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Using the strong-field-approximation theory beyond the dipole approximation we investigate above-threshold
ionization induced by the monochromatic and bichromatic laser fields. Particular emphasis is on the approach
based on the saddle-point method and the quantum-orbit theory which provides an intuitive picture of the
underlying process. In particular, we investigate how the solutions of the saddle-point equations and the
corresponding quantum orbits and velocities are affected by the nondipole effects. The photoelectron trajectories
are two dimensional for linearly polarized field and three dimensional for two-component tailored fields, and
the electron motion in the propagation direction appears due to the nondipole corrections. We show that the
influence of these corrections is not the same for all contributions of different saddle-point solutions. For a
linearly polarized driving field, we focus our attention only on the rescattered electrons. On the other hand, for
the tailored driving field, exemplified by the w—2w orthogonally polarized two-color field, which is of the current
interest in the strong-field community, we devote our attention to both the direct and the rescattered electrons.
In this case, we quantitatively investigate the shift which appears in the photoelectron momentum distribution
due to the nondipole effects and explain how these corrections affect the quantum orbits and velocities which

correspond to the saddle-point solutions.

DOLI: 10.1103/PhysRevA.110.023111

I. INTRODUCTION

To investigate atomic processes induced by the strong laser
fields the dipole approximation is typically employed. This
approximation assumes that the relation between the vector
potential A(¢) and the corresponding electric field E(¢) is
given by A(t) = — ft dt’E(t") so that the magnetic field B =
V x A(t) vanishes. The parameters of the Ti:sapphire laser
(the intensity of the order of 10'* W /cm? and the wavelength
around 800 nm), which was employed extensively to induce
strong-field processes, are such that the application of the
dipole approximation is justified. However, as the laser sys-
tems with higher intensity [1,2] and/or longer wavelengths
[3,4] than the Ti:sapphire laser became available, the use of
the dipole approximation became questionable. If the dipole
approximation breaks down, the alternative approach is based
on the fully relativistic treatment. However, for the laser-field
parameters which are such that the dipole approximation is
not justified but the fully relativistic treatment is still not
necessary, it is enough to take into account the nondipole
corrections. These corrections are of the order of 1/c, where
c is the speed of light, while the relativistic corrections are of
the order of 1/c?. For a linearly polarized laser field, two pa-
rameters were introduced to help assessing which corrections
on the dipole approximation are necessary. These parameters
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with U, being the ponderomotive energy, while m and w are
the electron mass and the driving-field frequency, respectively.
If zy « 1, ie., if 2U, is much lower than the rest energy
of the electron, the relativistic corrections are not necessary.
On the other hand, the parameter S, represents the amplitude
of the electrons’ motion in the propagation direction. If 8y = 1
a.u., the nondipole corrections are necessary. The influence
of the nondipole effects on the strong-field processes has
been observed in Refs. [4,6—10] (see also the review papers
[11-13]).

In recent years, nondipole effects have been investigated
by many groups. For example, the nondipole corrections
were analyzed in Refs. [9,10,14—18] both experimentally and
theoretically. In addition, the nondipole Hamiltonian was in-
vestigated in Ref. [19], while the nondipole effects for the
laser-assisted electron scattering and for the strong-field ion-
ization were scrutinized in Refs. [20-22], respectively. Also,
the nondipole corrections for the high-order harmonic gen-
eration were analyzed in Refs. [23,24], while the relativistic
theory was considered in Refs. [25-28]. The approach which
enables one to investigate the nondipole corrections together
with the influence of the structured-light fields was utilized in
Ref. [29]. Finally, the corrections on the dipole approximation
were also investigated in Refs. [30-33] with particular empha-
sis on the ultrashort linearly and circularly polarized pulses.

Besides the fact that the most accurate data are obtained
using the ab initio theories, the involved calculations are
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usually time consuming even for simple atomic systems.
For this reason, many semi-analytical theories have been de-
veloped [34]. Among those, particularly successful are the
theories based on the strong-field approximation (SFA) which
neglects the interaction of the freed electron with the parent
core after the ionization. Our SFA theory is based on the
single-active-electron approximation. Multielectron effects
are included via modeling of the ground-state wave functions
using the Roothaan-Hartree-Fock method and an expansion
in Slater-type orbitals, and using an effective rescattering
potential. The dynamical multielectron effects and electronic
correlations are neglected (in Refs. [35,36] it was shown that
such corrections are restricted to the low-energy part of the
spectrum which is not of our interest here). Our SFA theory
allows accurate modeling of the high-order above-threshold
ionization (HATT) process [37]. In this process, after the elec-
tron is released from the atom by an intense laser field, it
propagates in the continuum and either reaches the detector di-
rectly [in which case the process is denoted as above-threshold
ionization (ATI)] or undergoes rescattering at the parent core.
The influence of the neglected Coulomb potential is small,
particularly in the laser-field-parameters regimes in which
nondipole effects become significant [38] [see Figs. 10(c)
and 10(d) in Ref. [38]]. The Coulomb effects are significant
only in the low-energy region and for the driving field with
wavelength and intensity for which the nondipole effects are
negligible.

Recently, our SFA-based theory was modified to incorpo-
rate the nondipole corrections [39,40]. In addition, we have
generalized the obtained theory to the case of the tailored laser
fields [41]. These fields have attracted significant attention
due to the large number of parameters which can be used to
control the process. Surprisingly, the nondipole corrections for
the tailored driving fields have received almost no attention at
all. A particularly important example of tailored laser fields
is the orthogonally polarized two-color field (OTC), which
consists of two linearly polarized components with mutually
orthogonal polarizations. The electron tunneling induced by
an OTC field was analyzed in Ref. [42] for negative ions
and in Refs. [43-58] for atoms. Furthermore, the temporal
double-slit experiment [59] with an OTC field was realized
in Ref. [60], while the control of the electron spin polarization
in strong-field ionization [61] using the OTC field was pro-
posed in Ref. [62]. Moreover, this field configuration allows
the generation of elliptically polarized high-order harmonics
[63—65] with ellipticity which can be controlled using the field
parameters. Finally, it has been shown that an OTC field can
be successfully utilized to study chirality (see Ref. [66] and
references therein). In conclusion, it is clear that the OTC
tailored field has recently attracted a lot of interests in the
strong-field community. Therefore, we decided to use this
field to illustrate our theory.

