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Chaotic dynamics under the influence of a synthetic magnetic field in an optomechanical system
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Optomechanical systems produce chaotic behavior due to the nonlinear interaction between photons and
phonons, and the same systems are used to understand the synthetic fields as well. Here, we report on the
study of chaotic behavior in the presence of a phononic synthetic magnetic field in a closed-loop configuration
consisting of a single optical mode and two mechanical modes. The modulation phase of the mechanical
coupling between the two mechanical modes plays a critical role in determining the mechanical and optical
intensity dynamics in the nonlinear regime. Our study shows the dark mode breaking effect in the presence of
a synthetic magnetic field, which brings about a complex way of mechanical energy exchange that causes the
cavity field to alternate between chaotic and regular behavior periodically in the temporal domain. However,
in the stronger nonlinear regime the temporal dynamics demonstrate predominantly chaotic behavior. With the
advent of advanced fabrication technologies, this study holds promises in developing phase tunable integrated
low-power chaotic light sources to support efficient optical secure communication systems.
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I. INTRODUCTION

Cavity optomechanical systems allow significant interac-
tion between the light field and mechanical vibrations which
are being utilized to show various rich classical and quantum
phenomena [1]. Since the nature of the interaction is funda-
mentally nonlinear [2–4], the optomechanical cavity provides
an ideal platform to observe chaotic phenomenon [5,6]. Chaos
in the optomechanical cavity occurs in the highly nonlinear
regime when the driving power of the cavity becomes suffi-
ciently high [7]. The dynamics in the chaotic regime has a
noise-like behavior originating from a purely deterministic
set of equations and is extremely sensitive to infinitesimal
changes in the initial conditions [8].

Many studies have been conducted regarding a deeper
understanding of the chaotic behavior in different config-
urations of optomechanical systems and in controlling the
chaotic behavior in those systems. For example, controllabil-
ity in chaotic motions in an optomechanical system can be
achieved through the pump and probe fields applied to the sys-
tem [9,10]. In a multimode optomechanical configuration, the
tunability of the chaotic motions is shown in an optical parity-
time (PT ) symmetry optomechanical system [11], anti-PT
symmetric optomechanical structure [12], and in a passive
double cavity optomechanical configuration [13,14]. Zhang
et al. [15,16] showed that the intermittent chaos existed in an
optomechanical cavity and the nonreciprocal nature of chaotic
motion was reflected in a spinning optomechanical cavity.
Therefore, the platform of optomechanical systems promises
to provide an integrated low-power tunable chaos-based
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communication system [17–19], random number genera-
tors [20], among other applications of chaos.

In a different context, optomechanical systems also provide
a platform to understand synthetic (artificial) fields [21–24]
that help to understand the topological phases of matter [25],
different exotic transport phenomena [26,27], and others.
Our considered system has phase-dependent mechanical cou-
pling between two mechanical modes, which give rise to the
phononic synthetic magnetic field and the two mechanical
modes are coupled to a common optical mode [28]. This
type of closed-loop three-mode optomechanical configuration
is utilized to show tunable optomechanically induced trans-
parency (OMIT) [29], noise-tolerant entanglement [30], and
controllable generation of mechanical squeezing by breaking
the dark mode effect [31]; in addition it is also used to provide
enhanced mass sensing [32]. However, chaos-based study is
still unexplored in this particular optomechanical configura-
tion. Thereby, our study aims to understand the nature of
the chaotic dynamics and explore the controllable aspects of
the chaotic dynamics in this configuration. The initial part
of our study examines the mechanical dynamics for different
mechanical coupling phases at a fixed driving power level and
then we explain the dynamics in terms of the nonlinear way
of the mechanical energy exchange process between the two
hybridized mechanical modes. We study the effect of such
mechanical dynamics on the evolution of the optical intensity
inside the cavity where the periodic appearances of chaos
and regular behavior in the temporal domain is observed;
the periodicity turns out to be governed by the mechanical
coupling rate. The difference between chaotic and regular
behavior is clarified by examining the nature of trajectories
in phase space, the rate of separation of two infinitesimal
close trajectories in phase space, and the optical and mechan-
ical spectra. We also show how the periodic chaos-regular
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FIG. 1. The schematic of our configuration consisting of single
optical mode â coupled to the mechanical modes b̂1 and b̂2 with
resonance frequency ωm1 and ωm2 , respectively. The mechanical
modes are also coupled mechanically of strength Jc with phase
modulation θ .

