
linearity, the Pauli-Liouville representation of an operator O
is expressed as

10) = ) (0i. O)|oi). €

o;eP,

For a quantum channel £ : L(C?) — L(C9), it can be rep-
resented as a matrix in the Pauli-Liouville representation. The
elements of this matrix are given by

&i.j = (oil€lo;) = (oilE(o))) = Tr[o:E(a))].  (5)

In this representation, the composition of channels corre-
sponds to matrix multiplication. Specifically, for two quantum
channels &; and &, acting on an operator O, the composition
is expressed as

1€ 0 £(0)) = &£]0)). (6)

B. Clifford group

The Clifford group C, comprises n-qubit unitary operators
that normalize the Pauli group P,,. An operator U is an element
of the Clifford group if and only if, for every Pauli operator
P € P, the conjugated operator UPU" is also a Pauli opera-
tor, up to a global phase. Mathematically, this is expressed as
follows: for each P € P, and U € C,,, there exists P’ € P, and
a global phase ¢™ such that UPU " = €7 P’

In the Pauli-Liouville representation, the Clifford group de-
composes into two nonequivalent irreducible representations,
Vg € Ca,

(8) = T (g) ® Taa(8), )

where 7, is the trivial representation supported on the nor-
malized identity matrix, |1/4/d), and T, is the adjoint
representation supported on the traceless matrices. The pro-
jector onto the representation space of 7, is Py = |1))((1]/d,
while the projector onto the irreducible representation space
of T, is given by Py = ), epo lo) (o]

C. Uniformly independent random sequence shadow

The uniformly independent random sequence (UIRS)
shadow [16] can estimate the linear properties of noisy gate
sets by combining the methods of randomized benchmarking
and classical shadow tomography. The protocol starts with the
collection of shadow sequence data obtained from a random
sequence of gates, followed by a POVM measurement. The
subsequent step is computing the correlation function from
the shadow data, which encodes the desired properties of
the gate set. The final step entails estimating the gate set
properties through a fitting process [16]. Notably, the UIRS
protocol exhibits robustness against SPAM errors, similar to
the conventional randomized benchmarking protocol.

Now, we proceed to formalize the UIRS protocol math-
ematically, following the procedures depicted in Fig. 1. Let
g =1(g1,-..,8&n) denote a random sequence, comprising m

gates where each gate g; is uniformly and independently
selected from a unitary gate set G. Typically, G is chosen
as a group and we adhere to this convention in our work.
Given an input state p and a POVM with a finite-outcomes
set X, {E,}.cx, each iteration of the protocol yields a piece
of shadow data, denoted as (x,g). These data contain the
measurement outcome x and the random gate sequence g. The
probability of acquiring this specific data is given by

p(x, 8) = (E|E(®)IP)), ®)

where £(g) denotes the noisy implementation of the random
sequence g.

In experiments, the presence of noise is inevitable. We
model the noisy initial state and measurement as % and {E,},
respectively. Regarding the noisy implementation of the ran-
dom sequence, we assume gate-independent noise, a special
type of Markovian noise. Specifically, for each gate g; in the
random sequence, the ideal unitary implementation is given
by

w(glp) = 1gi(P)), €))

where w is the Liouville representation of the group G and
gi(p) =U,, ,OUQ;_. The actual implementation of the noisy gate
is given by

#(8i) = ALw(gi)Ar, (10)

where Ay and Ay are noise channels independent of the gate
choice. Then, the channel A = ArA; denotes the noise oc-
curring between gates. Consequently, the overall implemented
channel for the random sequence is

£@ =]]o (11)
i=1

Under these assumptions and considering errors in state and
measurement, the probability of obtaining data (x, g) is given
by

m
p(x, g) = (Ex| H(Ib(g;)li)))- (12)

i=1
After multiple independent experimental rounds, we ac-
quire a collection of gate-set shadows, {(x,-,g,-)}f:l. From
the shadow data, we aim to extract meaningful informa-
tion, typically in the form of an expectation value of a
sequence correlation function. We consider a correlation func-
tion f(x, g, m): X x G*" x Z* — C, with a specific form,

m—1
falx, g, m) ="Tr [er(gw HAr(g»}, (13)
i=1
where t represents an irreducible representation of group G,
and A and B, denote preselected operators supported on the
representation space associated with t. The expectation of
this correlation function across all possible choices of random
gate sequences is given by

ka(m)=E Y falx, g m)p(x, g). (14)
geGx xeX

The quantity k4(m) is always referred to as the correlator
with sequence correlation function fj. It has been proven that
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ka(m) has an exponential behavior in m [16],
ka(m) = Tr{O(E},, p)[P(A, A)]" '}, (15)

where ©({E,},, p) is a matrix dependent solely on SPAM
and B,; ®(A, A) is a matrix dependent on G, A, and A.
If the Liouville representation of G has decomposition,
w(g) = t(g)" & o'(g), where w’'(g) contains no copy of 7(g),
then ®(A, A) reduces to

A, N = %Tr(PjABA), (16)
J

where P; is the projector onto the ith copy of t(g) inside
the representation of w(g) and |P;| = rank(P;) represents
the dimension of 7(g). With the exponential fitting, one can
obtain ®(A, A) while excluding the influence of the SPAM,
p and E,. Each matrix element of ®(A, A), Tr(PAP;A), is
a linear function of A dependent on A. We can thus estimate
the linear properties of A.

In reality, we cannot get the correlator k4 perfectly due to
the finite sampling, but we can construct an estimator, IQA (m),
from the shadow data such that IQA(m) converges to ks(m)
when the number of experiment rounds is sufficiently large.
A standard estimator is given by

R 1<
kaGm) = = 3 faCui, gio m). (17)
i=1

When S — oo, this estimator will converge to k4(m) and
allow one to get ®(A, A).

In summary, the UIRS protocol serves as a valuable tool for
estimating linear properties of noise channels associated with
gate sets. Alternatively, when considering a noiseless gate
set G and artificially inserting the noise channel A between
two consecutive random gates g; and g;.1, the UIRS protocol
can be interpreted as a method for extracting properties of
any given channel. Typically, A can be chosen as a unitary
evolution, which is of particular interest in studies of quantum
many-body systems. In the following section, we will extend
the UIRS protocol to the estimation of nonlinear properties
of quantum channels, focusing on evaluating the OTOC of
unitary quantum evolution and the unitarity of the quantum
channels.

III. NONLINEAR CHANNEL PROPERTIES ESTIMATION
VIA GENERALIZED UIRS

In this section, we present the generalized UIRS protocol
to estimate nonlinear channel properties. Our protocol shares
the quantum procedure with the UIRS protocol, that is, apply-
ing the random gate sequences and measurements to obtain
the shadow data (x, g). The difference lies in the classical
postprocessing stage. In the UIRS protocol, the correlation
function only involves one piece of shadow data, such as
Eq. (13). In our protocol, we evaluate the correlation func-
tion by incorporating two pieces of shadow data instead of
one. The gate sequences in two pieces of shadow data can
be chosen as independent or identical, corresponding to two
different protocols. We study the two cases separately and
draw a comparative analysis.

A. Nonlinear correlation via independent sequences

We first introduce the generalized UIRS protocol utiliz-
ing two pieces of shadow data derived from independent
gate sequences. To illustrate, we provide a specific example
demonstrating the effective estimation of the OTOC within
this protocol.