The physical insight into the explored process can be ac-
quired by using the saddle-point (SP) method [67,68]. This
allows one to introduce the idea of the quantum orbits and re-
late them with the electron trajectories in the laser field. In the
present paper, we investigate the influence of the nondipole
corrections on the quantum orbits which correspond to
different solutions of the SP equations for both the linearly
polarized and the tailored driving fields. In addition, we

investigate how these corrections affect the partial contribu-
tions of the SP solutions to the photoelectron yield as well as
the total photoelectron spectrum.

The paper is organized as follows: In Sec. I we briefly
recapitulate our nondipole SFA-based theory and discuss the
saddle-point method. Also, we introduce the quantum orbits
and relate them to the electron trajectories. In Sec. III we
present our numerical results for the linearly polarized field
as well as for the OTC field which we use as an example
of the tailored field. Finally, in Sec. IV we state our main
conclusions. Atomic units are used unless otherwise stated.

II. THEORY
A. Differential ionization rate

For the T-periodic laser field, the differential ionization
rate for the emission of the photoelectron with momentum p
and energy E, = p?/2 is

wpi(n) = 27 p|Tyi(n) |2, 2)

where 7 is the number of absorbed photons and 7},;(n) is the T'-
matrix element. Within the strong-field approximation, after
the ionization, the continuum is approximated by the field-
dressed plane waves and the eventual rescattering events are
incorporated via a Born-type series expansion [69—72]. The
zeroth-order contribution to the 7 -matrix element is [39,40]

Td .
TOm = [ S (ap0) Hin) ) 5P, 3)
p 0 T

and it corresponds to the so-called direct electrons, i.e., the
electrons which do not interact with the parent ion after lib-
eration. The nondipole effects are included by expanding the
vector potential as

A

k .
AE) ~ A@) + TrEm, @)

withé =7 —k-r /c, which consequently leads to the interac-
tion Hamiltonian of the form [73]

k-r
Hini (1) = E(7) - (r - ITV>, (&)

with ¢ being the speed of light. The first term corresponds
to the dipole approximation, while the second term couples
the coordinate in the field propagation direction (determined
by the unit vector k = &,) to the components of momentum
in the polarization plane. The solutions of the Schrédinger
equation for this Hamiltonian are the nondipole Volkov states
(73] 1 xp(1)) = |qp(1))e™™») with Sy(t) = %f[ dt’qlzj(t/) and

Q) =p+A@)+Kk[p-A®)+A%(t)/2l/c.  (6)

Also, the action of the direct electrons is S(p; o) = Sp(to) +
I,ty, with I, the ionization potential, and v; = V¥, (r) =
R (r)Y;,,(0, ¢) the initial ground state where Y;,,(0, ¢) are
normalized spherical harmonics, while the radial functions
R;;(r) can be represented either as a linear combination of
the Slater-type orbitals [74-77] or by the asymptotic wave
functions [37,77,78]. The explicit form of the radial wave
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function in both cases can be found in Ref. [40]. The Slater-
type wave functions take into account all electrons of the atom
but neglect the electron dynamics.

The next term of the Born-type-series expansion corre-
sponds to the rescattered electrons and the contribution to the
T -matrix element is [39,40]

T t 3/2
dt 27 .
Tp(il)(n) = —i/ —/ d[0|:. :| iSptfo.)
0 T —o0 l(t — [())

x (p+p - Ak/c|V () Ky + Ky - Atk /c)
X {qk,, (t0) | Hint (20) | Vi) - @)

Here, Kq(to,1) = kg(to0.1) + k(to, )k/c with Kg(to, 1) =
— ft(t) dt’A(t")/(t — tp) being the stationary momentum and
(o, 1) = K (t0, 1) = [Us (1) = U (10)]/(t = 10) — Uy, where
fl dt'A%(t))2 = Upt +U,(t) and U, is the ponderomotive
energy. The action of the rescattered electrons is

1 ! ! !
Spatllo. 1) = $p(0) = 5 / dr'qy () +Lio, 8

Iy

where #) and ¢ are the ionization and rescattering times, re-
spectively. Finally, we model our rescattering potential V (r)
by the double Yukawa potential [79].

Our driving field consists of two linearly polarized compo-
nents with mutually orthogonal polarizations

E(t) = E; sin (rot)é, + E; sin (swt + @)y, )

where E;, j =1, 2, are the electric-field amplitudes, w is the
fundamental frequency, and ¢ is the relative phase. Also, r and
s are integers, i.e., the frequencies of the field components are
integer multiples of the fundamental frequency w and €, and
€, define the laser-field polarization plane. For £, = 0 the field
becomes a linearly polarized monochromatic field. Otherwise,
the driving field is the orthogonally polarized two-color field.

B. Saddle-point method

The integrals which appear in Eqs. (3) and (7) can be
solved either numerically or by using the saddle-point method.
In the latter case, the condition that the action of the direct
electrons is stationary dS(p;fy)/dto = 0 leads to the equa-
tion qlz, (to) = —2I, which represents the energy-conservation
condition at the ionization time. Because the nondipole effects
are of the order of 1/c, the term proportional to 1/c?, which
appears when we introduce ¢, in the direct SP equation,
should be neglected. For the initial state represented by the
asymptotic wave function, the contribution of the direct elec-
trons to the 7 -matrix element is [78,80]

T (n) = 27T~ Ak vT (v/2)
I .\ (v+1)/2
qs . o 21
x Z(%) Ylm<qm>e5f<§> . (10)
tog s

where the summation is over the solutions fy, of the SP
equation located in the upper half of the complex plane,

dps = Qp(tos), S5 = S(p; fo5), and

S/ = sz(p’ tOs)
fdig

= —qp(tos) - {E(tos) + E(tos) - [p + A(tos) [k/c}.  (11)

The number of solutions of the SP equation for the direct elec-
trons can be determined following the procedure elaborated
in Ref. [81]. The easiest way to classify these solutions is by
introducing the index 7 so that the increase in the value of this
index is related to the increase of the real part of the ionization
time.

