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Resonance-enhanced high-order harmonic generation by combination
of an infrared laser field and a time-delayed attosecond XUV pulse
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We investigate theoretically the high-order harmonic generation of the molecular ion H3
2+ by numerically

solving the two-dimensional time-dependent Schrödinger equation. The results show that a resonant harmonic
with large ellipticity is generated and the harmonic efficiency is significantly enhanced when the infrared laser
field is combined with a time-delayed attosecond extreme-ultraviolet (XUV) laser pulse. The generation of
resonant harmonics can be understood as the electron transition between the ground and excited states through
the absorption of XUV photons. By varying the time delay and amplitudes of the two laser pulses, we can obtain
the harmonics close to circular polarization in the resonant region. The input XUV pulse is linearly polarized,
while the generated resonant harmonics are elliptically polarized, which means that the input XUV pulse can
be reshaped. Moreover, we investigate the dependence of the resonant harmonic on the laser polarization, which
shows the sensitivity of the harmonic polarization to the laser polarization and the resonance state can also be
changed by changing the direction of polarization of the laser field.

DOI: 10.1103/PhysRevA.110.023118

I. INTRODUCTION

The high-order harmonic generation (HHG) by the interac-
tion between an intense laser field and atoms or molecules is a
highly nonlinear phenomenon. The physical process of HHG
can be clearly described by a three-step model [1]. HHG is an
ideal source for generating attosecond-pulse, soft x-ray, and
extreme-ultraviolet (XUV) light [2–4]. XUV light has proven
to be a very important and powerful tool for controlling the
electronic dynamics of atoms and molecules [5].

The resonance enhancement effects of HHG are of par-
ticular interest; these effects can be exploited to improve
harmonic conversion efficiencies [6–8]. Therefore, the gener-
ation of resonance-enhanced below-threshold harmonics has
been extensively investigated [9–11]. However, the polariza-
tion characteristic of below-threshold harmonics has been less
investigated. For a long time, harmonics were limited to lin-
ear polarization. Elliptically polarized (EP) or even circularly
polarized (CP) radiation in the XUV and soft x-ray spectral
regions is of great importance in applications, especially in the
areas of chiral recognition of molecules [12], magnetic circu-
lar dichroism spectroscopy [13,14], and probe-spin dynamics
[15].

The simplest scheme to obtain CP harmonics is from a
CP driving-laser field. But the harmonic efficiency decreases
significantly with increasing the ellipticity of the driving-laser
field [16,17]. Moreover, the EP harmonics can be obtained by
designing various forms of the two-dimensional driving fields,
for example, cross-linearly polarized two-color laser fields
[18,19] and combined laser fields [20–22]. On the other hand,
EP harmonics can also be obtained by preparing specific target
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molecules or atoms [23–25]. However, this method generates
relatively small ellipticity. In addition, improving the conver-
sion efficiency of harmonics is also a key point. Ishikawa
[26,27] found that the harmonic intensity from He+ was
significantly enhanced by the combination of the ultrashort
intense fundamental laser and its high-order harmonic pulses.
Harmonic enhancement can be understood as the laser field
driving a superposition state between the 1s and 2s states from
He+. The driving-laser field used in this scheme is a linearly
polarized laser field and acts on an isotropic medium. There-
fore, the radiation harmonics are linearly polarized. Moreover,
the emission efficiency of high-order harmonics can also be
enhanced by the resonance effect of HHG [28–30]. These
research works have shown that the resonance effect of HHG
can effectively enhance the intensity of the harmonics, but
little attention has been paid to the polarization properties of
these resonance harmonics.

In order to obtain high-intensity XUV radiation with large
ellipticity, the single-electron molecular ion H3

2+ is used as
a benchmark model for understanding strong-field molecular
ionization dynamics. The equilateral-triangular molecular ion
H3

2+ is a complex geometry that provides a richer feature of
HHG than atoms. Due to its unique geometry, it provides a
fundamentally original system for the theoretical development
of the nonperturbative response of nonlinear molecules to
intense laser pulses. Using H3

2+ as a research target to study
the process of HHG has been reported [31–34].

