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Phase dependence of Kerr-based parametric amplification
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Kerr instability amplification can amplify over an octave of spectrum, a broad bandwidth supporting few-cycle
pulses. However, dispersion management in this regime is crucial, and we explore the parameters required to
maintain the ultrashort pulse undergoing amplification. At low pump intensities, we experimentally observe an
interference between the strongly chirped supercontinuum seed and weakly amplified pulse, reproduced in our
model by manipulating the seed dispersion. Extending our model to cases of high gain, our simulation predicts
the dispersion is near zero, and the phase can be compensated preamplification to generate near-transform-limited
amplified few-cycle pulses. We discuss chirping the seed pulse to avoid saturation, a route for generating sub-mJ
few-cycle pulses in a single stage from Kerr instability chirped-pulse amplification.
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I. INTRODUCTION

Recently, theory and experiments of Kerr instability
amplification (KIA) demonstrated the amplification of super-
continuum spectra spanning nearly an octave in bandwidth in
a single beam [1–3]. Such broadband spectra support few-
cycle pulses, where the peak-field strength depends on both
the dispersion and the carrier envelope phase (CEP) [4–6].
Broadband amplified spectra drive intense ultrafast experi-
ments such as high harmonic generation, strong-field physics,
and attosecond (1 as = 10−18 s) science [7–9]. Femtosecond
(1 fs = 10−15 s) amplifiers must amplify the broad spectrum
without introducing spurious temporal and spatial phase ef-
fects that would compromise the pulse coherence.

Chirped pulse amplification (CPA) enables large gain over
a broad bandwidth by temporally dispersing the seed pulse,
stretching it to decrease the peak intensity and avoid multi-
photon absorption and optical damage in the gain medium
[10,11]. The amplified pulse is then subsequently recom-
pressed to undo the initial dispersion, leading to intense fs
pulses. However, the limited gain medium bandwidth leads
to gain narrowing with each pass in the amplifier [12–14].

Optical parametric amplifiers (OPAs) can side-step this
gain narrowing by several means. A noncollinear geome-
try (NOPA) can substantially increase the gain bandwidth,
leading to amplified spectra that support few-cycle pulses
[15]. Multiple amplification stages can be combined with
other nonlinear processes to create intense few-cycle pulses
with central wavelengths from the visible to the midinfrared
[16–18]. Fourier-domain amplification (FOPA) tailors the
gain of each spectral component, allowing for spectral shaping
and tuning [19,20]. However, these OPAs require crystals with
large second-order nonlinearity χ (2), limiting the choice of
available gain media.
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Conversely, KIA relies on the third-order nonlinearity χ (3),
which is present in all materials, and can amplify supercon-
tinuum spectra that support few-cycle pulses in a single step
without additional pulse shaping. Furthermore, the parametric
amplification process automatically allows for excellent pulse
contrast without requiring pulse picking, making it a suitable
seed for petaWatt scale few-cycle sources [21]. The theory
of KIA is derived elsewhere [22], and our previous work
shows that KIA theory can be reproduced by extending the
definition of four-wave mixing (FWM) [3] to directly amplify
a supercontinuum spectrum in a single beam [2].

As with any nonlinear process, FWM requires conservation
of energy (2ωp = ωs + ωi, where ωp,s,i are the pump, signal,
and idler frequencies, respectively) and momentum (2kp =
ks + ki, where kp,s,i are the respective wave vectors) [23]. We
modify the FWM phase matching condition by accounting for
the material nonlinearity,
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Without an intensity-dependent index, the FWM phase-
matching condition predicts collinear phase matching at the
pump wavelength [24], a significant difference between FWM
and KIA. Using our extended definition of FWM, we effec-
tively model KIA, where the gain g of the seed is given by
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FIG. 1. Setup for KIA in 0.5 mm MgO. A BS first splits the
output of a Ti:sapphire laser to create the pump (ωp) and the seed
(ωs). The pump overlaps with the supercontinuum seed at an external
interaction angle of 5.3◦ in 0.5 mm MgO. The resulting amplified
pulse is measured with a spectrometer (spect.). See text for details.

However, the first ∼100 µm of propagation does not amplify
the seed, but rather creates the idler. Therefore, the signal
and idler intensities, in the undepleted pump approximation,
are [25]

Is(z) ≈ Is(0) cosh2
( g

2
z
)
, (4)

Ii(z) ≈ ωs

ωi
Is(0) sinh2

( g

2
z
)
. (5)

When the amplification Is(z)/Is(0) is found, the gain is then
calculated by isolating for g.