On the other hand, the stationarity conditions for the rescat-
tering action are 9Sp s (f0,1)/dt9 = 0 and 98, «(t, 1)/t =
0 and they lead to the SP equations q%(sl (to) = 21,
and q%(st ) = qlz, (t). These equations represent the energy-
conservation conditions at the ionization and rescattering
times, respectively. To obtain only nondipole corrections,
the terms proportional to 1/c? should be discarded. The SP
method, presented in Ref. [80], leads to the following expres-
sion for the rescattering 7-matrix element

!
Ak AKas \ i
Tp(il),SP(n) = 7'[2T lAKOVF(V/Z) Z ( .K ) eS“

it} N KO
(PIV [Kg)

[i(r: — 10"

(v+1)/2
2i / < 2i )‘/2 1)
X 9
Sqo.s Sts

Sst,s = Sp,st(ZOSv Is), S;/[(),s =
32Sp st (t0, 1)/ 013 |1..» and St = 32Sp.st(to, 1)/t .- The
high-energy solutions of the HATI SP equations appear
in pairs and they can be classified using the multi-index
(o, B, m). In particular, for a fixed value of the rescattering
time 0 <t < T, the values of the ionization time f; are
ordered using the index m =0, 1, ... in such a way that m
represents the approximate value of the travel time T =t — 1
in units of the laser period. Furthermore, the index B counts
different pairs of solutions with the same m, while the
index o distinguishes different solutions of a given pair.
This classification was introduced for the bicircular field in
Ref. [80], but it can also be applied to an arbitrary driving
field [68]. For a linearly polarized monochromatic field it was
introduced in Refs. [82,83].

X Ylm (qKS,s)

where  qk, s = qk, (fos),

C. Quantum orbits

The nondipole correction (ﬁ -r)E(¢)/c in vector potential
(4) leads to the magnetic field

1
B() =V xA@)~ _E[Ey(t)éx — Ex(1)&,]. (13)

The corresponding equations of motion are given by
£(t) = —E() — () x B(§). (14
By expanding the electric field E(£) as

A~

k-r.
E@¢) ~ E@) — TE(I), (15)
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and using r(t) ~ ro(t) + r.(¢), where r.(¢) is the nondipole
correction of the order 1/c, we obtain the equations

io(1) = —E@1), Fc(t) = —[ko() - E@)lk/c. (16)

The equation for ry(¢) is the equation of motion in the dipole
approximation, with the solution

, (' —to)ky +a(t') —alty), to<t' <t
ro(r’) = (17)
' —t)p+al')—a@), t'>1,
where a(t) = [ "A(t")dr’. The corresponding velocity is
. dro(t) kg + A1), 1o <t' <t
Vo) = =02 = L (18)
dt p +A(), t' >t

The solution for r.(¢) is given by
ro(t) = {ky - [e(t') — ato)] + Ui (t") — Ui (to)
+ Uy + k(1 DI — 1)}k /e, 1o <t/ <1, (19)
and
ro(t) = {p - [a@) —a@®)] + U (t') = U (1)
+U,(t' —t)k/e, 1 >t. (20)
The corresponding velocity v.(¢t') = dr.(¢t')/dt’ reads
ve(t') = [ky - A(t) + A*(t)/2
+ ko, DIk/e, 1o <t <1, 1)
and
ve(t') = [p- A + A*(t)/2]k/c,

The saddle-point solutions for the ionization and rescattering
times are complex numbers. The quantum orbits and veloci-
ties are defined by the previously introduced solutions of the
classical equation of motion but for the complex ionization
and rescattering times. It is a common practice to present only
the projection of the quantum orbits and velocities onto a real
axis, for the real time ¢’ > Rer.

>t (22)

III. NUMERICAL RESULTS

In this section, we present our numerical results using
the example of the He atom which has the s ground state
(the magnetic quantum number is m = 0) and the ionization
potential /, = 24.59 eV. For the He atom, the influence of
the multielectron effects was investigated in Ref. [35] for the
high-order harmonic generation process, and it was found
that it is restricted to the low-energy part of the spectrum.
Similar behavior is expected for the HATI process. First, we
investigate the trajectories of the HATI photoelectrons liber-
ated by the linearly polarized field by taking into account the
nondipole corrections. Second, we analyze the similar process
induced by the OTC driving field. Our coordinate system is
defined by the unit vectors &, €,, and &;. The direction of the
photoelectron emission is defined by the spherical angles 0
and ¢. The angle 6 is the angle between the unit vector €, and
the final photoelectron momentum p, while the angle ¢ is the
angle between the unit vector €, and the projection of the final
photoelectron momentum on the xy plane.