After obtaining the shadow data, we can construct a se-
quence correlation function that encodes the information of
the desired quantity. In this context, we consider a second-
order sequence correlation function defined as

fe, gl gtm: X xXxG"mxG"x2Z" - C,
(18)

which depends on two independent random sequences g' and
g and their measurement outcomes x and y. Notice that the
function is analogous to the observable with respect to two
copies of the state in the case of state shadow tomography [6].
The expectation of the correlation function is taken over the
group G*™ x G*™ and the measurement outcomes,

kpm) =" Eg gegof(x.y.8' g mp(x, g)p(. g°).
x,yeX

19)

With the sequence shadow data {(x;, g")}3_,, we can construct

an estimator & (m) for kr(m) as shown below,

1 L
me(xi,xj,gl,gJ,m)- (20)
it

kg(m) =
When the number of samples S tends to infinity, the estimator
ky(m) converges to ky(m).
In this work, we investigate a special kind of correlation
function in the form of

falx,y, g, g%, m)
m—1

=Tr{ By[n(g,) ® n(g,)] [ [Aln(s) ® w(s)] {

i=1

2L

where 7 and 1, are both irreducible representations of group
G, and A, B,, are operators supported on the corresponding
representation space of t; ® 1. In this case, the expectation
value ky(m) is denoted as k4 (m) since it encodes information
of the operator A. For the special-type correlation function
of Eq. (21), Theorem 1 tells us that the expectation value
ka(m) exhibits an exponential decay behavior with respect
to the sequence length m. The complete proof is available in
Appendix A.

Theorem 1. (Exponential decay). Given a generalized UIRS
protocol with group G, the expectation value k4(m) of the
second-order correlation function given by Eq. (21) has the
following form:

ka(m) = TH{OUEL}, p)[P(A, )"}, (22)

where O({E\}, p) and ®(A, A) are induced matrices de-
pendent on SPAM and channel A, respectively. If w(g) =
71(g)"™" @ w}(g) where w](g) contains no copy of 7i(g) and
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w(g) = 12 (g)"* @ w)(g) where w)(g) contains no copy of
72(g), then the matrix ®(A, A) has the element

1
(DA, Ml jj = WTr[(Pj ® Pj)AT (P, ® Pr)A®],
J J

(23)

where P; and P; are the projectors onto the ith and jth copies
of 7, inside the representation w, respectively, and P; and Pj
are the projectors onto the i'th and j'th copies of 7, inside
the representation w, respectively. In the special case that the
representation  only has one copy of 7; and one copy of 1,
the matrix ®(A, A) reduces to a number.

As an application of this generalized UIRS protocol, we
demonstrate that OTOC can be estimated via the generalized
UIRS protocol robust to SPAM errors. We first briefly review
the definition of OTOC, which originates from information
scrambling. Information scrambling is one of the signatures
of quantum chaos in many-body systems, and the strength of
the scrambling can be quantitatively characterized by OTOC
[1,29]. Specifically, for a local operator V, after a unitary
dynamics U; = e~"" controlled by a Hamiltonian H, the local
information encoded by V can spread over many sites and
become nonlocal. Assume that there is another operator W lo-
cated in a different position from V and define V (¢) = U,TVUt.
Initially, V = V(0) is localized and commutes with W, but
V(¢) will be nonlocal and become noncommutative with W
when V (¢) is spread to the position of W. Consequently, the
operator growth associated with U; can be characterized by
the expectation value of the squared commutator of V(¢) and
W over a state p,

Ct) = (V@), WI'lV (@), W1),. (24
A closely related quantity is OTOC, defined by
o) = WVIWV1)),, (25)

which satisfies
C(t) =2{1 — Re[O®)]}. (26)

The quantities O(¢) and C(¢) both measure the strength of
information scrambling. Here, we take p as the maximally
mixed state, which can also be regarded as the thermal state of
infinite temperature. In this case, OTOC has an explicit form,

o) = %Tr[W"’V(t)"’WV(t)]. 27)

Below, we focus on the multiqubit system with dimension
d = 2". We consider V and W to be nontrivial and unnormal-
ized Pauli operators, V, W < Jd IP’,?. The situation can also be
straightforwardly generalized to the case that V and W are
arbitrary operators, as shown in Appendix B. In the following
theoretical analysis, we assume that the random gate is taken
from the multiqubit Clifford group and is noiseless. To ro-
bustly estimate the OTOC against SPAM errors, we introduce
an adjustment of the generalized UIRS protocol by inserting
a unitary gate U;(p) = U;pU," between two random Clifford
gates. This can be interpreted as considering the unitary evo-
lution U, as the noise, as depicted in Fig. 2. In reality, the
Clifford gates {g;} are also noisy and we can regard their
noises as being absorbed by the unitary gate. For instance,
when considering ¢(g;) = Arw(g;)Ag such as Eq. (10), we

FIG. 2. Random Clifford gate sequence gi, g2, ..., &, inter-

twined with a fixed unitary gate, U,.

can view the inserted gate to be a noisy implementation of
the unitary gate, i, = Agl; A, which allows us to obtain the
information of the noisy unitary dynamics robust to SPAM
errors. In this sense, the implemented Clifford gate is ideal,
and then our protocol can estimate the OTOC of the noisy
unitary evolution without the influence of Clifford gate noises.
Meanwhile, in practice, one can use an approximate 2-design
gate set to replace the Clifford group in this protocol with-
out compromising the faithfulness of the estimation, which
we will detail in Appendix C. Since an n-qubit approximate
2-design gate set can be implemented in a one-dimensional
O(In n)-depth Clifford circuit [30], our protocol of OTOC
estimation is also implementable in a short-depth circuit with
restricted connections.

For estimating OTOC, we define the second-order correla-
tion function as

falx,y, g', g%, m)
m—1

=Tr |:Bxyfad (gm) ® 7aa(g3,) HATad (g}) ® Taa (8,2):|,

i=1
(28)

where A = (d? —1)? Y sepo TtWoWa)lo @ o) (V Q V|,
Byy = |p) (Ex| ® [p) (Ey], and T4 i the adjoint represen-
tation supported on the traceless matrices. After obtaining
shadow sequence data, we can estimate the expectation value
ka(m). Next, we show the relationship between k4 (m) and
OTOC.

Corollary 1. The expectation value k4(m) of the second-
order correlation function defined in Eq. (28) has an expo-
nential decay behavior with respect to the sequence length m,
ka(m) = a[dO(t)]"~'. The decay parameter is p(A) = dO(t)
with O(t) = 5Tr[W*V(t)TWV(t)] being OTOC.

The full proof of Corollary 1 is available in Appendix B.
Thus, OTOC can be robustly evaluated with the protocol pro-
posed in this section, with the simulation shown in Sec. IV.

To analyze the sample complexity of this protocol, we
evaluate the variance of the correlation function defined in
Eq. (28). An upper bound is given in the following theorem
and the full proof of the variance is detailed in Appendix D.

Theorem 2. Viewing f4 defined in Eq. (28) as a random
variable with probability distribution from the shadow data,
p(x, gH)p(y, g%), the variance of this random variable is upper
bounded by O(d¥"~12).

In the experiment, we obtain § shadow data samples to
estimate the expectation value k4(m) through Eq. (20) and
then derive the OTOC. The variance of the estimator k4 (m)
depends on both S and the variance of the random variable f4
with probability distribution p(x, g')p(y, g). As a corollary
of Theorem 2, the variance of the estimator I%A (m) also has an
upper bound.
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Corollary 2. Suppose the number of samples is S and the
estimator for ks (m, §S) is

~ 1 .
kA(m,S)=m;f(xi,xj,g’,ghm). (29)

Then the variance has an upper bound,

Var[ks(m, $)]

TR0 ™) + §57p0@d™), m=1
< sa50@) + $5=p0), m=2 (30)
e 0@ 1) + 35210, m> 2.
Particularly, we can estimate OTOC by the ratio

ka(2,8)/ka(1,8) with S samples. From Corollary 2, the
variance of the estimators IQA(Z, S) and IEA(I,S) can be
upper bounded by O(d*S™2)+ O(S~!) and O(d~*S72) +
O(d~'S~"), respectively. Then, the variance of the ratio has
an upper bound given by

(1@,(2,5‘))

ar| <

ka(1,5)

- E[k4(2, $)] ? Var[k,(2,S)]  Var[ks(1,9)]
S \Eka(1, 9] | {Elka2, $)1}2  {E[ka(1, $)1)2

8 5
wo(5) of5)

where the two expectation values can be evaluated by
E[ks(2,S)] = O0(d™") and E[ks(1,S)] = O(d~?). The de-
tailed calculation of the variances and expectations can be
found in Appendix D. Thus, the number of samples S
only needs to take 0(%) to evaluate the estimate within
precision €.