dynamics are suppressed while the chaotic behavior domi-
nates in the higher-driving power levels and demonstrate the
mechanical coupling phase-dependent nature of the dynamics
through a bifurcation plot. Therefore, the studies provide an
idea of the unique dynamics in this system at different power
levels and the tunable nature of chaotic motions based on
varying mechanical coupling phases. The system of study
can be experimentally realized based on one-dimensional
(1D) optomechanical crystal cavities [30,33] or a circuit elec-
tromechanical system [29,30,34,35], and therefore, keep the
values of the parameters in our study similar to those found
in [33].

The rest of the paper is organized as follows. In Sec. II,
we mathematically model our optomechanical system and
mention the procedure to quantify chaotic behavior. The me-
chanical dynamics for various situations are being studied
in Sec. III. In Sec. IV the corresponding behavior of light
intensity inside the cavity is studied for the case of low to high
driving power levels. Finally, we summarize our results in
Sec. V.

II. MATHEMATICAL MODELING

The configuration of our system is shown in Fig. 1 where
there is a single optical mode coupled to two mechanical
modes. The mechanical modes are weakly coupled with each
other, with the coupling being phase-modulated [29–32].
Therefore, the configuration forms a closed loop structure
as in Fig. 1, and the phase modulation of the mechanical
coupling creates a synthetic magnetic flux in the system.

Assuming h̄ = 1 the Hamiltonian of the system in the rotating
frame of driving laser with frequency ωL is written as

Hfree = −�â†â +
∑
j=1,2

ωmj b̂
†
j b̂ j, (1a)

Hint = Jc(eiθ b̂†
1b̂2 + e−iθ b̂1b̂†

2)

+
∑
j=1,2

g0 j â
†â(b̂†

j + b̂ j ), (1b)

Hdrive = iE (â† − â), (1c)

Htotal = Hfree + Hint + Hdrive. (1d)

The free Hamiltonian Hfree of the system includes the op-
tical modes (represented by the creation and destruction
operator â† and â, respectively) with detuning � and two
mechanical modes (represented by the operators b̂†

1,2 and b̂1,2,
respectively) with resonance frequency ωm1,2 . The detuning
is defined by the deviation of the laser frequency ωL from
the optical cavity resonance ωcav such that � = ωL − ωcav.
The interaction terms in Hint consist of optomechanical in-
teraction term g01,2 of the single optical mode with the two
mechanical modes and the mechanical coupling term Jc (�
ωm) with phase modulation θ between the two mechanical
modes. Lastly, the Hdrive contains the laser drive with am-
plitude E . In terms of input power Pin the drive amplitude

is written as E =
√

2κPin
h̄ωL

where κ is the decay rate of the

optical cavity. The semi-classical Heisenberg-Langevin dy-
namical equations for the complex light field (a ≡ 〈â〉) and
the dimensionless complex mechanical displacement (b1,2 ≡
〈b̂1,2〉) without consideration of any classical noises are given
by

ȧ = i�̃a − κ

2
a + E , (2a)

ḃ1 = −
(

iωm1 + γm1

2

)
b1 + iJceiθ b2 + ig01 |a|2, (2b)

ḃ2 = −
(

iωm2 + γm2

2

)
b2 + iJce−iθ b1 + ig02 |a|2. (2c)

The effective detuning due to the optomechanical interac-
tion is given by �̃ = � + 2[

∑
j=1,2 g0 j Re(b j )] and the decay

rate of the mechanical vibration in each mechanical resonator
is denoted by γm1,2 . Under a steady-state condition, the average
values of the variables are written as

ā = E

−i ¯̃� + κ
2

, (3a)

b̄1 = iJceiθ

iωm1 + γm1
2

b̄2 + ig01 |ā|2
iωm1 + γm1

2

, (3b)

b̄2 = iJce−iθ

iωm2 + γm2
2

b̄1 + ig02 |ā|2
iωm2 + γm2

2

, (3c)

where ¯̃� is the effective detuning under a steady-state con-
dition given by ¯̃� = � + 2[

∑
j=1,2 g0 j Re(b̄ j )]. Equation (2)

has been solved numerically since chaos appears in the highly
nonlinear regime and analytic solutions in the nonlinear
regime are generally difficult to obtain.