In this paper, we investigate the resonance-enhanced high-
order harmonic of the molecular ion H3

2+ by an infrared
(IR) laser field combined with an attosecond XUV laser pulse
through the numerical solution of the two-dimensional time-
dependent Schrödinger equation. By varying the time delay of
the two laser pulses, a below-threshold harmonic with large
ellipticity can be generated in the resonance region. The input
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IR and XUV pulses are linearly polarized, while the generated
resonance harmonics are elliptically polarized. This means
that the input XUV pulse can be reshaped. We illustrate the
dependence of the resonant harmonic intensity and ellipticity
on the driving-laser strength. Moreover, we investigate the
dependence of the resonance harmonics on the laser polariza-
tion, which shows the influence of the molecular geometry
on the resonance harmonics and the resonant state is also
sensitive to the direction of polarization of the laser pulses.

II. THEORETICAL METHODS

To investigate the HHG and electron dynamics in an in-
tense laser field, we numerically solve the two-dimensional
time-dependent Schrödinger equation (2D TDSE) in the
length gauge (atomic units are used unless otherwise stated),

i
∂

∂t
ψ (x, y, t ) = H (x, y, t )ψ (x, y, t ), (1)

where H (x, y, t ) = − 1
2∇2

x,y + VC (x, y) + VI (x, y, t ) is the full
Hamiltonian. VC (x, y) is the Coulomb potential of the
molecular ion H3

2+, which is given by

VC (x, y) =
3∑

i=1

− 1√(
x − Nix

)2 + (
y − Niy

)2 + a
, (2)

where the nuclear coordinates Nix and Niy are fixed by
the relations N1x = 0, N2x = −R sin(θ/2), N3x = R sin(θ/2),
N1y = (2/3)R cos(θ/2), N2y = −(1/3)R cos(θ/2), and N3y =
−(1/3)R cos(θ/2). R = 2 a.u. is the equilibrium internuclear
distance, and θ = 60◦ is the angle between the two molecular
bonds. The geometry of the molecular ion H3

2+ in the (x, y)
plane is shown in Fig. 1(a). a = 0.35 a.u. is the soft-core pa-
rameter, which is used to eliminate the Coulomb singularity
and obtain the energy of certain electronic states in the molec-
ular ion H3

2+ [31,35]. VI (x, y, t ) = xEx(t ) + yEy(t ) represents
the interaction between the molecule and the laser fields. The
total external field is along the x-axis direction [Ey(t ) = 0],
which is expressed as

E (t ) = Ex(t ) =E1 f1(t ) cos(ω1t )êx

+ E2 f2(t − �τ ) cos[ω2(t − �τ )]êx, (3)

where f1(t ) = sin2[πt/T1)] and f2(t − �τ ) =
e−2 ln(2)[(t−�τ )/T2]2

are the envelopes of the IR and XUV
laser pulses, respectively. T1 = 8T [T = 2π/ω1 is an optical
cycle (o.c.) of the IR laser field] is the pulse duration of the
IR laser field. T2 = 600 as is the FWHM of the XUV laser
pulse. E1 (ω1) and E2 (ω2) are the amplitudes (frequencies)
of the IR and XUV laser fields, respectively. �τ is the time
delay of the XUV pulse with respect to the IR laser field.

The 2D TDSE is solved by using the second-order
splitting-operator fast-Fourier-transform algorithm [36]. We
use a grid of size 409.6 a.u. containing 2048 grid points on
the x (y) axis. The space and time steps are 0.4 and 0.05 a.u.,
respectively. To prevent unphysical reflection of the electron
wave packet from the boundary, the wave function is multi-
plied by a cos1/8 “mask function” at each time step [37]. The
time-dependent dipole acceleration in the x and y directions
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FIG. 1. (a) Illustration of the molecular system H3
2+ with

equilateral-triangle geometry. R denotes the molecular internuclear
distance, and θ is the bond angle between the two bonds of the
molecule. (b) The wave function of the ground |A〉 state. (c) and
(d) The degenerate excited |E1〉 and |E2〉 states, respectively, which
are obtained with the imaginary-time-evolution method.

can be obtained using Ehrenfest’s theorem:

dx(t ) = 〈ψ (x, y, t )| − ∂Vc(x, y)

∂x
− Ex(t )|ψ (x, y, t )〉êx,

dy(t ) = 〈ψ (x, y, t )| − ∂Vc(x, y)

∂y
− Ey(t )|ψ (x, y, t )〉êy. (4)

The corresponding HHG is proportional to the square mod-
ulus of the Fourier transformation of the dipole acceleration
expectation value:

Gx(ω) =
∣∣∣∣ 1

Tf − t0

∫ Tf

t0

dx(t )e−iωt dt

∣∣∣∣
2

,

Gy(ω) =
∣∣∣∣ 1

Tf − t0

∫ Tf

t0

dy(t )e−iωt dt

∣∣∣∣
2

, (5)

where t0 is the initial moment and Tf is the final moment.
The ellipticity of the harmonics, as used in Ref. [38], can be
expressed as

ε =
√

1 + r2 − √
1 + r4 + 2r2 cos 2δ

1 + r2 + √
1 + r4 + 2r2 cos 2δ

. (6)

r = |ay(ω)|/|ax(ω)| and δ = ϕy(ω) − ϕx(ω) are the amplitude
ratio and phase difference of the y and x components of the
harmonics, where ax,y(ω) = ∫ ∞

−∞ dx,y(t )e−iωt dt and ϕx,y(ω) =
arg[ax,y(ω)] [39]. To obtain a harmonic with large ellipticity,
the amplitude ratio r and phase difference δ need to be close
to 1 and ±π/2, respectively [40,41].
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FIG. 2. (a) Electric fields of the IR (blue solid line) and attosecond XUV (red dashed line) laser pulses. The time delay of the XUV pulse
with respect to the IR field is �τ = 0.375 o.c. (b) The harmonic spectra of H3

2+ generated by the IR laser pulse alone (blue solid line) and
the combined laser pulses (red dashed line) with time delay �τ = 0.375 o.c. The initial states are prepared as the ground state. (c) Enlarged
harmonic spectra from (b) corresponding to the 7th to 14th orders.

III. RESULTS AND DISCUSSION

In this paper we focus on the generation of below-threshold
harmonics through the resonance enhancement effect in HHG
and investigate the physical mechanisms of harmonic en-
hancement as well as the polarization properties of the
resonant harmonics.

In Fig. 1(a), we present the geometry of the molecu-
lar ion H3

2+ in the (x, y) plane. It is shown that H3
2+ is

a triangular molecule with an equivalent internuclear dis-
tance. Figure 1(b) shows the wave function of the ground
|A〉 state with ionization energy I p0 = 1.8 a.u. (48.98 eV),
as demonstrated in Ref. [31], which is obtained using the
imaginary-time-evolution method. Figures 1(c) and 1(d) show
the wave function of |E1〉 and |E2〉 states, which are orthogonal
to each other. The |E1〉 and |E2〉 states are doubly degen-
erate with the same ionization energy, I p1 = I p2 = 1.2 a.u.

(32.65 eV) [31,42].
Figure 2(a) shows the electric fields of the IR laser field

(blue solid line) and the attosecond XUV laser pulse (red
dashed line). The wavelengths of the IR and XUV laser fields
are λ1 = 800 nm (ω1 = 0.057 a.u.) and λ2 = 69 nm (ω2 =
0.66 a.u.), respectively. The peak strengths of IR and XUV
laser pulses are 2 × 1014 and 1 × 1013 W/cm2, respectively.
The time delay of the XUV pulse with respect to the IR pulse
is �τ = 0.375 o.c. The polarization of the IR field and the
XUV pulse is along the x direction. FWHM of the XUV pulse
is 600 attosecond with a Gaussian envelope, and the pulse
duration of the IR pulse is 8 o.c. with a sin-square envelope.
Figure 2(b) shows the harmonics spectrum for the molecular
ion H3

2+ initially in the ground |A〉 state exposed to only the

IR laser pulse (100%|A〉+IR, indicated by the blue solid line)
and the IR laser pulse combined with an attosecond XUV
pulse (100%|A〉+IR+XUV, indicated by the red dashed line)
with time delay �τ = 0.375 o.c.