B. Nonlinear correlation via identical sequences

The nonlinear correlation function defined in Eq. (18) is
connected with two independent pieces of sequences. In this
part, we set the two gate sequences to be identical and study
the corresponding second-order correlation function, where
we find that the protocol estimating unitarity robustly pre-
sented in Ref. [2] is a specific instance of this protocol.

Specifically, we consider the second-order correlation
function when the two random gate sequences are chosen to
be the same, i.e., g! = g2, defining

kpm) = ) Egegonf(x, 3, 8 mp(x, 2)p(y, 8).  (32)
x,yeX

Similarly to the case for independent sequences, we assume

m—1
f(X, » 8, m) = fA(x’ Y, 8, m) = Tr|:BxyT(gm) HAT(gl):|»

i=1
(33)

where t is an irreducible representation of the group G, and
A, By, are matrices supported on the representation space

associated with t. The following theorem states that the ex-
pectation value ky(m) = ks, (m) has an exponential decay,
with the proof shown in Appendix E.

Theorem 3. (Exponential decay). Given a generalized UIRS
protocol with respect to the group G, the expectation value
k4 (m) defined with Egs. (32) and (33) has the following form:

ka(m) = TH{OUEL}, p)[P(A, A)]"'}, (34)

where O({E\}, p) and ®(A, A) are induced matrices de-
pendent on SPAM and channel A, respectively. The matrix
®(A4, A) = P.(A ® A®?)P; has the element

DA, N)); i = LT P;AT P.A®? 35
[P, A T r(P;A" PA®"), (35)
J

where Pr = E,eqt(g) ® w(g)®?, and P; and P; are the projec-
tors onto the ith and jth copies of T inside w®?, respectively.
In the special case that the representation w®? only has one
copy of 7, the matrix ®(A, A) reduces into a number.

Below, we show that the protocol in this section can be
used to estimate unitarity. For the between-gates noise channel
A : B(C?) — B(C?), the unitarity of the channel is defined
as the average purity of the output states with the identity part
being subtracted,

d
u(A) = dj/dlﬁTr[A’(IW(lﬂI)TA'(Ilﬁ)(WI)], (36)

where A'(A) = A(A) — T2

The unitarity can be efficiently and robustly estimated
against SPAM errors through an experimental protocol based
on randomized benchmarking [2]. Here, we prove that uni-
tarity can be estimated under the generalized UIRS protocol
when the two involved random sequences are identical
and the group G is the Clifford group. Again, we as-
sume the noise channel of the Clifford gates to be gate
independent.

Given a state p, a sequence of gates, {g1,82,...,&n}s
and an observable E = Zx E, with {E,}, representing a
computational-basis measurement, it has been proven that the
square of the measurement result has an exponential decay
after taking an expectation over the Clifford group G [2],

m 2
g;(%x,,,(Tr{E H¢<gi)[ﬁ]}> Cat A (7
i=1

where a and b are fitting constants and u(A) is the unitarity
of the noise channel. The notation ~ represents the noisy
versions of quantum states, gates, and observables.

We demonstrate that Eq. (37) can be written in the form
of Eq. (32) by properly selecting the operator A and B,,. Let
A =1 and B,, =1, and set the irreducible representation t
as the trivial representation of the Clifford group. Then, the
second-order correlation function is

falx,y, g m) = Tr[l I1 m(g,-)} =1 (%

i=1
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Therefore,

k = E
A(m) gcG

Y fax, y, g mp(x, (. 2)

E ZTr{Eu) I1 ¢(g,-)[m}
£y

i=1

x Tr{E(y)]_[qb(gi)[b]}

i=1

m 2
ge%X,,, |:Tr{E H¢(gi)[f)]}:| ) (39)

i=1

According to Theorem 3, the quantity k4 (m) has an expo-
nential decay with respect to the matrix ®(A, A) =P,(A®
A®?)P,, where

P. = E 1:(9) ® 0(9)® (40)
2eG
is the projector onto the trivial subspace within w®>. The
explicit form of the projector is
Pr = |B) ® B1)){(B1 @ Bi| + |B1 ® B2)) (B1 ® B2, (41)

where the two operators are

B = By= — L. (42)

d’ -1

Here, F is a SWAP operator on the space of A®2. When A is
trace preserving,

_ ((B/IA®B) <<Bl|A®2|Bz>>>
*@A M= <<<Bz|A®2|Bl>> (B2 A% |By)
1 0
=(<<BZ|A®2|BI» u(M) (“43)

is a 2 x 2 matrix. And the two eigenvalues of matrix ¢ are 1
and u(A). Thus, there exist constants a and b such that

ka(m) = a + bu(A)™". (44)

For different m, we estimate the expectation values k4 (m)
and fit these values to Eq. (44). Thus, we can robustly and
efficiently estimate the unitarity with only a single exponential
fitting.

C. Measurable functions via UIRS

In Secs. IIT A and III B, we have derived the exponential
forms of the expectation values as shown in Theorems 1 and
3. We refer to the two different protocols as independent
UIRS and identical UIRS. It is worth mentioning that in our
protocol, only functions in the form of Eq. (23) can be directly
measured with independent UIRS, and only functions in the
form of Eq. (E2) can be directly measured with identical
UIRS. Due to the existence of the projectors in Egs. (23) and
(E2), the nonlinear function Tr(A” A®?) can only be measured
when A is inside the span of projectors. Also, owing to the dif-
ferent classical postprocessing procedures of the independent
UIRS protocol and the identical UIRS protocol, the projectors
in Egs. (23) and (E2) differ from each other. There might exist
some operators that can only be measured by the independent

UIRS and some other operators that can only be measured
by the identical UIRS, which depends on the choice of the
gate set G. Nonetheless, if we assume the matrix exponential
fitting is feasible and the random gates are taken from the
n-qubit Clifford group, we can show that any operators that
identical UIRS can measure can also be measured via inde-
pendent UIRS. Below, we delve into this discussion in detail.

From Eq. (23), when fixing two irreducible representa-
tions T and v/ and a matrix A, one can obtain the value of
Tr[(P; ® Py YAT (P @ Py)A®?], where P; and P; are projectors
onto the irreducible representation of t inside the Liouville
representation w, and Py and P; are projectors onto the irre-
ducible representation of 7’ inside w. Thus, independent UIRS
can measure observables in the span of {P; ® P}, where
P, and P, are projectors onto the irreducible representation
space associated with 7 and t’ in w, respectively; t and
7’ are arbitrary irreducible representations of group G. If @
contains several copies of 7, then P, = ) _, P, is the sum of the
projectors onto each copy of t, where P, is the projector onto
the ith copy of t inside the representation w. We denote the
span of the projectors in this case as S = span{P, ® P,}.

Similarly, from Eq. (E2), identical UIRS can only measure
observables in the span of {P,}, where P, is a projector onto
the irreducible representation space associated with v in ©®?;
v is an irreducible representations of group G. We denote the
span of the projectors in this case as Sf’ = span{P,}.

