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Interplay of finite- and infinite-size stability in quadratic bosonic Lindbladians
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We provide a framework for understanding dynamical metastability in open many-body systems of free
bosons, whereby the dynamical stability properties of the system in the infinite-size (thermodynamic) limit
may sharply differ from those of any finite-size truncation, and anomalous transient dynamics may arise.
By leveraging pseudospectral techniques, we trace the discrepancy between asymptotic and transient dy-
namics to the non-normality of the underlying quadratic bosonic Lindbladian (QBL) generator and show
that two distinct flavors of dynamical metastability can arise. QBLs exhibiting type I dynamical metastabil-
ity, previously discussed in the context of anomalous transient amplification [Phys. Rev. Lett. 127, 245701
(2021)], are dynamically unstable in the infinite-size limit yet stable once open boundaries are imposed.
In contrast, type II dynamically metastable QBLs, which we uncover in this work, are dynamically stable
for infinite size but become unstable under open boundary conditions for arbitrary finite system size. We
exhibit representative models for both types of metastability in the dissipative, as well as the closed-system
(Hamiltonian) settings, and analyze distinctive behavior they can engender. We show that dynamical metasta-
bility manifests itself in the generation of entanglement entropy by way of a transient which reflects the
stability phase of the infinite (rather than the actual finite) system and, as a result, is directly tied to the
emergence of supervolume entanglement scaling in type I systems. Finally, we demonstrate how, even in
Hermitian, and especially in highly non-normal regimes, the spectral properties of an infinite-size QBL are
reflected in the linear response functions of the corresponding finite QBLs by way of resonant pseudospectral
modes.
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I. INTRODUCTION

A. Context and main results

While realistic many-body systems always comprise a
finite number of constituents and have a finite spatial ex-
tent, taking the infinite-size (thermodynamic) limit plays a
foundational role and is standard practice across statistical
mechanics. In particular, only in the infinite-size limit is it pos-
sible to use statistical ensembles for recovering well-defined
macroscopic observables or describe phase transitions [1]. In
the infinite-size limit, the boundary conditions (BCs) that are
imposed on the system are taken to have negligible influence
on its thermodynamic properties; in practice, finite-size scal-
ing methods are used to infer quantities that are defined in the
thermodynamic limit (for example, critical exponents) from
experimental or numerical data on finite systems, under the
assumption that the system size may be treated as a scaling
parameter [2]. Although the existence of the thermodynamic
limit is not guaranteed and its justification is not devoid of
subtleties [3,4], it is fair to say that our intuition for how
properties of many-body quantum systems change with sys-
tem size and/or BCs is derived from our experience with
Hamiltonian—hence, Hermitian (and normal) dynamical sys-
tems. To what extent does this intuition carry over to more
general—non-Hermitian (NH) and possibly non-normal—
dynamical systems and why would this be relevant?

Scenarios where the dynamics are governed by a NH gen-
erator arise in many quantum settings of interest. On the

one hand, non-Hermiticity appears naturally in open quantum
systems [5], a prominent class being Markovian dissipative
systems, that evolve under a Lindblad master equation [6]. In
either a semiclassical or a measurement-post-selected regime
where “quantum jumps” can be neglected, the latter simplifies
to a probability-non-conserving evolution described by an
NH effective Hamiltonian. Likewise, explicitly NH descrip-
tions have long been used to model open-system behavior
phenomenologically—from the decay of unstable states to
anomalous wave propagation and localization, with impli-
cations ranging from photonic, electrical, and mechanical
systems all the way to quantum materials [7]. On the other
hand, even for a closed system, unitary dynamics can still be
retained for a class of NH, but parity-time “PT -symmetric”
[8], or “pseudo-Hermitian” [9] Hamiltonians, if one allows for
a modified inner product. Most remarkably, as a sole conse-
quence of quantum statistics, effectively NH dynamics arises
for systems of noninteracting (free) bosons under “pairing
interactions,” despite their physical Hamiltonian remaining
Hermitian at the many-body level [10]. What, then, is the
correct picture of the thermodynamic limit and its interplay
with finite size in such more general settings?

One of the counterintuitive features of NH systems is the
eponymous NH skin effect (NHSE) [11–13], whereby the
spectrum of a spatially extended, “bulk” system, that one
may think of as being in the thermodynamic limit, changes
drastically on imposing system terminations via open BCs
(OBCs), and a macroscopic number of eigenstates localize
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at the boundary. An illustrative example is the paradigmatic
Hatano-Nelson (HN) chain [14]. The eigenvalue spectrum
under periodic or bi-infinite BCs (PBCs/BIBCs) forms an
ellipse in the complex plane; in dramatic opposition, under
OBCs, the spectrum of the HN chain is purely real. Stranger
still, the spectrum under semi-infinite BCs (SIBCs) contains
the ellipse of the BIBC spectrum, in addition to all the com-
plex points in its interior [13,15].

Dramatic as it is, the NHSE is in fact a manifestation of
a more general phenomenon: The spectrum of a non-normal
dynamical generator lacks robustness against perturbations
[16]. Rather, under changes in, say, BCs, system size, or other
system-parameters, it can be strongly deformed in seemingly
unpredictable ways. Therefore, the complete characteriza-
tion of such systems requires going beyond the spectrum
and adopting mathematical tools specifically designed for
understanding highly non-normal dynamical systems. Such
tools are predicated on the fundamental notion of the pseu-
dospectrum [16,17]. In essence, the pseudospectrum is a
norm-dependent generalization of the usual spectrum of a
linear transformation. Among its many useful features, it can
provide an understanding of how the spectrum of a dynamical
system will change under a perturbation of a given size, with
the extent of the resulting spectral deformation depending on
the degree of non-normality.

In this work, we will make use of pseudospectral tech-
niques to tackle the above questions for Markovian systems
of free bosons, described by quadratic bosonic Lindbladians
(QBLs), that is, Lindblad generators that are quadratic in some
set of canonical bosonic creation and annihilation operators.
The effects of strong non-normality are particularly rich in
bosonic, as opposed to fermionic, systems because, in sharp
contrast with the latter, bosonic systems have the potential
to be dynamically unstable [18,19]. Consequently, in addi-
tion to purely unstable ones, there exist (uniquely) bosonic
systems which have stable asymptotic dynamics, yet display
unstable, amplifying dynamics for transient regimes whose
duration scales with system size. Such systems are of interest
from the point of view of nonreciprocal transport and topo-
logical amplification [20–22], along with, as of recently, the
search of topological bosonic zero modes [23,24]. In the latter
context, in particular, the notion of dynamical metastability
was put forward to describe situations where the infinite-size
dynamics controls the transient of finite-size dynamics—in
the sense that the dynamical stability properties of a QBL “in
the thermodynamic limit” can drastically differ from those of
any finite portion of the same system; yet, they nonetheless
“imprint” themselves in and are observable throughout the
transient window.

More specifically, throughout this work we shall focus on
one-dimensional (1D) “bulk-translationally invariant” QBLs,
for which (discrete) translation symmetry is possibly broken
only by BCs [24], and mathematical results from Toeplitz
operator theory can be brought to bear on the problem of char-
acterizing the relevant spectral and pseudospectral properties
[16,17]. Our key findings can be summarized as follows.

(1) By casting the discrepancy between asymptotic and
transient regimes of a system as an interplay between finite-
size effects and a nontrivial imprint of the infinite-size limit,
we establish two distinct ways in which the dynamics of

FIG. 1. Pictorial representation of BCs of interest.

a half-infinite system can differ from that of its finite-size,
open-boundary incarnations. Proper retention of boundary
information requires making the notion of “semi-infinite BCs”
mathematically precise; to do so, we argue it is necessary to
consider a semi-infinite system to be the union of two systems,
each with one (left or right) boundary (see also Fig. 1). In
this way, one mechanism for disagreement is provided by
a spectral discontinuity, whereby the limit of the finite-size
spectra for increasing system size differs from the spectrum
of the corresponding infinite system. Such a spectral dis-
continuity does not necessarily translate into a disagreement
between dynamical stability phases, however. Hence, a sec-
ond, independent notion of disagreement arises with regards
to the dynamical stability in the finite-size, as compared to
the infinite-size limit, regardless of spectral convergence. We
dub systems exhibiting this kind of dynamical-stability dis-
agreement as dynamically metastable (DM), and concentrate
on them in the remainder of our analysis. For references, the
types of finite- vs infinite-size disagreements we consider are
concisely summarized in Table II.

(2) We identify two different types of dynamical metasta-
bility, which we refer to as Type I and Type II DM,
respectively. Type I DM systems are characterized by sta-
ble asymptotic dynamics for any finite system size, but a
dynamically unstable semi-infinite limit. In contrast, type II
DM systems are dynamically stable in the semi-infinite limit
but display asymptotically unstable finite-size dynamics. Both
type I and type II systems host anomalous transient dynamics.
Type I systems have amplifying transient dynamics, whereby,
despite asymptotic stability, they appear dynamically unsta-
ble. In this regime, observable expectation values can grow
exponentially for a period of time that diverges with system
size. Likewise, type II systems appear stable, for increasingly
long times with growing system size, until exponential in-
stabilities eventually set in. In both scenarios, the transient
dynamics of a finite-size truncation reflects the stability phase
of the corresponding (semi-)infinite system, more and more
reliably so as the system size grows. From a physical stand-
point, one may think of the the above as reflecting the fact
that, the larger the system, the longer its dynamics takes to
become aware of its boundaries; therefore, the finite system
temporarily behaves akin to its infinite-size counterpart. Math-
ematically, the transient behavior can be gleaned from the
pseudospectrum of the system, which acts like the spectrum
for a transient period of time. We introduce several model
QBLs to concretely illustrate these ideas, both in the open
Markovian setting and in the closed-system limit, whereby
the dynamics is generated by a quadratic bosonic Hamiltonian
(QBH).
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(3) We conjecture that the discrepancy between the tran-
sient and asymptotic dynamics in a DM system of both type
I and type II can be detected by any physical quantity whose
scaling with system size changes depending on the dynamical
stability phase of the underlying QBL (or QBH). We test this
conjecture by examining the rate of generation of bipartite en-
tanglement entropy (EE) over time, for different system sizes.
For QBHs initialized in a pure Gaussian state, the scaling
of asymptotic EE has been shown to be directly tied to the
dynamical stability properties of the Hamiltonian [25]. Conse-
quently, it stands to reason that in the transient period, during
which a DM system appears to be in a stability phase different
from the true one, the EE will also scale in accordance with
the stability phase of the semi-infinite system. Indeed, for our
model QBHs, we find that type I DM systems experience size-
dependent transient EE growth with the rate characteristic of
their unstable infinite-size limits, whereas type II ones exhibit
transiently stable EE behavior, before an unstable EE growth
regime sets in. Notably, these results provide an explanation
for the recently reported “supervolume scaling” law of the
asymptotic EE in a family of QBH models [26], which we
recognize as belonging to our type I DM class.

(4) We show that the nature of the semi-infinite limit has
direct implications for the linear response of the finite system
to a weak external drive, computed under OBCs. Surprisingly,
we find that, even in the Hermitian (normal) limit, the suscep-
tibility matrix can display resonant-like behavior for a range
of drive frequencies that are not in the exact spectrum of
the physical system. Instead, despite the finite system size,
such “pseudoresonances” arise for drive frequencies that are
in the infinite-size spectrum, hence the pseudospectrum of the
physical system. To drive this idea home, we verify that the
response of the system can change drastically as the pseu-
dospectrum is varied, but the spectrum is kept unchanged.
Furthermore, we show that the the response function exactly
reflects the spatial structure of the pseudospectral modes at
the drive frequency, away from the spectrum of the system.
Our results strongly support the idea that the pseudospectrum,
rather than the spectrum, provides the appropriate tool for
predicting and interpreting the linear response of non-normal
dynamical systems in general.

In more detail, the content of the paper is organized as
follows. In Sec. II, we describe the class of QBLs of in-
terest, recall relevant notions of stability, and introduce the
different kinds of BCs we will use; a self-contained intro-
duction to the pseudospectrum and related mathematical tools
is also provided. The exposition of original work starts in
Sec. III, with an in-depth exploration of the notion of dynam-
ical metastability and its relationship with the finite/infinite
system dichotomy. The two main types of dynamical metasta-
bility are introduced and discussed in this section, as well as
the relationship to anomalous relaxation. In Sec. IV, we show
how our general framework is actionable by turning some
of its tenets into design principles for constructing concrete
models of interest, which serve to illustrate various facets
of dynamical metastability. Finally, in Sec. V, we explore
the implications of dynamical metastability from the point
of view of EE generation and linear response behavior. We
conclude in Sec. VI with a summary and an outlook to future
research.

The Appendices collect important supporting calculations,
along with mathematical results which may be of indepen-
dent interest. In particular, in Appendix A we summarize the
basic results of Krein stability invoked in the main text. In
Appendix B 2, we adapt the Wiener-Hopf matrix factorization
method, introduced in Ref. [27] in the context of free-fermion
physics, for determining partial indices of a class of Toeplitz
operators. In Appendix C, we rigorously justify an upper-
bound relating the dynamical stability properties of finite-
vs infinite-size block-Toeplitz systems, while in Appendix G,
the general formalism for linear response of Markovian open
quantum systems [28] is specialized to QBLs.

B. Relation to existing work

Pseudospectra have been extensively used in applied math-
ematics [16] and various areas of physics and engineering
[29–33], as a method for studying the sensitivity of a non-
normal matrix or an operator to perturbations, in addition
to describing the transient evolution of a dynamical system.
The pseudospectrum of a non-normal dynamical generator,
which can be very different from its spectrum, is instrumen-
tal for making sense of the intuition-defying consequences
of non-normality that have been observed in different con-
texts. Applications of pseudospectra to non-normal dynamics
of many-body quantum systems have been considered only
recently. First employed in Ref. [34] to elucidate the ro-
bustness of emerging topological zero modes, pseudospectra
have then been further used to explore the interplay between
robustness and sensitivity [35] in lattice systems described
by explicitly NH Hamiltonians. In a dynamical context, a
nontrivial pseudospectrum was conjectured in Ref. [36] to be
responsible for the anomalous relaxation behavior reported
in Ref. [37] for dissipative systems exhibiting a “Liouvillian
NHSE.” For discrete-time dynamics, similar “two-step” relax-
ation behavior has been reported for random quantum circuits
and eventually interpreted, again, on the basis of the pseu-
dospectrum [38,39]. Our use of pseudospectral techniques in
this work builds and expands on our previous contributions
[23,24] by maintaining a specific emphasis on noninteracting
many-body bosonic systems, evolving under a QBL or QBH.

We stress that other notions of metastability have also
been explored, in particular, in the context of generalizing
notions from classical stochastic dynamics to Markovian open
quantum systems [40,41]. The key observation therein is
that, in certain parameter regimes of some fixed (and finite-
dimensional) Lindblad generators, a separation in dynamical
time scales can be engendered by a separation of the real
parts of a number of eigenvalues from those of the remaining
ones. As a consequence, a manifold of long-lived, “metastable
states” emerges, which appear stationary for a long time be-
fore the system relaxes to the true steady state at a much larger
time scale, set by an eigenvalue with the smallest (in magni-
tude) real part. While in our case a delayed relaxation to the
steady state manifold can also occur, the notion of dynamical
metastability we consider is fundamentally different, in that
it is associated to the “spontaneous” loss or restoration of
dynamical stability in the infinite system-size limit. Further
to that, finite-dimensional systems as considered in the above
works are guaranteed to be dynamically stable, since their
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spectra are bounded in the left-half complex plane. Thus, the
behavior we characterize here as dynamical metastability is
distinctively afforded to us by the infinite-dimensional nature
of the bosonic Fock space.

II. BACKGROUND

A. Quadratic bosonic Lindbladians

We focus on a class of multimode, noninteracting bosonic
systems linearly coupled to a Markovian reservoir. The dy-
namics of any Markovian open quantum system is governed
by the Lindblad master equation, ρ̇(t ) = L(ρ(t )), with the
density operator ρ(t ) describing the state of the system at time
t � 0 and the Lindbladian generator having, in units h̄ = 1,
the canonical (diagonal) form

L(ρ) = −i[H, ρ] +
d∑

μ=1

(
LμρL†

μ − 1

2
{L†

μLμ, ρ}
)

≡ −i[H, ρ] +
d∑

μ=1

D[Lμ](ρ). (1)

Here the commutator term, with H = H†, accounts for the
unitary contribution to the dynamics, whereas the d dissi-
pators D[Lμ] encode the action of d different dissipative
channels, characterized by Lindblad (or jump) operators that
we take to be traceless. We further assume that none of
the operators H, Lμ are explicitly time dependent, making L
a linear, time-invariant superoperator. Oftentimes it is more
convenient to express the dissipative part in terms of a set
of physically relevant system operators, say, {Aj}n

j=1, such
that Lμ ≡ ∑n

j=1 l jμAj, l jμ ∈ C. In this way, we arrive at the
Gorini-Kossakowski-Lindblad-Sudarshan (GKLS, nondiago-
nal) representation of the Lindbladian:

L(ρ) = −i[H, ρ] +
n∑

j,k=1

M jk

(
AkρA†

j − 1

2
{A†

jAk, ρ}
)

,

where the n × n GKLS matrix M jk ≡ ∑d
μ=1 l∗

jμlkμ is posi-
tive semidefinite. Equivalently, we may describe the system
dynamics in the Heisenberg picture, where states are station-
ary and instead, operators representing observables, B = B†,
evolve in time according to Ḃ(t ) = L�(B(t )), with

L�(B) = i[H, B] +
∑

jk

M jk

(
A†

jBAk − 1

2
{A†

jAk, B}
)

.

The dual generator L� is the Hilbert-Schmidt adjoint of L,
ensuring that the relationship tr[Bρ(t )] = tr[B(t )ρ(0)] is sat-
isfied, for arbitrary observables B and initial states ρ(0).

Specializing to bosonic lattice systems, we introduce N
bosonic modes with creation and annihilation operators a†

j and
a j , j = 1, . . . , N , satisfying the canonical commutation rela-
tions (CCRs) [ai, a†

j ] = δi j1F , with 1F denoting the identity
on Fock space. While terms that are linear in the creation and
annihilation operators may be considered in the broader class
of “quasifree” [19] (or Gaussian [42]) Markovian dynamics,
in what follows we will be interested in purely quadratic
bosonic Lindbladians. In this case, the Hamiltonian H is taken

to be a QBH, namely, a Hamiltonian quadratic in the bosonic
creation and annihilation operators, while the operators Lμ are
assumed to be linear in the creation and annihilation oper-
ators. Physically, QBLs describe a set of noninteracting (or
mean-field interacting) N bosonic modes, which in general
are both coupled to one another coherently, via the QBH H ,
and dissipatively to a Markovian quantum bath, via the set
{Lμ}d

μ=1.
Mathematically, QBHs can be expressed in the form

H = 1

2

N∑
i, j

(Ki ja
†
i a j + �i ja

†
i a†

j + H.c.),

with K = K†,� = �T in order to preserve both Hermiticity
of H and bosonic CCRs. In analogy with fermionic systems,
we call K,� the hopping and pairing matrices, respectively.
Physically, Ki j encodes passive hopping between modes i and
j when i �= j and an onsite energy term when i = j, while
�i j represents a (coherent) “bosonic pairing” coupling. For
instance, in photonic implementations, it describes a pairwise
nondegenerate parametric amplification (or two-photon) pro-
cess when i �= j and a degenerate one when i = j. The latter
processes typically arise in physical systems as mean-field (or
“linearized”) incarnations of three- or four-wave mixing with
a set of auxiliary modes [43].

