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A density matrix approach was recently developed by Yuen and Lin to study the dissociative sequential double
ionization (SDI) of N2 molecules induced by an intense few-cycle infrared laser pulse [Phys. Rev. A 106, 023120
(2022)]. Despite the positions and relative ratios of peaks in the simulated kinetic energy release (KER) spectrum
agreeing very well with experiments, the experimental KER spectrum is considerably broader than that obtained
from the simulation where both laser couplings between N2

2+ states and the nuclear vibration distribution of
neutral N2 molecules were neglected. Here, we revisit to simulate the experiment by Voss et al. [J. Phys. B:
At. Mol. Opt. Phys. 37, 4239 (2004)] and Wu et al. [J. Phys. Chem. A 114, 6751 (2010)] and find that the
agreement between the simulated KER spectra and the experiments is improved significantly by considering
the laser couplings between N2

2+ states and nuclear vibration distribution of neutral N2 molecules. This work
provides further insights into the SDI dynamics and the influences of nuclear motion on the SDI of molecules.

DOI: 10.1103/PhysRevA.110.023112

I. INTRODUCTION

Since the sequential double ionization (SDI) of diatomic
molecules N2 and O2 was reported experimentally using a
time-of-flight mass spectrometer in 1998 [1], there has been
extensive research on the SDI of both diatomic molecules
[2–6] and polyatomic molecules [7–14] in intense infrared
(IR) laser fields. These investigations have primarily utilized
coincidence measurement techniques, such as the cold-target
recoil-ion reaction momentum spectroscopy [15,16] and ve-
locity map imaging [17], producing multidimensional data
for the momenta of ionic fragments and ionized electrons.
Theoretically, several advanced ab initio methods have been
employed to model the SDI of molecules, including the
time-dependent Schrödinger equation [18], real-time time-
dependent density functional theory [19], time-dependent
configuration interaction with singly excited configurations
and a complex absorbing potential [20,21], and Monte Carlo
wave packet [22]. However, these methods are computation-
ally expensive for simulating the SDI of randomly oriented
molecules. Recently, Yuen and Lin developed a density matrix
approach for SDI of molecules driven by an intense few-cycle
IR pulse that can efficiently simulate observables under exper-
imental conditions [23–26]. This method, called the DM-SDI,
has also been applied to investigate the vibronic coherence in
attosecond charge migration [27,28].

In previous work [23], we simulated the experimental data
for N2 SDI from Voss et al. [3] and Wu et al. [4] using
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the DM-SDI model assuming that the nuclei are frozen at
the equilibrium geometry of the neutral and that the ion-
ized electrons and laser couplings between N2

2+ states are
unimportant. Although the positions and relative ratios of
peaks in the simulated kinetic energy release (KER) spectrum
agree very well with the experimental data, the experimental
KER spectrum is much broader than those from the DM-SDI
model. By assuming SDI occurs vertically, one can broaden
the KER spectrum by applying the DM-SDI model at different
initial internuclear distances. In this article, we improve the
DM-SDI model by including the laser couplings between the
N2

2+ states and the vibrational motion of the ground state
X 1�+

g of neutral N2. We find that these laser couplings play
a crucial role in N2 SDI, and the revised DM-SDI model
can reproduce more features in the experimental KER spectra
[3,4], highlighting the importance of vibrational motion in the
neutral ground state.

This article is arranged as follows: In the next section, we
briefly review the DM-SDI model. In Sec. III, we investigate
the effects of laser couplings between doubly charged states
and nuclear vibrational motion of the neutral N2 on the KER
spectra. Finally, we summarize the results and provide an
outlook for future research in Sec. IV.

II. THEORETICAL METHODS

In the DM-SDI model, the ionized electrons are neglected
and the residual ion and dication become open systems. Here,
we follow the model in Ref. [23] and neglect the coherence
build-up from tunnel ionization [24]. The equations for the
time evolution of the density matrices of different charges are

dρ (q)

dt
= − i

h̄
[H (q), ρ (q)] + �(q)(t ), (1)
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FIG. 1. The potential energy curves of N2, N+
2 and N2

2+, ex-
tracted from Ref. [29]. States 1–11 correspond to the N2+

2 states
described in Table I. The orange shaded area represents the initial
nuclear wave packet.

with ionization matrices �(q) as

�(0)(t ) = −
∑

i

ρ (0)(t )W (0)
i (t ), (2)

�
(1)
i j (t ) = δi j

[
ρ (0)(t )W (0)

i (t ) −
∑

n

ρ
(1)
ii (t )W (1)

n←i(t )

]
, (3)