We find that the harmonic intensity generated from the IR
laser field alone is low, while the harmonic intensity is signifi-
cantly enhanced when the XUV field is added. The intensities
in the resonant and plateau regions are increased by about 9
and 5 orders of magnitude, respectively. Figure 2(c) shows the
details of the resonant harmonics in Fig. 2(b) from the 7th to
14th order. From Fig. 2(c), we can see that all the harmonics
generated in the resonance region (from 7th to 14th order) are
half-integer harmonics, where peaks H10.5 and H11.5 have
higher intensities. The generation of the strongest-resonance
peak, H10.5, can be understood as follows. The resonant en-
ergy gap between the ground |A〉 state and the excited |E1,2〉
states is �E = I p0 − I p1,2 = 0.6 a.u. (16.32 eV), which is
close to the energy of H10.5 (16.29 eV). From Fig. 1(c),
we can see that the |E1〉 state has a large electron density
distribution in the y direction, while the |E2〉 state has a large
electron density distribution in the x direction, as shown in
Fig. 1(d). Due to the fact that the polarization directions of
the IR field and the XUV pulse are both along the x direction,
the motion of the electrons from the ground |A〉 state tends
to be along the polarization direction of the laser. Thus, the
resonance transition from the ground |A〉 state to the |E2〉
state will occur by absorbing an XUV photon ω2 = 0.66 a.u.
(17.95 eV), which is close to the energy gap �E (16.32 eV).
Thus, the generation of H10.5 can be understood as a result of
the one-XUV-photon resonance transition.
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FIG. 3. (a) Populations on the |E1〉 (red dashed line) and |E2〉 (blue solid line) states of the molecular ion H3
2+ driven by the combined

laser pulses with time delay �τ = 0.375 o.c. (b) Harmonic spectrum (blue solid line) from a coherent superposition of the ground |A〉 state
(96.3%) and excited |E2〉 state (3.7%) exposed to the IR laser pulse alone and the harmonic spectrum (red dashed line) from the ground |A〉
state (100%) exposed to the IR field combined with the XUV pulse with time delay �τ = 0.375 o.c. (c) The harmonic spectra corresponding
to (b), ranging from the 7th to 14th orders. The other laser parameters are the same as those in Fig. 1.

H10.5 and H11.5 are below-threshold harmonics domi-
nated by multiphoton processes. Therefore, the generation of
half-integer-order resonance peaks can be explained as a result
of the multiphoton resonance. The main effect of the XUV
pulse is a quick transfer of the population from the |A〉 to |E2〉
state, which is similar to the effect of the short XUV pulse
discussed in Ref. [43]. Tudorovskaya and Lein [43] illustrated
that a long XUV pulse will induce Rabi oscillations in a two-
level system, causing a Rabi splitting of the emission peaks
(see Fig. 4 in Ref. [43]), which is similar to the Autler-Townes
effect [44,45] in absorption lines and photoelectron spectra. In
contrast, a short XUV pulse does not cause Rabi oscillations
in the excited state, and the main effect of the short XUV pulse
is to rapidly transfer the electron population from the ground
state to the excited state, so the splitting of the resonance peaks
will not be observed when the short XUV pulse is added to the
IR field.

The |A〉 state will be rapidly lifted to the |E2〉 state after
absorbing an XUV photon, and this process also generates
a superposition state (|A〉 and |E2〉) [26,27]. Subsequently,
the superposition state will be excited in the IR field. This
process can be understood as follows: under an IR+XUV
pulse, at first, the ground state is transferred to the |E2〉 state
by absorbing an XUV photon (ω2), producing a superposition
state; then the superposition state is excited by absorbing an
IR photon (ω1) through the IR field, and finally, the energy
(corresponding to H11.5 (�E + ω1) [43]) is generated.

It is worth noting that the physical mechanisms for the
generation of below-threshold harmonics (H10.5, H11.5) and
above-threshold harmonics are quite different. For example,
after the generation of a superposition state by XUV pulse
excitation, the enhancement of H11.5 originates from the fact
that the electron in the superposition state absorbs an IR
photon and then returns to the |A〉 state (the electron is not
ionized), which is easier than absorbing IR photons from the
|A〉 state to produce H11.5.

However, the enhancement of the above-threshold harmon-
ics originates from the optical-field electron ionization of the
electrons in the superposition state driven by the IR laser field.
Since the |E2〉-state level is only 1.2 a.u. (32.65 eV), which is
below the ionization threshold, the electron can now be more
easily lifted to the continuum than that in the |A〉 state [1.8 a.u.
(48.98 eV)] and, subsequently, can emit a harmonic photon
upon recombination. This is similar to the three-energy-level
system which was described in Refs. [26,46]. Here, we focus
only on the resonant harmonics (H10.5 and H11.5).