A. Linearly polarized field

The influence of the nondipole effects on the direct elec-
trons obtained using a linearly polarized monochromatic field
was investigated in the previous publications [39,40]. In the
present paper, we devote our attention to the rescattered
electrons. In particular, we investigate the photoelectron tra-
jectories for the HATI induced by the linearly polarized field
with the intensity / = E12 = 10" W/cm? and the wavelength
of 2500 nm. For these values of the driving-field parameters,
Bo = 4.2 a.u., and the nondipole effects should not be ne-
glected. Also, due to the high ionization potential, helium can
withstand this field without immediate ionization so that the
saturation effects can be neglected. In Fig. 1(a) we present
the partial contributions to the differential ionization rate
of different saddle-point solutions together with the coher-
ent sum of these contributions (black dotted line, circles).
The corresponding values of the multi-index («, B8, m) are
indicated in the legend, and the contributions which should
be discarded after the cutoff are presented by the dashed
lines [82,83]. The results are obtained for the emission in
the direction ¢ = 0° and 6 = 87°. The reason why we have
chosen 6 = 87° instead of & = 90° lies in the fact that, due
to the nondipole effects, the photoelectron spectrum will be
the longest around this direction (see, for example, Fig. 4
in Ref. [40]). For the photoelectron energy E, > 7U,, the
contributions of the pair of solutions with (8, m) = (1, 0) [red
lines in Fig. 1(a)] are dominant except for the narrow region
around 7.5U), (8.9U,,) where the contributions of the solutions
with (8, m) = (2,1) [(B,m) = (1, 1)] are also relevant. On
the other hand, the photoelectron spectrum for E, < 7U, is
dominated by the solutions with (8, m) = (2, 0) [green lines
in Fig. 1(a)] and the solution with («, 8, m) = (—1, 1, 0) [red
solid line in Fig. 1(a)]. Finally, for E, < 2U), the solution
with (o, B, m) = (—1, 0,0) [maroon solid line in Fig. 1(a)]
is the most significant. However, in this part of the photoelec-
tron spectrum, the contributions of the direct electrons (not
shown in Fig. 1) are most prominent. Figure 1(b) displays the
comparison of the photoelectron spectra calculated using the
SP method (black dotted line, circles) and by the numerical
integration (brown solid line). The agreement between the
obtained result is excellent proving that the SP method can
be used to accurately calculate the photoelectron spectrum.

Once the requisite SP solutions are obtained, enabling
the successful reproduction of the photoelectron spectra cal-
culated by numerical integration, our attention is directed
towards the quantum orbits and velocities associated with
these solutions. In Fig. 2 we present the quantum orbits and
corresponding velocities for the dominant pair of solutions
[(B, m) = (1,0)] in the high-energy part of the spectrum for
the photoelectron energies 8U,, 9U,, and 10U,,. The quantum
orbits of the two solutions in this pair have the same shape,
but the solution with @« = —1 (lower panels) has a slightly
longer orbit than the solution with @ = 1 (upper panels) be-
cause it spends a slightly longer time in the laser field before
rescattering occurs. It can also be seen that, for the solution
(o, B,m) = (1, 1,0) the orbits get longer as the photoelec-
tron energy increases, whereas for the solution (o, 8, m) =
(—1, 1, 0), the orbits get shorter as the photoelectron energy
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FIG. 1. (a) Partial contributions to the differential ionization rate of different saddle-point solutions together with the coherent sum of
these contributions (black dotted line, circles) for HATI induced by exposing the He atom to the linearly polarized monochromatic field with
intensity / = E? = 10" W/cm? and wavelength 2500 nm in the direction ¢) = 0° and # = 87°. The results are obtained using the theory which
includes the nondipole corrections. (b) Comparison of the photoelectron spectra calculated using the SP method (black dotted line, circles) and
by the numerical integration (brown solid line). Only rescattered electrons are taken into consideration.

increases. This can be explained by the fact that the two
solutions merge at the cutoff energy, in the sense that the travel
time of the solution with @ = 1 increases, while the travel time
of the solution with &« = —1 decreases. We also note that, for
both of these solutions, the electron moves only in the x > 0
part of the xz plane.

Now we investigate the trajectories in more detail. For
example, we thoroughly examine the photoelectron trajectory
and velocity for the solution (o, 8, m) = (—1, 1, 0) and for

47‘ L L \/\//\/r T J T ‘ ‘ T ‘ T
| @ R Eju %%
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= I 1 I ] e
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FIG. 2. Photoelectron trajectories (left panels) and correspond-
ing velocities (right panels) for the SP solutions (o, 8,m)=
(1,1,0) (upper panels) and (o, 8, m) = (—1,1,0) (lower panels)
for photoelectron energies 8U,, 9U,, and 10U,. The ionization
(rescattering) velocities are indicated by the letter I (R). For the
solution (&, B, m) = (=1, 1,0) and the photoelectron energy 10U,
we marked the intermediate steps in the electron’s trajectory and
velocity by the violet circles.

the photoelectron energy Ej, = 10U, (black solid line in the
lower left panel of Fig. 2). The photoelectron is born at the
time Re 7oy = —0.213T very close to the origin, with v, com-
ponent of velocity approximately equal to zero, and a small
negative v, component of velocity (the ionization velocity is
indicated by the letter “I” in the lower-right panel of Fig. 2).
The x component of the electron trajectory is determined only
by the electric field and is governed by the equation x(z) =
—E,(¢), while in the z direction the electron is influenced by
the magnetic field B, (t) = E.(¢)/c that is coupled with the v,
component of electron’s velocity, giving the equation Z(t) =
—u,(1)E,(t)/c [see Eq. (16)]. At the ionization time, the elec-
tric field E, is negative, and therefore the electron accelerates
in the positive x direction. The positive velocity component v,
and negative electric field E, imply acceleration in the positive
z direction, causing the v, component to become less and less
negative. At the time ¢ = 0, indicated by the violet circles
denoted by “1” in the lower panels of Fig. 2, the direction of
the electric field changes, and the electron starts to decelerate
in the x direction. Since the v, component is still positive and
the electric field became positive as well, the electron starts to
accelerate in the negative z direction. At the time r = 0.2127,
indicated by the violet circle denoted by “2,” the electron’s
v, component of velocity becomes zero again, and now the
electron starts to move in the negative x direction, while the v,
component of velocity decelerates its negative value. The v,
becomes positive at time ¢ = 0.3237, indicated by the violet
circles denoted by “3” and accelerates back to the parent ion
where it rescatters at time Re#;, = 0.4917 (the rescattering
velocity is indicated by the letter “R” in the lower-right panel
of Fig. 2). After analyzing the high-energy part, we now
turn our attention to the medium-energy part of the photo-
electron spectrum. In Fig. 3 we presented the photoelectron
trajectories and corresponding velocities for the SP solution
(o, B, m) = (1, 2, 0) for photoelectron energies 3U,, 5U,, and
7U,. The contribution of this solution is the most significant
[together with the solution with («, 8, m) = (—1, 1, 0)] in the
medium-energy part of the spectrum. Similarly to the solu-
tion pair with (8, m) = (1, 0), the trajectory of the solution
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FIG. 3. Photoelectron trajectories (left panel) and corresponding
velocities (right panel) for the SP solution («, 8, m) = (1, 2, 0) for
photoelectron energies 3U,, 5U,, and 7U,, presented in a similar
manner as in Fig. 2.