A QBH can be more compactly defined in terms of the
bosonic Nambu array, � ≡ [a1, a†

1, . . . , aN , a†
N ]T , namely,

H = 1
2�†H� + 1

2 tr K,

where H is a 2N × 2N block-Hermitian matrix with the (i j)th
block given by

[H]i j =
(

Ki j,�i j

�∗
i j, K∗

i j

)
.

Additionally, H = τ1HT τ1 in terms of the Nambu-space Pauli
matrix τ1 ≡ 1N ⊗ σ1, with 1N the N × N identity matrix
and σ1 the usual Pauli matrix. By defining τ2 and τ3 in an
analogous way, we have

�† = (τ1�)T , [�i,� j] = (iτ2)i j1F , [�i,�
†
j ] = (τ3)i j1F .

In this Nambu formalism, the Lindblad operators that enter
the dissipative part of the evolution may be expressed as Lα =∑d

j=1 l jα� j . It follows that

D(ρ) =
∑

jk

M jk

(
�kρ�

†
j − 1

2
{�†

j�k, ρ}
)

,

with the 2N × 2N GKLS matrix M defined as before.
As it turns out, the Heisenberg picture proves most con-

venient for our purposes. The associated equations of motion
(EOMs) for the creation and annihilation operators are

�̇(t ) = L�(�(t )) = −i G�(t ), (2)

where G is the dynamical matrix given by

G = τ3H − i

2
τ3(M − τ1MT τ1). (3)

Generically, G is NH and, in fact, non-normal. That is,
GG† �= G†G. As such, it need not be diagonalizable and
has generally complex eigenvalues. However, it satisfies
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the “charge conjugation” symmetry property G = −τ1G∗τ1,
and hence its spectrum, denoted by σ (G), obeys σ (G) =
−σ (G)∗. For unitary evolution (D = M = 0), the dynamical
matrix for a QBH is given by G = τ3H. However, the same
simplification can occur also for a nonvanishing dissipator,
provided that the GKLS matrix satisfies the condition M =
τ1MT τ1. As one may verify, this condition implies that the
semigroup generated by L is unital (or bistochastic), that
is, we have L(1F ) = 0 (note that L�(1F ) = 0 always holds,
given the trace-preserving property of the generator) [44].
In this case, in addition to the symmetry property described
above, G obeys a pseudo-Hermitian constraint, G = τ3G†τ3.
Altogether, σ (G) then enjoys a fourfold symmetry about both
the real and imaginary axes.

It is tempting to conclude that, armed with the dynamics of
�(t ), we can construct the dynamics of arbitrary observables,
algebraically built from creation and annihilation operators.
Indeed, without dissipation (D = 0), this is the case. However,
in the presence of dissipation, the Heisenberg dynamics of a
product (B1B2)(t ) need not be equivalent to the product of the
individual Heisenberg dynamics B1(t )B2(t ). In particular, for
QBLs and by letting Q ≡ ��†, the EOM for quadratic forms
is given by

Q̇(t ) = L�(Q(t )) = −i(GQ(t ) − Q(t )G†) + τ3Mτ31F . (4)

While complete information about the dynamics result-
ing from arbitrary initial conditions requires knowledge of
the evolution of arbitrary high-degree operators, solving
Eqs. (2) and (4) suffices to completely determine the dy-
namics generated from Gaussian initial states, since their
Gaussian character is preserved [42]. Furthermore, a signif-
icant amount of information about the stability of a QBL
can be inferred from its dynamical matrix, as we discuss
next.

B. Notions of stability for QBLs

1. Dynamical stability

Since, for bosonic systems, the underlying Fock space is
infinite-dimensional, the expectation values of observables of
interest can, in principle, be unbounded. Hence, the poten-
tial exists for dynamical instabilities to arise. We say that
a QBL (or QBH, in the unitary case) is dynamically stable
whenever it generates bounded evolution of all observable
expectation values for arbitrary (normalizable) states, and
dynamically unstable otherwise. While a finite-dimensional
Lindbladian always possesses at least one steady state (SS),
and the structure of its fixed points is well-characterized (see,
e.g., Ref. [45]), the SS manifold can be empty in infinite
dimension. For a QBL, it is known that it is dynamically
stable if and only if it admits a SS, that is, a state ρss satis-
fying L(ρss ) = 0. Further, the existence and number of SSs
are nearly completely determined by the dynamical matrix
through the rapidity spectrum, σ (−iG) [18]. Let the stability
gap of the QBL be defined as [24]:

�S ≡ max Re[σ (−iG)]. (5)

It follows that for �S < 0, a unique SS exists and the QBL is
dynamically stable. In this case, asymptotic relaxation to the
SS is characterized in terms of the Lindblad gap (also known

TABLE I. The relationships between the stability gap �S

[Eq. (5)], the dynamical stability, and the number of SSs of a QBL.

Stability gap Dynamical stability Number of SSs

�S < 0 Stable One
�S = 0 Stable/unstable Zero or infinite
�S > 0 Unstable Zero

as the spectral or dissipative gap):

�L ≡ | sup Re[σ (L) \ {0}]|.
Quantitatively, the worst-case distance from the SS is bounded
exponentially in time according to:

sup
ρ(0)

‖ρ(t ) − ρss‖tr � Ke−�Lt , K > 0, (6)

where the trace norm is ‖A‖tr ≡ tr[
√

A†A]. As it turns out,
�L = |�S| = −�S when the SS is unique [18]. On the con-
trary, if �S > 0, then the system possesses no SS and is thus
dynamically unstable. Finally, the marginal case �S = 0 can
feature either infinitely many or zero SSs, with the former
(latter) case being dynamically stable (unstable). These results
are summarized in Table I.

While the above considerations apply to arbitrary QBLs,
additional conclusions can be made for the special case
where the dynamical matrix in Eq. (3) attains the simple
form G = τ3H. As we discussed, the latter can equivalently
describe purely Hamiltonian, unitary dynamics or (a class
of) nonunitary but unital dynamics. Either way, the effective
decoupling of arbitrary linear operators from the dissipation
engenders a constraint on the stability gap. As remarked, G
is pseudo-Hermitian in this case, implying that its rapidity
spectrum enjoys the same fourfold symmetry the spectrum
does. It follows that �S � 0 for this subclass of QBLs. This
is not only consistent with the fact that any unitary or unital
dynamics is generically rich in SSs, but it grants us fur-
ther tools for assessing dynamical stability in the marginal
case �S = 0. As shown in Ref. [46], a system described
by such a pseudo-Hermitian dynamical matrix G is dynam-
ically stable if and only if �S = 0 and G is diagonalizable.
If there exists a point in parameter space where G loses
diagonalizability—a so-called exceptional point (EP)—then
the normal mode corresponding to the associated general-
ized eigenvector will diverge polynomially in time. Notably,
the existence of an EP implies that G is non-normal, as
otherwise it could be unitarily diagonalized. The extreme
nature of this non-normality may be appreciated by noting
that the emergence of an EP requires that (at least) two
eigenvectors coalesce, implying maximal overlap while, in
the normal case, distinct eigenvectors always have vanishing
overlap.

Even when the system described by G is dynamically
stable, it may be susceptible to instabilities resulting from
arbitrarily weak perturbations. Such a scenario corresponds to
the occurrence of a so-called Krein collision (KC) in the dy-
namical matrix spectrum (see Ref. [46] as well as Appendix A
for a basic summary of Krein stability theory). Recall that a
KC is said to occur at an eigenvalue ω ∈ σ (G) if there exist
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corresponding eigenvectors 	ψ± with opposite Krein signature,
that is, 	ψ†

±τ3 	ψ± = ±1. For a QBH, one may check that this
ensures the existence of a pair of equal and opposite excitation
energies. Altogether, instabilities of a QBH or a unital QBL
are signaled by either nonreal eigenvalues, in which case
�S > 0, or by spectral degeneracies of either a EP or KC type,
when �S = 0.

2. Thermodynamic stability

A distinct notion of stability exists in the unitary context
of QBHs, namely, thermodynamic stability. A QBH H is
thermodynamically stable if the energy expectation value 〈H〉
is bounded from either below or above (in the case where
〈H〉 is bounded from above, one may simply work with
the Hamiltonian H ′ ≡ −H , which is bounded from below).
This requires the existence of a many-body ground state and
quasiparticle excitation energies that are either all nonnegative
or nonpositive, respectively. Mathematically, one may assess
thermodynamic stability based on whether or not H is positive
(negative) semidefinite [46].

A thermodynamical instability (sometime also referred
to as a “Landau instability” [47]) may arise due to a dy-
namical instability—a notable example being a squeezing
QBH H ∝ a†2 + a2, which is both dynamically and thermo-
dynamically unstable; or it can arise due the simultaneous
emergence of a positive and negative energy excitation,
i.e., a KC at a nonzero energy—for example, in QBHs of
the form H ∝ a†a − b†b, which arise in certain cavity-QED
contexts [46,48]. Notably, however, dynamically unstable
systems need not be thermodynamically unstable. The sim-
plest such example is a free particle QBH, H = p2/2m,
which exhibits a linear-time dynamical instability 〈x(t )〉 =
〈p(0)〉t/m + 〈x(0)〉, despite being bounded from below. We
note in passing that, in the context of QBLs, it is tempting
to consider a notion of a QBL exhibiting a form of ther-
modynamical stability, if it admits a Gibbs state of a QBH
as its (unique) SS. While a characterization of such semi-
groups is available [49], we do not elaborate further on this
here.

C. One-dimensional bulk-translationally invariant systems

We now specifically focus on QBLs that are defined on
a 1D lattice and enjoy bulk-translation symmetry, that is,
whose dynamics are invariant under discrete translations up
to BCs. More formally, if S denotes any (unitary) discrete-
translation operator, then we demand it to be a weak symmetry
of the dynamics [24,50], in the sense that the correspond-
ing superoperator commutes with the QBL, [L,S] = 0, with
S (ρ) ≡ SρS−1. This will allow us to explore the dynamical
consequences of changing the BCs while keeping the bulk
invariant.

Consistent with the above requirement, we assume that all
coherent and incoherent couplings depend only on the relative
separation between sites (subject to BCs). Furthermore, we
will assume that all couplings are of finite range, that is, the
coupling between sites j and j + r vanishes for r � R, for
some R > 0. As such, BCs are encoded into modifications to
the couplings between modes within R sites of the boundary.

Four main types of BCs play an important role in our analysis
(see Fig. 1 for an illustration):

(i) OBCs: A finite chain of lattice sites with a hard-wall
boundary on each side.

(ii) PBCs: A finite number of lattice sites arranged on a
ring, with no boundaries.

(iii) SIBCs: A pair of disjoint chains, each extending in-
finitely in one direction, to the left or the right, with a
boundary on the other end.

(iv) BIBCs: A chain extending infinitely in both directions,
with no boundaries.

The Hamiltonian and the dissipative contributions to a
bulk-translationally invariant QBL then take the form:

H = 1

2

∑
j

R∑
r=−R

φ
†
j hrφ j+r,

D�(A) =
∑

j

R∑
r=−R

(
φ

†
j A mrφ j+r − 1

2

{
φ

†
j mrφ j+r, A

})
,

where φ j ≡ [a j, a†
j ]

T is the local Nambu array for site j, and
hr, mr are 2 × 2 matrices that encode, respectively, coherent
and incoherent couplings between sites j, j + r. Furthermore,

h†
r = h−r, m†

r = m−r, hr = τ1h∗
r τ1.

Imposing BCs is accomplished in two steps. First, restrict the
sum over j in the above expressions to include only physical
lattice sites. For example, for a finite chain under OBCs or
PBCs we have j = 1, . . . , N , while for SIBCs and BIBCs
we take j = 1, 2, . . . and j = 0,±1, . . ., respectively. Second,
if imposing OBCs or SIBCs, then set φ j+r = 0 if j + r lies
outside of the lattice label range. If imposing PBCs, then take
instead φ j+r = φ|N−( j+r)| so that, for example, φN+r = φr .

From here, the relevant dynamical matrix is found to be

gr = τ3hr − i

2
τ3(mr − τ1m∗

r τ1) = −τ1g∗
r τ1,

G = 1N ⊗ g0 +
R∑

r=1

(Sr ⊗ gr + S†r ⊗ g−r ). (7)

Denoting 	e j as the jth canonical basis vector in CN , the BCs
are then imposed through an operator S specified as follows:

S ≡

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

TN ≡ ∑N−1
j=1 	e j 	e †

j+1 OBCs,

T ≡ ∑∞
j=−∞,�=0 	e j	e†

j+1 SIBCs,

VN ≡ ∑N−1
j=1 (	e j 	e †

j+1 + 	eN 	e †
1 ) PBCs,

V ≡ ∑∞
j=−∞ 	e j	e †

j+1 BIBCs.

(8)

We will drop the subscript N when the context is clear.
For a translationally invariant system under PBCs, or

BIBCs, the dynamical matrix in Eq. (7) takes a banded block-
circulant matrix, or a banded block-Laurent operator form,
respectively. Here the “banded” qualifier is a result of consid-
ering finite-range couplings. The rapidities of such a system
can be obtained through a block-diagonalization of the trans-
lational symmetry, by moving to momentum (Fourier) space.
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Focusing on the case of BIBCs for simplicity, let

bk ≡
∑
j∈Z

e−ik ja j, k ∈ [−π, π ],

with k being the conserved crystal momentum in the
Brillouin zone. The dynamics of the resulting Fourier modes
φ̃k ≡ [bk, b†

−k]T are then governed by the Bloch dynamical
matrix:

˙̃
φk (t ) = −ig(k)φ̃k (t ), g(k) ≡

R∑
r=−R

greikr . (9)

The rapidities of the system under BIBCs are thus given by the
rapidity bands λn(k) ∈ σ (−ig(k)), with n being the band in-
dex. For PBCs, the argument follows an identical route, except
for the fact that the continuous Brillouin zone is replaced with
an appropriate discrete subset of N crystal momenta km. The
full set of PBC rapidities are then {λn(km)}. Thus, the PBC ra-
pidities converge to the BIBC rapidities as N → ∞, in which
case the set {km} becomes dense in [−π, π ]. Importantly, we
will see that such a convergence property need not hold for
systems under OBCs or SIBCs.

Imposing hard-wall boundaries greatly complicates the
problem of computing rapidities. Mathematically, the dynam-
ical matrix of a SIBCs corresponds to a direct sum of two
banded block-Toeplitz operators, one acting on a semi-infinite
system with a left and the other on the one with a right
boundary (see Appendix B 1). Thankfully, the spectrum of
this class of operators has been completely characterized in
terms of the corresponding Laurent operator (i.e., the BIBC
dynamical matrix) and its symbol,

g(z) ≡
R∑

r=−R

grzr, z ∈ C. (10)

Notably, the restriction of the symbol to the unit circle corre-
sponds to the Bloch dynamical matrix [17]. Applying these
results to our context, it follows that the rapidity spectrum
of the SIBC system is given by the rapidity spectrum of the
corresponding BIBC system, together with all points λ such
that −ig(z) − λ12 has nonzero partial indices. While a com-
plete technical account of partial indices is beyond the scope
of this paper, it is appropriate to think of them as a suitable
generalization of winding numbers of the rapidity bands λn(k)
about the point λ [24], for operators with a block structure.
Partial indices may be computed through the use of Wiener-
Hopf matrix factorization techniques, originally developed for
1D fermionic Hamiltonians in Ref. [27] (see Appendix B 2).
In Appendix B 2 b, we provide an explicit application of these
methods to QBLs of interest.

As for a system under OBCs, the corresponding dynami-
cal matrix GN is a banded block-Toeplitz matrix. Unlike the
previous three BCs, there is no simple prescription one can
follow to characterize its rapidities. At variance with PBCs, in
general we may now expect that

σ
(
GOBC

N

)
� σ (GSIBC) ≡ σ (G∞). (11)

Most surprisingly, the spectrum of a system under OBCs need
not converge to that of the semi-infinite system in general [51]:

lim
N→∞

σ
(
GOBC

N

) �= σ (G∞), (12)

This so-called spectral disagreement, which represents the
degree to which a finite-size system truncation fails to dis-
play the characteristics of the infinite-size system (or, vice
versa, the degree to which the infinite-size idealization fails
to predict characteristics of the realistic finite-size system),
is known to be a consequence of extreme non-normality
[16,24]. Notwithstanding, useful connections between finite
and infinite-size systems may be established if we instead
consider a suitably generalized notion of the spectrum.

D. The pseudospectrum

Due to their extreme sensitivity to perturbations, non-
normal operators are better characterized by their pseudospec-
tra, rather than spectra [16]. Simply put, the pseudospectrum
of a matrix or operator is its “approximate spectrum.”
However, for non-normal matrices, the points in the pseu-
dospectrum are not necessarily “close” to the points in the
spectrum. Mathematically, the ε pseudospectrum of a matrix
A is defined as:

σε (A) ≡ {z ∈ C : ‖(A − z1)−1‖ > ε−1}. (13)

We will work with ‖ · ‖ = ‖ · ‖2, the induced matrix 2-norm;
however, unless otherwise specified, all results hold for other
induced norms. While for normal matrices the resolvent norm
‖(A − z1)−1‖ is only “large” when z is close to some λ ∈
σ (A) (say, within an ε ball), this is not generically true for
non-normal ones. Generally, one can show that:

σε (A) ⊇ { λ : | λ − λ0| < ε, λ0 ∈ σ (A) }.
For the specific choice of a matrix 2-norm, the inclusion be-
comes an inequality when A is normal. However, for a highly
non-normal A, σε (A) is no longer just the union of open balls
of radius ε around each point in the spectrum. Thus, arbitrarily
small perturbations can drastically affect the spectrum of a
non-normal matrix. To understand why, an equivalent defini-
tion of the pseudospectrum to the one given in Eq. (13) is
useful. Namely,

σε (A) = {z ∈ C : z ∈ σ (A + E), ∀‖E‖ < ε}. (14)

In words, every point in the ε pseudospectrum of A is an
eigenvalue of some matrix obtained by perturbing A with a
perturbation of size less than ε. This alternative characteri-
zation of pseudospectrum also reveals its intrinsic robustness
against perturbations: Equation (14) implies that

σε (A + F) ⊆ σε+δ (A), ‖F‖ = δ.