�(2)
mn (t ) = δmn

∑
i

ρ
(1)
ii (t )W (1)

n←i(t ). (4)

In the above, the density matrix ρ (q) represents the different
charged states, with q = 0, 1, 2 corresponding to the neutral,
ionic, and doubly charged states. The ionization rate from
the neutral ground state to the ith ionic state is denoted as
W (0)

i , while W (1)
n←i represents the ionization rate from the ith

ionic state to the nth doubly charged state. All the ionization
rates were calculated according to the molecular Ammosov-
Delone-Krainov (MO-ADK) theory [30,31]. The diagonal

elements of the Hamiltonian H (q) are H (q)
mm = I (q)

p , which are
the vertical ionization potentials. The off-diagonal elements
are defined as H (q)

mn = −�d (q)
mn · �E , with �d denoting the transition

dipole moment and �E representing the laser field. Throughout
this article, the laser field takes the form

�E (t ) = E0e−2 ln 2(t2/τ 2 ) cos ωt ε̂, (5)

where τ denotes the full width at half maximum (FWHM),
ω represents the central frequency, and ε̂ is the polar-
ization vector on the xz plane. The molecular axis of
N2 is aligned with the z axis, while the laser propagates
along the y axis. Equation (1) is solved using the fixed-
step fourth-order Runge-Kutta method with initial conditions
ρ (0)(t0) = 1 and ρ (1)(t0) = ρ (2)(t0) = 0. The probability of
forming the nth doubly charged state from SDI is given by
Pn = ρ (2)

nn (t → ∞).
To understand the SDI process of N2, the potential energy

curves (PECs) of N2, N2
+, and N2

2+ states [29] are depicted
in Fig. 1. The vertical black line at R = 1.10 Å represents
the equilibrium internuclear distance. The vibrational range
of the neutral molecule covers from R = 1.00 to 1.20 Å,
and the orange shaded area denotes the nuclear wave packet
of the ground state of the neutral N2 molecule. The states
1–11 in Fig. 1 are the doubly charged states, and their Ip at
different internuclear distances are listed in Table I. The SDI
process of N2 is described as follows: First, the neutral N2 ini-
tially undergoes tunnel ionization, resulting in the formation
of X 2�+

g , A2	u, and B2�+
u states. Subsequently, these N2

+
states are coupled by the laser field and further undergo tunnel
ionization to yield various N2

2+ states, which are also coupled
by the laser field. Finally, dissociation occurs for all N2

2+
states except for the metastable 1–4 states. These metastable
states could potentially undergo transitions to the dissociative
states through laser couplings, which were not considered in
our early work [23].

In the MO-ADK theory [30], the ionization rate depends
on structure parameters which can be extracted from the
asymptotic wave function of the molecular orbital from which
the electron is removed. In our previous works [34,35], we

TABLE I. Indices 1–11 represent the N2
2+ states with two valence holes. The vertical ionization energies at different internuclear distances

are obtained from Pandey et al. [32]. Dissociation limits of the N2
2+ states are adopted from Iwayama et al. [33]. The limit of the 11�+

u and
31�+

g states are identified from the PECs from Ref. [29]. Metastable states are denoted as m.s. in Table I.

Ip (eV)

Index State Config. Limit R = 1.00 Å 1.05 Å 1.10 Å 1.15 Å 1.20 Å

1 11�+
g 3σ−2

g m.s. 43.72 42.86 42.49 42.46 42.64
2 13	u 1π−1

u 3σ−1
g m.s. 45.97 44.41 43.42 42.86 42.60

3 13�+
u 2σ−1

u 3σ−1
g m.s. 44.70 44.08 43.94 44.12 44.48

4 11	u 1π−1
u 3σ−1

g m.s. 47.54 45.94 44.93 44.34 44.05
5 13�−

g 1π−2
u N+(3P)+N+(3P) 49.00 46.93 45.50 44.54 43.92

6 13	g 2σ−1
u 1π−1

u N+(3P)+N+(3P) 48.17 46.97 46.29 45.99 45.91
7 11�g 1π−2

u N+(3P)+N+(3P) 50.16 48.02 46.52 45.50 44.81
8 21�+

g 1π−2
u N+(3P)+N+(3P) 49.54 47.87 46.54 45.51 45.15

9 11	g 2σ−1
u 1π−1

u N+(3P)+N+(3P) 50.69 49.58 48.99 48.76 48.71
10 11�+

u 2σ−1
u 3σ−1

g m.s./N+(1D)+N+(1D) 51.67 50.81 50.42 50.37 50.52
11 31�+

g 2σ−2
u N+(1D)+N+(1D) 59.81 57.80 56.55 55.55 55.09
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TABLE II. The Cl coefficient of 3σg, 1πu, and 2σu orbitals of
N2 at different internuclear distances. For σ orbitals, m = 0, and for
the π orbital, m = 1. The present calculated binding energies with
the modified Leeuwen-Baerends (LBα) model (see Ref. [35] and
the references therein) and those obtained from the multireference
configuration interaction (MRCI) method following the complete
active space self-consistent field (CASSCF) method (i.e., C+M) [29]
are also listed.