Note that S¢ and ST are related to the group G and would
be larger if G is larger. Below, we consider the case that G is
the n-qubit Clifford group. In this case,

SiG:Span{Plr®Ptrthr®PadsPad®Ptr7Pad®Pad}; (45)
SéG:Span{Pdvpid,PraPI,P[S],P{S}sP[A],P{A}}' (46)

Here, P, and P,y are two distinct irreducible representa-
tions of the Clifford group in w as introduced in Sec. II B;
Py, P, P, P, Py, Pisy, Pap, and Py are eight different ir-
reducible representations of the Clifford group in w®?
[31]. Then, the operators that can be measured via the
independent UIRS and the identical UIRS are determined by
Egs. (45) and (46), respectively.

For OTOC, the first example in this work, the observable
Ais (d® —1)? Y oepo TI(WoWo)lo ® o)) (V' ® V| satisfy-
ing A = P5?AP%?. Meanwhile, A = P;AP;. Thus, OTOC
can be measured by both the independent UIRS and the
identical UIRS. But the difference is that the former only
requires the single-exponential fitting, and the latter requires
the matrix-exponential fitting as P; contains multiple copies
of an irreducible representation of G. For unitarity, as dis-
cussed in the previous section, this quantity can be measured
via the identical UIRS. Meanwhile, the unitarity is equal to
(B2 A®?|B,)), with B, defined in Eq. (42), and corresponds
to the observable of |B,)){(B,|. Note that |B,)){(B>]| is inside
Paq ® P4 so unitarity can be also measured via the indepen-
dent UIRS. The difference between the two protocols is the
classical postprocessing and the sample complexity.

Though the two examples in this work can be measured via
both protocols, there exist examples that can only be measured
via independent UIRS. For instance, the observable Pﬁgz can
only be measured via the independent UIRS, as it does not
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FIG. 3. Convergence of estimated OTOC for (a) three qubits, (b) four qubits, and (c) five qubits. In these figures, the horizontal axis
corresponds to S, the number of sampling sequences in ka(m, S). The orange horizontal line denotes the theoretical OTOC value in the ideal
case that we want to obtain. And the blue line represents the average X over {xi, ..., xy}, for N = 400 and S,,,x = 60000 here. Moreover,
the blue vertical line represents the standard deviation for X(S). Due to the substantial size of the Clifford group, especially for qubit numbers
beyond two, exhaustive sampling from the entire Clifford group proves challenging. Instead, we opt to randomly select a subgroup from the
n-qubit Clifford group and sample from this subgroup for simulation purposes. Moreover, owing to the extensive size of the Clifford group, the
estimate x;(S) exhibits considerable variation, and ¥(S) deviates from the ideal OTOC when the number of samples S is relatively small. As
the sample size S increases, the estimated result gradually converges towards the ideal value. (d) Variance for two, three, four, and five qubits.

In this figure, we illustrate the variance of ¥(S). As X(§) is the mean value of {x;(S), ..., xy(S)}, the relationship between their variance is that
Var[x(S)] = w where N = 400 is the size of the estimates. In this figure, the horizontal axis is the logarithm of the sample number S,

and the vertical axis represents the logarithm of the variance for different qubits.

belong to Sf’ . Conversely, we found that there is no example Py = Pay - (Pag ® Pag),
that can only be measured via identical UIRS for the n-qubit P =P, P

. . . = . ® Pag)- 47
Clifford group as S® C SC. This can also be easily seen from w W (Fa @ Fo) @7
the following equations:

Thus, for the n-qubit Clifford group, Séc’ C SF’ and we con-

Pua = Fe ® P, clude that the observables that independent UIRS can measure
P =Py ® Py, contain the observables that identical UIRS can measure. This

property comes from the fact the Liouville representation
P, = Py ® P, only contains a trivial representation and another irreducible

representation for the Clifford group. For the same reason,

P =Fq - (P @ Paa), the property that independent UIRS can measure more ob-

Pis) = Pis; - (Paa ® Pag) servables than identical UIRS holds for any unitary 2-design
group [32]. Nonetheless, this phenomenon does not hold
Pisy = Pisy - (Pag ® Pad), for any group. For the Pauli group, identical UIRS can
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FIG. 4. (a) Variation of OTOC with time. In this figure, the horizontal axis is the time and the orange line is the ideal OTOC value. The
blue line is the mean value X(S) for N = 400, § = 30000, and the standard deviation of X(S) is shown as the error bar. (b) Compared OTOC
value under SPAM errors. In this figure, the horizontal axis is the probability p in the depolarizing channel, after which the state p undergoes
the transformation (1 — p)p + £1; the green line is the ideal OTOC value; the orange line is the estimated value of OTOC from our method;
and the blue line is the estimated OTOC from the statistical correlation method [21].

measure more than independent UIRS, as Sic’ C Séc’ in this
case.

IV. SIMULATION RESULTS AND ANALYSIS

In this part, we present the simulation results leveraging the
generalized UIRS protocol, primarily focusing on the estima-
tion of OTOC. OTOC is defined with a Hamiltonian evolution
and two observables V and W . In our simulation, the evolution
is a unitary dynamics, U, = e~"H!, where H is a disordered
Ising interaction [33],

— X X B z Di z
Haisordered Ising = Ji,jUi o; + 5 o; + 701' ,
i

i<j i

(48)

where J; ; = # and D; is uniformly and randomly chosen
from [—Dinax, Dmax ]. And we set the random Clifford gates to
be noiseless in the simulation. The observables V and W are
set as Pauli operators with oy, on the last qubit and o, on the
next-to-last qubit, respectively. Moreover, the POVM {E,} is
chosen as the computational-basis measurement and the initial
state p is assigned as |0)(0].

As introduced in Eq. (28), to evaluate OTOC, we first cal-
culate the correlation function f4(x, y, g', g2, m) by sampling
two sequences of Clifford gates with length m, denoted as
(g', g%). To reduce the computational difficulties, we sim-
plify the expression of Eq. (28), with the results shown
in Appendix F. Then we simulate Eq. (19) by summing
over all measurement results x and y to obtain an estimator
]EA(mv gl ’ g2): Zx,y fA(x? Y gl s g2’ m)p(xr gl )p(yv g2) Then,
we repeat sampling (g', g?) for S times to obtain the expecta-
tion, which we denote as IEA (m, S).

As we propose, the value of OTOC is related to the decay
of k4(m). Here, we take m to be 1 and 2 and employ the ratio
of Zfﬁ; to derive the OTOC estimate. From the simulation

k(2.9
ka(1,8)°
Subsequently, through the repetition of this process, we accu-

mulate a series of estimates, {x;(S), ..., xy(S)}. The ultimate
OTOC estimate is then defined as xX(S) = zlv vaz L %i(S). We
illustrate the estimated OTOC for three-, four-, and five-qubit
systems in Figs. 3(a)-3(c), respectively. The results show that
our protocol can accurately estimate the OTOC. Moreover, if
we denote the variance of X(S) as s> and the variance of x;(S)
as o2, then we have s> = %2 We show the variance of the
estimate X(S) with respect to the sampling sequence number
S for different qubit systems in Fig. 3(d).

Furthermore, since OTOC depends on the evolution time,
we demonstrate how the estimated OTOC changes with time.
We sample 10 timestamps with equal intervals and obtain
the estimated OTOC for each time, as shown in Fig. 4(a).
The results underscore that the estimate captures the temporal
evolution of the OTOC, thereby presenting a valuable tool for
investigating quantum scrambling phenomena within quan-
tum many-body systems.