The pseudospectra for the classes of operators considered
in the preceding subsection have been extensively studied in
the mathematical literature [17]. One of the most useful re-
sults for our purposes captures the well-behaved nature of the
pseudospectrum as N → ∞, that is (see also Appendix B 1):

lim
ε→0

lim
N→∞

σε

(
GOBC

N

) = σ (G∞). (15)

This equality is one of the powerful tools of pseudospectral
theory. In words, as N grows, the pseudospectrum of the OBC
dynamical matrix approximates increasingly better the semi-
infinite spectrum. To put it another way, given z in the SIBC
spectrum, for large enough N , z will be in the ε pseudospectra
of the OBC chain, for arbitrary ε > 0. In this sense, the ε
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pseudospectra, with ε small, are the “imprints” of the exact
infinite-size spectrum.

Two remarks are in order. First, in light of the pseudospec-
tral formulation of Eq. (15), the generic spectral disagreement
for Toeplitz operators captured by Eq. (12) can then be re-
expressed as a noncommuting limit

lim
N→∞

lim
ε→0

σ
(
GOBC

N

) �= lim
ε→0

lim
N→∞

σε

(
GOBC

N

)
. (16)

This appears strikingly similar to the noncommuting limits
typically encountered in the theory of spontaneous symmetry
breaking. Second, a nonrigorous physical argument can be
provided to understand why the ε pseudospectrum does cap-
ture the infinite-size spectrum increasingly well. Suppose that
	v is an eigenvector of the infinite-size system corresponding
to an eigenvalue z with |z| < 1 (and thus, not in the BIBC
spectrum). Truncating this edge-localized vector by retaining
only the weights on the first N sites will, generically, not
provide an exact eigenvector of the finite system. Nonetheless,
it is reasonable to expect that this truncation will provide an
approximate eigenvector, with a correction depending on the
size of the removed tail piece (which is set by the localiza-
tion length | ln |z||−1). Since the removed tail is exponentially
small as N grows, the error ε will shrink accordingly.

As it turns out, the notion of an approximate eigenvector
introduced above is a useful conceptual tool in and of itself,
and can be used to obtain yet another equivalent definition of
the pseudospectrum. Namely,

σε (A) = {z ∈ C : ‖(A − zI)v‖ < ε, ‖	v‖ = 1}. (17)

Here z ∈ C is an ε pseudoeigenvalue of A, with 	v ∈ Cn

the corresponding ε pseudoeigenvector. From a dynamical
standpoint, for sufficiently small timescales, pseudoeigenvec-
tors behave like exact normal modes [16,24]. This means
that while the spectrum governs the long-time dynamics, the
pseudospectrum is responsible for the short-time transient
dynamics. In highly non-normal cases, this is known to en-
gender sharply different transient and asymptotic dynamics
[16]. In the following section, we turn to characterizing this
phenomenon, which we term dynamical metastability, using
tools and insights of pseudospectral theory.

III. DYNAMICAL METASTABILITY AND THE IMPRINT
OF THE INFINITE-SIZE LIMIT

A. The landscape of possibilities

Let us summarize the four key facts identified so far:

(1) The dynamical stability of a QBL is largely controlled
by the spectral structure of its dynamical matrix.

(2) The dynamical matrix of a 1D bulk-translationally
invariant QBL with open boundaries or full translation invari-
ance is, for finite N , either a block-Toeplitz or block-circulant
matrix, respectively. For an infinite number of sites, N → ∞,
it is a block-Toeplitz or a block-Laurent operator, respectively.

(3) The spectra of these well-investigated matrices can
depend strongly on the system size and fail to converge to
those of their infinite-size counterparts; the pseudospectrum
provides a more reliable, well-behaved tool for bridging ma-
trices (N finite) to operators (N infinite).

TABLE II. Classification of bulk-translationally invariant QBLs
with boundaries, based on the notions of dynamical and spectral
disagreement between finite vs infinite size. Systems with dynamical
disagreement exhibit a stability phase transition either as N → ∞, or
for N > Nc. For systems with a discontinuous (as N → ∞) stability
gap, the finite-size spectrum does not converge to that of the corre-
sponding infinite-size system with growing system size. Note that, in
principle, it is possible for the full spectrum to display a discontinuity
in the infinite-size limit while maintaining continuity of the stability
gap. We leave explorations of this case to future work.

Dynamical Stability
stability gap OBC SIBC

QBL class disagreement discontinuity stability stability

Type I DM � � Stable Unstable
Type II DM � × Unstable Stable
Anomalously × � Stable Stable
relaxing
Well Stable Stable× ×behaved Unstable Unstable

(4) The pseudospectrum plays an essential role in deter-
mining the transient behavior of a non-normal dynamical
system.

Altogether, the above observations lead us to introduce a
dynamical classification scheme for 1D bulk-translation in-
variant QBLs based on the notions of (i) dynamical-stability
disagreement and (ii) stability gap discontinuity—between
finite and infinite-size systems (see Table II) .

To be more concrete, given a fixed set of (coherent and
incoherent) finite-range couplings, one may consider two fam-
ilies of QBLs. The translationally invariant family consists of
the sequence of QBLs defined on finite rings of arbitrary size
N (PBCs), in addition to the BIBC. The open-boundary family
consists of a sequence of QBLs defined on finite chains of ar-
bitrary size N (OBCs), in addition to the semi-infinite system
with only one boundary (SIBC). We say that a sequence, in
system size, of QBLs exhibits:

(i) A dynamical-stability disagreement if the dynamical
stability phases of the finite- (perhaps up to a “critical size”
Nc) and infinite-size members of the family differ, with all
other parameters fixed;

(ii) A stability gap discontinuity if the stability gap of the
infinite-size system is different from the limit, as N → ∞, of
the finite-size stability gaps.

In light of these concepts, the translationally invariant
and open boundary families of QBLs are drastically differ-
ent. On the one hand, the members of the translationally
invariant family cannot exhibit dynamical disagreement nor
a discontinuity of the stability gap. This follows from the
aforementioned property of the PBC spectrum being a strict,
but increasingly dense, subset of the BIBC spectrum. Such
translationally invariant dynamical matrices are unitarily
block-diagonalizable (with the block size being indepen-
dent of N), through the Fourier transform. Thus, for PBCs,
effects of non-normality cannot be exacerbated by increasing
system size. On the other hand, the open boundary QBL
family splits into four distinct classes based on the pres-
ence or absence of dynamical-stability disagreement and the
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(dis-)continuity of the stability gap with system size. For
reasons we shall momentarily explain, we describe systems
exhibiting dynamical-stability disagreement as DM and fur-
ther subdivide them into types I and II, depending on whether
there is a stability gap discontinuity or not, respectively. For
non-DM families, we dub those with a stability gap disconti-
nuity anomalously relaxing and those without well behaved.
The resulting dynamical classification of QBLs is summarized
in Table II.

Before providing physical realizations of these possible
scenarios, it is worth reiterating how they arise mathemati-
cally. The properties of block-Toeplitz matrices prevent one
from establishing any precise relationships between the finite-
OBC stability gap of a given QBL, �OBC

S,N , and its infinite-size
counterpart, �SIBC

S . That said, we can prove the following
limiting bound (Appendix C):

lim
N→∞

�OBC
S,N ≡ �OBC

S,∞ � �SIBC
S . (18)

The fact that this bound is not always an equality is a mani-
festation of the spectral discontinuities characteristic of highly
non-normal Toeplitz matrices. The strict inequality is the
defining feature of a stability gap discontinuity. In addition,
the inequality Eq. (18) provides further insight into the case
of a dynamically stable infinite system, for which �SIBC

S < 0.
It follows that the finite system must become more and more
stable as N grows (if it is unstable at any point to begin with),
as the finite gaps must eventually land on, or below, �SIBC

S .
We conclude with two remarks. First, the relationship

between the spectrum of a block-Laurent operator and its
block-Toeplitz counterpart implies that the stability gap of a
semi-infinite system is always bounded below by that of the
associated bi-infinite (that is, bulk) system, �SIBC

S � �BIBC
S .

Hence, inserting a single boundary is not sufficient to stabilize
an unstable bi-infinite system. Nonetheless, it is not forbidden
for a bulk-stable system to become dynamically unstable on
imposition of a single boundary; see Ref. [52] and Appendix E
for more details. Second, the way in which �OBC

S,N converges
with growing N need not be monotonic. In particular, �OBC

S,N

may approach its limiting value �OBC
S,∞ from below or above,

or it can encircle it. These behaviors lead to dynamical dis-
agreement without a stability gap discontinuity.

B. Type I dynamical metastability

Type I DM and anomalously relaxing systems have been
discussed in detail in Refs. [23,24]. We recount the basic phys-
ical and mathematical arguments here for completeness and
refer the reader to the above papers for additional discussion
and connections to related phenomena in the literature—
notably, topological amplification [21,22,53–55] as well as
anomalous relaxation in systems exhibiting the Liouvillian
NHSE [37,56–58].

A generic example of type I dynamical metastability is an
open-boundary family of QBLs with the following properties
[see Fig. 2 (top) for a pictorial representation]:

(i) �OBC
S,N < 0, for all N ; and

(ii) �OBC
S,∞ < 0, but �SIBC

S > 0.
Concrete models will be presented later in Sec. IV. The

discontinuous jump from a strictly negative stability gap for

FIG. 2. Relationship between finite and infinite-size stability
gaps in type I and type II dynamically metastable QBLs. The darker
the shading, the larger a system size is implied (note that the shading
scheme is unrelated to the one used in Fig. 1). Frequency units (s−1)
are assumed in both plots.

finite N to a strictly positive one for the infinite system in-
dicates the spontaneous loss of dynamical stability in the
infinite-size limit. Such families break several intuitions about
the relationship between finite- and infinite-size systems. Each
finite chain possesses a unique, globally attractive SS, while
the infinite-size limit lacks one altogether. For finite size, the
asymptotic relaxation to the SS happens at a rate set by the
finite-size dissipative gap, �OBC

L,N = |�OBC
S,N | which, by assump-

tion, converges to a finite nonzero value, |�OBC
S,∞ |. From this,

one might expect that the infinite-size system should display
asymptotic relaxation to some SS set by this rate.

The apparent contradiction is resolved by noting that
the dissipative gap alone does not predict the global char-
acter of the dynamics, combined with the fact that the
infinite-dimensional nature of the systems opens the door
to dynamical instabilities. Consistent with the presence of a
constant prefactor K in Eq. (6), the dissipative gap yields no
information on the time at which the asymptotic relaxation
sets in. We may then infer that, as system size grows, type I
DM systems exhibit an increasingly long transient timescale
during which the general character of the dynamics may differ
significantly from the relaxing asymptotic one. Under this
assumption, the true infinite-size limit displays only those fea-
tures that emerge in the finite-size transient regime. This fact
reflects the necessary relationship between bulk dynamics and
transient dynamics. By causality, an excitation created in the
bulk of any finite chain will take a finite time (increasing with
system size) to detect the (in this case stabilizing) presence
of the boundaries. Thus, any component of a given excitation
deep within the bulk will amplify, until being eventually sup-
pressed.

The above picture can be made more quantitative with
the tools of pseudospectral analysis. The existence of a sta-
bility gap discontinuity demands that there are eigenvalues
of the SIBC system that are neither in the finite-size spec-
tra for any N nor are well-approximated by any sequence
of finite-size eigenvalues. In particular, there exists a rapid-
ity λ ∈ σ (−iG∞), with Re[λ] = �SIBC

S > 0. As N increases,
there will necessarily be an εN pseudoeigenvector 	vN of GOBC

N
corresponding to λ, such that εN decreases with N . Mathemat-
ically, we may write GOBC

N 	vN = λ	vN + 	w, with ‖ 	w‖ < εN ,
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so that: ∥∥e−iGOBC
N t 	vN − eλt 	vN

∥∥ = εN (t + O(t2)).

Accordingly, as long as higher-order terms are sufficiently
small, 	vN amplifies exponentially at a rate set by �SIBC

S > 0,
for a transient time set by 1/εN . As N → ∞ and εN → 0
(such that the duration of the transient diverges), 	vN ap-
proaches an amplifying normal mode. It follows that any
overlap of the initial condition 〈�(0)〉 with 	vN will amplify
in the transient regime.

C. Type II dynamical metastability

Let us now consider an open-boundary family of QBLs
without a stability gap discontinuity. The stability gap con-
straint in Eq. (18) yields no information about the trajectory of
�OBC

S,N as it converges to �OBC
S,∞ which, under our assumptions,

equals �SIBC
S . It is possible for such a system to have a stable

infinite-size limit, while the finite-size truncations are unstable
for generic N , smaller than some critical (possibly infinite)
size Nc. In this scenario [see Fig. 2 (bottom)], the dynamical
stability phases of the finite chains and the infinite-size chain
are reversed with respect to the type I scenario.

Physically, type II DM systems require two basic features:
(i) bulk stability, �SIBC

S < 0;
(ii) a destabilizing mechanism that can make the system

unstable under OBCs, �OBC
S,N > 0, for generic N < Nc.

When these prerequisites are met, type II DM systems may
be thought of as exhibiting “system-size assisted dynamical
stabilization.” Finite systems of size N < Nc will generically
display asymptotically amplifying dynamics with a character-
istic amplification rate given by

�OBC
S,N

N→Nc−→ 0.

Thus, as the system size increases, even the most unstable
normal mode (i.e., one whose rapidity has real part equal
to �OBC

S,N ) will amplify at an ever-decreasing rate. Moreover,
as N → ∞, generic excitations within the bulk will take
longer and longer to detect the boundary, and hence any
boundary-induced instabilities. Therefore, the onset of unsta-
ble asymptotic dynamics will become increasingly delayed.
In this way, system size effectively becomes a parameter one
may tune to achieve dynamical stability.

Pseudospectral analysis again provides uniquely effective
tools for characterizing type II DM systems. The generic
relationship between the infinite-size spectrum and the finite-
size pseudospectrum allows us to identify the necessary
emergence of transiently stable pseudomodes. Following a
nearly analogous argument as for transient amplification in
type I DM systems, any pseudoeigenvector corresponding to
a pseudoeigenvalue present in the infinite-size spectrum must
necessarily appear more and more stable as N increases (and
thus εN decreases). The stable, infinite-size normal modes
imprint into the transient dynamics of type II DM systems,
despite their overall amplifying, unstable dynamics.

To conclude the discussion of type II DM, we remark
that, while extreme non-normality is a necessary ingredient
for type I DM (and the soon-to-be-discussed anomalously
relaxing) systems, it need not play as prominent a role in
type II DM systems. In fact, to the best of our knowledge,

there is no analogous mathematical characterization of type
II DM systems. Nonetheless, in Sec. IV we will introduce
a promising design principle for type II DM systems in the
limiting case of purely Hamiltonian dynamics, built on known
facts about the stability properties of spectral degeneracies,
which can emerge when a QBH loses thermodynamic stability
[46,59].

D. Anomalous relaxation

Like type I DM systems, anomalously relaxing QBLs ex-
hibit a stability gap discontinuity. However, the gap does not
become positive in the infinite-size limit, and thus dynamical
stability persists for the infinite system. That is, we have

�OBC
S,∞ <�SIBC

S < 0.

The arguments used to characterize the transient dynamics of
type I DM systems carry over to anomalously relaxing ones,
with any mention of “amplification” replaced with “decay at
a rate slower than any normal mode decay rate in the system.”
Formally, the stability gap discontinuity guarantees that there
will be an εN pseudoeigenvector of the finite chain that ap-
pears to decay with a rate set by |�SIBC

S | during a transient
time (whose duration again scales with 1/εN → ∞), until
eventually becoming bounded by an exponential decay with
a rate |�OBC

S,N | > |�SIBC
S |. We refer the reader to Ref. [24] for a

demonstration of this separation of timescales.

IV. ILLUSTRATIVE MODELS

A. A dissipative model: The coupled Hatano-Nelson chain

In order to exemplify the above general framework and
gain concrete insight, we now aim to design a model
which can be driven through different dynamical metastabil-
ity regimes on appropriately tuning relevant parameters. The
guiding design principle we employ is to identify a model that
unambiguously exhibits one form of dynamical metastability
(say, type I) for one set of parameters and is fully dynamically
stable (not DM) for another.

The first such model we propose describes the dissipative
dynamics of two coherently coupled species of bosons, de-
noted by a j and b j (see Fig. 3 for a depiction). Specifically, the
system Hamiltonian consists of three parts, H ≡ Ha + Hb +
Hab, where

Ha = iJa

∑
j

a†
j+1a j − H.c.,

Hb = iJb

∑
j

b†
j+1b j − H.c.,

Hab = iw
∑

j

a†
j b j − H.c.,

respectively. In the above, Ja,b ∈ R denote coherent intrachain
hopping amplitudes, while w ∈ R is a coherent interchain
hopping amplitude. As to the the dissipative part of the QBL,
for simplicity we take each mode to undergo local single-
photon loss and gain at uniform rates κ− � 0 and κ+ � 0,
respectively. In addition, we introduce an intrachain, nearest-
neighbor dissipation mechanism with rate �a,b � 0 and an
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FIG. 3. Pictorial representation of the bosonic coupled HN chain
model. Top: The physical system under consideration. In particular,
the dissipative couplings �a and �b are represented by coupling of
nearest neighbors to pairwise-common baths (denoted by boxes with
dashed lines). The site-local loss and gain rates are understood to
stem from an ambient (say, thermal) bath not depicted. Bottom:
A schematic representation of the effective couplings as informed
directly by the EOMs. In both diagrams, the ellipses represent the
appropriate BC-dependent continuations.

interchain phase difference θ ∈ R. Altogether, the intrachain
dissipators are [60]

Da = 2
∑

j

(κ−D[a j] + κ+D[a†
j ] + �aD[a j + a j+1]),

Db = 2
∑

j

(κ−D[b j] + κ+D[b†
j] + �bD[b j + eiθ b j+1]).

Note that the resulting QBL, L = −i[H, ·] + Da + Db, is
invariant under a global U(1) transformation of the form
(a j, b j ) �→ (eiφa j, eiφb j ), with φ ∈ R. As a consequence, the
dynamics of the full Nambu array can be reduced to that of
the subarray [a1, b1, . . . , aN , bN ]T . By introducing a new set
of parameters,

κa,b ≡ κ− − κ+ + 2�a,b, JL
a ≡ Ja − �a, JR

a ≡ Ja + �a,

JL
b ≡ Jb − e−iθ�b, JR

b ≡ Jb + eiθ�b, (19)

we obtain the EOMs as follows:

ȧ j = JL
a a j−1 − JR

a a j+1 + wb j − κaa j,

ḃ j = JL
b b j−1 − JR

b b j+1 − wa j − κbb j . (20)

These EOMs are equivalent to two coherently coupled HN
[14] (or, asymmetric hopping) chains. Notably, a number of

interesting properties have been recently uncovered in a Lind-
bladian realization of the HN chain [61,62]. We remark that
our new set of parameters in Eq. (19) satisfies the following
constraint:

κa − κb = 2(�a − �b) =
(
JL

b − JR
b

)
cos θ

− (
JL

a − JR
a

)
. (21)

For the remainder of our analysis, we assume that the coherent
couplings dominate over the incoherent ones, in the sense that
|Jx| � �x,, x = a, b. Further, we will limit ourselves to θ = 0
and θ = π . For reasons that will become clear, we refer to
these as the nonchiral and chiral regimes, respectively.