Ip (eV) Cl

Orbitals R (Å) LBα C+M C0m C2m C4m α

3σg 1.00 15.92 15.69 3.11 1.30 0.09 1.15
1.05 15.57 15.53 3.25 1.58 0.13 1.08
1.10 15.60 15.49 2.99 1.48 0.12 1.13
1.15 15.03 15.23 2.56 1.26 0.11 1.14
1.20 15.27 15.03 2.89 1.57 0.15 1.11

C1m C3m C5m

1πu 1.00 18.15 17.54 2.34 0.29 0.01 1.15
1.05 17.19 17.33 2.41 0.40 0.03 1.08
1.10 16.98 16.42 2.15 0.37 0.00 1.13
1.15 16.17 15.83 1.80 0.30 0.02 1.14
1.20 15.94 15.69 1.97 0.37 0.03 1.11

C1m C3m C5m

2σu 1.00 17.49 18.40 3.67 0.42 0.02 1.15
1.05 18.13 18.41 4.53 0.57 0.04 1.08
1.10 18.14 18.72 4.22 0.55 0.04 1.13
1.15 17.55 18.67 3.56 0.49 0.00 1.14
1.20 18.86 18.73 4.71 0.71 0.05 1.11

constructed numerically a one-electron model potential for
linear molecules using density functional theory and ob-
tained molecular wave functions with the correct asymptotic
behavior by solving the time-independent Schrödinger equa-
tion of molecules with the B-spline basis functions. Then,
accurate structure parameters can be determined by a fitting
procedure in the asymptotic region. For the first ionization,
structure parameters for highest occupied molecular orbital
(HOMO), HOMO-1, and HOMO-2 of N2 at different inter-
nuclear distances are calculated using the method of Zhao
et al. [34,35] and are tabulated in Table II. For the second ion-
ization, we assume that the structure parameters of HOMO,
HOMO-1, and HOMO-2 of N2

+ are the same as those
of N2.

Another input to the model are the transition dipole mo-
ments between N2

+ and between N2
2+ states. Transition

dipole moments between N2
+ states at different internuclear

distances are taken from Refs. [36,37] and are listed in
Table III of this article. The transition dipole moments be-
tween N2

2+ states listed in Table IV are calculated using
the state-averaged complete active space self-consistent field
method with the rotated multistate complete active space
second-order perturbation theory in OPENMOLCAS [38]. The
large atomic natural orbital basis set was used. Eight elec-
trons were put into an active space of 11 orbitals. For the
singlet and triplet N2

2+ states, 9 and 6 states were included,
respectively.

TABLE III. Transition dipole moments (a.u.) for X 2�+
g − A2	u

[36] and X 2�+
g − B2�+

u [37].

State 1 → 2

R (units of a0) X 2�+
g → A2	u X 2�+

g → B2�+
u

1.80 0.284x̂ 0.822ẑ
1.90 0.279x̂ 0.795ẑ
2.00 0.271x̂ 0.764ẑ
2.10 0.262x̂ 0.729ẑ
2.20 0.251x̂ 0.689ẑ
2.30 0.239x̂ 0.640ẑ
2.40 0.226x̂ 0.578ẑ

III. RESULTS AND DISCUSS

A. Effect of laser couplings between N2
2+ states on the SDI of N2

By solving Eq. (1), we obtain the probability of forming
different N2

2+ states at different alignment angles θ . The
molecule is assumed to be randomly aligned. The alignment-
averaged probability for the nth N2

2+ state at the equilibrium
internuclear distance is

P̄n = 1

2

∫ π

0
Pn(θ )sin θdθ. (6)

The signal of KER spectra is obtained by convoluting the
alignment-averaged probabilities of N2

2+ states,

S(E ) =
∑

n

P̄n√
2πσ 2

exp

[
− (E − En)2

2σ 2

]
, (7)

where En denotes the KER of state n and σ is energy res-
olution. The KER values at different internuclear distances
are the difference between vertical ionization energies and the
dissociation limits.