We propose that since KIA has a larger gain and bandwidth
than the first stage of multistage χ (2) parametric amplifiers
[18,26,27], it could be used to replace this first stage for few-
cycle pulses. However, several phase effects must be studied
to ensure that the phase is maintained without introducing
significant field distortion.

In this work, we present an experimental result showing
an interference between the seed and amplified pulses. We
create a numerical model that agrees with our experimental
findings, and use this model to simulate the amplification by
Kerr instability to study the effects of amplification on the
phase. We investigate the dispersion in the amplification pro-
cess and how controlling the seed phase allows for amplified
few-cycle pulses near the transform limit. We also discuss
the effect of the seed and pump CEP on the amplified pulse,
as well as pump intensity jitter. Although saturation distorts
the amplified pulse, we can avoid this effect by prechirping
the pulse to decrease the seed peak intensity, enabling Kerr
instability chirped-pulse amplification (KICPA).

II. AMPLIFIED PULSE PHASE

The setup for the experiment is shown in Fig. 1. We use a
Ti:sapphire laser that outputs 110 fs pulses at 1 kHz, centered
at 785 nm. A beamsplitter (BS) splits the beam into two
paths to create the seed and pump. A half-wave plate (HWP)
and polarizer (Pol.) control the seed energy (1 µJ) into the
5-mm sapphire plate (SP). The resulting seed supercontinuum
spectrum spans from 450 to 1000 nm at 50 dB (see Ref. [2]
for further details). A BK7 lens collimates ( f3 = 25 mm) and
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FIG. 2. (a) Experimental amplified spectrum centered at 580 nm,
showing interference fringes on the blue side of the spectrum when
pumped at low power. (b) Numerical result for the amplified spec-
trum of a 5-fs pulse centered at 580 nm.

refocuses the supercontinuum onto the 0.5 mm MgO. The
pump arm sits on a delay stage to control the timing between
pump and seed, and is focused using a f1 = 300 mm lens
(w0 ≈ 70 µm) onto the 0.5 mm MgO. The pump pulses have
an average pulse energy of 127 µJ, resulting in the estimated
peak intensity of Ip = 8 ± 1 × 1016 W/m2. The pump and
seed interact at an external angle of 5.3 ± 0.2◦ in the MgO
crystal, resulting in amplification. The spectrum of the am-
plified seed supercontinuum (ωs) is measured using an Ocean
Optics Flame-S spectrometer. The residual pump and idler are
also shown, but not measured.

At low gain, we observe inteferences fringes in the
spectrum of the amplified pulse. Figure 2(a) shows our exper-
imental result for amplifying a seed pulse centered at 580 nm
with the experimental conditions stated above. In this low-
intensity, low-gain regime, we observe interference fringes on
the blue side of the amplified spectrum, suggesting an inter-
ference between the seed and amplified pulses. To understand
this interference, we perform simulations to investigate the
phase of the amplified pulse.
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Having performed experiments, we develop a numerical
model to further understand our experimental result, and the
remainder of this work will report on pulse propagation sim-
ulations. Our simulations are performed in two dimensions
to account for the transverse phase-matching criterion. We
solve the forward Maxwell equation (FME) in two dimen-
sions [28,29] by fourth-order Runge-Kutta (RK4), fast Fourier
transforming from position to momentum space for wavefront
propagation [2,3]. FME is written in the spatial-frequency
domain as

∂

∂z
E (�r, ω) = i

c

2n(ω)ω
∇2

T E (�r, ω) + i
ω

c
[n(ω) − ng]E (�r, ω)

+ i
μ0ωc

2n(ω)
PNL(�r, ω), (6)

where ∇2
⊥ = ∂2

∂x2 is the transverse coordinate, n(ω) is the
frequency-dependent index of refraction, and ng is the
group index evaluated at the seed central wavelength. We
consider the instantaneous nonlinear polarizability, PNL =
Dε0χ

(3)|E |2E (x, t ), and the material polarization. We use the
prefactor D = 3/8, which is consistent with Ref. [25]. We
use a nonlinear Kerr coefficient n2 = 3χ (3)/[4ε0cn2

p] = 4 ×
10−20 m2/W. We previously found consistent agreement be-
tween KIA theory and our simulations for amplitude and angle
dependence [3]. We now use these simulations to investigate
the phase dependence of KIA.