To illustrate the mechanism of the resonant harmonic en-
hancement, we present the populations of the excited |E1〉
and |E2〉 states driven by the combined laser pulses (the IR
laser field combined with the XUV pulse) with time delay
�τ = 0.375 o.c., as shown in Fig. 3(a). From Fig. 3(a) we
can see that the population of the |E2〉 state increases rapidly
from 0 to 0.5 o.c., followed by strong oscillations; about
3.7% of the electron population is left in the |E2〉 state at
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FIG. 4. (a) Intensity of the resonant harmonics (H10.5 and H11.5) for different �τ . (b) Ellipticity and phase difference δ of the x and y
components for the resonant harmonics (H10.5 and H11.5) with different �τ . (c) Intensity of the x and y components of the resonant harmonics
(H10.5 and H11.5) for different �τ . The time-frequency distributions of the harmonic spectrum for different �τ at (d) �τ = 0.375 o.c., (e)
�τ = 4 o.c., and (f) �τ = 7.625 o.c.

the end of the laser pulses. However, the |E1〉 state is hardly
excited, and the electron population is almost zero during the
whole laser pulse. The above results indicate that the electrons
are mainly excited to the |E2〉 state by absorbing an XUV
photon, which triggers a resonance transition between the |A〉
state and |E2〉 state. It is consistent with the analysis of the
physical mechanism of H10.5 generation shown in Fig. 2(c).
The results also show that only the |E2〉 state is related to the
resonance enhancement process. Thus, this can be seen as a
three-level system (ground, excited, and continuum states),
as discussed in Refs. [26,46]. For our system, although there
are two degenerate excited states (|E1〉, |E2〉), the population
of the |E1〉 state is small, so it can also be understood as a
three-level system (|A〉, |E2〉, and continuous states).

The resonance transition results in a superposition state,
which is formed by the ground |A〉 state with 96.3% of the
electronic population and the excited |E2〉 state with 3.7%
of the electronic population [27]. Figure 3(b) shows the
harmonic spectrum from the superposition of the |E2〉 state
(3.7%) and |A〉 state (96.3%) exposed to the IR field alone
and the harmonic spectrum from the ground |A〉 state (100%)
exposed to the combined laser pulses. Figure 3(c) shows the
harmonic spectrum for the resonant harmonics from the 7th
to 14th order, corresponding to Fig. 3(b). We can see that
the position and intensity of the H11.5 resonance peak for
the IR-driven superposition state and the IR+XUV-driven |A〉

state match very well, which demonstrates the above analysis
of the generation of H11.5.

In Fig. 4, we show the effect of the time delay of the IR
and XUV pulse on the intensity and ellipticity for the two
strongest resonance harmonics (H10.5, H11.5). We can see
that the intensities of H10.5 and H11.5 decrease with the
increase of the time delay, slower from �τ = 0.375 o.c. to
�τ = 4 o.c. and faster from �τ = 4 o.c. to �τ = 7.625 o.c.

To understand the effect of resonant harmonics (H10.5,
H11.5) with the time delay, we present the time-frequency
analysis of the harmonics with �τ = 0.375 o.c., �τ = 4 o.c.,
and �τ = 7.625 o.c. in Figs. 4(d)–4(f), respectively.

From Fig. 4(a), we can see that the intensities of H10.5
and H11.5 are maximum when �τ = 0.375 o.c. This can
be attributed to the fact that the XUV pulse will generate a
superposition state of |A〉 and |E2〉, and then the transition
between the |A〉 state and the |E2〉 state lasts for about 8
o.c., which results in the intensity of the H10.5 and H11.5
harmonics being strongest in this case. From Fig. 4(d), we
can also see that the electron is mainly contributed to H10.5
and H11.5 during whole optical cycles (from 0 to 8 o.c.) with
�τ = 0.375 o.c. Thus, the intensities of H10.5 and H11.5 are
strongest with �τ = 0.375 o.c., as shown in Fig. 4(a).

The intensities of H10.5 and H11.5 decrease gradually with
the increase of the time delay. This is due to the decrease in the
duration of the superposition state generated by the transition
between the |A〉 and |E2〉 states in the XUV pulse. Therefore,
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FIG. 5. (a1) Intensity, (a2) ellipticity and phase difference δ of the x and y components, and (a3) intensity of the x and y components of the
resonant harmonics (H10.5 and H11.5) for different peak strengths of XUV combined with a fixed IR field (I1 = 2 × 1014 W/cm2) at �τ = 4
o.c. (b1) Intensity, (b2) ellipticity and phase difference δ of the x and y components, (b3) intensity of the x and y components of the resonant
harmonics (H10.5 and H11.5) for different peak strengths of IR combined with a fixed XUV pulse (I2 = 1 × 1013 W/cm2) at �τ = 4 o.c. The
other laser parameters are the same as in Fig. 1.

the intensities of H10.5 and H11.5 gradually decrease. From
Fig. 4(e), we can see that, at �τ = 4 o.c., the contributions
of H10.5 and H11.5 are mainly from about 4 to 8 o.c., which
agrees with the analysis above. For �τ = 7.625 o.c., the har-
monic intensities of H10.5 and H11.5 are very low, as shown
in Fig. 4(a). From Fig. 4(f), we can see that the contribution
to H10.5 and H11.5 is mainly from 7 to 8 o.c. Only a few
electrons contribute to the resonance harmonics, which leads
to a very low intensity.