As we proposed, our method is robust to SPAM error
and we compare it with another method using statistical
correlation in [21], as illustrated in Fig. 4(b). The statisti-
cal correlation method consists of applying a global unitary
to an arbitrary state and then separately measuring (W (¢))
and (VIW(#)V) to obtain the OTOC. For the SPAM error,
we introduce the depolarizing channel after state preparation
and before measurement. For the density matrix p and the
error probability p, the state undergoes a transformation to
(1 — p)p + 51 after the depolarizing channel. The simulation
result highlights the advantageous performance of our proto-
col, particularly when the SPAM errors are large.

process above, we obtain one OTOC estimate, x;(S) =

V. CONCLUSION

In this work, we propose two generalized UIRS protocols
that can be used to estimate nonlinear channel properties
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robust to SPAM errors. In these protocols, we collect shadow
data by applying random gate sequences and POVM measure-
ment and calculate the expectation of the correlation function
with shadow data from independent or identical gate se-
quences. Then, the expectation exhibits an exponential decay
against the circuit depth, from which we can extract the non-
linear property of quantum channels. We show the application
of our protocols in evaluating OTOC, an important quantity
in quantum many-body systems. From the simulation results,
we demonstrate the efficiency of our protocol and robustness
against SPAM errors. As OTOC is directly related to non-
stabilizerness [28], our protocol can be used to measure this
essential resource in universal quantum computing. Besides
OTOC, we also demonstrate the application of our protocol in
estimating other properties such as unitarity, which character-
izes the incoherence of quantum channels.

Note that in this work, we only study second-order corre-
lation functions. The whole protocol can be generalized to the
case using three or more pieces of shadow data and be used
to investigate higher-order channel properties. Meanwhile, we
can simultaneously estimate many nonlinear properties from
the same shadow data by employing the median of means
estimators [6,16]. The sample complexity would have a loga-
rithmic relationship with the number of estimation properties,
which we will detail in Appendix G. Moreover, the examples
in our work mainly focus on the n-qubit Clifford group. One
can investigate the properties derived with groups G other
than the n-qubit Clifford group and explore the possibility that
G is not a group.
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APPENDIX A: PROOF OF THEOREM 1

Theorem 1. (Exponential decay). Given a generalized UIRS
protocol with group G, the expectation value k4 (m) of the
second-order correlation function given by Eq. (21) has the
following form:

ka(m) = Tr{O{E,}, p)[D(A, M)}, (A1)

where O({E\}, p) and ®(A, A) are induced matrices de-
pendent on SPAM and channel A, respectively. If w(g) =
71(8)"" @ w|(g), where w/(g) contains no copy of 7;(g), and
w(g) = 1 (g)"* @ w)(g), where w)(g) contains no copy of
72(g), then the matrix (A, A) has the element

1
[DA, M jj = mTr[(P,- ® P))AT (P, ® Pr)A®?],
J J

(A2)

where P; and P; are the projectors onto the ith and jth copies
of 7, inside the representation w, respectively, and P; and P;
are the projectors onto the i'th and j’'th copies of 7, inside
the representation w, respectively. In the special case that the
representation  only has one copy of 7, and one copy of 1,
the matrix ®(A, A) reduces to a number.

Proof.

m

E TriBy[n(g,) ® n(e)] [[Aln (&) © w(g)] } (Ed [T Aveo(s)) Arlp) (B [ ] Arew(s?) ArlD)

i=1 i=1

Yo E . Tr{[By ® AN (AT ED] ® |Ar@N(AGENT(g),) ® 12(g2) @ 0(g),) @ w(gh)

= Y Te{[By ® [Ar(DI) (AFED] ® [AR(P) (A EDIPrsr[Pron@d @ A®)Pygs]" '), (A3)

x,yeX

where Py g, = P, @ P,

=Egeclti(gr) @ w(g)] ® Eg cqlr2(g2) ® w(g2)] is the corresponding representation average pro-

jector. If w(g) = 71(g)™ @ w|(g) and w(g) = 12(g)"> ® w)(g), the rank of Py gy, is nrin, and Prgr, (A ® A®2)Pﬂ®t2 can be
viewed as a matrix ® with dimension 7, 1,2 X n;n;;. The element of @ is given by

_ 1 T @2
b,y =—=—=Tr[(P; ® Py)A" (P @ Py)A®"], (A4)

1Pl 1Py

where P; and P; are the projectors onto the ith and jth copies of 7; inside the representation w; P; and P are the projectors onto
the 7'th and j’th copies of 7, inside the representation w. In particular, if n;; = n,, = 1, then the matrix ®(A, A) degenerates
into a real number, Tr(Prl®,2ATPfl®,2A®2) /(|Py, ||Py,]), with Py, and P,, being the projectors onto the image of 7, and 7, inside
w, respectively. ]
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APPENDIX B: PROOF OF COROLLARY 1

Corollary 1. The expectation value k4 (m) of the second-
order correlation function defined in Eq. (28) has an expo-
nential decay behavior with respect to the sequence length m,
ky(m) = a[dO(t)]"". The decay parameter is p(A) = dO(t)
with O(r) = %Tr[WTV(t)*WV(t)] being OTOC.

Proof. From Theorem 1, the function k4 (m) has an expo-

X A Tr(P2AT PE21(®?)
nential decay with decay parameter as p(A) = %
and P,q is the corresponding projector onto the representation
7,4 inside w. Hence, we only need to prove that p(A) = dO(¢).

The projector Py = Zae]P’,? loY{o| and |Py| = d?* —
1. P& = Y or.0rcp0 |01 ® 02)) (01 ® 0. For two Pauli op-
erators, there is Tr(cj07) = 8;,. Note that AT = (d? —
1)? Y oepo TIWoWo)[V ® V) (o ® o|, where W and V are
both nonidentity Pauli operators. Thus, operator AT is sup-
ported on the projection space of Pﬁz,

PS2AT P2 = AT, (B1)

The  decay  parameter now  becomes  p(A) =
1

wTr(ATL{,@Z). Before calculating p(A), we first prove that

in the expansion, |[F(W @ W))) = ZaePn Tr(WoWo)lo ®
o)), with F being the SWAP operator. In fact,

(o1 @ | F(W @ W))) = Tr[(o1 ® 02)F(W @ W)]
=Tr[F(Wo1 @ Wos)]
=Tr(WoWay)
=Tr(Wo1Wo1)d1 .. (B2)

Since F and W are Hermitian matrices, the operator AT can
be written as

AT =(d® = 1?[[VQV)(F(W @ W)|

— V@ V)(1/vVd ®1/Vd]]. (B3)
Therefore,
Tr(ATut®2)
@=1p = Tl eviiEW @ W]

—Tr([V @ V)(1® 1) /d
= (FW W)U (V) @ U (V))
— (1 NUNV) UV ))/d
= Tre{F[WU,(V) @ WU(V)]} — | TtV |?/d
= Te[WU,(VIWU(V)] = d - O@t). (B4)

Then, k() has exponential decay with the decay parameter
as p(A) =dO(). ]

Notice that the above derivation can be straightforwardly
generalized to the case that V and W are arbitrary operators
by considering the correction term |TrV |?/d. Thus, the OTOC
estimation protocol can be applied to generic observables V
and W.

APPENDIX C: GENERALIZED UIRS WITH
APPROXIMATE 2-DESIGN

As elaborated in the previous part, the OTOC can be es-
timated via the independent UIRS protocol with the Clifford
group. In practice, one can use the e-approximate 2-design
gate set to replace the Clifford group. Since normally the
approximate 2-design gate set is easier to implement, this
property can greatly enhance our OTOC estimation practical-
ity. Below, we show the faithfulness of replacing the Clifford
group with the approximate 2-design gate set. Specifically, we
show that the second-order correlation function k4 (m) for the
Clifford group and that for the approximate 2-design group
are close.