Immediately, two limiting scenarios arise. First, in the limit
w � JL

x , JR
x the dynamics are effectively described by coher-

ent hopping between the two chains. Naturally, we expect
this limit to be dynamically stable, independent of system
size or BCs. The opposite limit w → 0, i.e., the case of two
disconnected HN chains, is known to be extremely sensitive
to changes in BCs, hence also to taking the infinite-size limit.
While the physics of directional amplification in such 1D
chains has been considered in detail (see, e.g., Ref. [22]),
it will prove useful to first apply our theory of dynamical
metastability in this decoupled regime and use it as a foun-
dation for understanding the (significantly more complicated)
intermediate regime w ∼ JL

x , JR
x .

1. The decoupled limit w = 0

Since our goal is now to describe the dynamical metasta-
bility theory of a single HN chain we can, without loss of
generality, focus on the a chain alone. To understand the bulk-
dynamics, let us define a(k) ≡ ∑

j e−i jka j . It then follows that
ȧ(k) = A(k)a(k), with

A(k) = −κa + (
JL

a − JR
a

)
cos(k) − i

(
JL

a + JR
a

)
sin(k)

= −κa − 2�a cos(k) − 2iJa sin(k),

which describes an ellipse in the complex plane, centered at
(−κa, 0). It follows that ReA(k) ∈ [−κa − 2�a,−κa + 2�a].
Thus, there will be unstable bulk modes whenever 2�a � κa

or equivalently, using Eq. (19), when the onsite gain κ+ ex-
ceeds the onsite loss κ−. Interestingly, this conditions holds
despite the additional effective onsite loss rate of 2�a provided
by the dissipative coupling. This additional loss is compen-
sated by the characteristic amplification rate JR

a − JL
a = 2�a

arising from the nonreciprocal nature of the HN chain.
When κ+ > κ−, the bulk-unstable modes are manifestly

directional whenever κa > 0 (or 2�a > κ+ − κ−). This can be
seen by computing the group velocity of the kth wave packet.
By writing a(k, t ) = e[ReA(k) + i Im A(k)]t a(k, 0) and interpreting
−ImA(k) as the wave-packet energy, we have

vk ≡ − d

dk
ImA(k) = 2Ja cos(k). (22)

We observe that the unstable bulk modes, i.e., those with
ReA(k) > 0, propagate in the same direction specified by the
sign of vk whenever κa > 0 (see Fig. 4, top). This parameter
regime (namely, κa > 0 and κ+ > κ−) is particularly relevant
for the OBC dynamics.

Following the general arguments from pseudospectral
analysis in Sec. II D, the OBC chain will undergo transient
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FIG. 4. Top: Directional amplification in the HN chain in the
DM phase. Plotted are the curves ReA(k), which determine the
damping or growth rate, depending on the sign [Eq. (22)]. Stable
bulk modes correspond to ReA(k) < 0 (hatched region). Imposed on
the figure are the intervals of k where wave packets evolve in a given
direction. specified by sgn vk . Notably, whenever 0 � κa/2�a � 1,
which corresponds to the type I DM phase, all unstable modes prop-
agate in the same direction. In contrast, the anomalously relaxing
phase has no unstable modes, while the fully unstable phase has
unstable modes propagating in both directions. Bottom: Dynamical
metastability phase diagram of the bosonic coupled HN chains in the
decoupled limit, in terms of the raw system (dissipative) parameters.
The marked (gray) points correspond to parameter choices in the
upper figure. Units are such that κ− = 1.

amplification, manifesting in the form of unstable bulk pseu-
domodes, whenever the bulk is unstable (κ+ > κ−). However,
the overall chain will remain dynamically stable as long as
κa = 2�a + κ− − κ+ > 0. This follows from the known nor-
mal mode spectrum of the HN model under OBCs [14]:

λm = −κa + 2i
√

J2
a − �2

a cos

(
mπ

N + 1

)
, m = 1, . . . , N.

This implies that the decoupled chain exhibits type I DM, in
addition to directional amplification, as long as κ+ − 2�a �
κ− � κ+ or, equivalently, 0 < κa/2�a < 1 [63].

The stabilizing nature of boundaries in the HN chain can
be explained from physical arguments. Because the instability
of a given bulk mode necessitates a fixed directionality, per-
sistent amplification can only occur if the mode is allowed to

propagate indefinitely. Of course, this requires that the system
lacks a boundary in the direction of amplification or that the
chain is infinite in extent.

2. The nonchiral regime θ = 0

Let us now couple the chains and further take Ja = Jb ≡ J
and �a = �b ≡ � for simplicity. Note that, in view of the
constraint in Eq. (21), this also equalizes the effective loss
rates of the two chains, i.e., κa = κb ≡ κ . It follows that, for
θ = 0, the two HN chains support asymmetric hopping in the
same direction:

JL
b = JL

a ≡ JL, JR
b = JR

a ≡ JR. (23)

It is in this sense that we say the joint system is nonchiral.
We thus expect that, when coupling is introduced, the overall
dynamical stability phase diagram is left unaffected. In par-
ticular, the presence of a boundary should be sufficient for
stabilizing the system as long as the effective loss rates κ

exceed the amplification rate.
These arguments can be made rigorous by transforming the

modes in a way that decouples the two chains. Specifically,
consider the hybridized modes c±

j ≡ a j ± ib j . We find:

ċ ±
j = JLc±

j−1 − JRc±
j−1 − (κ ± iw)c±

j .

Next, on moving to a frame that rotates at frequency w, we
can define d±

j (t ) ≡ e−iwt c±
j (t ) so that

ḋ ±
j = JLd±

j−1 − JRd±
j−1 − κd±

j .

These rotating hybridized modes individually obey the EOM
for a single lossy HN chain. The analysis in the rotating frame
then proceeds exactly as in the decoupled limit. In the physical
frame, the hybridized modes c±

j undergo identical dynamics
to that of the previously described fundamental modes of a
single HN chain with an additional phase offset −w. Since
this offset is spatially isotropic (and hence k independent), it
does not affect the normal mode wave-packet velocity, and
thus directional amplification is maintained.

3. The chiral regime θ = π

To contrast with the nonchiral case, let us now consider
θ = π , with all other parameters kept the same. Now the two
chains support asymmetric hopping in opposite directions:

JL
b = JR

a ≡ JR, JR
b = JL

a ≡ JL. (24)

In this case, the presence of coupling can create instabilities
where they were not present before. To see why, consider the
case of weak coupling and take the a chain to be in a DM
phase with right-moving amplifying modes. Previously, the
insertion of boundaries was sufficient for stabilizing the chain.
However, with nonzero coupling, amplitude can leak into the
b chain. This amplitude will propagate and amplify to the right
and continue the cycle. In a sense, “amplifying vortices” can
form within the bulk.

From these arguments, we may identify at least one critical
value of the interchain hopping amplitude w, for which we
expect a noticeable change in behavior. Specifically, con-
sider the regime 0 < w < w1 ≡ 2� = JR − JL. This weak
coupling regime corresponds to the case where amplitude is
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transferred between chains at a rate less than the characteristic
amplification rate of each individual chain. Thus, as long as
the onsite gain exceeds the onsite loss, there is time for ampli-
fication to take place before eventually transferring amplitude
to the other chain and the aforementioned cycle can occur.
We generically expect that 0 < w < w1 corresponds to an
unstable phase when κ+ > κ−, independent of BCs, unless
w = 0 precisely, and boundaries are imposed. In particular,
we expect the type I DM region in Fig. 4 to disappear for
arbitrarily small w.

For w > w1, stability becomes difficult to predict. Cer-
tainly, there must exist a suitably large w, say w ≡ w2, such
that stability is maintained independently of system size or
BCs. A reasonable estimate following from dimensional anal-
ysis would be w2 ≡ 2|J|. From Eq. (22), this characterizes the
maximum wave-packet velocity. For w > w2, wave packets
propagate slower within each chain than they do between
the two chains. We may then expect amplification to be
“quenched” by the fast interchain transfer. Since the interval
w ∈ (w1,w2) corresponds to configurations supporting wave
packets moving both slower and faster than the interchain
hopping, stability prescriptions are not straightforward.

To explore in more detail, consider the dynamics of the
array ϕ ≡ [a1, b1, . . . , aN , bN ]. The EOM reads ϕ̇ = Aϕ,

with A = IN ⊗ a0 + S ⊗ a1 + S† ⊗ a−1, with S being the BC-
dependent shift operator in Eq. (8), and

a0≡
(−κ w

−w −κ

)
, a1 ≡ −

(
JR 0
0 JL

)
,

a−1 ≡
(

JL 0
0 JR

)
.

The bulk rapidity bands are calculated in a straightforward
manner from the spectrum of a(k) ≡ a0 + a1eik + a−1e−ik ;
specifically, we have

λ±(k) = −κ ±
√

(2� cos(k))2 − w2 − 2iJ sin(k).

Since |Re
√

(2� cos(k))2 − w2| � 2�, we once again have an
unstable bulk whenever onsite gain exceeds the onsite loss. As
in the uncoupled case, things are far more interesting when
boundaries are imposed.

In Fig. 5, we plot the numerically calculated stability gap
�OBC

S,N (w) = max Re[σ (A)] as a function of w and N . The
first observation is that, as expected, a small w (< w1) desta-
bilizes the system. Consistent with the generic behavior of
highly non-normal matrices, the onset of instability in this
region, which we call region I, becomes more and more
dramatic as system size increases. Far more surprising is the
behavior of the system in the range w1 < w < w2, which we
call region II. Within this region, �OBC

S,N (w) jumps erratically
above the effective local loss rate κ . In particular, as long
as κ is sufficiently small, these erratic jumps can render the
system unstable for w in certain subintervals of [w1,w2]. As
demonstrated in Fig. 5, the increase in system size generi-
cally reduces the stability gap. This is consistent with, but
not necessarily implied by, the fact that we may analytically
determine stability in the semi-infinite limit for any κ > 0 (see
Appendix B 2). Ultimately, we identify the behavior of the
model in region II to be that of type II dynamical metastability.
Finally, region III, defined by w > w2, is evidently stable

FIG. 5. Stability gap of the chiral coupled Hatano-Nelson chain
model as a function of interchain coupling strength w and sys-
tem size N . We show the decoupled limit (w = 0), region I (0 <

w < w1), region II (w1 � w < w2), and region III (w � w2), re-
spectively. The hatched regions correspond to stable regimes where
�OBC

S,N (w) < 0. From lightest to darkest, the curves correspond to
N = 10, 15, 20, 25, 30, 35, 40, and 45. The dashed (black) line is the
bulk stability gap �BIBC

S (w), which, for this model is equal to the
SIBC stability gap. The inset shows a zoomed-in section of region
II. Relevant parameters are J = 1, � = 1/2, κ+ = 1.95, and κ− = 1,

with w, �, J, κ±,�S (w) in the units of s−1.

independently of BCs or system size, consistent with our
general arguments.

The existence of both type I and type II DM in the chi-
ral coupled HN model is intrinsically tied to the interplay
between coherent and dissipative dynamics. The incoherent
coupling � and the coherent interchain coupling w jointly
play essential roles in producing novel system-size-dependent
dynamics. A natural question thus becomes, to what extent
is a similarly rich dynamical phase diagram possible in the
closed-system setting, when the dynamics are unitary?

B. A Hamiltonian model: The Kitaev-coupled oscillator chain

In our next example, we seek to address the above question,
by focusing on a purely Hamiltonian setting. For this purpose,
let the two real quadrature operators be defined by

x j ≡ 1√
2

(a†
j + a j ), p j ≡ i√

2
(a†

j − a j ).

We then employ the observation made in Ref. [20] that the
EOMs for these quadratures under dynamics generated by the
so-called bosonic Kitaev chain (BKC) Hamiltonian,

HBKC = 1

2

∑
j

(iJa†
j+1a j + i�a†

j+1a†
j + H.c.),

exactly mimic those of two decoupled (w = 0) HN chains,
with opposite directionality (θ = π ). Here J � 0 is a hopping
rate, whereas |�| � J is a nondegenerate parametric amplifi-
cation rate. Explicitly, the EOMs for this system are:

ẋ j = JLx j−1 − JRx j+1,

ṗ j = JR p j−1 − JL p j+1,
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where JL = (J + �)/2 and JR = (J − �)/2. On the identi-
fication x j �→ a j and p j �→ b j , these EOMs are identical to
those of the w = 0 limit of the chiral coupled HN model,
described by Eqs. (20) and (24), with the effective dissipation
rate κa = κb = κ set to zero. A notable distinction, however,
is that the asymmetric “hopping rates” JL,R are now not
constrained, and entirely independent of the on-site dissipa-
tion rate. This model displays a number of characteristically
NH features, including extreme sensitivity to BCs and chiral
transport—much like the chiral HN chain, despite being fully
Hermitian. As a result, it has garnered significant theoretical
interest [20,46,64]; notably, two experimental realizations of
HBKC in optomechanical and circuit-QED settings have also
been recently reported [65,66].

Now, to obtain the analog of the full chiral coupled HN
chain, we observe that the role of the coherent coupling w can
be fulfilled by harmonic oscillator terms, on replacing bosonic
operators with quadratures. That is, by considering the full
Hamiltonian model

HKOC ≡
∑

j

�

(
a†

j a j + 1

2

)
+ HBKC, � � 0, (25)

we obtain a quadrature incarnation of the coupled HN model
in the chiral regime:

ẋ j = JLx j−1 − JRx j+1 + �p j,

ṗ j = JR p j−1 − JL p j+1 − �x j .

By construction, this model has the same stability gap, mod-
ulo an effective on-site dissipation rate κ , as the coupled
HN chain, and hence an equivalent dynamical stability phase
diagram. We have thus obtained a purely unitary evolution
which, remarkably, retains all of the dynamical metastability
properties of the coupled HN chain. Since the Hamiltonian
in Eq. (25) may be interpreted as a chain of oscillators cou-
pled via imaginary hopping and pairing characteristic of the
BKC, we dub this model the “Kitaev-coupled oscillator chain”
(KOC).

In analogy with w = 0 for the HN model, the system at
exactly � = 0 is type I DM [23,24]. Specifically, this point is
dynamically stable for all finite size, with a purely real, doubly
degenerate spectrum given by [20,46]:

ωm =
√

J2 − �2 cos

(
mπ

N + 1

)
, m = 1, . . . , N. (26)

As N → ∞, there is a stability gap discontinuity and a spon-
taneous loss of dynamical stability. More explicitly, the SIBC
spectrum is composed of the unstable bulk spectrum given by
two degenerate, but opposite-winding, ellipses with J and �

the semimajor and semiminor axes, respectively, in addition
to all points inside the ellipse [23]. As we have argued in
the general case, such a gap discontinuity cannot be predicted
from the finite-size spectrum alone. Instead, the imprint of the
SIBC appears in the finite-size ε pseudospectrum according
to Eq. (15). This is further illustrated in Fig. 6.

When � > 0, the dynamical stability phase diagram of the
KOC is equivalent to that of the chiral coupled HN model,
thanks to the equivalence of the EOMs. The bulk is unstable
for � � � ≡ �1, and stable for � > �1, also matching its
dynamical phase diagram under SIBCs (see Appendices B 2

FIG. 6. The spectra (black dots) and the ε pseudospectra (black
contours) of the Kitaev-coupled oscillator chain dynamical matrix
GN (J,�,�) under OBCs for N = 30 and representative choices of
� from each region, for J = 2, � = 1. The regions shaded in gray
indicate the maximum extent of the pseudospectra for any matrix that
has the same eigenvalues as GN (J,�,�), but is normal. The pseu-
dospectral contours for each GN are chosen as ε ≡ 10−x/‖GN ‖, with
x = 1, 3/2, 2, 5/2, 3, 7/2, 4, 9/2, 5, 11/2, 6. The pseudospectra for
the dynamical matrices at � = 0 and � = 1.1 (region II) are partic-
ularly striking as compared to those of their normal counterparts:
They extend far beyond the ε-neighborhoods around the spectral
points, indicating a high degree of non-normality. The pseudospectral
contours also highlight a qualitative difference between type II and
type I DM: as ε → 0, the pseudospectrum of � = 0 remains an el-
lipse in the complex plane, indicating a discontinuity of the spectrum
and the instability of the system in the infinite-size limit, whereas
that of region II converges to the BIBC spectrum on the real axis as
N → ∞, signaling the eventual stabilization of the region. �, J, �

are in units of s−1.

and D). In contrast, the system under OBCs is dynamically
unstable for 0 < � < J ≡ �2 and stable for � � �2. In fact,
due to equivalence between the linear EOMs, the behavior of
�OBC

S,N for this model is identical to the one in Fig. 5, on taking
κ → 0. Accordingly, from now on, we refer to the regions of
the KOC model as region I (0 � � � �1), region II (�1 <

� < �2), and region III (� > �2). Physically, it is worth
stressing that we may view the Hamiltonian in Eq. (25) as
combining two dynamically stable Hamiltonians— the BKC
Hamiltonian (� → 0) and a chain of decoupled harmonic
oscillators (J,� → 0). Strikingly, however, the path through
parameter space between these two stable Hamiltonians is
ridden with dynamical instabilities. In fact, this purely unitary
model exhibits both type I (� = 0) and type II (�1 < � <

�2) DM behavior.
The rapid onset of instability when one takes � from zero

to a very small nonzero value is consistent with the fact that
the BKC under OBCs has been shown to be susceptible to
instabilities arising from infinitesimal perturbations [46]. The
origin of this extreme sensitivity can be generically explained
by extreme non-normality of the generator. However, the fact
that the dynamics is unitary grants us an additional interpreta-
tion. Specifically, the BKC under OBCs is known to support a
macroscopic number of KCs in its spectrum [46]. In fact, due
to oddness under time-reversal symmetry ({HBKC, T } = 0),
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FIG. 7. Time-dependent expectation value 〈xN/2(t )〉 for the Kitaev-coupled oscillator chain under OBCs, averaged over 300 trajectories
with random initial conditions, whereby the elements of 〈xN/2(t = 0)〉 are uniformly sampled from the interval [−1, 1]. Here J = 2, � = 1,
and natural logarithms are used. (a) � = 0. The rate of the initial transient exponential growth is exactly bounded by ∼e�t , the corresponding
unstable bulk evolution (black curve). The length of the transient is proportional to system size. The asymptotic limit is stable, with oscillations
given by the normal mode frequencies. (b) Region II: � = 1.1. The asymptotic dashed curves correspond to lines with slope �OBC

S,N . The
asymptotic limit is unstable, with the exponential growth rate given by �OBC

S,N . However, as the inset shows, in the early time dynamics, the
system appears stable for a transient period of time that grows with N . Here �, J, � are in the units of s−1.

the excitation energy spectrum can be shown to be perfectly
chiral: For every excitation of energy ω, there is one with
energy −ω. Since the number of these collisions scales with
system size, it is natural to expect the degree of destabiliza-
tion due to perturbations to escalate—hence explaining the
N dependence of region I. Further, it is interesting to note
that the decoupled oscillator Hamiltonian has time-reversal
symmetry. Thus, this combination of Hamiltonians with even
and odd transformation properties under time reversal may be
a generic way for engendering nontrivial dynamical features.