Figures 4(b) and 4(c) show the ellipticity and the phase
difference of the x and y components and the intensity of the
x and y components for H10.5 and H11.5 when the time delay
is increased from �τ = 0.375 o.c. to �τ = 7.625 o.c. From
Fig. 4(b), we can see that the ellipticity of H11.5 increases
and then decreases when the time delay is increased from
�τ = 0.375 o.c. to �τ = 7.625 o.c. and has a maximum
ellipticity of about ε = 1 at �τ = 4 o.c., which means that
H11.5 is close to circularly polarized. The input XUV pulse
is linearly polarized, while the generated H11.5 is close to
circularly polarized with a large ellipticity. This indicates that
the input XUV pulse can be reshaped. We know that the
generation of harmonics with large ellipticity needs to meet
two conditions. One of them is that the intensities of the x and
y components of the harmonics must be comparable, and the
other is that the phase difference of the x and y components
of the harmonics must be close to ±0.5π [38,40,47]. From

Fig. 4(b) we can see that the phase difference of the x and y
components of H11.5 is close to 0.5π (red arrows) for �τ = 4
o.c., and the intensities of the x and y components of H11.5 are
comparable, as shown in Fig. 4(c) for �τ = 4 o.c. Therefore,
H11.5 has a large ellipticity for �τ = 4 o.c. However, the
ellipticity (blue line with circles) of H10.5 is close to zero
when the time delay is increased from �τ = 0.375 o.c. to
�τ = 7.625 o.c., as shown in Fig. 4(b). The phase difference
of the x and y components of H10.5 is close to zero for
�τ = 4 o.c. [see red line with circles in Fig. 4(b)], and the
intensities of the x and y components of H10.5 differ greatly
[see Fig. 4(c), blue lines with circles and triangles]; thus, it
does not satisfy the conditions for generating large ellipticity.
The above results show that with an adjustment of the time
delay of the IR and XUV pulses, the resonance harmonic
(H11.5) has a large ellipticity with �τ = 4 o.c..

To illustrate the dependence of H10.5 and H11.5 on the
peak strength of the IR and XUV laser pulses, Fig. 5 presents
the effect of the different peak strengths of IR and XUV on
the ellipticity and intensity of H10.5 and H11.5 with �τ = 4
o.c. Figure 5(a1) shows the intensity of H10.5 and H11.5 with
different peak strengths (from 2 × 1013 to 8 × 1013 W/cm2)
of the XUV pulse combined with a fixed IR laser field (2 ×
1014W/cm2) with �τ = 4 o.c. We find that the intensities of
H10.5 and H11.5 increase proportionally with the increasing
of the peak strength of the XUV pulse, which indicates that
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the increase of the XUV strength will enhance the absorption
of the XUV photon (ω2) and lead to the enhancement of H10.5
(�E ) and H11.5 [H10.5(�E ) + ω1] [26]. From Fig. 5(a2) we
can see that, as the peak strength of the XUV pulse increases,
the ellipticity of H10.5 is close to 0.1, and the ellipticity of
H11.5 is very large (close to 1). And we can see that the
phase differences of the x and y components of H10.5 and
H11.5 are close to zero (red circles) and −0.5π (red triangles),
respectively. From Fig. 5(a3), we find that the intensities of
the x and y components of H10.5 are 1.6 orders of magnitude
different, while they are equal for H11.5. Thus, the ellipticity
of the H11.5 harmonic is large, and the ellipticity of H10.5 is
small.