Recall that the correlation function k4 () in the indepen-
dent UIRS protocol has the following expression:

ka(m) = Tr[B'Pron, (A Paan)” ',

A =AQ A®?, (CD)
B = Z By ® [AR(DIV(AT(ED| Q |AR(D) (A (E))I.
x,yeX

We rewrite the above equation into the following form:

ka(m) = Tr[T1(B' @ A®" P2 ], (C2)

TIQT

where IT is a permutation rotating the ith part to the (i 4+ 1)-th
part, and the last part to the first part. Recall that P g., =
P, ® P, and Vi € {1, 2},

P, = E [7(g) ® w(g)] (C3)
2i€G

For the Clifford group, the irreducible representation 7; can
be taken as 1, or T,. Taking 7,4 as an instance, we can
always express T,q(g;) = Paaw(gi)Pag, With P,y the projector
into the irreducible representation space of 7,4. Given an e-
approximate design gate set {u;}, we can also define 7,q(u;) =
Paw(u;)P,q. Note that the e-approximate 2-design gate set
S¢ = {u;} have the following property [30]:

(1 — )Egec,0®(8i) < Eyesc0® ()
<A+ 6Egcc,0®(g).  (CH
‘We can deduce that
(1—€)PE <P < (1+€)PE, (C5)

where Pf is the projector E, cc,[7i(gi) ® w(g;)] averaging
over the n-qubit Clifford group C,, and P;?e is that over the
approximate 2-design gate set S€. As a consequence, we have
)" < (7

T1®n

(1 _ 6)2ITL(PC

T1®n

Tl®f2)®m

(C6)
Hence,
3" ) — kg m)|
= |Tr{r(B @ A®"H[ (P

o)™ = (Plan) )
< [(1 + 5)2m - 1]’Tr[l'[(B’ ®A/®m—l)(PTCI‘®IZ)®m]‘

= [(1 +e)*" — 11k (m). (C7)
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Thus, the relative error between the correlation functions evaluated by two gate sets is (1 + €)*" — 1. Since m is normally a
constant, we only need to set € sufficiently small to make this relative error small enough and enable the final fitting procedure.
Thus, the approximate 2-design can replace the Clifford group without compromising the faithfulness of the estimation.

APPENDIX D: SAMPLE COMPLEXITY

In this Appendix, we give a bound of the variance in the OTOC measurement protocol, which also characterizes the sampling
complexity. Recall that in the measurement protocol, By, = |o)) (E,| ® |p)) (E,| and

A=(d*-1)? Z TrWoWo)lo @ o) (V V| = (d> — 1*[JFW @ W)N(V @ V| — |1/V/d @ 1/V/d)(V ® V|], (DI)

oelP?

from which we can directly obtain that PZ;%ZAP;%2 = A. Define the projector

P= E ra(@* @ w(g) = P ® 1[ & w<g>®3]”f§2 ®1. (D2)
2eG geG
Since the Clifford group forms a 3-design [34], there is
P= Y QuxPF @1Un)(n'|PF @1, (D3)
7,1’ €Sy

where Q = (Qr ) is the Weingarten matrix, and S3 is the permutation group for three copies of the base Hilbert space, i.e.,

7 iy, i, 3) = liz1), in2), ix3)) - (D4)

Theorem 4. Viewing f4 defined in Eq. (28) as a random variable with probability distribution from the shadow data,
p(x, g")p(y, g%), the variance of this random variable is upper bounded by O(d®"~1?).
Proof.

Var([fy(m)] = E[fa(m)]* — [E fa(m)]*
m—1

2
S22, e (Tr{Bxy[fl (&) ® w(g)] [TA[n(s) ® wa(s )]}> p(x. g"p(y. g
xy °° i=1

= > Tr{[BZ? ® [Ar(DI) (A (E)| ® |Ar(P)) (A] (B ]PP*(A®* @ A®?PE2 )"
X,y

= Y e ey 0%, (D)

X,y
where ©* is the corresponding matrix with element
OF 1w = (T I[PEION(EN D PE @ [Ar(BI) (AT ED 17 ) (1| [P 10N (EY PP @ |AR(PI) (AT (EWI] I, (D6)
and 2 is the corresponding matrix with element
Qe = (7' @ WAL ® Axs ® A3 ® Aglm ® ). (D7)

Here, there are six copies of the base Hilbert space with 7, 7’ being permutation operators of copies 123 and u, u’ being
permutation operators of copies 456. In addition, the subscripts represent the copies that the operator acts on. For example, A4
is an operator on the first and the fourth copies of the Hilbert space.

Denote ||A,,x,|| = max(m, n)max; ;|A;;| and, obviously,

TrApxn < [Amxnll- (D8)
Suppose B is a n X s matrix, then
[1ABI| = max(n, s)max| Y Aj;Bje| < nmax(m, smax|A;[max|Bje| < max(m, n) max(n, sHmax|A;;max|Bjc| = [|A]|||BI!.
i, , ij J. ij J.
J
(D9)
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Then, the variance can be further bounded by the inequality

2m m—1
Vi < [ D07 Q% Q)" 0% <||®||||Q||2’"||sz||m—‘<c(rr;e;x|®i,-|>(rr;ajx|Qi,-|> (rr;e;xmm)

X,y

P ) 2m m—1 on m—1
Zc(d(d2—1)(d2—4)) (Iria}x'(a”')(%x'g”') =od” )(Iria}x'@)"f')(’?*}xm”') ’ b1

where c is a constant independent of the system dimension d and ® = Zx’y Oyy. Thus, we only need to calculate the maximal
element of matrices ® and 2.
Notice that ® = ®@®2, where the matrix © has the element

Or = Y (0 |[PE210) (ENZPE ® |Ar(P) (AFEON]Im). (D11)
The maximal element of matrix © is of the order of d [16]. Thus, max; ;|0;;| = O(d?).
To calculate the matrix €2, we notice that the projector P,q is supported on the space of traceless matrices, that is,

Pull) = " loh(ol1) =0, (1P = ) _ (llo){o|=0. (D12)

0 0
oePy oePy

The construction of A satisfies that A = PﬁZAPfgz. Thus, there are four projectors P,q acting on copies 1245 within Eq. (D7).
If one of the copies 1245 remains unchanged under a permutation, then the corresponding matrix elements of €2 are zero. For
example, we take 7 = (13) and then

P& (A1, @ Axs)PS* ® A3 ® Agl(13) @1, ® ) = 0. (D13)

Therefore, the element Q2 5, v is nonzero iff 7w, 7" € {(12), (123), (132)} and u, ' € {(45), (456), (465)}. Next, we leverage
the tool of the tensor network to calculate the element of matrix Q. From Eq. (D1), there is A®? = (d?> — 1)*(B+ C/d* — D/d —
E/d) with

B=|FW@W)?)(V®, C=[1®)(V®, D=|FW@W)@12)(V®|, E=[1QFW @ W))(V®.
(D14)

To bound the maximum element of €2, we need to calculate the maximal element of the matrices generated by B, C, and D,
respectively. By symmetry, the elements of D and E have the same order.
For B, we first take w = (123), 7’ = (12), u = u’ = (456) as an example. There is

((12) ® (456)|B @ A3 @ A¢|(123) ® (456))) =

Similarly,

{((123) ® (456)|B @ A3z @ Asl(12) ® (45))) = (D16)

From the symmetry of the system and these two examples above, we found that the maximum element corresponding to B is
obtained when 7 = 7/ = (12), u = ¢/ = (45). In this case, there is

((12)® (45)1B @ A3 @ Al(12) ® (45) = T = Te(V2)’Tr (W)’ Tr[ A(D)* = d°. (D17)
Similarly, we can obtain, for C,
Jmax (', W10 @ Ay @ Al 1) = ((12) @ (49)IC @ A3 @ Agl(12) ® (49)) = d°, (D18)
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and for D,
max (7', 1 |D® A3 ® Aglm, 1) = ((12) ® (45)ID ® A3 ® Ag|(12) ® (45)) = d°. (D19)
LTI AT
Consequently,
Var([f4(m)] < 0@*"~"). (D20)
|

From the variance of the single-shot experiment, we first calculate the variance of the estimator given in Eq. (20).
Corollary 3. Suppose the number of samples is S and the estimator for k4 (i, S) is

ka(m, §) = S(S Zf(xl,x], g.g/,m). (D21)
Then the variance has an upper bound,
- e 0™ + 35730 ™), m=1
Var[ky(m. $)] < - L50d*) + 35=p0(1), m=2 (D22)
56— I)O(dgm )+ ?gﬁio(d“'”*“)’ m> 2.