To investigate the effect of laser couplings between doubly
charged states on the KER spectra, Eq. (1) for the doubly
charged state is solved with and without the commutator term,
respectively. The KER spectra simulated by the improved
DM-SDI model for N2 at its equilibrium internuclear distance
are shown in Fig. 2. The solid black (solid red) line represents
the results with (without) laser couplings between the N2

2+
states. As described in Ref. [23], the first peak of the KER
spectra at 6.54 eV primarily comes from state 5, while the
second peak at 7.43 eV arises from the overlap of states 6–8
and 10. Additionally, the third peak at 10.03 eV is attributed
to state 9. State 11 is less susceptible to ionization due to
their higher ionization energies. The enhancement of the KER
spectrum is significant when considering the laser couplings
between doubly charged states. The first, second, and third
peaks of the KER spectrum are 4.5, 2.3, and 2.4 times larger
than those without laser couplings between N2

2+ states, re-
spectively.

To further understand how the laser couplings between
N2

2+ states affect the KER spectra, in Fig. 3, we show the pop-
ulations of states 1–10 with and without the laser couplings at
the equilibrium distance (R = 1.10 Å) with the laser polariza-
tion at 45◦ from the molecular axis. The population of state
11 is much smaller than those of states 1–10 (not shown). As
seen in the top panel of Fig. 3, the populations of metastable
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TABLE IV. Transition dipole moments (a.u.) between N2
2+ at different internuclear distances calculated in this work using OPENMOLCAS

[38]. States 1–11 are the same as Table I. The symbol dm→n denotes the electronic transition dipole moment between state m and n.

dm→n

R (Å) d1→4 d1→10 d2→5 d2→6 d3→6 d4→7 d4→8 d4→9 d8→10 d9→10

1.00 0.274x̂ 0.382ẑ 0.279x̂ 0.731ẑ 0.210x̂ 0.281x̂ 0.058x̂ 0.853ẑ 0.832ẑ 0.349x̂
1.05 0.265x̂ 0.417ẑ 0.269x̂ 0.704ẑ 0.192x̂ 0.272x̂ 0.114x̂ 0.841ẑ 0.629ẑ 0.329x̂
1.10 0.250x̂ 0.440ẑ 0.255x̂ 0.661ẑ 0.166x̂ 0.260x̂ 0.153x̂ 0.814ẑ 0.456ẑ 0.300x̂
1.15 0.235x̂ 0.447ẑ 0.243x̂ 0.620ẑ 0.144x̂ 0.250x̂ 0.170x̂ 0.787ẑ 0.356ẑ 0.270x̂
1.20 0.215x̂ 0.446ẑ 0.229x̂ 0.564ẑ 0.113x̂ 0.237x̂ 0.183x̂ 0.530ẑ 0.263ẑ 0.223x̂

states 1–4 are larger than those of other doubly charged states
when the laser couplings between N2

2+ states are ignored.
However, these metastable states do not contribute the dissoci-
ation process of N2

2+ due to their long lifetime. Once the laser
couplings between N2

2+ states are included, metastable states
can be excited to dissociation states and thus contribute to sub-
sequent dissociation. In the bottom panel of Fig. 3, we observe
a significant decrease in the populations of metastable states
1–4, accompanied by a notable increase in the populations
of dissociative states 5–10 when considering laser couplings
between N2

2+ states. Specifically, the populations at the end
of the laser pulse for states 1–4 decrease by 41.1%, 54.6%,
51.2%, and 66.2%, while states 5–10 increase by factors of
approximately 16.1, 2.1, 2.8, 1.5, 3.3, and 22.7.

B. Nuclear vibrational effects on the SDI of N2

To consider vibrational distributions of the ground state
X 1�+

g of the neutral N2 molecule, we numerically solve the
time-independent Schrödinger equation for nuclear vibration

FIG. 2. Comparison of simulated KER spectra with (black line)
and without (red line) laser couplings between N2

2+ states for N2

frozen at the equilibrium internuclear distance. Alignment-averaged
yield for dissociative N2

2+ states, obtained with and without the
laser couplings between different N2

2+ states, are shown as circle
and square symbols, respectively. We used a laser pulse with a peak
intensity of 1.2×1015 W/cm2, 8 fs FWHM, and a wavelength of
800 nm. The energy resolution is set to 0.28 eV.

motion of N2 using the Fourier grid Hamiltonian method [39],

− h̄2

2μ

d2ϕk (R)

dR2
+ V (R)ϕk (R) = Ekϕk (R), (8)

FIG. 3. Populations of N2
2+ states as function of time at R =

1.10 Å, with the laser polarization at 45◦ from the molecular axis.
Top (bottom) shows the population without (with) laser couplings
between N2