Figure 2(b) shows the numerical result of pumping at
9 × 1016 W/m2, with a 100 fs, 800-nm pump pulse. The seed
pulse is centered at 580 nm with a pulse duration of 5 fs
and the interaction angle between pump and seed is 5.3◦ in
0.5 mm MgO. We apply a group-delay dispersion (GDD)
of 1150 fs2/mm + 450 fs2/mm, and a third-order dispersion
(TOD) of 490 fs3/mm to the seed pulse prior to amplification,
which models the dispersion of the supercontinuum seed and
that imparted by the two lenses in our experimental setup
[2]. Under these conditions, we reproduce the interference
fringes, suggesting that our model accurately portrays our
experimental findings.

We use this agreement to understand the phase dependence
of the amplification process by discussing the amplification in
the time domain. Because the supercontinuum seed is strongly
chirped and much longer than the pump, changing the rela-
tive seed-pump delay allows us to control the seed spectral
components overlapping with the pump, where the overlap
selects the portion of the spectrum to be amplified. However,
because the Kerr-based amplification strongly depends on the
pump intensity, the amplified pulse duration can be shortened
to approximately 1/

√
3 of the pump duration [30]. This effect

is similar to the pulse shortening experienced during cross-
polarized wave generation, also a χ (3) process [31,32]. This
pulse shortening leads to a different phase from the initial
seed; in the low-amplification case we observe interference
between the unamplified chirped seed and the shortened am-
plified pulse, leading to the interference fringes. We find that
the interference fringe position depends on the pump-seed
delay and is indepenent of the absolute phase of the seed and
pump.

Having established a model that accurately explains our
experimental results at low intensity, we extend our work to

the high-intensity regime. When pumped at high intensity,
MgO has shown to have a nearly constant angle that max-
imizes the amplification over an octave of bandwidth [2,3].
Our model does not take into account plasma effects, although
we operate in the intensity regime where a plasma may be
created. We note that the magnitude of change in the index of
refraction that would be induced by a plasma is comparable to
that of the Kerr nonlinearity at this intensity, but with opposite
signs [2,33]. A plasma-induced index change may improve
pump pulse propagation which would otherwise be limited by
self-focussing, but it may also reduce amplification efficiency.
The role of plasma creation under these conditions requires
further investigation.

III. AMPLIFIED PULSE DISPERSION

For the remainder of this work, we simulate the amplifica-
tion of few-cycle pulses at a constant angle of 4.5◦ (external
angle) in 0.5 mm MgO when pumped at 1064 nm with peak
intensity of 1.5 × 1017 W/m2, unless otherwise specified. The
angle optimizing the supercontinuum amplification, according
to Eq. (2) is pump-wavelength dependent and is less than the
785-nm pump case discussed previously. Having used our
model to reproduce our experimental results, we choose a
longer wavelength for the following simulations due to the
prevalence of 1040- to 1070-nm pumps in new OPCPA sys-
tems [34], and at 1064 nm the amplified pulse has a broader
bandwidth.

In Fig. 3, we simulate amplifying ultrashort seed pulses
centered at 970 nm to understand the effect of seed bandwidth
on the amplified spectrum and phase. For the amplified spectra
in Fig. 3(a), we find that there is negligible change for spectra
supporting pulses as short as 10 fs full width at half maximum
(FWHM) in duration by comparing the seed (double line) to
amplified (single line) spectra. Gain narrowing for few-cycle
pulses increases the pulse duration from 5 fs to 6.2 fs in the
transform limit (TL). In all three cases, the relative amplifica-
tion factor is 4400× at 970 nm, or a gain of g = 19.6/mm,
calculated by solving for g in Eq. (4).

The initial ∼112 µm does not lead to the seed (signal)
amplification, but rather idler creation [3]. Once the idler
reaches the amplitude of the seed, the GDD becomes much
less than that of the material. In Fig. 3(b), we show that the
GDD near the pump wavelength is 10.1 fs2, significantly less
than given by the material, 26.4 fs2 (dot dashed black). While
KIA predicts zero GDD at the pump wavelength [22], higher-
order terms still contribute. Near the pump wavelength, TOD
estimates the dispersion; away from the amplified peak, the
dispersion also depends on the spectral bandwidth and shape,
as shown by the amplified bandwidths of 20 (dotted yellow),
ten (dashed orange), and five (solid blue) fs pulses.