The characterization of the chaotic behavior would require
the knowledge of the dynamics of the perturbed quantities
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�δ = (δar, δaim, δb1r , δb1im , δb2r , δb2im ), which is given by the variational equation �̇δ = M�δ after linearizing Eq. (2). The matrix
M6×6 is denoted by

M6×6 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

− κ
2 −�̃ −2g01 Im(a) 0 −2g02 Im(a) 0

�̃ − κ
2 2g01 Re(a) 0 2g02 Re(a) 0

0 0 − γm1
2 ωm1 −Jcsinθ −Jccosθ

2g01 Re(a) 2g01 Im(a) −ωm1 − γm1
2 Jccosθ −Jcsinθ

0 0 Jcsinθ −Jccosθ − γm2
2 ωm2

2g02 Re(a) 2g02 Im(a) Jccosθ Jcsinθ −ωm2 − γm2
2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (4)

and the subscripts “r” and “im” denote the real and imaginary
parts of the perturbation of the semi-classical variables a,
b1, and b2, respectively. The chaotic dynamics are verified
by computing the largest Lyapunov exponent (LLE), which
denotes the rate of separation of the infinitesimally close
trajectories [36,37] along the most unstable direction. We are
interested in the perturbed value of the optical intensity given
by δI = [Re(a) + δar]2 + [Im(a) + δaim]2 − |a|2 and there-
fore for a time duration t = 0 to t = T , the LLE is defined by

LLE = lim
T →0

1

T
ln

∣∣∣∣
δI (T )

δI (0)

∣∣∣∣, (5)

where δI (T ) is obtained by solving Eq. (2) and the

variational equation �̇δ = M�δ with δI (0) → 0. However,
for a longer time duration, the LLE is rewritten as

LLE = lim
N→∞

1

N
lim
τ→0

1

τ
ln

∣∣∣∣
δI (Nτ )

δI[(N − 1)τ ]

δI[(N − 1)τ ]

δI[(N − 2)τ ]

· · · δI (τ )

δI (0)

∣∣∣∣

= lim
N→∞

1

N

k=N∑
k=1

lim
τ→0

1

τ
ln

∣∣∣∣
δI (kτ )

δI[(k − 1)τ ]

∣∣∣∣, (6)

where N is the total number of iterations involved in solving
Eq. (2) and the variational equation, with each integra-
tion time step given by τ (τ is chosen to be 1/100th
times of the time period of the mechanical oscillation)
such that the total time duration T = Nτ . Now, after each
integration time step the perturbed quantities are normal-
ized by the norm, that is, �δ(kτ ) = �δ(kτ )/‖�δ(kτ )‖, such
that the perturbed trajectory remains close to the nonper-
turbed trajectory. A positive value of LLE indicates chaotic
oscillation, while the negative implies regular motions.

In our study, the values of the parameters are based on the
experimental work [33] where two optomechanical cavities
in a 1D optomechanical crystal are coupled both optically
and mechanically. The closed loop configuration of Fig. 1
can be obtained by adiabatically eliminating one of the op-
tical modes [30,33] in the large detuned regime. Therefore,
the values of the parameters are chosen as ωm1 = ωm2 =
ωm = 2π × 6 GHz, κ = 2π × 1.03 GHz, g01 = g02 = g0 =
2π × 0.76 MHz, and γm1 = γm2 = γm = 2π × 1 MHz. The
mechanical coupling rate is fixed at Jc = 20.6 MHz(� ωm)
and the driving laser is operated in the blue-detuned regime,
which is set at � = ωm.