In Fig. 5(b1), we show the intensities of H10.5 and
H11.5 with different IR field strengths (from 2 × 1014 to 8 ×
1014 W/cm2) combined with the fixed XUV pulse strength
(1 × 1013 W/cm2) for �τ = 4 o.c. From Fig. 5(b1), we can
see that the intensities of H10.5 and H11.5 decrease gradu-
ally with the increase of the intensity of the IR field (>4 ×
1014 W/cm2), which can be attributed to the laser-induced
Stark effect. From Fig. 5(b2) we find that the ellipticity of
H10.5 increases from 0.17 to 0.5 and that of H11.5 decreases
from 1 to 0 as the IR strength increases. The phase difference
δ of the x and y components of H10.5 gradually gets close
to −0.5π (red circle), and the intensity difference of the x
and y components of H10.5 gradually decreases as the IR
strength increases [see blue lines with circles and triangles in
Fig. 5(b3)], while the phase difference δ of the x and y compo-
nents of H11.5 is close to zero [see red triangles in Fig. 5(b2)],
and the intensity difference of the x and y components of
H11.5 gradually increases from 2 × 1014 to 5 × 1014 W/cm2

and then decreases from 5 × 1014 to 8 × 1014 W/cm2 [see red
lines with circles and triangles in Fig. 5(b3)]. By analyzing the
phase difference and the intensity of the x and y components
of H10.5 and H11.5, we see the results are consistent with the
variation of the ellipticity of the resonance harmonics (H10.5,
H11.5). In order to explain the decrease in the intensities of the
H10.5 and H11.5 with the increase in the intensity of the IR
laser field (>4 × 1014 W/cm2), Fig. 6(a) shows the distribu-
tion of harmonic intensity varies with the harmonic order and
the intensity of the IR laser field. Figure 6(b) shows the inten-
sities of H10.5 and H11.5 and the population of the |E2〉 state
vary with the intensity of the IR field. In Ref. [48], the author
indicated that the Stark effect will cause the energy levels to
shift when the laser field is strong (see Fig. 7 of Ref. [48]). For
weakly bound states such as Rydberg and continuous states,
the Stark effect leads to an energy-level shift of approximately
Up, while the lower-order bound state is closer to the nucleus
and has a smaller energy-level shift, as discussed in Ref. [48].
In Refs. [26,27], Ishikawa demonstrated that the laser-induced
Stark effect will cause the expansion of the 2p level of He+
when the intensity of the fundamental laser field is greater
than 3 × 1014 W/cm2. Thus, after the electron in the 1s state
absorbs an H27 photon, which corresponds to a full excitation
of the 1s − 2p state, the electron will transit to a virtual state
which is close to the 2p state. Thus, the resonance effect is
weakened, and the intensity of the harmonic will decrease.

In our result, the intensities of H10.5 and H11.5 decrease
as the intensity of the IR field increases when the intensity
of the IR field is higher than 4 × 1014 W/cm2. The |E2〉 state

4 5 6 7 8
 IR intensity (1014 W/cm2)

10

11

12

 H
ar

m
on

ic
 o

rd
er

-5.5

-4.5

-3.5

 lo
g 10

(I
nt

en
si

ty
) (

ar
b.

 u
ni

ts
)

4 5 6 7 8
 IR intensity (1014 W/cm2)

-5.5

-4.5

-3.5

 lo
g 10

(I
nt

en
si

ty
) (

ar
b.

 u
ni

ts
)

0.5

1.5

2.5

 P
op

ul
at

io
n 

×10-2

(a)

(b)

FIG. 6. (a) The distribution of harmonic intensity varying with
the harmonic order and the intensity of the IR laser field. (b) The
intensity of H10.5 and H11.5 and the population of the |E2〉 state
varying with the intensity of the IR laser field. The other laser
parameters are the same as those in Fig. 5(b1).

is a low-order bound state, and when the intensity of the
IR field is enhanced, the |E2〉 energy level will shift very
little, so the positions of the peaks (H10.5, H11.5) do not
obviously shift [see Fig. 6(a)]. From Fig. 6(b), we can see
that the population of the |E2〉 state gradually decrease, which
is due to the energy-level shift caused by the laser-induced
Stark effect. The electron in the |A〉 state will transit to the
virtual state which is close to the |E2〉 state by absorbing an
XUV photon. Therefore, the resonance effect is weakened,
and the intensities of H10.5 and H11.5 will be reduced. These
results are consistent with our analysis above and with those
discussed in Refs. [26,27].