Because the dispersion is smooth over the majority of
the amplified pulse bandwidth, we can compensate for it
to amplify compressed pulses. Although laser amplifiers
compensate for the dispersion postamplification, such as
with CPA, we demonstrate here in our simulations that it
is possible to compensate preamplification, maximizing
the usable peak power. As shown in Fig. 4, the transform
limited (TL) amplified pulse increases in duration to 6.2 fs
(from a 5-fs seed). Including the amplification dispersion, the
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FIG. 3. Amplification and GDD of 5, 10, and 20 fs pulses cen-
tered at 970-nm from 1064-nm pump; noncollinear angle is 4.5◦

external angle. (a) The pulse durations are 6.2 fs (8.9 fs), 10.4 fs
(11.3 fs), and 20.0 fs (20.2 fs) for the five (solid blue), ten (dashed
orange), and 20 fs (dotted yellow) amplified pulse cases for transform
limit (including GDD). (b) The dispersion of the amplified pulses
follows a similar spectral dependence over the amplified portion of
the spectrum, and is lower than the material dispersion imparted by
0.5 mm of MgO (dot dashed black) over a substantial portion of the
bandwidth.

pulse duration becomes 8.9 fs. We can compensate for the
amplified pulse phase by shaping the seed, fitting its phase
to a sixth-order polynomial (accounting for GDD and higher
orders) [35–37]. This amplified pulse duration is 6.5 fs, or
two-cycle at 970-nm central wavelength.

IV. CARRIER ENVELOPE PHASE

In spite of the significant dispersion imparted by the
stretching and compression steps of chirped-pulse amplifica-
tion in laser amplifiers, the carrier envelope phase (CEP) of the
seed oscillator is maintained. Although the amplification pro-
cess itself can increase in the CEP jitter to 100 mrad [38–40],
drifts can be compensated by stabilizing the oscillator CEP,
pump intensity control, and other feedback (and feedforward)
mechanisms [41–43].

FIG. 4. A 5-fs 970-nm seed pulse amplified to transform limited
duration (solid blue) 6.2 fs, accounting for phase (dashed orange)
becomes 8.9 fs. By precompensating for the GDD incurred by the
amplification process (dotted yellow), the pulse duration is 6.5 fs.
A sixth-order polynomial fits the dispersion of the amplified pulse,
and its negative is applied to the seed pulse to precompensate for the
dispersion.

In our simulations, we find a similar effect in that the
CEP of the oscillator was directly related to the CEP of the
amplified pulse. As shown in Fig. 5, we follow the amplified
field (relative to the seed magnitude) in the time domain as a
function of the initial seed CEP. The carrier frequency has a
period of 3.2 fs; the field peak changes by 3.2 fs while main-
taining the same field envelope as the seed changes by 2π ,
indicating that the two are directly correlated. We note that in
a similar simulation performed by changing the pump CEP,
the amplified field phase is independent. Because the ideal
pump would be significantly longer in duration than the seed,
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FIG. 5. Dependence of the amplified field phase on seed CEP.
The linear relationship between the peak amplified field and the seed
CEP (white dashed line to guide the eye) shows that the amplification
process maintains the phase.
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FIG. 6. Effect of pump intensity on amplified pulse phase; the
seed dispersion is precompensated. (a) There is a 780 as delay in
the envelope as the pump intensity increases from 1.4 (solid blue)
to 1.6 × 1017 W/m2 (dashed orange) or 55 as/% pump intensity
change. (b) After correcting the group delay to align the envelopes
(double line), we also measure a CEP shift of 0.54 rad over this
intensity range or 38 mrad/% pump intensity change.

the pump CEP independence benefits the simplicity of the
amplification scheme because of the difficulty in stabilizing
narrow bandwidth pulses.

The amplified pulse CEP depends on the pump intensity,
however. As the pump intensity increases from 1.4 to
1.6 × 1017 W/m2, there is an increased group delay of 780
as, as shown in Fig. 6(a). This group delay agrees with the
expected delay due to the nonlinear index

Td = L

c

n2

n(ωp)
�Ip, (7)

where �Ip is the pump intensity jitter. Compared to the
pump intensity of 1.5 × 1017 W/m2, this corresponds to a 55
as/% pump intensity change. This pump intensity to delay
jitter could lead to difficulty in optical heterodyne detection
experiments [44].