III. TEMPORAL MECHANICAL DYNAMICS

In this section, we discuss the dark mode breaking effect
through generation of synthetic magnetic field in the linear
regime. In addition, we study in detail the nature of the
mechanical dynamics of the two mechanical resonators for
different mechanical coupling phases.

A. Linearized Hamiltoninan

Here, the Hamiltoninan in Eq. (1) is linearized by consider-
ing the operators as fluctuation operators around steady-state
values, which is ô = ō + δô (where ô = â, b̂1, b̂2) and ō is
given in Eq. (3). After linearization, the rotating wave approx-
imation (RWA) is applied under the situation of blue-detuned
driving of the cavity to obtain the resultant Hamiltonian as

HRWA = −�δâ†δâ +
∑
j=1,2

ωmj δb̂ j
†
δb̂ j + Jc(eiθ δb̂1

†
δb̂2

+ e−iθ δb̂1δb̂2
†
) +

∑
j=1,2

Gj (δb̂ j
†
δâ† + δb̂ jδâ), (7)

where Gj is the effective optomechanical strength defined by
G1,2 = g01,2 ā and ā assumed to be real. In the absence of
synthetic magnetism (Jc = 0) the mechanical modes can be
represented with two hybridized modes, which are the bright
(b̂+) and the dark mode (b̂−) and they are defined by

b̂+ = G1δb̂1 + G2δb̂2√
G2

1 + G2
2

, (8a)

b̂− = G2δb̂1 − G1δb̂2√
G2

1 + G2
2

, (8b)

where the operators satisfy the commutation relation
[b̂±, b̂†

±] = 1. The bright mechanical mode couples with the
cavity field with the effective optomechanical strength given

by G+ =
√

G2
1 + G2

2 whereas the dark mechanical mode does
not interact with the cavity field. However, in the presence
of synthetic magnetism (Jc 
= 0), the dark mode effect is bro-
ken [29,30,38], and therefore, the cavity field interacts with
the dark mode as well. This can be understood by defining
another two new modified mechanical mode operators, which
are given by

ˆ̃b+ = f1δb̂1 − f2eiθ δb̂2, (9a)
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FIG. 2. (a) The mechanical dynamics Re b1,2 of the two res-
onators for the mechanical coupling phase of θ = 0. (b) The
magnified plot corresponding to the dashed box shows an in-phase
oscillation with steady amplitude.

ˆ̃b− = f2e−iθ δb̂1 + f1δb̂2, (9b)

where the operators follow [ ˆ̃b±, ˆ̃b†
±] = 1 and f1,2 is given by

f1 = |δω̃|√
δω̃2 + J2

c

, f2 = Jc f1

δω̃
, (10)

with δω̃ = ω̃− − ωm1 and the resonance frequencies corre-

sponding to the modified hybridized modes ˆ̃b± are defined by

ω̃± = ωm1 + ωm2

2
±

√
(ωm1 − ωm2 )2 + 4J2

c

2
. (11)

In this scenario, the Hamiltonian in Eq. (7) is written as

H ′
RWA = −�δâ†â + ω̃+ ˆ̃b†

+
ˆ̃b+ + ω̃− ˆ̃b†

−
ˆ̃b− + G̃+( ˆ̃b†

+δâ†

+ ˆ̃b+δâ) + G̃−( ˆ̃b†
−δâ† + ˆ̃b−δâ), (12)

where G̃+ = f1G1 − e−iθ f2G2 and G̃− = f1G2 + e+iθ f2G1.
As per the chosen values of the parameters in the previ-
ous section, G1 = G2 = G and ωm1 = ωm2 = ωm and thereby
G̃± = G(1 ± e∓iθ )/

√
2. For θ = nπ (where n = 0, 1, 2, . . .)

either of G̃+ or G̃− is 0, which implies one of the hybridized

mechanical modes ˆ̃b± is coupled to the cavity field. Interest-
ingly, for θ 
= nπ , the cavity field couples to both mechanical
modes. The application of RWA and the linearization tech-
nique is being done to demonstrate the dark mode breaking
effect and to explain some of the properties of the mechanical
dynamics. Note that the mechanical dynamics, which are stud-
ied in the next section, are obtained from the full dynamical
equation without using any approximation or linearization
technique.