(o, B,m) =(—1,2,0) (not shown in Fig. 3) has the same
shape as the trajectory of the solution («, 8, m) = (1, 2,0),
but with a slightly longer orbit because of its longer travel
time. In addition, for the solution («, 8, m) = (1,2,0) the
orbits slowly get longer as we get closer to the cutoff energy.
Similarly to the solution pair (8, m) = (1, 0), the orbit starts
near the origin, with v, & 0 and v, < 0. However, the electron
now moves in x < 0, as well as in x > 0, part of the xz plane.
This can be explained by the fact that, for this solution, the
electron spends more than one laser-field period in the laser
field before the rescattering, and therefore the electric field
changes its direction twice. At the beginning, the electron
moves in the negative x direction, and after the electric field
changes its sign for the first time it starts to accelerate toward
the origin. However, this time, the electron misses the parent
ion and goes into the positive part x > 0 of the xz plane. After
the electric field changes direction for the second time, the
electron starts to decelerate and eventually goes back to the
origin where it rescatters of the parent ion.

The trajectories which correspond to different saddle-
point solutions exhibit different behavior in the xz plane and
the shape of the trajectory also depends quantitatively on the
photoelectron energy. Now we investigate the influence of the
nondipole effects on the partial contributions of the saddle-
point solutions to the differential ionization rate. The question
is whether all partial contributions are affected in the same
way and how the influence of the nondipole effects changes
the partial contributions for different values of the photo-
electron energy. To quantify the influence of the nondipole
corrections, we introduce the normalized difference & =
(w‘;}i - ws;p) / (w‘l;fl + wg;p) between the differential ionization
rates calculated using nondipole corrections (“nd”) and in
the framework of the dipole approximation (“dip”). In Fig. 4
we present the normalized difference §,; as a function of
the photoelectron energy for the partial contributions of the
SP solutions, as indicated in the legend, and for the same
driving-field parameters as in Fig. 1. Clearly, the influence
of the nondipole effects is different for the contributions of
different saddle-point solutions both qualitatively and quan-
titatively. For some solutions, such as (8, m) = (2, 0) (green
solid and dashed lines), («, B, m) = (1, 1, 1) (blue solid line),
and (a, B, m) = (—1, 1, 0) (red solid line), the parameter Jp;
has a negative value which is relatively constant for the
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FIG. 4. Normalized difference §,; as a function of the photo-
electron energy for the partial contributions of the SP solutions, as
indicated in the legend. The driving-field parameters are the same as
in Fig. 1.

photoelectron energy lower than the cutoff energy. For these
solutions, the differential ionization rate is decreased due
to the nondipole effects. On the other hand, for the solu-
tions («, B, m) = (1, 1, 0) (red dashed line) and (&, B, m) =
(=1, 1, 1) (blue dashed line), the parameter §,; goes from the
positive to the negative value with the increase of the photo-
electron energy. This means that the nondipole effects deform
the spectrum which corresponds to these solutions in such a
way that they shift the spectrum up or down depending on the
value of the photoelectron energy. The reason why the partial
contributions are not affected equally by the nondipole effects
lays in the fact that these solutions have different ionization
and rescattering time so that they are under the influence of
the magnetic field which is not the same for all contributions.
This leads to the suppression of some and promotion of other
quantum pathways. Similar behavior may also be present for
partial contributions which correspond to the longer SP times
(not shown in the figure) and for other values of the driving-
field parameters. In other words, the nondipole corrections
not only shift the photoelectron momentum distribution in
the laser-field propagation direction, but also quantitatively
change the differential ionization rate. This change is different
for contributions of different saddle-point solutions.

B. Orthogonally polarized two-color field

After analyzing nondipole corrections for HATT induced by
linearly polarized field we now turn our attention to the case
of an OTC driving field. In particular, we investigate the w—2w
OTC field.

1. Direct electrons

First, we discuss the nondipole corrections for the direct
electrons. In Fig. 5 we present the logarithm of the differential
ionization rate for the He atom exposed to the w—2w OTC field
with component intensities / = E} = E3 =5 x 10" W/cm?,
the fundamental wavelength of 2500 nm, and the relative
phase (a) ¢ =0° (b) ¢ =15° and (c) ¢ =30°. The
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FIG. 5. Photoelectron momentum distribution for ATI induced by exposing the He atom to the w—2w OTC field with component intensities
I = E} = E? = 5 x 10" W/cm?, the fundamental wavelength of 2500 nm, and the relative phase (a) ¢ = 0°, (b) ¢ = 15°, and (c) ¢ = 30°.
The results are obtained using the theory which includes the nondipole corrections and calculated by the numerical integration. The white line
is parallel to the p, axis and goes through the origin. Only the results in the p, > 0 part of the momentum plane are presented.

momentum distributions were obtained by numerical
integration taking into account the nondipole effects. For the
w—2w OTC field, the photoelectron momentum distribution
is invariant with respect to the reflection p, — —p, so
that we only presented the results in the p, > 0 part of the
momentum plane. Due to the nondipole corrections, the
reflection symmetry p, — —p, is broken. The effects of the
nondipole corrections are subtle so that we included the white
line as an aid to guide the eye. The nondipole corrections
slightly distort the distributions and shift them in the positive
p. direction. This shift becomes more significant as the
photoelectron energy increases. The shift of the momentum
distribution in the propagation direction appears due to the
momentum transfer to the photoelectrons. The p, component
of the photoelectron momentum is proportional to the energy
of the absorbed photons from the laser field so that the
shift becomes more pronounced as the photoelectron energy
increases.