Proof. Denote s; = (x;, g') and the variance is

1
Varlka(m. S = o5 D CovLf(sivs). f(5r.57))
i#E) U]
1
= S5 1F > Covif(sisp). fGisi)l+ > CovIf(si.s). fsims7)]
i=i', j=ji#] i=il i), j£] 2T

I > Covlf(siis). fsisp)]
J=J i) il £

52(5— ZVar[f(s,,s,Hz > Covif(si,s)), fisiisi)]

i#j, j#] ]
_ %Varmsl, o+ 2822 S5 CovLFGn ). fGs1, )
SIS —-1) S(S —
1 Varfmy + 28 )Cov[f<s1,sz) Flst.sa)l. (D23)
TSS—1) 5SS —

The first term has already been given, and we only need to calculate the second term. When the sample s; is taken as a fixed
data, f(s1, s2) and f(s;, s3) are independent. Therefore,

Cov[f(s1,52), f(51,53)] = SIIES}[f(Sl, 52) — ka(m, $)ILf (51, 83) — ka(m, )]
= E(s}Esz{[f(Sl, 52) — ka(m, S)ILf (s1, 53) — ka(m, S)]‘Sl})

= IE({ISEZI[f(sl, s2)s1] — ka(m, S)} {IE[f(sl, $3)]511 — ka(m, S)})

= Var[f(s))], (D24)

where f(s1) = E;,[f(s1, s2)|s1] is the conditional expectation when sample value s; is given. Explicitly,

f(s1) = Zgz E Tr{Bxy[Tl (g,) ® (g nA () ® 7-'2(82)]}17()’7 g%)
B

cGxm
i=1

m—1
=> Tr{ [By ® |AR(DN (A EI[Ti(g),) ® P [[A @ PYA® A)(ni(g)) ® P) } , (D25)

y i=1
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where

P =Py® 1[ E w(g)®2]Pad ®1
2€G

1
= ad®1(d_2|1®2»<1®2 ®2) /®2)Pad®1

o,0'eP?
Z |G®2 /®2
N 1 o,0’elP?
1
= S IF —1%%/d)(F —1%°/d| = |B,) (B |. (D26)

Here, we use the fact that the Clifford group forms a 2-design [16].
To calculate the variance of f(s;), we need to simplify Eq. (D25). Specifically,

1@ P)A® A (u(gl) ®P)
= Y TWoWo)1® @) (@ )(lo @ o)V & VI® A)n(g) ® 187N (8]

a,a BB 0P
= Z Tr(WoWo)Tr(oa YTr(V B)Tr(e’ AB)[Io) (VITi(g}) ® la) (Bl ® lae) (B']]
a,o B, 0P
= Z Tr(WoWo)Trlo AM][lo) (VITi(g}) ® la) (B ® la) (8]
a,p,0eP?
= Z (@ — DTtWoWo)Tr[o AWV)lo ) (VT (g}) ® P = A'ti(g}) ® P, (D27)
oelP)

where A’ = (d*> — 1) Y wepo TI(WoWao)Tr[o A(V)]|o) (V]. Therefore,
m—1

fls1) = ZTri [m (Edmi(e,) [JA™( gl)} R [lp ® Ar(PI)(Ey ® Az(Ey»P’]},

i=1

1 1 1 ml
= dz—_l{Tr[pAR(,Z))] - ETr[AR(,T))]} {Tr[E A = STETAG (E, )]}Tr[m» (Edmi(sh) [T A g,)}

i=1

m—1
= O(d—‘m[m» (Edu(g,) [ A (g})] (D28)

i=1

When m = 1, there is
Var[f(s))] < O(d™?) Zg§G<(ExIf(g)lp))2((AZ(EX)Iw(g)IAR(Z))»
=0d™) ) _((E®* ® Aj(E)|P|0® @ Ar(p)))

=0 Y O x((EP)® ® AL(E)|T) (| (Paap)®* ® Ar(p))

X 7'[653

=0d HTrd = 0d™), (D29)

where the matrix ® is defined in Eq. (D11) and the elements of this matrix have the order O(d).
When m > 2, according to the conclusion in Ref. [16], the variance for f(s;) has an upper bound,

Var[f(s1)] < Od™H[11uA) (A" + [2(m — 2)*r(A"Y"Tmax{11u(A"), [11u(A)* D], (D30)
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where u(A’) = Tr(A’A’")/(d?> — 1) and r(A") = u(A")(1 + 16d~'/3). Since
Tr(A'A") = (d* — 1)? Z Tr(WoWo)Tr(Wo'Wo')Tr[o A(V)|Tr[o’ A(V)Tr(c o) Tr(V?)
o,0'eP?
=(d*—-1)d Z (TrWoWo)Tr[c A(V)]}? = (d*> — 1)%d Z Tr[o®>A(V)®?)

oelP? oelP?

= (d* — DX dTe[(F —1%%/d)A(V)®*] = (d* — 1)*d (Tr[A(V)Z] — é{Tr[A(V)]}2> = 0(d"%), (D31)

we can obtain u(A’) = O(d*) and r(A’) = O(d*). When m > 2, the variance can be bounded by 0(d*™*). When m = 2, the
variance can be bounded by O(1), which implies that the variance is bounded by a constant. From Eq. (D23), the overall
variance is

1 - 2(5-2) - _

e 0™+ 5 0™, m=1
Var[ka(m, $)] < { 55=50d*) + 352 0(1), m=2 (D32)

sEp 0@ 1) + 35280, m> 2.
|

Next, we calculate the variance of OTOC evaluated by the ratio of k4(2) and k4 (1) as shown below,
A 1 i g
A k 2,S S(S—1) i ‘f(xivx'vg7gj32)

O — 4(2,8) 55 1)2;&; J (D33)

ka(1S) sy iy SO xj g gl D)
where we assume that the numbers of samples for two cases are both equal to S. For an arbitrary m, the expectation value of
ka(m, S) is

m—1

(Tr{Bxy[n (en) @ () T T Al7 (1) @ (7)) })Pw g)p(.g")

i=1

Eka(m. S) = ka(m.S) = _

X,y

=Y Tr{[Byy ® [Ar(PI) (A} (E) ® |AR(D)) (A7 E)NP (A ® APy, (D34)

x,y

gl ,gZEG xm

When m = 1, there is

2
ka(1,8) = (Balp ® Ar(p))> [Z«Ex ® Az(Ex)le)>:|

X

1 2 N 1 Ik
= O(d—“){Tr[pAR(m] - ETr[AR@)]} {ZTr[ExAﬂEx)J - ZTrExTr[Az(Exn} =0d™). (D35

When m = 2, there is

ka(2,8) = ka(1, $)((BS*|A ® A®%|BS?))
1
= O(d—2){((3§2|[|F(W WY @ V| ® A®*]|BS?)) — E((Bg?’2|[|1 RQINVRV|® A®2]|B§®2))}

= 0(d)((BS*|[IF(W @ W) (V ® V| ® A®*]|BS?))
W] -.
— 0(d72) LAJ
T |
= O0d HTIWANVYWANV)] =0d™). (D36)

For two random variables X, Y, the uncertainty of the division X/Y is

A<}—(> ~ <“—X)2[G—’% _p v Y) | 0—3] (D37)
Y wy ) Luk x Iy uy |
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where /1y and iy are the expectation values of X and Y, respectively; o7 and o are the variance values of X and Y, respectively.
In our case, X = IEA 2,8)and Y = IEA(I, S). According to Egs. (D22), (D35), and (D36), there is

wy =0d™2), py=0d™*), of=0d*'sH+0E$™"), of =0@*sH+0@'s™. (D38)
Thus, the uncertainty for the estimator can be bounded by
ka2, S X o2 2 d® d°
ar[ A2 S)) Var(—) < <“—X) [U—’Z‘ + 6—2} - 0(—2) + 0<—>. (D39)
ka(1,8) Y Hy Ky MKy S S