B. Numerical results

We solve Eq. (2) numerically using the Runge-Kutta
method to obtain the solutions of the mechanical displace-
ments of the oscillators. The initial condition of all dynamical
variables was kept to zero. We keep the driving power fixed
at E = 4000ωm in the numerical simulation and explore the
behavior of the dynamics for different phases θ of mechanical
coupling Jc. The total observation period for the dynamics in
all scenarios ranges from 1/κ � t < 1/γm.

In the first scenario, the mechanical dynamics x1,2 ∝
Re b1,2 is provided in Fig. 2(a) with the phase value of
the mechanical coupling fixed at θ = 0, where the dynamics
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 (a)  (b)θ=0.4π

FIG. 3. (a) The mechanical dynamics Re b1,2 of the two res-
onators for the phase θ = 0.4π . (b) The magnified plot correspond-
ing to the dashed box shows the oscillations of the two resonators but
with a constant phase difference.

quickly settles into a steady oscillation with fixed amplitude.
A zoomed-in view of a brief time segment from Fig. 2(a)
is presented in Fig. 2(b), where the oscillations of the two
mechanical modes are in-phase. This in-phase nature of the
oscillations is attributed to the coherent nature of the mechan-
ical coupling (purely real Jc). Now, as shown in Fig. 3(a),
changing the mechanical coupling phase to θ = 0.4π (which
also implies the introduction of imaginary mechanical cou-
pling) maintains the steady dynamics similar to those in Fig. 2,
with the exception of a constant phase difference, which is
plotted in Fig. 3(b). Here, the transient dynamics is vastly
different from Fig. 2 and, we will see in the next scenario that
this transient behavior will become stable.

In the second scenario, where the phase is tuned to θ =
0.6π , the dynamics in Fig. 4(a) become far more interesting
as a certain form of modulations appears in the slowly varying
amplitude of mechanical oscillations. Following the envelope
of the oscillations in Fig. 4(a), we see that it rises and dips in
an irregular fashion in every cycle. Moreover, the zoomed-in
view of the oscillations in Fig. 4(b), taken over a short time
interval from Fig. 4(a), reveals that the envelope line exhibits
nonuniform and abrupt characteristics. Overall the mechan-
ical dynamics in Fig. 4 indicates a strong optomechanical
nonlinearity.

To understand more of the dynamics in Fig. 4, we numer-
ically compute the displacement spectrum of the mechanical
resonators in Fig. 5 by performing a fast Fourier transform
(FFT). The spectrum of both mechanical resonators shows

0 40 80 120 160 200
−4
−2

0
2
4
6 ×104

R
e

b 1
,2

t (ns) t (ns)

 (a)

174 176 178 180

 (b)θ=0.6π

FIG. 4. (a) The mechanical dynamics Re b1,2 of the two res-
onators for the phase θ = 0.6π . (b) The magnified plot of the dashed
box with the envelope of the oscillations shown by the red and green
dashed lines.
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FIG. 5. The mechanical spectrum of the resonators displaying
two prominent peaks with a separation �ω ≈ 2π × 40 MHz and the
existence of smaller peaks in a continuous manner.

two prominent peaks along with the presence of a noise-like
continuous spectrum in the background. The frequency gap
�ω between the two peaks is about 2π × 40 MHz which
is close to the value ω̃+ − ω̃− = 2Jc. Therefore, it implies
that a mechanical energy exchange took place between the

two hybridized modes ˆ̃b± with their resonance frequency
ω̃±, but the exchange process is highly nonlinear. Now, for
the sake of understanding, let us assume that the effective
optomechanical coupling G̃± discussed in the previous sec-
tion becomes G̃nonlinear

± in the strongly nonlinear regime and
also assume G̃nonlinear

± becomes nonzero for θ 
= nπ and zero
for θ = nπ . For the case of the dynamics plotted in Fig. 4(a),
the phonons in the mechanical resonators are being accumu-

lated corresponding to both the modes ˆ̃b± since the optical
cavity is excited with blue detuned laser and θ 
= nπ . The
sufficiently driven power and the value of the mechanical
coupling phase make G̃nonlinear