In Fig. 7, we present the dependence of the intensity, the
ellipticity of the resonant harmonics (H10.5, H11.5), and the
population of the degenerate |E1〉 and |E2〉 states on the laser
polarization with time delay �τ = 4 o.c. The angle represents
the angle between the polarization of the IR field and the XUV
pulse with respect to the x axis. Figures 7(a) and 7(b) show the
intensities and ellipticities of H10.5 and H11.5 when the laser
polarization is increased from 0◦ to 180◦. From Figs. 7(a) and
7(b) we can see that the intensities and ellipticities of H10.5
and H11.5 are symmetrically distributed about 90◦, and as
the angle increases from 0◦ to 90◦, the intensity of H10.5 de-
creases and then increases, and the intensity of H11.5 remains
constant, which can be attributed to the equilateral-triangular
structure of H3

2+. When the angle is increased from 0◦ to 90◦,
the polarization of the laser changes from parallel to one bond
axis of H3

2+ to perpendicular to one bond axis. And when
the angle is increased from 90◦ to 180◦, the laser polarization
changes from perpendicular to one bond axis of H3

2+ to par-
allel to one bond axis. In these two cases the response of the
electrons to the laser pulse is the same; thus, the intensities and
ellipticities of H10.5 and H11.5 are symmetrically distributed
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FIG. 7. (a) Intensity and (b) ellipticity of H10.5 and H11.5 for
different laser polarization angles. (c) Intensity of the x and y com-
ponents of H10.5 and H11.5 for different laser polarization angles.
(d) Populations of the |E1〉 and |E2〉 states for different laser polar-
ization angles. The time delay between IR and XUV is �τ = 4 o.c.
The other laser parameters are the same as those in Fig. 1.

about 90◦. Moreover, from Fig. 7(b), we find that the elliptici-
ties of H10.5 and H11.5 are zero for 30◦, 90◦, and 150◦. When
the angles are 30◦, 90◦, and 150◦, the laser polarization is
perpendicular to one of the bond axes of H3

2+. In these cases,
the wave function perpendicular to the laser polarization is
symmetric. Take 90◦ as an example; the wave function sat-
isfies ψ (x, y, t ) = ψ (−x, y, t ). Therefore, the dipole moment
in the x direction (perpendicular to the laser polarization) is
zero according to 〈x〉 = ∫

dy
∫

dx|ψ (x, y, t )|2x = 0. There is
no harmonic generation in the x direction (the condition to
generate large ellipticity is not satisfied, i.e., the intensities
of the x and y components should be comparable), which is
consistent with the intensities of the x direction of H10.5 and
H11.5 for 90◦, as shown in Fig. 7(c). From Fig. 7(a), we can
see that the intensity of the H10.5 harmonic first decreases and

then increases in the ranges of 0◦ to 90◦ and 90◦ to 180◦. The
illustration in Fig. 2(c) shows that H10.5 is generated due to
the electron transition between the ground |A〉 state and the ex-
cited |E2〉 state (laser-pulse polarization along the x direction).
The change in the polarization of the IR and XUV pulses will
lead to a change in the resonance state. For example, at 90◦

the polarizations of IR and XUV are along the y direction, the
electron motion is usually along the polarization of the laser
pulse, and the wave function of the |E1〉 state is denser in the
y direction [see Fig. 1(c)]. Therefore, the generation of H10.5
is due to the electron transition between the ground |A〉 state
and the |E1〉 state for 90◦.

In Fig. 7(d), we can see that the population of the |E1〉 state
is about 4%, while the population of the |E2〉 state is about 0%
for 90◦, which is indicates that at 90◦ the generation of H10.5
originates from the electron transition between the ground |A〉
state and the |E1〉 state. This is consistent with the analysis of
the physical mechanism of H10.5 generation for 90◦.

IV. CONCLUSIONS

In summary, we investigated theoretically the resonant har-
monics from the molecular ion H3

2+ using an IR laser field
combined with an XUV pulse. We found that the efficiency
of the harmonics is significantly enhanced when the IR field
is combined with an XUV pulse. Our results demonstrate that
the physical mechanism of resonant harmonic generation can
be understood as electronic transitions between the ground
and excited states. By varying the time delay of the two
lasers, we obtained EP harmonics in the resonance region.
This means that we could reshape the input XUV pulse; i.e.,
the input pulse is linearly polarized, and the output pulse is
elliptically polarized. The changes in laser polarization also
caused the variation of resonance states. Moreover, when
changing the peak strengths of the IR field and XUV pulse, the
resonant harmonics with high ellipticity can still be obtained
for a range of peak strengths. The ellipticity of the resonant
harmonics is sensitive to the direction of laser polarization.
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