Krein stability theory further offers us an explanation for
the onset of type II DM when the KOC is taken from the
oscillator-dominated region III to the intermediate region II.
For � � J , one may check that the bulk energy bands are

ω±(k) = J sin(k) ±
√

�2 − �2 cos2(k), (27)

with ω+(k) corresponding to the physical excitation energies.
The regimes � > J and � � J correspond to thermody-
namic stability and instability, respectively. In fact, (the
thermodynamically unstable) region II is characterized by the
emergence of KCs in a momentum interval centered around
−π/2 (where the bulk energy gap closes at J = �). That is,
for each k in this interval, there is a k′ with ω+(k) = ω−(k′).
Under the protection of translation invariance, these Krein-
collided modes, which occur in general at different momenta,
cannot hybridize and become unstable. The imposition of
boundaries, however, serves to do just the job. This “field of
KC landmines” offers fertile ground for the sporadic gener-
ation of instabilities characteristic of region II. In addition,
this region is distinguished by a high level of non-normality,
as compared to the non-DM regions the model supports. The
extent of non-normality in region II can be appreciated in
Fig. 6. The pseudospectra in this region extend far beyond the
pseudospectra of a normal matrix with an identical spectrum.
Finally, in contrast with the chiral coupled HN chain, the
type II DM region II in the KOC remains unstable for all
finite sizes, only to stabilize in the infinite-size limit (see
Appendix B 2). In the language of Fig. 2, we have Nc → ∞

for the KOC, whereas Nc < ∞ for the chiral coupled HN
chains.

The tension between spectra and pseudospectra for both
types of DM manifests directly in the time evolution of phys-
ical observables. As an example, we plot 〈xN/2(t )〉 for a set
of random initial conditions in Fig. 7. These data confirm
that both type I and type II DM regimes engender anomalous
transient behavior. Given its overall stability, the system at
� = 0 has an asymptotically bounded evolution but appears
unstable for a transient period of time that grows with system
size. Notably, this initial growth period is exactly set by the
characteristic amplification rate of the bulk, given by �. An
exactly opposite scenario takes place in region II which, while
asymptotically unstable, appears stable for a transient period
of time that grows with N reflecting a stable infinite-size limit.

We conclude our discussion of the KOC by calling atten-
tion to a model recently proposed in Ref. [26]. Both our KOC
and the model therein have the BKC as a shared point in their
larger Hamiltonian parameter spaces but, while our model
includes local on-site oscillators, the model in Ref. [26] adds
real hopping to the BKC. That is,

H = 1

2

N−1∑
j=1

[
(g + iJ )a†

j+1a j + i�a†
j+1a†

j + H.c.
]
, (28)

with J > � > 0, g � 0. Like our on-site oscillator terms, the
additional real hopping terms serve to quench the nonrecip-
rocal behavior (and thus, type I DM) of the BKC. In fact,
reciprocity is fully restored for g � �, where the bulk dynam-
ics is stable. It follows that the bulk dynamical stability phase
diagrams of the two models are equivalent, with g swapped
for �. However, sharp distinctions arise when one considers
OBCs. The Hamiltonian in Eq. (28) is fully stable under
OBCs for all g and thus, it cannot exhibit type II DM. In our
framework, the transition in this model from nonreciprocal to
reciprocal is equivalent to one from type I DM to well behaved
(recall Table II). We have explicitly checked this by using the
conditions for the existence of nontrivial partial indices of the
Bloch dynamical matrix derived in Appendix B 2. Physically,
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FIG. 8. Type II DM behavior in the time-reversal broken-harmonic chain under OBCs. (a) Stability gap �OBC
S,N (γ ) for � = 3, J = 1. Type II

DM sets in for γ > γc, marked by the grid line, at the point where thermodynamic stability is lost. From lightest (thinnest) to darkest (thickest),
N = 16, 26, 36, 46, with the black line (at zero) denoting the semi-infinite limit. (b) Peaks of the condition number K (γ ) (top black curve),
�OBC

S,N (bottom red curve), and location of KCs for J = 0 (vertical grid lines). Spikes above the horizontal grid line, corresponding to K (γ ) = 1,
indicate regions of high non-normality. Here N = 20, � = 1, J = 0.01. J, �, γ , �S (γ ) have units of s−1.

we conjecture that mixing of coupling ranges is necessary to
instigate type II dynamical metastability.

C. A design principle put to the test: The time-reversal
broken-harmonic chain

We argued that the type II DM behavior taking place in re-
gion II of the KOC phase diagram may be a result of imposing
boundaries on a bulk system that hosts a macroscopic number
of KCs. It is natural to expect that any QBH supporting bulk
KCs in its energy bands may exhibit type II DM. Explic-
itly, we design a QBH which can be parametrically tuned to
close the bulk many-body energy gap, and thus generate a
macroscopic number of KCs—while retaining bulk dynamical
stability. Importantly, however, the system must additionally
possess a destabilizing mechanism (say, nondegenerate para-
metric amplification).

Consider a QBH of the form H ≡ HGHC + HTRB, with

HGHC =
∑

j

�

(
a†

j a j + 1

2

)
− J

2
(a†

j+1a j + a†
j+1a†

j + H.c.),

HTRB = iγ

2

∑
j

(a†
j+1a j − H.c.), (29)

where � is an on-site frequency, J a real hopping and pair-
ing amplitude, and γ an imaginary hopping amplitude. The
Hamiltonian HGHC can be shown, in an appropriate quadrature
basis, to be equivalent to a family of oscillators, harmonically
coupled in position to their nearest neighbors (the “gapped
harmonic chain” of Ref. [67]). HGHC is manifestly time-
reversal invariant and is, in fact, dynamically stable whenever
� > 2J , independently of BCs (hence, it is not DM). The
second Hamiltonian contribution, HTRB, serves to explicitly
break time-reversal symmetry and, since it may be seen as
the � → 0 limit of the BKC, it features a completely chiral
excitation energy spectrum. Thus, making the imaginary hop-
ping strength γ sufficiently large should serve to both drive a
many-body gap closing (and consequently, a thermodynami-
cal stability phase transition) of the GHC and maintain bulk
stability.

The bulk excitation energies are given by:

ω(k) = γ sin(k) +
√

�(� − 2J cos(k)).

From this, we find that as the imaginary hopping is increased,
there is a point γ = γc, such that the bulk energy gap closes:

γc = �√
2

√√√√
1 −

√
1 −

(
2J

�

)2

.

Beyond that, for γ > γc, the system is thermodynamically
unstable, but still dynamically stable (see Appendix D). Just
as in region II of the KOC, a macroscopic number of KCs
develop in the bulk; thus, the stage is set for type II DM to
emerge, on introducing boundaries. This prediction is verified
in Fig. 8(a). As we have seen in the other two examples of type
II DM, the behavior of the stability gap �OBC

S,N (γ ) is erratic and
unpredictable for γ > γc. However, for a fixed N , and small J
(thus, small amplification), we find that the peaks of �OBC

S,N (γ )
are located precisely where KCs occur for J = 0, as observed
in Fig. 8(b). Additionally, we plot the condition number of
the modal matrix of GOBC

N as a measure of non-normality
[16]: explicitly, K ≡ ‖LN‖‖L−1

N ‖, where the columns of LN

are the eigenvectors of GOBC
N . Since the condition number is

always 1 for normal matrices, spikes above 1 represent points
where non-normality is locally maximal: As Fig. 8(b) shows,
these again line up precisely with the KCs and the spikes in
�OBC

S,N (γ ).
Based on the model systems we have analyzed, we observe

that, while the condition number of type II DM systems does
not diverge akin to that of type I, the onset of type II DM
is signaled by high non-normality and erratic behavior of the
condition number as a function of relevant system parameters.

V. FURTHER IMPLICATIONS

Our work thus far has shed light onto several distinctive
features—many of them a priori unexpected—of the rela-
tionship between the dynamical stability phases of finite-size
quadratic bosonic systems and those of their infinite-size
counterparts, as elicited by non-normality of the generator.
Unsurprisingly, a number of physically relevant quantities of
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a quadratic bosonic system are, in turn, explicitly tied to its
dynamical stability phase. In what follows, we showcase two
particularly compelling manifestations.

A. Anomalous transient in entanglement generation

Entanglement properties have long provided an impor-
tant tool for probing the nature and implications of quantum
correlations across different quantum many-body phenom-
ena, ranging from equilibrium quantum phase transitions
[68,69] to topological order [70,71]. In particular, for systems
described by a (time-independent) QBH H , it has been es-
tablished that, if one initializes a bipartite bosonic system in
a Gaussian state, the asymptotic production of entanglement
entropy (EE) depends on the dynamical stability phase of H
[25,72,73]. Specifically, for a dynamically stable QBH, the
asymptotic EE is bounded and quasiperiodic. For a dynami-
cally unstable QBH with only polynomial instabilities (due to
EPs alone, not nonreal eigenvalues), the asymptotic EE grows
logarithmically in time. Finally, if H displays exponential
instabilities, then the asymptotic EE grows linearly with time.
These results suggest that dynamically metastable systems
may also be peculiar from the point of view of the dynamics
of entanglement production.

As we have seen, the transient behavior of a dynamically
metastable system is consistent with a stability phase that is
distinct from the true finite-size one. We may then gener-
ally predict that a dynamically metastable system will show
transient EE production that is qualitatively distinct from the
asymptotic behavior. Consider a type I (or, respectively, type
II) DM QBH of size N and let τDM

N denote the timescale in
which the transient amplification or suppression, respectively,
of bulk pseudomodes dies out (e.g., the time at which the
quasiperiodic evolution of 〈xN/2(t )〉 sets in in Fig. 7). Given
a bipartition of the system, suppose in addition that τEE

N sets
the timescale for the EE to enter the asymptotic regime. It
follows that, if τDM

N > τEE
N , then the EE will first set into

a linearly growing (bounded) evolution for t ∈ [τEE
N , τDM

N ],
until eventually becoming bounded (linearly growing) for
t > τDM

N . Moreover, since we know τDM
N → ∞ as N → ∞,

this anomalous transient EE behavior will become more and
more pronounced as N grows.

To put this picture to the test, we must compute the EE of
a Gaussian state for a fixed subsystem A of a larger bosonic
system. Let R ≡ [x1, p1, . . . , xN , pN ]T denote the array of
quadratures of the full system. A Gaussian state may be spec-
ified uniquely by its mean-vector and covariance matrix (CM)
which, in the quadrature basis, read (see also Appendix F)

	m = 〈R〉, �i j = 〈{Ri − 〈Ri〉,R j − 〈R j〉}〉, (30)

respectively. Thus, the EE of a subsystem A of size NA, in an
initial Gaussian state with a CM �, is computed as [25,74]:

SA =
NA∑
i=1

S(νi ),

S(v) = ν + 1

2
ln

ν + 1

2
− ν − 1

2
ln

ν − 1

2
,

with νi denoting the positive eigenvalues of [i��]A (i.e., the
symplectic eigenvalues of [�]A). Here [•]A denotes a projec-

tion of the matrix to a submatrix that has support only on A
and � ≡ iτ2 is the symplectic form, which encodes the CCRs
in the quadrature basis. A Gaussian initial state will remain
Gaussian under the time evolution generated by QBHs and
even QBLs. Thus, SA(t ) = ∑NA

i=1 S(νi(t )), where νi(t ) are the
instantaneous positive eigenvalues of [i��(t )]A.

For concreteness, we investigate the KOC initialized in
randomly sampled Gaussian states, with the single site in
the middle of the chain being the subsystem A. For a type-I
DM regime, we find an anomalous, system-size-dependent
period of linear EE growth that is absent in a non-DM and
dynamically stable system, compare Figs. 9(a) and 9(c). This
anomalous regime of linear EE growth is consistent with the
results of Ref. [25]; it reflects the fact that the system is,
in the transient, effectively unstable, with the maximal rate
of the EE amplification set by the most unstable mode of
the SIBC, system or, equivalently, for our model, the largest
amplifying bulk mode. But, since the system is ultimately
dynamically stable, the EE must necessarily become bounded.
In the type II DM regime, in contrast with a purely unstable
one, the system initially appears stable and the EE is bounded
and oscillatory for an increasingly long period of time as the
system size is increased. Eventually, instability sets in and the
EE settles into linear growth.

For the corresponding parameter regime, the length of the
transient for every N corresponds to the length of the transient
dynamics of 〈xN/2〉 in Fig. 7. In addition, notice that Figs. 7
and 9 look remarkably similar overall. We conjecture that
under Hamiltonian evolution, there will always be a choice of
subsystem A such that SA(t ) mimics the average trajectories of
the corresponding subsystem quadratures. This is reasonable
as the generation of EE is closely related to the expansion
of volume in the symplectic subspace of the overall classical
phase space spanned by these (now classical) quadratures.

Interestingly, an unexpected EE phase transition was re-
cently reported for a family of models related to the BKC [26].
For the BKC with real hopping in Eq. (28), the asymptotic
EE of a subsystem of size NA ∼ O(N ) was found to obey
a volume law scaling in the reciprocal regime, whereas a
supervolume law was found in the nonreciprocal case, namely,
the asymptotic EE grows as ∼N2. Remarkably, not only is
our observation regarding transient EE production in non-DM
vs DM systems consistent with this transition behavior, but in
fact it provides a physical explanation. In Eq. (28), the tran-
sition from the reciprocal to the nonreciprocal regime exactly
parallels the transition from a non-DM to a type I DM regime
and, therefore, from a regime of size-independent transient EE
growth to a size-dependent one. This, in turn, allows for the
accumulation of uncharacteristically large asymptotic EE in
the nonreciprocal regime.

Examining EE production through the lens of transient dy-
namics could also shed light on why a system of two explicitly
NH, fermionic coupled HN chains, spectrally equivalent to the
BKC with real hopping, was not found to have a supervolume
EE scaling in the nonreciprocal regime instead [75]. In type
I DM systems, we attribute the size-dependent, linear scaling
of the transient EE to the dynamical instability of the SIBC
system. This mechanism, however, is inaccessible to quadratic
fermionic systems, as they are always dynamically stable—
even when one considers an explicitly NH Hamiltonian, since
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FIG. 9. (a) Entanglement entropy for the Kitaev-coupled oscillator chain under OBCs at � = 0, initialized in 50 randomly sampled
Gaussian states (see Appendix F). From lightest to darkest, N = 16, 26, 36, 46. White-dashed lines correspond to the average of 50 paths.
The subsystem is fixed as the middle site for all N , where the EE growth is maximized. As N grows, the transient period grows proportionally,
with the rate bounded by that of the most unstable bulk mode (black curve). Here J = 2, � = 1. (b) Same as in (a), except � = 1.1 (region
II). Asymptotically, the EE grows linearly with the rate set by 2�OBC

S,N (dashed lines); however, the larger the system, the longer it appears to be
stable, as shown by the inset, which zooms in on the early-time EE growth. (c) Same as (a), but only the averages over paths are plotted for the
BKC with real hopping in the reciprocal (J = 2, � = 1, g = 1.2), non-DM regime. This illustrates a generic lack of dependence of the initial
EE growth on N , when the subsystem size is fixed in a dynamically stable, but not DM system. (d) Same as (b), but only averages are plotted
for � = 0.5 (region I). There is no transient period of stability in a purely unstable regime. As before, J, �, g, � have units of s−1.

one must renormalize the time-evolved state for it to remain
consistent with fermionic statistics [18,19,76]. Hence, the
source for enhanced EE production is absent.

B. The essential role of pseudospectra in linear response

In this section, we bring to the fore the significance of the
pseudospectrum and, by extension, the infinite-size limit, for
the linear response behavior of finite-size QBLs. Specifically,
given a system described by a QBL generator, we consider its
response to a coherent, weak linear drive of the form:

Hdrive(t ) = i
∑

j

(z∗
j (t )a j − z j (t )a†

j ).

The linear (Kubo) response of 〈�〉 to such a drive is ultimately
encoded in the response (susceptibility) matrix, or the Green’s
function, which turns out to be directly related to the unper-
turbed system’s dynamical matrix [28]:

χ(ω) = i(ω12N − G)−1, (31)

and can be obtained by means of Fourier transforming (and
right multiplying by τ3) an array of two-time correlation func-
tions with �mth element proportional to:

〈[��(t ),�†
m(τ )]〉 = [

e−iG(t−τ )τ3
]
�,m.

This quantity is manifestly state independent and a function
only of the time delay t ′ = t − τ (see also Appendix G). In
the case of a single bosonic species, we have, for instance,

χ2�−1,2m−1(ω) = −i
∫ ∞

−∞
eiωt ′

�(t ′)〈[a�(t ′), a†
m(0)]〉 dt ′,

with � being the Heaviside step function. Thus, mathemat-
ically, Eq. (31) asserts that the frequency-space response
function is proportional to the resolvent of G, given by R(z) ≡
(G − z12N )−1, evaluated at a point z = ω ∈ R. Physically,
χ(ω) is a block-matrix whose �mth block sets the strength of
the response at site � to a drive at site m of frequency ω. As

such, the susceptibility matrix plays a central role in the input-
output theory of multimode bosonic systems [22,53]. For
example, the scaling of ‖χ(ω = 0)‖ with system size in type
I DM systems, in combination with topological metastability,
can be used to identify distinctive zero-frequency signatures
of topological bosonic edge modes [23,24].

Our goal here is to investigate the spatial structure of the
response function and how it changes in the different param-
eter regimes of our models. Whenever |ω| > ‖G‖, with the
matrix norm arbitrary, the response is straightforward. In such
a case, χ(ω) can be expanded in a Neumann series in powers
of G/ω and, given the block-Toeplitz structure of G, one finds
that the nth diagonal of χ(ω) is suppressed on the order of
1/|ω|n. As a result, the response is strongest at the sites of
the applied perturbation, with the elements of χ(ω) closest to
the diagonal being the largest in magnitude and the ones away
from the diagonal decaying with distance. More interesting
response behaviors emerge when |ω| � ‖G‖. This includes
(but is not limited to) frequencies embedded within the range
of normal-mode frequencies of the system.

Given the prominent role the resolvent of the dynamical
matrix plays in the formulation of linear response theory,
pseudospectral theory proves to be essential for explaining the
general structure of χ(ω). If ω is in the ε pseudospectrum,
then the overall response strength characterized by ‖χ(ω)‖
will be at least 1/ε. If G is nearly normal, then this leads
to the physically intuitive fact that driving a system near
resonance will elicit a large response. However, what is more
exotic, and partly anticipated in Ref. [34], is the abnormally
large response of an extremely non-normal system to a highly
off-resonant drive: A system is sensitive to a drive at any
frequency that belongs to its pseudospectrum. We thus arrive
at a remarkable dynamical principle for bulk-translationally
invariant systems: A finite-size QBL exhibits the strongest
response when driven at resonant frequencies of the corre-
sponding infinite-size system, even when these sharply differ
from the resonance frequencies of the physical system itself.
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FIG. 10. Zero-frequency response of the Kitaev-coupled oscillator chain, for N = 30 and representative values of � from regions II and
III, in the Hermitian (normal) limit, with J = 2 and � = 0. Specifically, for each �, we focus on the submatrix of χ(ω = 0) with elements
|χ2�−1,2m−1(0)|, �, m ∈ {1, . . . , N}; the magnitude of the resulting response is indicated by the intensity of the color. For � > J , the drive
frequency ω is outside the SIBC spectrum, the response is short-ranged, and relatively constant against small changes in �. For � < � < J , ω
is in the SIBC, but not the finite spectrum. The response to the linear drive reveals the spatial structure of the pseudonormal modes associated
with the pseudoeigenvalue equal to the driving frequency. The response is highly sensitive to small changes in �. Here J, �, �, ω have units
of s−1, whereas χ has units of s.