+ comparable to G̃nonlinear
− which

creates an “optical” path that facilitates the sustained energy
exchange process between hybridized modes. However, the
sustained energy exchange process in Fig. 3(a) is suppressed
since either G̃nonlinear

+ or G̃nonlinear
− dominates, which makes the

“optical” path weak. This nature of the mechanical dynamics
described in Fig. 4 impacts the optical intensity dynamics,
where it periodically varies from a chaotic state to a regular
state and vice versa in the temporal domain, as explained in
the next section.

It is convenient to map the frequency response of the me-
chanical oscillations in the parametric space of the driving
power E and the phase θ to understand better the operational
regime of the obtained nonlinear dynamics. Therefore, we
plot the frequency peaks in Fig. 6 under the variations of the
phase θ from 0 to 2π and the driving power E from 2000ωm

to 15 000ωm. The mechanical spectrum is computed after
the transient dynamics have died out. The single frequency
peaks appear below E ≈ 3000ωm for all values of θ , which
says that the strength of the optomechanical nonlinearity is
insufficient to observe any irregular dynamics. The equivalent
input power Pin corresponding to E = 3000ωm turns out to be

θ/π

FIG. 6. The peaks of the mechanical spectrum x1(ω) ∝
Re b1,2(ω) under the variation of the driving power E and the phase
θ which provides a comprehensive visualizations of the regime of
strong nonlinear dynamics. The horizontal arrows around θ = 0,
θ = π and θ = 2π at the top of the plot shows an approximate region
where the irregular nonlinear dynamics is absent and the bottom
arrows shows the increase in the range of θ with increasing E .

around 0.12 W, by assuming ωL = 2π × 193 THz. W when
the driving power becomes sufficient, a continuous range of
frequency peaks indicating strong nonlinearity and erratic
evolution of mechanical dynamics appear for a certain range
of θ ’s, and this range gradually increases as the driving power
level becomes higher (follow the bottom arrows in Fig. 6).
The spectrum shows single peaks around θ = 0, π, 2π , which
are indicated by the horizontal arrows at the top of Fig. 6.
Thus, based on the spectrum in Fig. 6, we observe a strong
dependence of the behavior of mechanical oscillations on
the mechanical coupling phase θ . Eventually, the continuous
range of frequency peaks would appear for all values of θ ’ s
with a further increase in E .

IV. DYNAMICS OF THE INTRACAVITY INTENSITY

In this section, we study the effect of mechanical oscilla-
tions on the dynamics of the optical intensity inside the cavity.
Particularly, we observe the unique dynamics at three different
power levels, from low to high.

A. Regular behavior

In this scenario, the driving power is set to E = 2000ωm

with fixed phase θ = 0.6π and after transient behavior, the
dynamics settle into regular oscillations, which is shown in
Fig. 7(a). Such regular oscillations give rise to higher-order
sidebands in the optical spectrum with uniform frequency
spacing ωm as plotted in Fig. 7(b). The corresponding trajec-
tory of the optical intensity is shown in Fig. 7(c). To verify that
the dynamics is regular, we plot the evolution of the LLE in
Fig. 7(d), where we observe the LLE achieves steady negative
values.
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FIG. 7. (a) The dynamics of the intracavity intensity I = |a(t )|2
at E = 2000ωm with θ = 0.6π . The inset shows the stable dynamics
for a duration of 1 ns. (b) The frequency spectrum |a(ω)| of the
intracavity field consisting of higher-order sidebands. (c) The cor-
responding optical trajectory in the intensity phase space. (d) The
evolution of the LLE with the initial condition of the perturbed quan-
tities are set to �δ(0) = (10−12, 10−12, 10−12, 10−12, 10−12, 10−12).