APPENDIX E: PROOF OF THEOREM 3

Theorem 3. (Exponential decay). Given a generalized UIRS protocol with respect to the group G, the expectation value k4 (m)
defined with Egs. (32) and (33) has the following form:

ka(m) = Te(O(E,}, p)[ DA, A", (EL)

where O({E,}, p) and ®(A, A) are induced matrices dependent on SPAM and channel A, respectively. The matrix ®(A, A) =
P.(A ® A®?)P; has the element

[DA, M) = ﬁTr(PjATP,-AW), (E2)
J

where P; = E,egT(8) ® w(g)®?, and P; and P; are the projectors onto the ith and jth copies of 7 inside »®?, respectively. In the
special case that the representation w®? only has one copy of 7, the matrix ®(A, A) reduces into a number.
Proof.

m—1 m m
ka(m) =" JETr [megm) I1 Ar(go} (Eel [T AL ArID)(E | | Arw(e) Arlp)

x,yeX i=1 i=1 i=1

m—1
= gengr<[Bxy ® [AR(DN (AT (ED @ AR (AT ENNT(8n) ® ()™ [ [1A ® A [1(g) ® w(gi>®2]})

x,yeX i=1

=> Tr([Bxy ® [ARDN (AL ED] ® [AR(DI) (AL (E)] Lg@[dg) R w(@1A® A®2>g§G[r(g> ® w(@®)"! })

x,yeX

= Y Tr{[By ® [Ar(DN(AF(ED| ® AP (AT ENIIP (A ® AP, (E3)

x,yeX

where P; = E,cg1(9) ® (g)®? is a projector. The decay parameter P, (A @ A®?)P, can be viewed as a matrix ® with dimension
rank(P;) x rank(P;) when restricting in the space associated with projector P;. The matrix ® has the element

1
[, = ﬁTr(PjATPiA‘M), (E4)
J

where P; is the projector onto the ith copy of 7 inside w®2. ]

APPENDIX F: FORMULA SIMPLIFICATION OF EQ. (28)

In this section, we simplify the computation of Eq. (28):

m—1
fate.y.g' glom) = Tr[Bxyr(gi,,) ®1(g,) [[Ar(e) ® t(g%)}. (F1)
i=1

For the Clifford group element g, with slight abuse of notations, we denote g = w(g) = U, and 1,4(g) = 7(g). Then, g = 7(g) +
L11)(1]. When m = 1, we have

falx,y, g', g2 m) =Tr[Byt(gh) ® 1(gh)] = Trllo) (Exl ® [0) (EylT(8") ® T(gH)]
=Tr[|p) (E:|T(g)] - Tl o) (E,|T(g)] = (ExlT(g)lp)) - (EyT(gH)]p)

1 1
= ((Exl[w(gl) - Ell»«ll}lp» : ((Evl[w(gz) -5 ((1|]|/0)>

1 1
= [Tr(Exglpg‘U - ﬂ : [Tr(Eygng”) - 3]. (F2)
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For m

fax,y, g' g% m)=Tr

=Tr

Byt (g,ln) ®

>2,A=d*— 1Y ,p TIWoWo)lo @ o) (V @ VI,

Byt(g,) ®1(g) l:[ At(g)) ® f(g?)}

i=1

m—1
(g) [[@ =1 D Tr(WoWo)lo @ o) (V @ Vir(g}) ® r(g%):|

i=1 oelP?

=(d* - 1)*"D.Tr {Bxyr(gﬁn) ®1(g5) Z Tr(WoWo)lo @ o) (V @ VIt (g]) ® r(gzl):|

m—1
x |:l_[((V ®VIr(g) ®1(g) D Tr(WoWo)lo ® 0)):|.
i=2

oelP)

(F3)

oeP?

For an arbitrary normalized Pauli operator o, there is g(o) = g'og g (o) = gog’. We have that {o|t(g) = {g(o)|, and thus,

r(g:n) ® r(g%n) Z Tr(WoWo)lo @ o)) = Z TI'(WO’WO')|g’1n_l(O') ®g’2n-l(o)>>,

oelP?

(ievir(g)e(g) =(avV)egm)|

oelP)

(F4)

Denote D = (d? — 1)*"m=D, §, = 8¢ (v).2(v)- Combine Egs. (F4) and (F3); then we can obtain that

=DTr|:

=D

=D

With the equation above,

X

oelP)

-1

i=2

oelP)

m—1

[TsT[weio)]’

i=2

m—1

[Tsm[weio)]’

i=2

m—1

[Tsmwei)]’

i=2

m—1
[Tsmwein)]’
=2

m—1

[Tsmwein)]’

i=2

fatx,y.g', g8 m) =DTr {Bxy > TtWoWo)lgh, (0)® &, (@))(gl(V)® g%(w@

(lefVy® g (V)| Y Tr(WoWo)lo @ o))

oelP?

m—1
By Y TtWoWo)|g), () ® g, (0))(si(V)® g%w)q [T5:0).e0)TeWet )]’

i=2

Tr [m» (Ed @ [PV (E) Y Tr(WoWo)lg), (o) ® &, (0))(gi(V) ® ;ﬁm\}

0
oePy

(Ec®E| Y Tr(WoWo)lg, ()@ g, (@)1 (V)@ (V)|lp @ p)

oeP?

(g (E) ® g (E)] D Tr(WoWo)lo @ o){(g} (V) ® &1(V)|1p @ p))

0
oelP)

1
((gh(ED) ez>g,2,,<15y>|<|5<vvT @W)) — Sl ®1»>(<gi V)@ g (M)|lp ® p)

1
{Tr[W*gil(EanZm(Ey)] - E}Tr[g‘l (V)p]Te[g1(V)p]. (F5)

one can quickly evaluate the value of f4(x, v, g', g%, m).

APPENDIX G: SIMULTANEOUS ESTIMATION OF MANY OBSERVABLES

Here, we discuss that our methods can be used to simultaneously estimate multiple nonlinear observables. We take the
independent UIRS as an example. Concretely, we assume that the to-be-estimated nonlinear properties correspond to a set A of
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operators and, for each A € A, the second-order correlation function is

fA(-xv Vs g] ’ gzv m) = Tr{Bxy |:T1 (g;ln)

m—1

®u(g,)] [ [Aln(g) ® ()] |- (G1)

i=1

Assuming that we obtain S = NK samples in experiments, we can divide data {x;}}_, into K groups, and each group contains N
samples. For each observable f4, the median-of-means estimator is defined as

faN, K) = Median{f{"(N, 1), £PWN, 1), ..., PN, D}, where (G2)

.1 =

1
NN — 1) 2

falxi,x;, g, g/, m), V1 <k <K. (G3)

i£j.i, jelN(k—1)+1,....Nk}

Note that [6]

~ 2 1
Var[ /PN, D] < N{Var[fA‘ (. g%, m)] + Var[fi(x, g',m)] + ~ Varlfax, y, g'. g2 m}, (G4)
where
fio, g m) =E, g falx,y, g, &, m), (G5)
fAz(xv gl’m):EngzfA(x9yv glﬂ gzvm)- (G6)

Utilizing the property of the median-of-means estimator, for the level of confidence § and error €, it can be shown that [6] when

K = [2In(2|A]/8)1,

N = ’734/62 X 8 x max max {Var[ £} (v, g%, m)], Var[ i (x, g, m)], v/ Var[fu(x, . g, g2, m)]}—‘, (G7)
there is
Prf max |fy — E(f)l < €| =135, (G8)

This indicates that we can simultaneously estimate M properties of the channel while only O(In M) samples are needed.
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