Going further, the spatial structure of the response function
for a finite system can also be deduced from pseudospectral
theory. For ω in the ε pseudospectrum, with ε suitably small,
there will be corresponding a ε pseudoeigenvector. One way
to construct such a pseudoeigenvector is to take the corre-
sponding exact eigenvector of the infinite-system (which may
even be the non-normalizable plane-wave bulk eigenstates)
and truncate it to a finite size. The spatial character of χ�m(ω)
will most closely resemble that of the truncated normal mode.
On the one hand, if the said mode is a delocalized plane-wave
bulk mode with wave vector k, then one expects variations
of χ�m on the order of |� − m| ∼ 2π/k. On the other hand, if
extreme non-normality persists and the pseudomode is born
out of a skin mode (thus, exponentially localized on the
boundary), then one expects χ�m(ω) to be most pronounced
at the corners, due to exponential amplification.

Let us now see how these general arguments play out in our
models. Consider first the zero-frequency response behavior
of the KOC in the normal, � = 0 limit. While ω = 0 is not in
the exact spectrum of the system under OBCs for any N , we
have that 0 ∈ σ (GSIBC) in the region 0 < � < J . Therefore,
in contrast with � > J , ω = 0 is in the ε pseudospectrum, of
every finite system, with ε becoming smaller with N . Thus,
DC (ω = 0) driving elicits a “pseudoresonant” response and
the susceptibility matrix reveals the spatial structure of the
zero-energy pseudonormal modes. This can be observed in
the sharp transformation of the susceptibility matrix between
regions � > J and � < J , see Fig. 10. The response in the
former region is an off-resonant one, strongest along the di-
agonals and sharply falling off with distance. In contrast, in
the latter region, the response changes drastically with small
variations in �, reflecting the spatial profiles of the resonant
pseudomodes—which happen to be delocalized plane waves,
with wave vectors set by ω+(k) = 0 at ω = 0. Necessarily,
this pseudoresonant response will only appear at ω = 0 if the
system is gapless in the infinite-size limit. For a QBH, this
includes systems that have lost, or are on the cusp of los-
ing, thermodynamic stability. Hence, the pseudospectrum can
explain finite-size effects even for normal and, in particular,
Hermitian systems [77].

The linear response of nonreciprocal, directionally ampli-
fying systems shows distinctive, unidirectional behavior in
the form of exponentially enhanced, end-to-end gain in signal
strength [21,22,55,64]. Consider for example the BKC under
OBCs. This system can display an end-to-end amplifying
response when probed with frequencies far outside the convex
hull of its finite-size spectrum. In practice, since ω12N − G =
(ω − iκ )12N − G′, with G′ = G − iκ12N describing the same
system as G with additional uniform dissipation κ , we can
effectively sample the resolvent of the BKC Hamiltonian at
complex values. The large end-to-end response of the BKC
can be observed in Fig. 11. To highlight the importance of
the pseudospectrum, we vary the parameters in such a way
that the spectrum remains fixed while the pseudospectrum
changes significantly. As � is increased, with J2 − �2 kept
constant, the response changes dramatically from diagonally
dominant to directionally amplifying. The reason is that, as
� changes away from zero, the spectrum of the infinite-size
system separates from its Hermitian counterpart: It expands
from the real line to encompass a solid ellipse in the complex
plane, such that the driving frequency ω becomes pseudores-
onant with some approximate eigenmodes of the finite system
(see also Fig. 12) or, equivalently, some exact eigenmodes
of the infinite-size system. Similarly, the chiral HN chain in
the decoupled limit displays an analogous unidirectional re-
sponse as the BKC for all pseudoresonant ω. These examples
convincingly demonstrate the insufficiency of the spectrum
for characterizing response behavior, while simultaneously
bolstering the pseudospectral approach.

In the context of input-output theory, the correspondence
between directional amplification and topologically nontriv-
ial band structure has been mathematically explained as a
consequence of the emergence of exponentially localized
singular eigenvectors (corresponding to exponentially van-
ishing, in system size, singular eigenvalues) [21,22,55]. It is
worth noting that the procedure for obtaining these exponen-
tially localized singular vectors is mathematically equivalent
to computing the (matrix 2-norm) pseudoeigenmodes corre-
sponding to the driving frequency of interest [24,34]. Further
to that, however, pseudospectral theory offers a satisfying
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FIG. 11. Frequency response |χ2�−1,2m−1(ω)|, �, m ∈ {1, . . . , N}, for the bosonic Kitaev chain with onsite dissipation κ , and increasing
level of non-normality, tuned by the magnitude of �. Here N = 30, ω = 0, κ = 0.3, and J , � are varied in such a way that J2 − �2 = 3.
While the finite-size spectra are purely real and, by construction, identical in each case, the corresponding complex, SIBC spectra differ (see
Sec. IV B). Insets: We plot the relevant frequencies in the complex plane—probing frequency (star) relative to the SIBC spectra (black curves
and their interiors) and the finite-size spectra (open circles). For � = 0, the probing frequency is outside both the finite- and infinite-size
spectra. This is also reflected in the diagonally dominant, off-resonant response function. For � = 0.5, the probing frequency is outside
the range of the finite-size spectrum, but falls near the edge of the SIBC spectrum. Consequently, the response is preferentially end-to-end
amplifying. For � = 1, the probing frequency is again outside the range of finite size, but deep within the SIBC spectrum. We see this reflected
in the very sharp end-to-end amplification, characteristic of nonreciprocal amplifiers. The response changes dramatically on changes in the
pseudospectrum, even when the spectrum remains unchanged. Units as in Fig. 10.

two-part physical explanation for directional amplification:
(1) Injecting a signal at a pseudoresonant (with the resonance
becoming exact in the infinite-size limit) frequency results in a
strong excitation of the corresponding pseudoeigenmode and
(2) due to the “midgap” (in the sense of NH topology [78])
nature of these pseudoresonances, the resulting excitation is
localized on the boundaries, thus manifesting significant end-
to-end response. While the first part broadly characterizes
our pseudospectral approach to linear response, the second
is specific to the NH topological features of the dynamical
matrix in type I DM systems.

In light of these demonstrations, we conclude that the pseu-
dospectrum rather than the spectrum is the relevant tool for

FIG. 12. Response and pseudospectral modes of the bosonic
Kitaev chain with onsite dissipation κ , as in Fig. 11. Here J2 − �2 =
3, � = 0.5, ω = 0, and κ = 0.3. Each black curve corresponds to
a row, indexed by �, of χ2�−1,2m−1(ω), with m ∈ {1, . . . , N} and a
few representative values of �. The red open circles trace out the
ε pseudoeigenvectors, with ε = ω (scale on the right). The spatial
structure of χ(ω) reproduces exactly the structure of the pseudospec-
tral modes. Units as in Fig. 10.

characterizing the response of QBHs and QBLs under clas-
sical linear driving, regardless of Hermiticity, or underlying
topology. Furthermore, such an approach is most warranted
in highly non-normal regimes whereby the pseudospectrum
differs dramatically from the exact spectrum.

VI. CONCLUSIONS AND OUTLOOK

In this work, we have focused on one-dimensional Marko-
vian lattice systems of free bosons that enjoy translational
invariance “up to boundary conditions” and, by leveraging
tools from pseudospectral theory for Toeplitz operators, we
have provided a classification of the different dynamical sta-
bility regimes that the corresponding QBL generators can
support. Crucially, we have shown how the notion of the
pseudospectrum is instrumental to precisely describe the way
in which the dynamical stability properties of an idealized
system in the thermodynamic, infinite-size limit may imprint
themselves onto the physical, finite-size realizations.

We find that disagreement in dynamical stability
properties—which we have termed dynamical metastability—
manifests itself as an anomalous transient dynamical window
in the physical system. During this transient regime, the
system effectively appears to be in the “wrong” dynamical
stability phase, for a period of time that scales with its
size. For DM systems whose infinite-size limiting dynamics
is unstable, which we refer to as type I DM, this implies
size-dependent, transiently amplifying finite-size dynamics;
for type II DM systems, the infinite-size evolution is
dynamically stable, and size-enhanced transient stabilization
emerges in the finite size instead. We have constructed and
discussed physically motivated models, which exemplify the
key features of both flavors of dynamical metastability. While
the emergence of type I and type II dynamical metastability
depends, in general, on the interplay between coherent and
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dissipative contributions in the underlying QBL, we have
demonstrated that dissipation is not necessary for DM and
the resulting size-dependent transient dynamics to arise.
Notably, our analysis shows that dynamical instabilities can
emerge even by coupling two QBHs that are independently
fully dynamically stable, and that the presence of special
kinds of spectral degeneracies—Krein collisions—plays a
crucial role in determining the onset of type II DM in the
Hamiltonian setting. As we have seen, while type I DM is
intrinsically tied to extreme non-normality of the relevant
generator, type II DM is not; a deeper understanding of
the mechanism that is responsible for the onset of type
II DM, and the possible significance of Krein stability
theory in general QBLs, are questions we leave for future
investigation.

Aside from its key role in enabling the above-mentioned
dynamical classification scheme, pseudospectral theory turns
out to be useful in predicting and interpreting the way in which
systems described by a QBL behave in the presence of weak,
external perturbations, within the validity of linear response
theory. For instance, this has direct implications for the be-
havior of the response matrix in the context of directional and
topological amplification [21,22,55]. We have shown that a
finite-size QBL exhibits the strongest response when driven
at resonant frequencies of the corresponding infinite-size sys-
tem; remarkably, when the dynamical generator is highly
non-normal, including for type I DM systems, this results in
an anomalous, resonant response to highly off-resonant drives.

Dynamical metastability is also an attractive framework
for probing the dynamical behavior of quantum correlations.
For QBHs, we have shown that it reflects directly into the
“pre-asymptotic scaling” of bipartite EE. In particular, we
have argued that the onset of an anomalous transient (DM
type I) phase explains the generation of abnormally large
asymptotic EE that has been recently reported for a fam-
ily of QBHs in a different context [26]. Related to that, it
would be worth exploring whether dynamical metastability
plays an equally impactful role for entanglement genera-
tion in QBLs or whether distinctive entanglement signatures
could be tied to topological dynamical metastability and the
emergence of bosonic edge modes the latter entails [24].
Altogether, we expect that the effects of non-normality and
the nontrivial pseudospectrum will also prove important in
studying many-body bosonic dynamical systems described
by explicitly time-dependent quadratic generators (notably,
periodically driven Floquet systems), or weakly interacting
ones, beyond the quadratic regime. We leave such topics to
future work.
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APPENDIX A: KREIN STABILITY THEORY

In this Appendix, we summarize the basic results of Krein
stability theory used for understanding dynamical features
of QBHs. Krein stability theory [79] is concerned with the
stability properties of the class of linear, time-invariant, ho-
mogeneous dynamical systems of the form

d

dt
	v(t ) = iM	v(t ), 	v(0) = 	v0 ∈ Cn, (A1)

with M being an n × n pseudo-Hermitian matrix with respect
to some (possibly indefinite) metric η. That is, η is Hermitian
and invertible and M† = ηMη−1. For QBHs (and special sub-
classes of QBLs), we have M = G and η = τ3.

The pseudo-Hermitian property guarantees that the eigen-
values of M come in complex conjugate pairs. Thus, the EOM
in Eq. (A1) is stable (in the sense of generating bounded
evolution) for all initial conditions 	v0 as long as M is diagonal-
izable and has an entirely real spectrum. A standard problem
in dynamical systems theory is to determine when a given sta-
ble dynamical system remains stable under sufficiently small
perturbations. This problem is rigorously solved for the above
class of systems by introducing the notion of Krein signature.
The Krein signature of a vector 	v ∈ Cn (with respect to η) is
the sign of 	v†η	v (which is taken to be zero if 	v†η	v = 0). We
may then refer to a linear subspace V ⊆ Cn as η definite if the
Krein signature of every vector in V has the same (nonzero)
sign, and η indefinite otherwise.

With these notions introduced, we can state one of the main
theorems of Krein stability theory (adapted from chapter III of
Ref. [79]):

Theorem 1 (Krein-Gel’fand-Lidskii). Let M denote a
pseudo-Hermitian matrix with metric η and let λ denote a real
eigenvalue of M with associated eigenspace Eλ. Further, let
‖ · ‖ be any matrix norm. Then:

(a) If Eλis η definite, then all Jordan chains associated to λ

are of length one. In addition, there exists ε, δ > 0 such that
if M′ is pseudo-Hermitian with metric η and ‖M′ − M‖ < δ,
then all the eigenvalues λ′ of M′ such that |λ′ − λ| < ε are
real and correspond to Jordan chains of length one.

(b) If Eλ is η indefinite and all the Jordan chains associated
to λ are of length one, then for every ε > 0 there exists a
pseudo-Hermitian matrix M′ with metric η possessing non-
real eigenvalues in an open neighborhood of λ, such that
‖M′ − M‖ < ε.

In words, this theorem reveals that (i) if the system
described by Eq. (A1) is stable, then it remains stable un-
der sufficiently small perturbations as long as all of the
eigenspaces of M are η definite and (ii) if at least one of the
eigenspaces of M are indefinite, then there exist arbitrarily
small perturbations that destabilize the system.

In view of the above, it becomes essential to understand
when an eigenspace of M is η indefinite. Immediately, this is
always the case for λ �∈ R. To see why, note that if M	v = λ	v,
then

λ	v†η	v = 	v†ηM	v = 	v†M†η	v = λ∗	v†η	v.

If λ �= λ∗ (so that λ �∈ R), then this equation is only satisfied
if 	v†η	v = 0. In the case where λ is real, the contrapositive of
result (a) above ensures that Eλ will be indefinite if M has
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a Jordan chain of length greater than 1 (i.e., and exceptional
point degeneracy at λ).

We have seen already that both of these conditions (λ �∈ R
and λ ∈ R hosting a nontrivial Jordan chain) are the only ways
the system described by Eq. (A1) can be unstable. However,
these two cases do not exhaust all possible sources of η in-
definiteness, and thus stable systems can be destabilized by
arbitrarily small perturbations. The necessary and sufficient
condition for a system of the form Eq. (A1) to be (i) stable and
(ii) able to be destabilized by arbitrarily small perturbations is
that at least one of the real eigenvalues of M (which must be
diagonalizable) hosts a Krein collision. That is, there exists an
eigenvalue λ with at least one eigenvector of positive Krein
signature and one eigenvector of negative Krein signature.

APPENDIX B: THE SEMI-INFINITE
BOUNDARY CONDITION

1. The associated Toeplitz operator and its physical significance

In this Appendix, we make our notion of SIBCs mathe-
matically rigorous and connect to the theory of block-Toeplitz
operators. All mathematical results can be found in Ref. [17].

In the main text, SIBCs were defined by bisecting a bi-
infinite, translationally invariant system and obtaining two
separate half-infinite chains—one with a left boundary and
one with a right boundary. Mathematically, the BIBC dynam-
ical matrix is a (banded) block-Laurent operator defined on
the Hilbert space H−∞,∞ ≡ �2(Z) ⊗ C2d , where �2(Z) is the
space of square summable maps from Z (the bi-infinite lattice)
to C and d is the number of degrees of freedom per lattice site.
The banded-block Laurent moniker means that GBIBC has the
form

GBIBC = 1 ⊗ g0 +
R∑

r=1

(
Vr ⊗ gr + (V†)r ⊗ g−r

)
, (B1)

with gr the 2d × 2d internal matrices, R the (finite) coupling
range, 1 the identity operator on �2(Z), and V (V†) the left-
(right-) shift operator on �2(Z) defined in Eq. (8). The afore-
mentioned bisection procedure is performed by removing the
coupling between sites 0 and 1. Mathematically, this amounts
to replacing V with

T =
∞∑

j=−∞,�=0

	e j 	e†
j+1 = TR + TL = V − 	e0	e†

1,

TR ≡
−1∑

j=−∞
	e j 	e†

j+1, TL ≡
∞∑
j=1

	e j 	e†
j+1. (B2)

In the above, we have defined the left-shift operator TL(R) for
the left- (right-) boundary half-infinite chain. It follows that

GSIBC = GLSIBC + GRSIBC, (B3)

GL(R)SIBC ≡ 1 ⊗ g0 +
R∑

r=1

((TL(R) )r ⊗ gr + (TL(R)†)r ⊗ g−r ).

(B4)

The operator GLSIBC is supported on the right-half-space
�2(Z>0) ⊗ C2d , with Z>0 = {1, 2, . . .}, while GRSIBC instead

is supported on the left-half-space �2(Z�0) ⊗ C2d , with
Z�0 = {. . . ,−2,−1, 0}. The former can be straightforwardly
interpreted as a Toeplitz operator GLSIBC : �2(Z>0) ⊗ C2d →
�2(Z>0) ⊗ C2d . Less obviously, the latter can also be mapped
to a banded block-Toeplitz operator by defining the map

W : �2(Z�0) −→ �2(Z>0), (B5)

	e j �−→ 	e1− j . (B6)

To simplify notation, we let G ≡ GLSIBC and G̃ ≡
W GRSIBCW −1. In matrix notation, we then have

G =

⎡⎢⎣ g0 g1 · · ·
g−1 g0

. . .
...

. . .
. . .

⎤⎥⎦, G̃ =

⎡⎢⎣g0 g−1 · · ·
g1 g0

. . .
...

. . .
. . .

⎤⎥⎦. (B7)

In the mathematical literature, the operator G̃ is known as
the associated block-Toeplitz operator [17]. If we denote the
symbol for G by g(z) [Eq. (10)] and the symbol for G̃ by g̃(z),
then g̃(z) = g(1/z).

From this analysis, we conclude that:
(i) The dynamical matrix of a semi-infinite chain retaining

only the left boundary is equivalent to a banded block-Toeplitz
operator, and

(ii) The dynamical matrix of a semi-infinite chain retain-
ing only the right boundary is equivalent to the associated
banded block-Toeplitz operator.

In particular, for the pseudospectrum it follows that

σε (GSIBC) = σε (GLSIBC) ∪ σε (GRSIBC) = σε (G) ∪ σε (G̃).
(B8)

Physically, the semi-infinite spectrum consists of the pseu-
dospectrum (and hence, spectrum when ε → 0) of the left and
right boundary chains together. Remarkably, these two spectra
can be different [17].