B. Periodic appearances of chaos

Now, the driving power level is increased to E = 4000ωm,
the same value as in the previous section and also keep the
coupling phase at θ = 0.6π such that we can understand the
intriguing effects of the mechanical dynamics observed in
Fig. 4(a) on the cavity field. The resultant steady dynamics
of the optical intensity inside the cavity at the mentioned
operating point is provided in Fig. 8(a), where we see a dip
and rise in the intensity value in a periodic fashion. A mag-
nified plot of the dynamics from 259 ns → 270 ns is shown
in Fig. 8(b), where it shows a time window in which the
intensity dynamics evolve in a regular fashion. Then, starting
from about t = 264 ns, the nature of the dynamics changes to
a more erratic way, indicating a probable chaotic behavior. To
quantify this behavior, we plot the evolution of the logarithm
of δI over time in Fig. 8(c), where ln δI falls and rises in a
periodic manner, which indicates that the perturbed trajectory
converges and diverges respectively towards (and from) the
original trajectory. The corresponding evolution of LLE is
shown in Fig. 8(d), which indicates that the LLE become posi-
tive (negative) when the trajectories diverge (converge), which
is understandable from all the shaded regions in Fig. 8. The
periodicity of the appearance of chaotic and regular dynamics,
as calculated from the dynamics, is closer to the frequency

gap �ω = 2Jc between the two hybridized modes ˆ̃b±. This
implies that breaking the dark mode through a synthetic mag-
netic field introduces periodic occurrences of chaotic and
regular dynamics, and the mechanical coupling rate plays
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FIG. 8. (a) The stable dynamics of the intracavity intensity I at E = 4000ωm with θ = 0.6π . (b) The magnified plot indicated by the
shaded region in (a) depicts two different nature of the evolution of I . (c) The dynamics of ln δI over time and (d) the corresponding evolution
of the LLE. The optical trajectories in the three dimensional phase space for the case of (e) regular behavior obtained for time duration
259 ns → 260 ns and (f) chaotic behavior obtained for time duration 264 ns → 265 ns. The initial condition �δ(0) is same as in Fig. 7.
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FIG. 9. (a) The stable chaotic dynamics of the optical intensity
in which the left inset shows the magnified plot of the shaded region
and the right inset shows the continuous optical spectrum |a(ω)|.
(b) The steady evolution of the positive LLE over time with the initial
condition �δ(0) kept the same as in Fig. 7.

an essential role in determining the periodicity. The optical
intensity trajectories in the three-dimensional phase space also
help to visualize the distinct nature between the chaotic and
regular dynamics as shown in Figs. 8(e) and 8(f), respectively,
where the chaotic dynamics follows a more complex trajec-
tory. This nature of the dynamics gradually diminishes with
the increase of driving power level as full chaotic behavior
starts to dominate because of the increased optomechanical
nonlinearity. By observing the dynamics, we roughly estimate
the driving power level to be E = 10 000ωm, beyond which
the full chaotic behavior governs the dynamics.

C. Chaotic behavior

In this case, the driving power level is increased to
E = 12 000ωm with the coupling phase fixed at θ = 0.6π .
The nature of the intensity dynamics in Fig. 9(a) suggests
that it is dominated by the chaotic behavior and the periodic
nature of chaos-regular behavior diminished. The magnified
plot of the dynamics in the time window indicated by the
shaded region is shown in the left inset of Fig. 9(a). The right
inset shows the continuous optical spectrum in this operating
regime. The chaotic dynamics are confirmed by the evolution
of the LLE over time in Fig. 9(b), where we see that the LLE
has positive values except for a few certain time durations
where LLE becomes negative. Since the steady evolution has a
fluctuating part, one can calculate the mean of the time series
to estimate the LLE and the estimation becomes even better
if the LLE are calculated for longer maximum simulation
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FIG. 10. (a) The bifurcation plot of the optical intensity at fixed
driving power level E = 12 000ωm. (b) The variation of the mean
LLE for varying mechanical coupling phase θ .

time. The chaotic dynamics are explored for different phase
values ranging from 0 to 2π through the bifurcation plot in
Fig. 10(a). The bifurcation plot is constructed by collecting
the peaks of stable intensity dynamics for a time duration of
10ns. The relatively heightened portions in the plot indicate
the dominant chaotic behavior and such heightened portions
occupy θ approximately in the range 0.44π � θ � 0.92π and
1.08π � θ � 1.46π (see the Appendix for comparison with
that of lower driving power). The mean LLE is obtained for
varying θ in Fig. 10(b), where the heightened portions closely
match the positive values of LLE, and the obtained value
is roughly three orders less than the mechanical resonance
frequency.