Before we analyze the nondipole corrections in more
detail, let us discuss the dependence of the momentum dis-
tribution in the p_p, plane on the value of the relative phase
. For ¢ = 0° [see Fig. 5(a)], the momentum distribution is
localized in the narrow region of the momentum plane and
exhibits an oscillatory character as a function of the photo-
electron energy. As the value of the relative phase increases,
the two regions with significant differential ionization rates
appear. In these regions, the photoelectron momentum distri-
bution is smooth. This behavior can be explained using the
SP method. For the w—2w OTC driving field, the direct SP
equation has 2s = 4 solutions [81]. In Fig. 6 we present the
logarithm of the differential ionization rate as a function of
the photoelectron energy (black solid lines) calculated using
the SP method with nondipole corrections for the emission
in the direction ¢ = 0°, 6§ = 87°. The emission is induced
by the w—2w OTC field with the relative phase as indicated
above the panels and for the same other field parameters as
in Fig. 5. Besides the total spectrum, the partial contributions
of different SP solutions are also presented (red solid and
blue dashed lines). For the used values of the driving-field
parameters, the contributions of two SP solutions n = 2, 3 are
significant, while the contributions of the solutions n =1, 4
are negligible. For the driving field with the relative phase

¢ = 0° the partial contributions of the solutions n = 2, 3 are
identical and their interference leads to the rapid oscillations
of the spectrum [see also Fig. 5(a)]. As the relative phase
¢ increases, the partial contribution of the solution 1 =2
(n = 3) moves towards the lower (higher) energy, and for the
value ¢ = 15° they are comparable only in the narrow region
around 0.8U,. Consequently, the rapid oscillations are present
only in this part of the spectrum, while other parts are smooth
[see also Fig. 5(b)]. To investigate what is happening with
the partial contributions to the differential ionization rate for
other values of the relative phase, in Fig. 7 we display the
logarithm of the differential ionization rate as a function of
the photoelectron energy E, and the relative phase ¢. For all
values of the relative phase and for all values of the photoelec-
tron energy, the partial contributions of the solutions n = 1, 4
are negligible, while the solutions n = 2 and n = 3 contribute
for the energy E, < 0.8U, and E}, > 0.8U,, respectively. The
exception happens for the relative phase around ¢ = 0° mod-
ulo 7 in which case the partial contributions of the solutions

¢=0°
-6 I
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FIG. 6. Photoelectron spectrum (black solid lines) induced by the
w—2w OTC field with the relative phase as indicated above the panels
and for the same other field parameters as in Fig. 5 together with
the partial contributions of different SP solutions (red solid and blue
dashed lines). The emission direction is ¢ = 0°, 6 = 87°. Only direct
electrons are taken into consideration.

023111-7



A. S. JASAREVIC et al.

PHYSICAL REVIEW A 110, 023111 (2024)

-6

7
-8 3
> <
; 5
e o
o

-10

0 60 120 180 240 300 360
¢ (degrees)

FIG. 7. Logarithm of the differential ionization rate as a function
of the photoelectron energy E, and the relative phase ¢ for ATI
induced by the same driving field as in Fig. 5.

n = 2,3 are comparable (for ¢ = 0° modulo 7, they are the
same) thus leading to the rapid oscillations of the spectrum.
The partial average value of the momentum p, as a function
of px,
f dpzpzwpi
{P2)p, Tdpon (23)
can serve as a quantitative measure of the importance of the
nondipole effects. In the dipole approximation it is (p;), =0
and the spectrum possesses the p, — —p, reflection sym-
metry. The parameter (p;), Wwas used in Refs. [14,15] to
discuss the negative offset along the propagation direction of
the momentum distributions in the low-energy region which
was related to a Coulomb focusing effects. However, in
Refs. [39,41] a similar offset was reported for the negative
molecular ions where the Coulomb interaction is absent. In-
stead, the offset was related to the oscillations caused by the
interference of the contributions of different SP solutions.
In Fig. 8 we present the partial average value (p;), for the
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FIG. 8. The partial average value (p.),, (red solid line) for the
coherent sum of the SP solutions n = 2,3 and for the values of
the relative phase as indicated in the panels. Other driving-field
parameters are the same as in Fig. 5. The semiclassical estimate is
presented by the black dotted lines.

coherent sum of the SP solutions n = 2, 3 and for the values
of the relative phase as indicated in the panels. Other field
parameters are the same as in Fig. 5. The partial average is
presented only for those parts of the photoelectron spectrum
in which the differential ionization rate is non-negligible. The
momentum transfers to the photoelectron and the parent ion
happen in such a way that the amount of the momentum which
goes to the photoelectron is ,/(3c) so that the semiclassi-
cal approximation for the partial average leads to p?/(2c) +
I,/(3c) [16,19,84-89]. This approximation is represented via
the black dotted line in Fig. 8. For the driving field with the
relative phase ¢ = 0° both SP solutions n = 2, 3 contribute to
the spectrum for the same range of values of the photoelectron
energy. This causes the oscillations in the partial average
(p2)p.- However, for our driving field with ¢ = 0°, both partial
contributions to the differential ionization rate are small for
p» close to zero so that the offset in the direction opposite
to the propagation direction cannot be observed. In principle,
there is not much point to calculate the partial average value
(p2)p, in the region where the ATI yield is negligible. Similar
conclusions hold for other values of the relative phase. Par-
ticularly interesting is the region 65° < ¢ < 115° for which
one SP solution gives a significant contribution around the
origin in the momentum plane. For example, for ¢ = 75° (see
the bottom panel in Fig. 8) the solution n = 2 leads to the
significant contribution to the differential ionization rate for
—2.5a.u. < p, < 2.5 a.u. However, because this is the only
solution which contributes significantly in this region of p,,
the partial average (p.), is a smooth function and the offset
in the direction opposite to the propagation direction is absent.