2. Semi-infinite spectrum and the Wiener-Hopf factorization

The spectrum of a block-Toeplitz operator, say, X, can
be explicitly computed from its symbol, say x(z). If x(z) =∑

r∈Z xrzr is any m × m matrix valued function such that
(i)

∑
r∈Z ‖xr‖ < ∞ for any matrix norm and (ii) x(eik ) is

invertible for all k ∈ R, then x(z) has a left Wiener-Hopf fac-
torization of the form

x(z) = A+(z)D(z)A−(z), (B9)

with A+(z) invertible for all |z| � 1, A−(z) invertible for all
|z| � 1, and D(z) = diag(zκ1 , . . . , zκm ), with κ j ∈ Z the left
partial indices. Similarly, x(z) has a right Wiener-Hopf fac-
torization of the form

x(z) = B−(z)E(z)B+(z), (B10)

with B−(z) invertible for all |z| � 1, B+(z) invertible for all
|z| � 1, and E(z) = diag(zμ1 , . . . , zμm ), with μ j ∈ Z the right
partial indices. Let us, in addition, define the winding number
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of det x(z) around zero as:

ν(0, x(z)) ≡ 1

2π i

∫ π

−π

dk
d

dk
[ln(det(x(eik )))]

=
∑

j

μ j =
∑

j

κ j . (B11)

With this, we state a number of key remarks and known
results.

(1) Our convention swaps “left” and “right” compared to
Ref. [17]. Our left partial indices are the partial indices of
Ref. [27].

(2) Both {κ j} and {μ j} are unique up to ordering and are
generally distinct. However, they have the same sum. In fact,
the sum of either set of indices is equal to ν(0, x(z)).

(3) The right partial indices of x(z) are equivalent to the
left partial indices of the associated symbol x̃(z) = x(1/z).

(4) Condition (i) is always satisfied by symbols of banded
block-Toeplitz matrices. The banded assumption (i.e., that
there exist integers p and q such that q � p and xr = 0 for
all r > p and r < q) ensures that the sum

∑
r∈Z xrzr has only

a finite number of nonzero terms. In this case, we say x(z) is
a matrix Laurent polynomial.

(5) Condition (ii) guarantees that X is a Fredholm opera-
tor. That is, an operator with a finite-dimensional kernel and
cokernel. Thus, it may be replaced with the assumption that
the block-Toeplitz operator is Fredholm.

(6) A block-Toeplitz matrix whose symbol satisfies (i) and
(ii) is invertible if and only if κ j = 0 for all j ∈ {1, . . . , m}.

This series of facts can be leveraged to completely char-
acterize the spectrum of an arbitrary banded block-Toeplitz
operator.

Proposition 1. Let X be a banded block-Toeplitz operator.
Then λ ∈ σ (X) (λ ∈ σ (X̃)) if and only if (i) λ ∈ σ (x(eik )) for
some k ∈ R or (ii) x(z) − λ1m has at least one nonzero left
(right) partial index.

We note that while this result is not explicitly stated in
Ref. [17], it is a direct consequence of the above listed series
of results found within.

Proof. We will prove the theorem for X. The result for
X̃ follows immediately. Fix λ ∈ C and let X′ ≡ X − λ1 and
x′(z) ≡ x(z) − λ1m. Clearly, λ ∈ σ (X) if and only if X′ is not
invertible. There are then two cases: (1) X′ is not Fredholm
or (2) X′ is Fredholm. For case (1), X′ is not Fredholm if and
only if x′(z) is not invertible on the unit circle (or equivalently,
λ ∈ σ (x(eik )) for some k ∈ R) by point 5 above. In case (2),
X′ is Fredholm if and only if x′(z) admits a left Wiener-Hopf
factorization. Since X′ is not invertible, it must be that it has
at least one nonzero left particle index by point 6 above. �

a. Specialization of the Wiener-Hopf factorization

In order to get to the factorized form in Eq. (B9), a se-
quence of steps have to be undertaken [27]. Generally, so as
to find the full SIBC spectrum, the factorization needs to be
applied to all λ ∈ C/σ (GBIBC). However, for a special class
of models, that correspond to systems with nearest-neighbor
couplings and one internal degrees of freedom, we can derive
conditions that allow us to determine the existence of non-
trivial partial indices without performing the full factorization

procedure. Here we apply the steps for g(z). g̃(z) can be
treated analogously.

Theorem 2. Let

g′(z) ≡ g(z) − λ12 =
(

a(z) b(z)
c(z) d (z)

)
be a 2 × 2 matrix-valued symbol with nonzero elements,
invertible on the unit circle, such that p = 1, q = −1, and
det(g′(z)) has exactly two roots, z1 and z2, inside the unit cir-
cle. In order for g(z) to have nontrivial partial indices, namely
κ = {−1, 1}, at λ, it is necessary to satisfy b(z2)a(z1) =
a(z2)b(z1) and d (z2)c(z1) = c(z2)d (z1). If z1 �= z2, then these
conditions are also sufficient.

Proof. For a symbol invertible on the unit circle, the WH
procedure starts off by computing the roots of its determi-
nant polynomial det(g(z) − λ1), and selecting the ones inside
the unit circle. If there are exactly two such roots, then the
accessible partial indices at λ are limited to κ

(0)
i = {0, 0} or

κ
(0)
i = {−1, 1}, with κ

(0)
i obtained as follows. We define:

A(2)
+ ≡ z(g(z) − λ12), D(2) ≡ 12, A(2)

− ≡ 12.

We then successively remove each zero zi from A(i)
+ (z),

obtaining z(g(z) − λ12) = A(1)
+ (z)D(1)(z)A(1)

− (z), and finally
z(g(z) − λ12) = A(0)

+ (z)D(0)(z)A(0)
− (z), for the 2 × 2 case.

Here

A(i−1)
+ = A(i)

+ U−1
i �i, A(i−1)

− = �iViA
(i)
− ,

D(i−1) = �iD(i)(12 − 	e†
s 	esi + z	e †

s 	esi )�i,

where

Vi = 12 − zi

z
	e†

si
	esi + αiz

κ (i)
si

−κ (i)
mi 	e†

mi
	esi ,

U−1
i = 12 − 	e†

si
	esi + (z − zi )	e†

si
	esi + αi	e†

mi
	esi ,

and �i reshuffles the elements of D(i), which are of the
form {zκ

(i)
1 , zκ

(i)
2 } on the diagonal (and 0 otherwise), so that

κ
(i)
1 � κ

(i)
2 .

Thus, the end-goal is to obtain the structure of D(0), and
hence κ

(0)
i . Since det A(2)

+ (z2) = 0, A(2)
+ (z2) has a column

which is linearly dependent on previous columns. The same
will be true for A(1)(z1). Let A(i)

+,n denote the nth column
of A(i)

+ , and A(i)
+,nm the nmth element. Since our matrices are

2 × 2, either A(i)
+,2(zi ) is linearly dependent on A(i)

+,1(zi), i.e.,

A(i)
+,2(zi) = αiA

(i)
+,1(zi), or A(i)

+,1(zi ) = [0, 0]T . Let si denote the

linearly dependent column of A(i)
+ (zi ) and mi the independent

one. Then, we have αi = A(i)
+,12(zi )

A(i)
+,11(zi )

= A(i)
+,22(zi )

A(i)
+,21(zi )

, if si = 2 and αi =
0, if si = 1.

There are four possible cases to consider:
(i) A(2)

+,2(z2) is linearly dependent on A(2)
+,1(z2), A(1)

+,2(z1) is

linearly dependent on A(1)
+,1(z1);

(ii) A(2)
+,1(z2) = [0, 0]T , A(1)

+,2(z1) is linearly dependent on

A(1)
+,1(z1);

(iii) A(2)
+,1(z2) = [0, 0]T and A(1)

+,1(z1) = [0, 0]T ;

(iv) A(2)
+,2(z2) is linearly dependent on A(2)

+,1(z2), A(1)
+,1(z1) =

[0, 0]T .
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Cases (i) and (ii) yield trivial factorizations κ
(0)
i = 0, 0,

while (iii) and (iv) give nontrivial partial indices κ
(0)
i = 1,−1.

Let g(z) − λ12 ≡
(

a(z) b(z)
c(z) d (z)

)
. These two nontrivial cases

translate into the following conditions on the roots of the de-
terminant equation and the matrix elements of the symbol; for
case (iii), we have a(z1) = c(z1) = 0 and a(z2) = c(z2) = 0,

while for case (iv), it follows that b(z2)a(z1) = a(z2)b(z1) and
d (z2)c(z1) = c(z2)d (z1), with z1 �= z2. �

Corollary 1. Let g′(z) ≡ g(z) − λ12 =
(

a(z) b(z)
c(z) d (z)

)
, with

g(z) a symbol of a QBH with R = 1 and d = 1. Assuming that
g(z) has nonzero matrix elements and is invertible on the unit
circle, it has nontrivial partial indices, namely κ = {−1, 1},
at a point λ, only if b(z2)a(z1) = a(z2)b(z1) and d (z2)c(z1) =
c(z2)d (z1). If z1 �= z2, then these conditions are also sufficient.

Proof. For a QBH with R = 1 and d = 1, the symbol is
a 2 × 2 matrix with p = −q = 1, whose determinant polyno-
mial is a fourth-order one, with at most 2 roots inside the unit
circle, due to the symmetry properties of the Hamiltonian.
Moreover, since ν(0, g(z)) = 0 for QBHs, and the symbol
is invertible on the unit circle, there have to be exactly 2
roots, z1 and z2, inside the unit circle. The rest follows from
Theorem 2. �

b. Application to model systems

For the coupled HN chain, the symbol can be computed as
follows:

A(z) − ω12

=
(−κ − ω − JRz − JL/z w

−w −κ − ω − JLz − JR/z

)
,

whereas for the KOC, we have

g(z) − ω12

=
(

� − ω + iJ
2 (1/z − z) i�

2 (1/z + z)
i�
2 (1/z + z) −� − ω + iJ

2 (1/z − z)

)
.

(B12)

The two symbols are unitarily equivalent (when κ = 0), thus
we will work with the latter one.

In region II of the KOC, the condition for case (iii) yields
ω = � ± J . These values are real and already accounted for
by the bulk spectrum. The condition for case (iv) is satisfied
for ω = ± 1

�

√
(J2 − �2)(�2 − �2). While these points are

purely imaginary in region II, they make z1(ω) = z2(ω). Thus,
for one of these two points, we have to go through the full
WH factorization procedure (the result will be the same for
the other by symmetry). Doing so yields trivial partial indices.
Therefore, region II is stable under SIBCs. An exactly analo-
gous calculation shows that the GHC with imaginary hopping
remains stable under SIBCs.

We also apply the conditions for a nontrivial SIBC spec-
trum to the symbol of the BKC with real hopping given by
Eq. (28):

g(z) − ω12

=
(

g+iJ
2z + 1

2 z(g − iJ ) − ω i�
2 (z + 1/z)

i�
2 (z + 1/z) −g+iJ

2z − 1
2 z(g + iJ ) − ω

)
.

(B13)

While this model is dynamically stable in both reciprocal
(g > �) and nonreciprocal (g < �) regimes under OBCs [26],
we find that the SIBC spectrum is the interior of the ellipse
defined by the bulk spectrum in the nonreciprocal regime, but
is confined to the real axis in the reciprocal regime. Therefore,
while the nonreciprocal phase is type I DM, the reciprocal
phase is fully dynamically stable and non-DM.

APPENDIX C: PROOF THAT THE LIMIT OF FINITE-SIZE
SPECTRA IS CONTAINED IN THE SEMI-INFINITE LIMIT

In this Appendix, we establish a more general result about
the relationship between finite and infinite-size spectra for
block-Toeplitz systems, from which the bound in Eq. (18)
follows as an immediate corollary. In particular, we prove the
following theorem [which may be thought of as an ε → 0
counterpart of Eq. (B8)].

Theorem 3. Let {XN } denote a sequence of block-Toeplitz
matrices whose corresponding symbol is continuous on the
unit circle. Then

lim
N→∞

σ (XN ) ⊆ σ (X) ∪ σ (X̃), (C1)

where X is the block-Toeplitz operator obtained in the limit
N → ∞ and X̃ is the associated Toeplitz operator.

Before proceeding to the proof, we note that conflicting
results have been reported in the literature with regards to the
limiting set of Toeplitz matrix spectra. While in Ref. [13],
the limiting set is considered to be the subset of only the
corresponding Toeplitz operator spectrum, in Ref. [80] the ne-
cessity of including the associated Toeplitz operator spectrum
is correctly noted.

The stability gap bound in Eq. (18) then follows imme-
diately from the fact that σ (GSIBC) = σ (G) ∪ σ (G̃) [in the
notation of Eq. (B8)], along with the observation that the sym-
bol of a banded block-Toeplitz matrix is always continuous on
the unit circle.

To prove Theorem 3, we require a Lemma regarding the
stability (not in the dynamical sense) of the sequence {XN }.
Recall that a sequence of matrices {AN }∞N=1 is said to be stable
if there exists an N0 such that sup

N�N0

‖A−1
N ‖ < ∞. Here the

norm is the induced matrix 2-norm.
Lemma 1 (Adapted from Theorem 6.9 in Ref. [17]). Let

{XN } denote a sequence of mN × mN (with m the block size)
block-Toeplitz matrices, whose corresponding symbol is con-
tinuous on the unit circle. Then the sequence {XN } is stable
if and only if both the corresponding Toeplitz operator X and
associated Toeplitz operator X̃ are invertible.

Proof of Theorem 3. Let λ ∈ lim
N→∞

σ (XN ) and assume, by

contradiction, that λ �∈ σ (X) ∪ σ (X̃). Then, by definition, the
operators X′ ≡ X − λ1 and X̃′ ≡ X̃ − λ1 are invertible. By
Lemma 1, the sequence {X′

N ≡ XN − λ1mN } is stable. Let N0

be such that sup
N�N0

‖(X′
N )−1‖ < ∞. Now, for each N � N0, let

dN ≡ min
μ∈σ (XN )

|μ − λ|. Stability of the sequence {X′
N } implies

dN �= 0. In terms of this minimal distance, we have the resol-
vent bound (see Theorem 4.2 in Ref. [16], for instance)

‖(X′
N )−1‖ = ‖(XN − λ)−1‖ � 1

dN
.
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Therefore, it follows that

sup
N�N0

1

dN
� sup

N�N0

‖(X′
N )−1‖ < ∞. (C2)

Since, by assumption, λ ∈ lim
N→∞

σ (XN ), by the definition

of the uniform limiting set (see Chap. 3.5 of Ref. [17]), we
also know that there exists a sequence {λN } with λN ∈ σ (XN )
such that lim

N→∞
λN = λ. It follows that dN � |λN − λ|. In con-

junction with Eq. (C2), we conclude that

sup
N�N0

1

|λN − λ| � sup
N�N0

1

dN
< ∞.

However, we arrive at a contradiction since λN → λ implies
that the far left hand-side must diverge. �

APPENDIX D: BLOCH DYNAMICAL MATRICES
FOR SINGLE SPECIES QBLs

1. General derivation

The Bloch dynamical matrices of finite-range QBHs with
one internal degree of freedom satisfy g(k) = ∑

eik jg j , with

g†
j = τ3g− jτ3, g∗

j = −τ1g jτ1.

These properties can be leveraged to show that

g†(k) =
∑

j

e−ik jτ3g− jτ3 = τ3

∑
j

eik jg jτ3 = τ3g(k)τ3,

(D1)

g∗(k) =
∑

j

e−ik j (−τ1g jτ1) = −τ1g(−k)τ1. (D2)

Expanding in a basis of Pauli matrices, we have

g(k) ≡ d0(k)σ0 + id1(k)σ1 + id2(k)σ2 + d3(k)σ3

≡ Gk (d0, d1, d2, d2),

where the factors of i are included for later simplification.
From Eq. (D1) and the properties of Pauli matrices we deduce
that

Gk (d∗
0 ,−d∗

1 ,−d∗
2 , d∗

3 ) = Gk (d0,−d1,−d2, d3),

i.e., all di(k) are real. From Eq. (D2), we obtain

Gk (d0,−d1, d2, d3) = G−k (−d0,−d1, d2, d3),

which implies that d0 is an odd function of k, while the rest
are all even. All in all, it follows that

g(k) =
(

d0(k) + d3(k) id1(k) + d2(k)
id1(k) − d2(k) d0(k) − d3(k)

)
, (D3)

with d0 encoding imaginary hopping terms, d3 real hopping,
d2, d1 real and imaginary pairing, respectively. The corre-
sponding spectrum is given by

σ (g(k)) = ω±(k) = d0(k) ±
√

d3(k)2 − d2(k)2 − d1(k)2.

Hence, the dynamical stability condition is

d3(k)2 − d2(k)2 − d1(k)2 � 0, ∀k. (D4)

The thermodynamic stability condition can be obtained from

σ (τ3g(k)) = d3(k) ±
√

d0(k)2 + d1(k)2 + d2(k)2,

which amounts to two possibilities:

(i) d3(k) � 0 and d2
3 (k) − d2

2 (k) − d2
1 (k) − d2

0 (k) � 0 ∀k

(ii) d3(k) � 0 and d2
3 (k) − d2

2 (k) − d2
1 (k) − d2

0 (k) � 0 ∀k,

(D5)

where (i) [respectively, (ii)] corresponds to a system with en-
ergies bounded from below (respectively, above). Comparing
Eqs. (D4) and (D5), we make two observations: First, bulk
stability is independent of d0(k); second, a bulk stable system
may be taken from thermodynamically stable to a thermody-
namically unstable phase by tuning the magnitude of d0(k).
We conclude by noting that this analysis can be carried out in
an arbitrary spatial dimension D, in which case k is replaced
with the D-dimensional wave vector 	k.

2. Specialization to model systems

a. The Kitaev-coupled oscillator chain

From Eq. (25) in the main text, we can read off:

g0 =
(

� 0
0 −�

)
, g1 = i

2

(−J �

� −J

)
,

g−1 = i

2

(
J �

� J

)
.

Thus, the KOC Bloch dynamical matrix is given by

g(k) = g0 + g1eik + g−1e−ik

=
(

� + J sin k i� cos k
i� cos k −� + J sin k

)
,

with eigenvalues

ω±(k) = J sin k ±
√

�2 − �2 cos2 k.

The expression under the square root is negative, and hence
the system is bulk-unstable for � < �. The value � = � cor-
responds to an exceptional point, while between � � � � J
the system is gapless. The eigenvalues

σ (τ3g(k)) = � ±
√

�2 cos2 k + J2 sin2 k.

When J > �, the expression under the square root is maxi-
mized at ±k/2 and the condition for thermodynamic stability
becomes � > J .

b. The gapped harmonic chain with imaginary hopping

The internal coupling matrices for Eqs. (29) in the main
text are

g0 =
(

� 0
0 −�

)
, g1 = 1

2

(−J − iγ −J
J J − iγ

)
,

g−1 = 1

2

(−J + iγ −J
J J + iγ

)
,

whereby we obtain:

g(k) =
(

� − J cos k + γ sin k −J cos k
J cos k −� + J cos k + γ sin k

)
.
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The eigenvalues of the Bloch dynamical matrix are now
γ sin k ± √

�(� − 2J cos k). The eigenvalues

σ (τ3g(k)) = � − J cos k ±
√

J2 cos2 k + γ 2 sin2 k.