Therefore, in our system, we get a comprehensive idea
about the unique nature of the chaotic dynamics of the in-
tracavity intensity when the driving power varies from low to
high level and also get an idea of the phase-dependent nature
of the dynamics. The chaos appears for the input power of
Pin ≈ 7 W in a single optomechanical cavity by assuming the
same parameter values in our system. However, the power
requirements to induce periodic chaos-regular behavior in our
system is around 0.12 W, and that of the fully chaotic dynam-
ics is around 1.4 W. Thus, the power requirements to induce
chaos have become considerably lower.

V. SUMMARY

In summary, we discussed both the nonlinear dynamics
of mechanical displacement and the intracavity intensity in
the presence of the synthetic magnetic field. The breaking of
the dark mode in the presence of a synthetic magnetic field
allowed an irregular and highly nonlinear mechanical energy
exchange between the two hybridized mechanical modes, pro-
vided the driving optical power was sufficient. The knowledge
of the mechanical spectrum was used to map the operational
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FIG. 11. (a) The collected peaks of the optical intensity at driving
power level E = 4000ωm under varying mechanical coupling phase
θ . (b) The magnitude of real coupling Jreal and imaginary coupling
Jimag under varying θ with the shaded box showing the region of
occurrence of the cluster of the heightened lines.

regime of such dynamics under varying driving amplitudes
and the mechanical coupling phase. Next, we observed the
behavior of the intensity dynamics inside the cavity, providing
an intuitive idea of the effect of strong nonlinear mechanical
dynamics on the cavity fields. At a sufficient driving power
level, the temporal dynamics is characterized by the periodic

appearances of chaotic and regular behavior in which the me-
chanical coupling rate governs the periodicity. The evolution
of the largest Lyapunov exponent over time is used to quantify
this behavior alongside observing the phase portrait, optical
frequency spectrum, and the perturbation evolution. Lastly,
the dominant chaotic behavior was observed at a higher driv-
ing power level, and its mechanical coupling phase-dependent
nature was shown through a bifurcation plot. In terms of
practical applicability, the study holds promises in show-
ing low-power generation of chaotic signals in an integrated
optomechanical system, and the phase of the mechanical cou-
pling provides an additional degree of freedom to control the
chaotic behavior as well.

APPENDIX: BIFURCATION DIAGRAM AT E = 4000ωm

Figure 11(a) shows the bifurcation plot for the low driving
power level at E = 4000ωm. Since the optomechanical non-
linearity is weaker than that of the fully chaotic case, it is
intuitive to say that the heightened vertical lines would appear
sporadically under varying θ and the mechanical spectrum
in Fig. 6 also tells the same story. It is also intriguing to
describe the chaotic-regular dynamics or fully chaotic dy-
namics in terms of the strength of the coherent (real) and
dissipative (imaginary) nature of mechanical coupling [39,40]
and thereby, a variation of the magnitude of real coupling
Jreal = |Jccosθ | and imaginary coupling Jimag = |Jcsinθ | plot-
ted in Fig. 11(b). The shaded box implies the approximate
region where the cluster of heightened lines lies. This behavior
conveys that the coexistence of both coherent and dissipative
mechanical coupling is essential in determining the dynam-
ics described in Fig. 4. Since the occupancy of heightened
lines increases with the increase in driving power, the chaotic
dynamics persist even if the coupling becomes purely or dom-
inantly dissipative (refer to the bifurcation plot in Fig. 10
around θ = 0.5π for the fully chaotic case). However, the
existence of purely or dominantly coherent coupling does not
induce any fully chaotic or periodic regular-chaotic dynamics,
as we see throughout our study.
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