Finally, we mention that another way to quantitatively
investigate the influence of the nondipole effects on the
photoelectron momentum distribution is by presenting the
one-dimensional slices through the two-dimensional momen-
tum distribution. To accurately investigate the nondipole
effects using this parameter, it is necessary to use the average
values of the differential ionization rate (over some interval of
the momentum p,) to suppress the rapid oscillations [14].

2. Rescattered electrons

After analyzing direct electrons, we now turn our attention
to the rescattered electrons. In Fig. 9 we present the pho-
toelectron spectrum for HATT induced by exposing the He
atom to the w—2w OTC field with the fundamental wave-
length 1500 nm, the relative phase ¢ = 90°, and the same
other parameters as in Fig. 5, calculated using the SP method
(indigo solid line, circles) and by the numerical integration
(orange solid line, circles), for the emission in the direction
¢ = 0°,60 = 87°. The partial contributions to the differential
ionization rate which correspond to different saddle-point so-
lutions and which are non-negligible are also presented as
indicated in the legend. The agreement between the results
calculated using the SP method (orange solid lines, circles)
and the numerical integration (violet solid line, circles) is
good, but still not as good as for a linearly polarized field
[cf. Fig. 1(b) with Fig. 9]. This happens because, for the
w—2w OTC field there are many more solutions than for the
monochromatic linearly polarized field. These solutions, may
affect interferences even though their partial contributions are
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FIG. 9. Partial contributions to the differential ionization rate of
different saddle-point solutions together with the coherent sum of
these contributions (indigo solid line, circles) and the results obtained
by the numerical integration (orange solid line, circles) for HATI
induced by exposing the He atom to the w—2w OTC field with the
fundamental wavelength 1500 nm, the relative phase ¢ = 90° and
other parameters as in Fig. 5. The electron emission direction is
¢ = 0°, 6 = 87°. The results are obtained using the theory which
includes the nondipole corrections and only rescattered electrons are
taken into consideration.

small. This becomes more pronounced for the driving field
with rich dynamics. For the photoelectron energy Ep > 6U,,
the spectrum is dominantly determined by the saddle-point
solution («, 8, m) = (—1,2,0) (see the black solid line in
Fig. 9) except in the region around 7U, where the contribution
of the solutions with (8, m) = (6, 0) should also be taken into
consideration. On the other hand, for E}, < 6U,, apart from
the («, B, m) = (—1, 2, 0) solution, the solution (&, B, m) =
(1, 4, 0) also contributes significantly to the HATI yield. The
interplay of the contributions of these solutions creates the
oscillatory pattern in the total spectrum. The nondipole effects
for the photoelectron yield obtained by the OTC field can
be analyzed in the same way as it was done for the bicir-
cular field in Ref. [41]. However, in the present paper we
devote particular attention to the influence of the nondipole
corrections on the photoelectron trajectories. This is why, in
this part of the paper, we have used the driving field with
the fundamental wavelength 1500 nm instead of the earlier
one with the fundamental wavelength of 2500 nm. For the
fundamental wavelength much longer than 1500 nm, only one
saddle-point solution accurately determines the high-energy
part of the spectrum [usually the one with (8, m) = (2,0)]
and the examination of the influence of the nondipole correc-
tions only makes sense for this solution. For the wavelength
around 1500 nm, the nondipole corrections are still significant
while more than one trajectories have to be taken into consid-
eration to reproduce the spectra.

In Fig. 10 we present the quantum orbits (left panels)
and corresponding velocities (right panels) for the above-
mentioned solutions (&, 8, m) = (—1, 2, 0) (black solid lines)
and («, B, m) = (1, 4, 0) (red dashed lines) and for the photo-
electron energies 7U, and 5U,,. In addition to that, in Fig. 11
we present the electric field E(¢), vector potential A(z), and
magnetic field B(¢) (blue solid lines), as well as their val-
ues at the moments of ionization (circles) and rescattering

T
r / -
;o \
— /s 3
[ x
-l
=/
\

77, PR R B
-200 -100 O

x (au.)

-
100 200

0.8

z (a.u.)
v, (au.)

-0.4

0.8 -0.02

0.4
-1.2-

[ B R B *\\\\\*-0-04
-200 -100 0 100 200

x (a.u.)

0.8
0.4
0
-0.4

—
=

S
8]

-0.8

B A R i I

-60 -40 20 0 20 40 60 2 -1 0 1 2
y(au.) v, (a.u.)

FIG. 10. The xy, xz, and yz projections of the electron trajectories
(left panels) and velocities (right panels) in the OTC laser field
for the SP solutions («, 8, m) = (—1, 2, 0) (black solid lines) and
(a, B, m) = (1,4, 0) (red dashed lines) for the electron energies 7U,
and 5U,, respectively. The velocities at the moment of ionization
(rescattering) are indicated by the letter I (R).