Accordingly, dynamical stability holds as long as � > 2J >

0, while thermodynamic stability is broken when γ 2 > γ 2
c =

1
2�2(1 −

√
1 − (2J/�)2).

APPENDIX E: OTHER FORMS OF
BOUNDARY-DEPENDENT STABILITY DISAGREEMENT

In our classification of finite and infinite-size disagree-
ments, we have focused on systems which display dynamical
stability differences between OBCs and SIBCs, and the dy-
namics these disagreements engender. Yet, in principle, other
types of disagreement can appear and give rise to interesting
dynamics in QBLs.

Incidentally, the representative systems we have looked
at are in the same dynamical stability phase for SIBCs, as
well as BIBCs. This, however, is not generically true. A
notable counterexample can be found in Ref. [52], where a Su-
Schrieffer-Heeger Hamiltonian, with modified on-site terms is
considered. The reference finds that, under a certain range of
parameters, while all the bulk modes are dynamically stable,
there are unstable edge-modes that appear for all system size.
Furthermore, through the use of the matrix WH factoriza-
tion, we can show that the complex edge modes persist in
the infinite-size limit. Thus, while this model is dynamically
stable under PBCs and BIBCs, it is unstable under OBCs and
SIBCs. This is yet another instance of a single boundary hav-
ing a dramatic effect on the dynamical stability of a system.

APPENDIX F: PURE BOSONIC GAUSSIAN STATES

1. Basic properties

In this Appendix, we review the basic properties of pure
bosonic, Gaussian states, as they prove to be a useful tool
for demonstrating the effect of dynamical metastability on
entanglement production in Sec. V A. A Gaussian state is
uniquely specified by its first two cumulants, the mean-vector
	m = 〈R〉 and the CM defined in Eq. (30),

�i j = 〈{Ri − 〈Ri〉,R j − 〈R j〉}〉,
R = [x1, p1, . . . , xN , pN ]T ,

[Rk,Rl ] = (−τ2)kl1 ≡ i�kl1.

As noted in the main text, the symplectic form � encodes the
CCRs in the quadrature basis. The bipartite EE of any sub-
system in a Gaussian state is completely encoded in the CM
[25,74]. Therefore, we recount the necessary and sufficient
requirements for a CM to be that of a pure, bosonic Gaussian
state.

In the quadrature basis, any CM corresponding to a physi-
cal state is a positive semidefinite, real, symmetric matrix. The
Heisenberg uncertainty relation obeyed by the quadratures
imposes an additional constraint, which translates into the
following condition on the CM [74,81]:

� + i� � 0. (F1)

By the Williamson theorem, any symmetric, positive 2N ×
2N matrix can be decomposed as:

� = ST νS, (F2)

with S a symplectic transformation, one that preserves CCRs,
ST �S = �, and ν = ⊕N

j=1 ν j12, with ν j > 0 the symplectic
eigenvalues of �. The symplectic eigenvalues of � are the
positive eigenvalues of i��, as σ (i��) = {±ν j}. Finally, im-
posing Eq. (F1), it follows that a valid CM has to satisfy
ν j � 1.

The purity condition on a Gaussian state, tr(ρ2) = 1, is
equivalent [74,82] to

∏N
i=1 ν−1

i = 1. Using Eq. (F2) and the
property det S = 1, leads to det � = ∏N

j=1 ν2
j . Therefore, the

purity of a Gaussian state requires 1√
det �

= 1. This fixes ν j =
1,∀ j and saturates the minimum uncertainty in Eq. (F1). No-
tably, it follows that every pure Gaussian state is the vacuum
state with respect to its Williamson normal form in Eq. (F2).

2. Construction of generic pure Gaussian states

Now we provide a roadmap for constructing generic pure
Gaussian states. From the purity condition, the matrix ν in
Eq. (F2) is fixed. Therefore, we need only to find a general
form for S. Any symplectic transformation has an Euler (or
Bloch-Messiah) decomposition

S = O
N⊕

j=1

(
er j 0
0 e−r j

)
O′,

with r j ∈ R and O, O′ symplectic and orthogonal [83,84].
Furthermore, the structure of a generic symplectic orthogonal
matrix can be expressed as

O =
(

X Y
−Y X

)
, XXT + YYT = 1, XYT − YXT = 0.

This fact may be seen by computing the (unique) polar de-
composition of S and then diagonalizing the positive definite
part. Notably, X, Y that satisfy the latter conditions give
X + iY = Z, with Z unitary. It follows that any 2N × 2N
symplectic matrix may be computed from two N × N unitary
matrices (defining O and O′) and a set of N real numbers r j .
In case of generating a random symplectic transformation, one
may sample these two unitaries from the uniform distribution
associated to the Haar measure. The real numbers r j may, for
instance, be sampled from a normal distribution with arbi-
trarily specified mean and variance. This arbitrariness reflects
the fact that there is no uniform distribution for the space of
symplectic matrices due to its intrinsic noncompactness.

APPENDIX G: LINEAR RESPONSE FOR QUADRATIC
BOSONIC LINDBLADIANS

In this Appendix, we recount the basic linear response
theory for Lindbladians of Ref. [28] and apply it to the
special case of a linearly driven QBL. The general setup
consists of the unperturbed Lindbladian L0 subject to a time-
dependent perturbation of the form ξ (t )L1, with ξ (t ) some
time-dependent scalar function and L1 a valid Lindbladian.
Given an initial condition ρin at t = 0, the full time depen-
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dence is given by:

ρ(t ) = E t (ρin), E t = T exp

[∫ t

0
dτ (L0 + ξ (τ )L1)

]
,

with T the time-ordering symbol. We also denote by E t
0 =

etL0 = E t |ξ=0 the unperturbed propagator and ρ0(t ) = E t
0(ρin)

the state at time t for the unperturbed system. Given an observ-
able A, linear response theory is concerned with evaluating the
quantity:

δ〈A〉(t ) ≡ 〈A〉(t ) − 〈A〉0(t ) = tr[Aρ(t )] − tr[Aρ0(t )].

These quantities are most easily expressed in the interaction
picture dynamics, whose propagator is given by E t

I ≡ E−t
0 E t .

Note that, while formally E−t
0 is not defined as E t

0 forms only
a semigroup, we may consistently define it as E−t

0 = e−tL0 .
The interaction-picture propagator satisfies the differential
equation:

d

dt
E t

I = ξ (t )Lt
IE t

I , Lt
I ≡ E−t

0 L1E t
0,

where we have defined the interaction picture generator Lt
I . It

follows that

δ〈A〉(t ) = tr
[
A
(
E t − E t

0

)
ρin

] = tr
[
A0(t )

(
E t

I − 1
)
ρin

]
,

A0(t ) ≡ (
E t

0

)�
A,

where 1 is the identity superoperator and we have invoked
the unperturbed Heisenberg dynamics of the operator A, i.e.,
A0(t ). One may verify that

E t
I − 1 =

∫ t

0
dτ ξ (τ )Lτ

I Eτ
I ,

which is expanded in a Dyson series. Keeping only the term
proportional to t , one obtains

δ〈A〉(t ) =
∫ ∞

0
dτξ (τ )χA(t, τ ),

χA(t, τ ) ≡ �(t − τ )tr
[
A0(t )Lτ

I ρin
]
,

where we have uncovered the linear susceptibility χ (t, τ ). For
later convenience, we can rearrange this to obtain

χA(t, τ ) = �(t − τ )tr
[(
Eτ

0

)�
(L�

1(A0(t − τ )))ρin
]
,

which is completely in terms of the Heisenberg picture. In
the case where we have several perturbations,

∑
j ξ j (t )L j ,

linearity allows us to individually compute the response of A
to each individual perturbation. It follows that:

δ〈A〉(t ) =
∫ ∞

0
dτ

n∑
j=1

ξ j (τ )χA, j (t, τ ),

χA, j (t, τ ) ≡ �(t − τ )tr
[
A0(t )Lτ

j,Iρin
]
,

where Lτ
j,I = E−τ

0 L jEτ
0 and

χA, j (t, τ ) = �(t − τ )tr
[(
Eτ

0

)�
(L�

j (A0(t − τ )))ρin
]
. (G1)

Let us now specialize the above formalism to QBLs sub-
jected to linear driving. Specifically, consider a QBL L0 and
consider linear Hamiltonian perturbations, i.e., H0 �→ H0 +

Hd (t ) with:

Hd (t ) = i
∑

j

z∗
j (t )a j − z j (t )a†

j = i	β(t )†τ3�,

	β(t ) ≡ [z1(t ), z∗
1 (t ), . . . , zN (t ), z∗

N (t )]T ,

where we have utilized the usual τ matrices. In the language
of the general theory, we have a number of perturbations [85]:

L0 �→ L0 +
2N∑
j=1

ξ j (t )L j, ξ j (t ) = i(	β†(t )τ3) j,

L j = −i[� j, ·].
To evaluate the response of 〈�i〉, we compute the response
functions χi j (t, τ ) ≡ χ�i, j (t, τ ) using the formula in Eq. (G1)
with A = �i. First, we note that:

�i(t − τ ) = (V(t − τ )�)i, V(t ) = e−iG0t ,

in terms of the dynamical matrix G0 of the unperturbed
system. Proceeding, bosonic algebra provides great simplifi-
cation:(

E t
0

)�
(L�

j (�i(t − τ ))) = (
E t

0

)�
(i[�†

j ,�i(t − τ )])

= −i(V(t − τ )τ3)i j1F,

with 1F the Fock space identity. We thus conclude:

χi j (t, τ ) = −i�(t − τ )(V(t − τ )τ3)i j,

which is both time-translation invariant and state indepen-
dent. In fact, the former can be seen as a consequence of the
latter since, in particular, one may choose a stationary state as
the initial condition. Altogether,

δ〈�i〉(t ) =
∫ ∞

0
dτ

n∑
j=1

χi j (t, τ )ξ j (τ )

=
∫ ∞

0
dτ �(t − τ )(V(t − τ )	β∗(τ ))i

Defining the displacement vector δ〈�〉(t ) with ith element
δ〈�i〉(t ), we may more succinctly write:

δ〈�〉(t ) =
∫ ∞

0
dτ �(t − τ )V(t − τ )	β∗(τ ).

By decomposing δ〈�〉(t ) into its frequency components via a
Fourier transform, we find:

δ〈�̃〉(ω) =
∫ ∞

−∞
dteiωtδ〈�〉(t )

=
∫ ∞

−∞
dteiωt

∫ ∞

0
dτ �(t − τ )V(t − τ )	β∗(τ )

=
∫ ∞

−∞
dt ′eiωt ′

�(t ′)V(t ′)
∫ ∞

0
dτ eiωτ 	β∗(τ ).

Adopting the convention that the perturbation is turned
on at t = 0, the integration range of the rightmost inte-
gral can be extended to τ ∈ (−∞,∞) and recognized as
the Fourier transform of 	β∗(τ ), which we denote by 	b(ω).
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We further write:

χ(ω) =
∫ ∞

−∞
dt ′eiωt ′

�(t ′)V(t ′) =
∫ ∞

0
dt e−i(G0−ω)t ,

so that 〈�̃〉(ω) = χ(ω)	b(ω). Locality in frequency space is
characteristic of linear response theory more generally. Im-
portantly, the frequency space response function χ(ω) can be
computed exactly

χ(ω) =
∫ ∞

0
dt e−i(G0−ω)t = i(ω − G0)−1,

as long as the largest real parts of the eigenvalues of (G0 −
ω) are bounded away from the imaginary axis on the left
half plane. In particular, the frequency response function is

well-defined for any QBL with a strictly negative stability
gap. If the stability gap is zero (as can happen in the case of a
dynamically stable QBH, for instance), then we may introduce
a regularization parameter η > 0 and compute:

χ(ω) = lim
η→0

∫ ∞

0
dt e−ηt e−i(G0−ω)t

= lim
η→0

i(ω − iη − G0)−1 = i(ω − G0)−1.

Thus, as mentioned in the main text, the frequency-space
response is proportional to the resolvent, R(z) ≡ (G0 − z)−1,
of the dynamical matrix evaluated at z = ω ∈ R.

[1] M. Kardar, Statistical Physics of Particles & Statistical Physics
of Fields (Cambridge University Press, Cambridge, UK, 2007).

[2] M. Barber, in Phase Transitions and Critical Phenomena,
Vol. 8, edited by C. Domb and J. Lebowitz (Academic Press,
New York, 1983).

[3] A. L. Kuzemski, Thermodynamic limit in statistical physics,
Int. J. Mod. Phys. B 28, 1430004 (2014).

[4] P. Palacios, Had we but world enough, and time... but we don’t!:
Justifying the thermodynamic and infinite-time limits in statis-
tical mechanics, Found. Phys. 48, 526 (2018).

[5] H.-P. Breuer and F. Petruccione, The Theory of Open Quantum
Systems (Oxford University Press, Oxford, 2007).

[6] G. Lindblad, On the generators of quantum dynamical semi-
groups, Commun. Math. Phys. 48, 119 (1976).

[7] Y. Ashida, Z. Gong, and M. Ueda, Non-Hermitian physics, Adv.
Phys. 69, 249 (2020).

[8] C. M. Bender, Making sense of non-Hermitian Hamiltonians,
Rep. Prog. Phys. 70, 947 (2007).

[9] A. Mostafazadeh, Pseudo-Hermiticity versus PT symmetry:
The necessary condition for the reality of the spectrum of a
non-Hermitian Hamiltonian, J. Math. Phys. 43, 205 (2002).

[10] J. P. Blaizot and G. Ripka, Quantum Theory of Finite Systems
(MIT Press, Cambridge, MA, 1986).

[11] V. M. Martinez Alvarez, J. E. Barrios Vargas, and L. E. F. Foa
Torres, Non-Hermitian robust edge states in one dimension:
Anomalous localization and eigenspace condensation at excep-
tional points, Phys. Rev. B 97, 121401(R) (2018).

[12] S. Yao and Z. Wang, Edge states and topological invari-
ants of Non-Hermitian systems, Phys. Rev. Lett. 121, 086803
(2018).

[13] N. Okuma, K. Kawabata, K. Shiozaki, and M. Sato, Topologi-
cal origin of non-Hermitian skin effects, Phys. Rev. Lett. 124,
086801 (2020).

[14] N. Hatano and D. R. Nelson, Localization transitions in non-
Hermitian quantum mechanics, Phys. Rev. Lett. 77, 570 (1996).

[15] Z. Gong, Y. Ashida, K. Kawabata, K. Takasan, S. Higashikawa,
and M. Ueda, Topological phases of non-Hermitian systems,
Phys. Rev. X 8, 031079 (2018).

[16] L. N. Trefethen and M. Embree, in Spectra and Pseudospectra:
The Behavior of Nonormal Matrices and Operators (Princeton
University Press, Princeton, NJ, 2005).

[17] A. Böttcher and B. Silbermann, in Introduction to Large Trun-
cated Toeplitz Matrices (Springer Science & Business Media,
New York, 2012).

[18] T. Prosen and T. H. Seligman, Quantization over boson operator
spaces, J. Phys. A: Math. Theor. 43, 392004 (2010).

[19] T. Barthel and Y. Zhang, Solving quasi-free and quadratic Lind-
blad master equations for open fermionic and bosonic systems,
J. Stat. Mech. (2022) 113101.

[20] A. McDonald, T. Pereg-Barnea, and A. A. Clerk, Phase-
dependent chiral transport and effective non-Hermitian dynam-
ics in a bosonic Kitaev-Majorana chain, Phys. Rev. X 8, 041031
(2018).

[21] D. Porras and S. Fernández-Lorenzo, Topological amplifi-
cation in photonic lattices, Phys. Rev. Lett. 122, 143901
(2019).

[22] C. C. Wanjura, M. Brunelli, and A. Nunnenkamp, Topological
framework for directional amplification in driven-dissipative
cavity arrays, Nat. Commun. 11, 3149 (2020).

[23] V. P. Flynn, E. Cobanera, and L. Viola, Topology by dissipation:
Majorana bosons in metastable quadratic Markovian dynamics,
Phys. Rev. Lett. 127, 245701 (2021).

[24] V. P. Flynn, E. Cobanera, and L. Viola, Topological zero modes
and edge symmetries of metastable Markovian bosonic systems,
Phys. Rev. B 108, 214312 (2023).

[25] L. Hackl, E. Bianchi, R. Modak, and M. Rigol, Entanglement
production in bosonic systems: Linear and logarithmic growth,
Phys. Rev. A 97, 032321 (2018).

[26] G. Lee, T. Jin, Y.-X. Wang, A. McDonald, and A. Clerk,
Entanglement phase transition due to reciprocity breaking with-
out measurement or postselection, PRX Quantum 5, 010313
(2024).

[27] A. Alase, E. Cobanera, G. Ortiz, and L. Viola, Wiener-Hopf
factorization approach to a bulk-boundary correspondence and
stability conditions for topological zero-energy modes, Ann.
Phys. 458, 169457 (2023).

[28] L. Campos Venuti and P. Zanardi, Dynamical response the-
ory for driven-dissipative quantum systems, Phys. Rev. A 93,
032101 (2016).

[29] S. C. Reddy, P. J. Schmid, and D. S. Henningson, Pseudospectra
of the orr-sommerfeld operator, SIAM J. Appl. Math. 53, 15
(1993).

032207-28

https://doi.org/10.1142/S0217979214300047
https://doi.org/10.1007/s10701-018-0165-0
https://doi.org/10.1007/BF01608499
https://doi.org/10.1080/00018732.2021.1876991
https://doi.org/10.1088/0034-4885/70/6/R03
https://doi.org/10.1063/1.1418246
https://doi.org/10.1103/PhysRevB.97.121401
https://doi.org/10.1103/PhysRevLett.121.086803
https://doi.org/10.1103/PhysRevLett.124.086801
https://doi.org/10.1103/PhysRevLett.77.570
https://doi.org/10.1103/PhysRevX.8.031079
https://doi.org/10.1088/1751-8113/43/39/392004
https://doi.org/10.1088/1742-5468/ac8e5c
https://doi.org/10.1103/PhysRevX.8.041031
https://doi.org/10.1103/PhysRevLett.122.143901
https://doi.org/10.1038/s41467-020-16863-9
https://doi.org/10.1103/PhysRevLett.127.245701
https://doi.org/10.1103/PhysRevB.108.214312
https://doi.org/10.1103/PhysRevA.97.032321
https://doi.org/10.1103/PRXQuantum.5.010313
https://doi.org/10.1016/j.aop.2023.169457
https://doi.org/10.1103/PhysRevA.93.032101
https://doi.org/10.1137/0153002


INTERPLAY OF FINITE- AND INFINITE-SIZE … PHYSICAL REVIEW A 110, 032207 (2024)

[30] P. J. Schmid, Linear stability theory and bypass transition in
shear flows, Phys. Plasmas 7, 1788 (2000).

[31] J. S. Baggett, T. A. Driscoll, and L. N. Trefethen, A mostly
linear model of transition to turbulence, Phys. Fluids 7, 833
(1995).
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