After compensating for this jitter, there is also a CEP
change of 0.54 rad over this intensity range, or 38 mrad/%
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FIG. 7. Saturation effects on the spatiotemporal field evolution.
(a) Relative seed intensity Is/Ip = 10−6 leads to a compressed ampli-
fied pulse without spatial chirp. (b) When Is/Ip = 6.25 × 10−4, as the
amplified pulse intensity reaches >1% of the pump (amplification
factor ≈104), the amplification is saturated and the field becomes
distorted leading to walkoff and increased duration.

pump intensity change. For CEP-dependent experiments, KIA
will benefit from pump lasers with well-controlled pulse
power. The CEP jitter stems from the intensity-dependent
phase matching criterion. Because the phase-matching angle
depends on the pump intensity, the emerging field also has
a slight angle dependence, resulting in a shift in the CEP.
Although we find this CEP change to be consistent over these
parameters, we also find that the CEP change depends on the
pump and seed central wavelengths, the bandwidth, and the
relative angles.

V. KERR INSTABILITY CHIRPED
PULSE AMPLIFICATION

Once the seed reaches >1% of the pump intensity, the
seed and idler saturate, leading to a cascaded four-wave
mixing process that generates higher-order beamlets [30,45].
Although these beamlets can be recombined to generate a
few-cycle pulse, the difficulty in compensating for the an-
gular dispersion limits this technique for attosecond science
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FIG. 8. Applying GDD = −1000 fs2 to a 5-fs pulse decreases the
peak intensity by ∼100×, avoiding the saturation effects. (a) Space-
time intensity profile of pump and amplified pulse shows a parabolic
interference pattern signifying the initial GDD. (b) Amplified field
relative to seed for unchirped (dashed orange) and chirped (solid
blue) seed fields.

experiments [45–47]. At saturation, we find that the amplified
field becomes distorted, leading to beam walk-off and pulse
front tilt. Such a result is comparable to noncollinear optical
parametric chirped pulse amplifiers [48].

We show the effect of saturation in Fig. 7. When the rela-
tive seed to pump intensity, Is/Ip = 10−6 and the seed phase
is precompensated, the amplified pulse is below saturation,
as shown in Fig. 7(a). In this case, the field demonstrates no

spatial distortion to the wavefronts, and the pulse duration is
6.5 fs, close to the input pulse duration of 5 fs. Conversely,
with a relative intensity of 6.25 × 10−4, the saturated ampli-
fied pulse is spatially and temporally chirped, as shown in
Fig. 7(b).

We find we can avoid saturation by decreasing the peak
intensity by chirping the seed. As shown in Fig. 8, we sim-
ulate the amplification of a 5-fs seed pulse stretched with
GDD = −1000 fs2 to decrease its peak intensity by a factor
of 110. With chirp, the peak seed intensity relative to the
pump is Is/Ip = 5.7 × 10−6. In this case, the pump, with a
central wavelength of 1064 nm, has a top-hat temporal profile
of 1500-fs duration. The total intensity of pump and seed is
shown in Fig. 8(a) at the exit of the MgO. The parabolic
interference demonstrates the seed dispersion, and is below
saturation despite the significant intensity modulation. After
amplification, we impose +1000 fs2 to recompress the pulse,
as shown in Fig. 8(b). Without dispersion control, the pulse
saturates and the amplified field is ∼40× greater than the seed
and the pulse duration increases (dashed orange). With the
dispersion control, we avoid saturation and the pulse is nearly
transform limited (solid blue, pulse duration 6.5 fs) and the
peak field strength is ∼75× the seed.

VI. CONCLUSION

We find that the GDD of KIA is near zero at the pump
wavelength, and follows higher-order dispersion terms over
a significant portion of the amplified pulse bandwidth. This
imparted phase from the amplification process can be com-
pensated by controlling the seed phase to amplify nearly
transform limited few-cycle pulses. The amplified pulse CEP
depends on the seed and is nearly independent of the pump.
This scheme offers a simple route to generating intense CEP-
stable few-cycle pulses. Saturation significantly distorts the
amplified field, leading both spatial and temporal chirp. How-
ever, chirping the seed can avoid saturation, increasing the
amplified pulse peak intensity and enabling Kerr instability
chirped-pulse amplification (KICPA).
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