(stars) for the two mentioned solutions. The ionization takes
place at the moment when the electric field approximately
reaches its maximal value, while rescattering takes place when
vector potential is near its maximal value. Furthermore, the
moments when both the electric field and the magnetic field
are maximal coincide [see Eq. (13)], so that the ionization
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FIG. 11. Electric-field vector E(¢), vector potential A(r), and
magnetic-field vector B(z) (from left to right) for the OTC field
with equal intensities of two components and relative phase ¢ = 90°.
Black (red) circles and stars denote the values of mentioned vectors
at the moments of ionization and rescattering, respectively, for the SP
solution («, 8, m) = (—1,2,0) [(«, B, m) = (1,4,0)] and electron
energy 7U, (SU,).
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takes place at the moment when the magnetic field is also
approximately maximal, explaining the abrupt change in the
z coordinate right after the ionization (see the middle left
panel of Fig. 10). The xy projections of the electron tra-
jectories have a shape similar to that of the electric field
because these are not affected by the nondipole effects. The
projection of the electron velocity on the v,v, plane is also
not affected by the nondipole corrections and this projection
has nearly the same shape as the vector potential (cf. the
upper right panel of Fig. 10 with the middle panel of Fig. 11)
[90]. On the other hand, the projections of the photoelectron
trajectories and velocities onto the xz and yz, and onto the
vV, and v,v, planes are influenced by the nondipole effects.
The photoelectron trajectories are now three dimensional. For
example, the xz projection of the trajectory (and velocity)
which corresponds to the solution (¢, 8, m) = (—1, 2, 0) for
the w—2w OTC driving field (see the black solid line in the
middle-left panel of Fig. 10) is similar in shape to the solution
(o, B, m) = (—1, 1, 0) for the linearly polarized driving field
(see Fig. 2). This happens because the OTC field consists of
two linearly polarized fields with mutually orthogonal polar-
izations, one with the polarization in the x and one with the
polarization in the y direction. The electron motion along the x
axis or the y axis is governed only by the driving field with the
polarization along these directions. Moreover, the w—2w OTC
SP solution («, 8, m) = (—1, 2,0) and the linearly polarized
field solution (&, 8, m) = (—1, 1, 0) have similar travel times.
In addition, the quantum orbit of the solution (&, 8, m) =
(—1,2,0) for the w—2w OTC driving field is much more
elongated in the x-axis direction than in the y-axis direction, so
that the term v, (7)E\(¢)/c dominates in comparison with the
term v, (t)E,(¢)/c in Eq. (16). Similar conclusions hold if we
compare the (¢, 8, m) = (1, 4, 0) solution for the w—2w OTC
driving field (see the black solid line in the lower-left panel
of Fig. 10) and («, 8, m) = (1, 2, 0) solution for the linearly
polarized field (see Fig. 2). Finally, the yz projections of the
trajectories and velocities are directly obtained by combining
the corresponding xy and xz projections. These trajectories are
strongly affected not just by the field components, but also by
the shape of the entire field.

In the end, we remark that the presented results are ob-
tained using the long pulse with a flat envelope. The use of
the ultrashort pulses with one or two carrier frequencies may
alter the derived conclusions due to the dependence of the
observables on the pulse length and the type of the pulse
envelope.

IV. CONCLUSIONS

Recently, the laser facilities which generate mid-infrared
radiation with high intensity have become readily available. In
this case, the use of the dipole approximation to investigate the
strong-field processes becomes questionable. The alternative
approach assumes that a fully relativistic theory is employed
to model the process and calculate the observable quantities.
The corrections introduced by this theory are of the order of
1/c?, where c is the speed of light. However, for the driving
fields with parameters which are just beyond the region in
which the dipole approximation can be used, the relativistic

treatment is still not necessary, and the nondipole corrections,
which are of the order of 1/c, can be introduced.

In the first part of the present paper, we investigated the
nondipole corrections for the linearly polarized monochro-
matic field. The influence of these corrections on the
photoelectron momentum spectra was analyzed in our pre-
vious publications. In the present paper, we employed the
saddle-point method and the quantum-orbit theory to inves-
tigate how the electron motion in the laser field is affected
by the nondipole effects. In particular, we found the saddle-
point solutions which lead to significant contributions to the
differential ionization rate and which have to be used to
accurately reproduce the photoelectron spectrum. Then we
analyzed the quantum orbits which correspond to these so-
lutions. In particular, we analyzed the temporal evolution of
the trajectories and velocities of the emitted photoelectrons.
When the nondipole effects are taken into consideration, the
electron trajectories, which are defined as the projections of
the corresponding quantum orbit on the real plane, are two
dimensional. We showed that the influence of the nondipole
effects is different for different saddle-point solutions. The
solutions which spend a longer time in the continuum have
richer dynamics in the laser field before the rescattering event.
The motion of the electron in the laser-field propagation
direction may become significant. Finally, we analyzed the
influence of the nondipole corrections on the partial contri-
butions to the differential ionization rate which are related
to different saddle-point solutions and we found that this
influence is different for different partial contributions. The
nondipole effects, to a certain extent, promote some and sup-
press other quantum pathways.

In the second part of our paper, we investigated the
nondipole corrections for the strong-field ionization induced
by the tailored laser field exemplified by the w—2w orthog-
onally polarized two-color field. Interestingly, the studies of
the nondipole effects for the tailored driving laser fields are
rare. First, we analyzed the direct photoelectrons. For these
electrons, we investigate the shift of the momentum distri-
bution induced by the nondipole effects using the partial
average value of the electron-momentum component in the
propagation direction. The photoelectron spectrum depends to
a significant extent on the relative phase so that the nondipole
correction has to be considered as a function of this param-
eter. We have shown that the partial average value of the
electron-momentum component in the propagation direction
may exhibit either smooth character when only one saddle-
point solution is significant, or it may exhibit rapid oscillations
when two or more solutions have to be taken into consid-
eration. For our w—2w driving field, the low-energy shift in
the propagation direction was not present. On the other hand,
for the rescattered electrons, which spend much longer time
under the influence of the driving field, we analyzed how
the corresponding trajectories are affected by the nondipole
corrections. For the two-component driving fields, the pho-
toelectron trajectories are three dimensional. For our OTC
driving field, the electron motion in the zx plane is governed
mostly by the component which is linearly polarized in the x
direction and by the nondipole corrections. Consequently, the
photoelectron trajectory resembles the trajectory of electrons
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liberated by a linearly polarized field having a similar travel
time.

Considering that the bichromatic midinfrared-wavelength
lasers with high intensity are already widely used to induce
the strong-field processes [91,92], we believe that the anal-
ysis of the nondipole effects is crucial for simulations of
these processes and accurate calculations of the observable
quantities.
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