2+ states. In both cases, lines of the same color represent
the same N2

2+ state, and the solid lines represent the dissociative
states.
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FIG. 4. (a) The probability density of the ground vibrational state of X 1�+
g of the neutral N2. (b) and (c) Comparison of the simulated

KER spectra and the experimental data by (b) Voss et al. [3] with a peak intensity of 1.2×1015 W/cm2, 8 fs FWHM, and a wavelength of
800 nm and by (c) Wu et al. [4] with a peak intensity of 7.5×1014 W/cm2, 8 fs FWHM, and a wavelength of 780 nm. All on/off (red/blue
solid lines): Both the nuclear vibrational motion and the laser couplings between the N2

2+ states are switched on/off. Green dashed lines: The
nuclear vibrational motion is considered but the laser couplings between the N2

2+ states are switched off. The energy resolution σ is taken as
0.03×KER and 0.05×KER to reproduce the experimental results by Voss et al. [3] and Wu et al. [4], respectively.

where μ is the reduced mass, V (R) is a modified Morse
potential energy [40], R is the internuclear distance, and Ek is
the vibrational energy. The probability density of the ground
vibrational state of X 1�+

g is presented in Fig. 4(a). We see that
it is sufficient to consider R from 1.0 to 1.2 Å.

By solving Eq. (1) at each internuclear distance, we obtain
the probability of forming different N2

2+ states at different
alignment angles θ . The alignment-averaged probability for
the nth N2

2+ state at different internuclear distances is

P̄n(R) = 1

2

∫ π

0
Pn(θ, R)sin θdθ. (9)

Then, similar to Eq. (7), the intensity of the KER spectra
contributed from each R is

S(E , R) =
∑

n

P̄n(R)√
2πσ 2

exp

[
− [E − En(R)]2

2σ 2

]
, (10)

where En(R) represents the KER values of state n at different
R. Finally, convolving S(E , R) with the probability density
|ϕ1(R)|2, we obtain the averaged KER spectra as

〈S(E )〉 =
∫ 1.2Å

1.0Å
S(E , R)|ϕ1(R)|2dR. (11)

To see the influence of the vibrational motion of N2 on the
KER spectra, we compare our theoretical calculations with the
experimental results from Voss et al. [3] and Wu et al. [4] in
Figs. 4(b) and 4(c). Note that we shifted the spectrum of Voss
et al. [3] by −0.20 eV and that of Wu et al. [4] by 0.37 eV to
match the position of the 7.43 eV KER peak.

As seen in Figs. 4(b) and 4(c), the KER spectra obtained
from the improved DM-SDI model which includes the nuclear
vibrational motion and the laser couplings between the N2

2+
states show better agreement with the experimental spectra, as
compared to the results without accounting for the laser cou-
plings or the nuclear vibrational motion. Particularly, using
the improved DM-SDI model, the onset of the KER spectra
is shifted from 6 to 5 eV, matching both experimental KER
spectra. The ratio of the 6.54 eV to the 7.43 eV KER peak

values from the improved model also agrees better with the
experiments. We should mention that the populations of the
state 5 vary with the internuclear distance and thus the KER
spectra sensitively depend on the internuclear distance (not
shown). After convolving with the vibrational distribution of
the ground state, the ratio of the 6.54 eV to the 7.43 eV KER
peaks is significantly reduced by comparing the red line in
Fig. 4(b) with the black line in Fig. 2. However, although the
three KER peaks at 6.54, 7.43, and 10.03 eV are noticeably
broader in the improved model, the width of the peaks are
still narrower comparing to the experiments. This suggests
that additional nuclear dynamics could be responsible for the
spectral broadening, such as the velocity distribution of the
initial nuclear wave packet as well as nuclear motion during
the ionization process.

IV. SUMMARY AND OUTLOOK

To summarize, we improved the DM-SDI model developed
by Yuen and Lin [23] by considering both the vibrational mo-
tion of the ground state of neutral N2 and the laser couplings
between N2

2+ states. The improved model can reproduce
more features in the experimental KER spectra by Voss et al.
[3] and Wu et al. [4], such as the onset of the spectra and the
width of its peaks. Our results show that the laser couplings
between N2

2+ states significantly enhance the yield of dis-
sociative N2

2+ states, while nuclear vibration of the ground
state of neutral N2 contributes to part of the broadening of
the spectra. This work provides a deeper understanding of dis-
sociative sequential double ionization of molecules driven by
strong laser IR fields. In the near future, we plan to investigate
dissociative sequential triple or even quadruple ionization of
molecules in superintense laser fields and propose some effec-
tive schemes for coherently controlling the total dissociation
probabilities and their dissociation ratios.
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